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Abstract
Many modern structures are vibrationally susceptible to human walking. As a result,
such structures might experience excessive vibrations that can end up uncomfortable
feeling for occupants. With growing use of newer lightweight materials such as glass
fibre reinforced polymer (GFRP) in the construction industry, these vibration
serviceability problems may even get worse. On the other hand, a postulated
phenomenon known as human-structure interaction (HSI) suggests that there could be a
reciprocal influence of the human and the structure on one another. Indeed, the current
design inaccuracy could be partly because of ignoring HSI. Hence, this dissertation
primarily focuses on experimentation, quantification, and modelling of HSI effects for
vertical vibration.

At the numerical stage of this research, walking human models (e.g. moving force,
moving mass, and moving spring-mass-damper models) were used along with the
modal and finite element modelling of the structure to formulate human-structure
models for vertical vibration. An equivalent moving force model was also developed for
consideration of HSI effects. During the experimental stage, two lively full-scale
footbridges in resonance with first and third harmonics of walking force were
instrumented with force and vibration measurement devices. Numerous walking
experiments were performed on both footbridges for a number of test subjects, and
walking force on both bridge and rigid surfaces as well as footbridge vibration
responses were measured.

A novel experimental-numerical programme on both footbridges was used to identify
HSI effects on both walking force and vibration response. A significant drop in walking
ii

force magnitude very close to vibration frequency was observed for both footbridges. It
was also found that the moving mass-spring-damper model is more consistent with the
experimental evidences, and thus the model was calibrated and validated to account for
HSI effects. Finally, the proposed equivalent moving force model was validated against
experimental results. These models can find use in vibration serviceability assessment
of footbridges for more reliable prediction of structural vibration response.
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CHAPTER 1: Introduction

1.1 Motivation
Many modern structures are vibrationally susceptible to human walking. As a result,
such structures might show high vibrations that can lead to uncomfortable feeling for
users. With advent of lighter materials such as GFRP, human-induced vibrations may
even become more problematic since vibration design rules have been mostly developed
from experience with heavier steel and concrete structural forms. For low-frequency
structures (natural frequencies within range of first harmonic of walking force, 1.62.4 Hz), when the walking force frequency is close to a natural frequency of the
structure, the resonant response can be so high as to cause discomfort to occupants.
Interestingly, the vibration response of a footbridge does not necessarily emanate from
the first harmonic of walking force, even though it has the largest amplitude. For
structures with natural frequencies within range of higher harmonics of walking force
(larger than about 3.2 Hz – “higher-frequency”), the second or third harmonic resonant
response might be significant, even though the force amplitudes are smaller.

On the other hand, the current design guidelines often tend to overestimate vibration
response of structures. This could have severe consequences in the early stage of a
design, in which potentially viable designs might be wrongly considered as being
unserviceable. This overestimation is partly because of ignoring a phenomenon known
as human-structure interaction (HSI). That is to say that human presence can affect the
dynamic properties of the coupled human-structure system during structure crossing,
named here as human-to-structure interaction (H2SI). The vibrating structure may also
change the human walking force, and this potential phenomenon is named here as
structure-to-human interaction. Indeed, HSI effects need to be investigated
experimentally and incorporated into numerical models for practice-oriented
3
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applications. Therefore, this study not only attempts to experimentally examine
existence of HSI effects for vertical vibration, but also proposes calibrated models for
HSI consideration in engineering practice.

1.2 State of the Art
Many studies has focused on the human-induced vibrations in recent years and five
thorough literature reviews by Živanović et al. [1], Racic et al. [2], Venuti and Bruno
[3], Ingolfsson et al. [4], and Shahabpoor et al. [5] summarize most part of the works
done in this area. The researches carried out in the human-induced vibration area, and
particularly HSI can be divided in two categories: (1) Vibration effects on walking force
(S2HI), and (2) human modellings as the vibration receiver (H2SI).

1.2.1 Walking Force
A human applies a nearly periodic dynamic time-dependent force in the vertical,
horizontal-lateral and horizontal-longitudinal directions and are referred to as ground
reaction forces (GRFs) [6]. For vibration response in the vertical direction, the accurate
evaluation of GRFs exerted by a moving pedestrian is vital. The temporal shape of the
vertical GRFs with two peaks was shown by many researchers ([7], [8], [9], [10], [11]).
Ebrahimpour et al. [12] and Sahnaci and Kasperski [13] used instrumented platforms to
measure continuous GRF time histories comprising several steps. Among GRF models
in the time domain, harmonic functions are often used ([14], [15]). A detailed literature
review on GRFs can be found in Caprani and Ahmadi [16].

It should be emphasized that almost all GRF measurements were conducted on rigid
surfaces, such as a force plate or treadmill mounted on stiff ground. This leaves the
4
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possibility that the reported GRFs could be different from those that actually occur on
vibrating surfaces ([10], [17]) which could be an indication of S2HI existence. For
instance, Ohlsson [10] concluded that the vertical force measured on a vibrating timber
structure is different from that measured on a rigid base. Pavic et al. [18] reported that
the jumping force on a lively concrete beam was smaller than that on a force plate. To
the authors’ knowledge, Dang and Živanović [19] is the only experimental study on
walking GRFs on flexible structures in the vertical direction. The results demonstrated a
drop in the first dynamic load factor of the walking force due to the bridge vibration at
the resonance. However, test subjects walked on-the-spot on a treadmill for this study.
Therefore, a precise quantification of the phenomenon needs to be conducted with a
wide range of test subjects.

1.2.2 Human Modelling
HSI is associated not only with the GRFs that excite the structure, but also with the
influence of humans on the mass, stiffness, and damping of the structure they occupy
such (H2SI). The stationary pedestrians (standing/sitting) can change dynamic
characteristics of the structure they occupy ([20], [21]). Ohlsson [10] found that a
walking pedestrian can increase the HSI system’s frequency and damping and Willford
[22] reported a change in the system’s damping due to moving crowd in the vertical
direction. Živanović et al. ([23], [24]) identified modal properties of the HSI system
using frequency response functions and showed that the presence of humans on the
structure, either in standing or walking form, can increase damping of the system
compared to the empty structure. Kasperski [25] also concluded that a crowd of
pedestrians can influence the HSI system’s damping using discrete Fourier transform of
the acceleration time history response of the bridge. The H2SI has not been quantified
5
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yet and has been disregarded in almost all design codes (OHBDC [26], BS 5400 [27],
ISO-10137 [11], Eurocode 5 [28], Setra [29], and HIVOSS [30]).

Different models are used to consider human effects on the structure. The simplest
model considers the pedestrian as a moving force (MF), that is, a concentrated load
traveling at a constant walking velocity as adopted in the design codes which ignores
HSI and may highly overestimate bridge response ([31], [32]). However, limited cases
of vibration response underestimation have been reported in [8]. Going a step farther, a
more realistic model can be reached using a moving mass (MM) which can account for
mass-interaction of pedestrians [33]. However, in biomechanical studies, the human
body is treated as a dynamic system composed of springs, masses, and dampers. In fact,
considering the separation between the human centre of mass (COM) and the bridge
surface, the human is modelled as a moving spring-mass-damper (MSMD) system, and
this approach has begun to emerge recently in the literature ([34], [35]). Almost all
parameters suggested for the MSMD model were derived from the biomechanics
literature, where test subjects were asked to walk or run on a force plate mounted on
rigid surface, and the measured GRFs and COM displacement were used to calculate
damping and stiffness parameters of the human for the model calibration.

It should be noted that a more comprehensive and detailed state-of-the art can be found
in the introduction of the upcoming chapters of this thesis. It is clear that the literature
lacks three following areas which require further research for a more reliable vibration
serviceability assessment of footbridges:
(1) Although the walking force on rigid surface has been much studied and quantified,
the study of walking forces on vibrating surfaces is needed as vibration might affect
magnitude of walking force.
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(2) Even though several experimental studies have reported HSI existence, the influence
of HSI has not been quantified yet for a number of test subjects and trials.
(3) Calibrated models based on experimental data from lively full-scale footbridges are
needed for more reliable vibration response estimations.

1.3 Thesis Objectives
Following the research gaps identified in section 1.2, the first question is that whether
HSI effects exist, and if they do exist, to what extent? The second question is on how
identified HSI effects can be incorporated into engineering practice for better vibration
response prediction? Hence, in the search to answer these questions, the following
studies were conducted in this research.

It should be noted that numerical studies are presented first as they will be used later on
along with experimental results through a novel experimental-numerical programme for
HSI quantification.

1.3.1 Numerical Models
Human-structure models were formulated and programmed in MATLAB for single
pedestrian and crowd scenarios. Analytical models such as moving force (MF), moving
mass (MM), and moving spring-mass-damper (MSMD) models were used to model
human presence on the structure (Figure 1.1). The structure was modelled in both modal
space and physical coordinate using Finite Element method. An algorithm was
developed to track footbridge damping and frequency for single pedestrian and crowd
scenarios, and an analytical equivalent moving force (EMF) model was also proposed
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which returns a similar vibration response to the more elaborate SMD model by tuning
the bridge damping, thereby implicitly accounting for HSI.

(c)

(b)

(a)

vp
mp

vp

cp

kp

vp
Fp

Fp

mp

Fp

Figure 1.1. Three types of human models: (a) moving force (MF) (b) moving mass (MM) (c) moving
spring-mass-damper (MSMD).

The MF model will be used for HSI quantification through a novel numericalexperimental programme, and the MSMD model will be found more consistent with
experimental results for calibration purpose. The EMF model lays out the foundation for
consideration of HSI effects in engineering practice.

1.3.2 Experimental Study
A large number of walking trials were performed on two instrumented lively full-scale
footbridges for a wide range of test subjects: (1) Monash Footbridge: a higherfrequency GFRP Bridge (Figure 1.2a), located at the Monash University, Australia, with
first bending mode frequency, 5.6 Hz, that is in resonance with third harmonic of
walking force, and (2) Warwick Bridge: a low-frequency steel-concrete composite
footbridge (Figure 1.2b), located at the University of Warwick, UK, with first bending
mode frequency, 2.4 Hz, which is in resonance with first harmonic of walking force.

During each walking experiment, test subjects travelled a loop including flexible surface
(bridge surface) followed by a rigid surface (strong floor). Walking forces on both
bridge and rigid surfaces as well as footbridge vibration responses were measured for
8
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each walking trial. The experimental results along with the numerical MF model
establish a basis for HSI effects quantification. This was done by designing a novel
experimental-numerical programme.

Figure 1.2. Two full-scale laboratory footbridges: (a) higher-frequency Monash Bridge, 5.6 Hz (b) lowfrequency Warwick Bridge, 2.4 Hz.
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1.4 Thesis Layout
The overall outline of the thesis is explained in this section. Figure 1.3 illustrates an
overview of the thesis structure.

Figure 1.3. Thesis layout and structure.

Chapter 1: Introduction
A summary of the thesis including motivation, state of the art, and objectives are
presented in the first chapter. An overview of the following chapters are also provided.

Chapter 2: Formulation of human-structure interaction models for vertical vibration
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In this chapter, a solid literature review on existing human-structure interaction models
are conducted. In addition, mathematical details of different human-structure interaction
systems as well as results of some numerical simulations are presented. Furthermore, a
new algorithm to track bridge damping and frequency for crowd scenarios is developed.
These numerical formulations lay the foundation for HSI quantification (Chapters 4 and
6) and calibration of models for engineering practice (Chapter 7).

Chapter 3: An equivalent moving force model for consideration of human-structure
interaction
An equivalent moving force model to a moving spring-mass-damper reference model
(formulated in Chapter 2) is developed in this chapter. The mathematical frame work is
described in detail, and a rough approach to include damping of a crowd of pedestrians
in the equivalent damping is also proposed. Finally, an application example is presented
to demonstrate the proposed model efficiency. This numerical model is validated for
single pedestrian walking for use in engineering practice.

Chapter 4: Experimental quantification of human-structure interaction
After chapters 2 and 3, which focus more on numerical aspects of the HSI, this chapter
is the start of experimental work performed in this thesis. The details of instrumentation
and walking experiments conducted on the Warwick Bridge are presented in this
chapter. The walking force measurements on both bridge and rigid surfaces are analysed
in the frequency domain (dynamic load factors) to examine low-frequency vibration
effects. Further, an experimental-numerical programme is developed to identify and
quantify different HSI effects.
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Chapter 5: Vertical ground reaction forces on rigid and vibrating surfaces for a lively
GFRP bridge
In this chapter, details of experimental modal analysis, walking experiments, and a
novel instrumentation on the Monash Bridge are presented. Single footsteps along with
the continuous walking forces on both bridge and rigid surfaces are analysed in the
frequency domain to investigate higher-frequency vibration effects on the dynamic load
factors of walking force. Further, measured vibration response of the footbridge are
analysed to show liveliness of the higher-frequency Monash Bridge.

Chapter 6: Assessment of human-structure interaction on a lively lightweight GFRP
footbridge
In this chapter, the novel experimental-programme used in chapter 4 along with the
Monash Bridge results are adopted to identify and quantify HSI effects for higherfrequency vibrations. Finally, a comparison is made between heavy Warwick Bridge
and light Monash Bridge is made in terms of evaluation of current non-interacting force
models and HSI effects.

Chapter 7: Experimental validation of moving spring-mass-damper and equivalent
moving force models for human-structure interaction
Chapter 7 closes the loop by calibration and validation of models for engineering
practice. In this chapter, a detailed description of previous pedestrian models,
particularly moving spring-mass-dampers are presented first. Then, detailed description
of moving spring-mass-damper and equivalent force models (described in chapters 2
and 3 respectively), are adopted along with the experimental results of both Warwick
and Monash footbridges to calibrate and validate moving spring-mass-damper model
through a numerical optimisation method. Further, the equivalent moving force model
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accuracy is checked against experimental results for use in commercial software. Before
the optimisation, a parametric study is performed on the moving spring-mass-damper
model parameters to find feasible ranges for the model damping and frequency.

Chapter 8: Conclusions and future work
The last chapter of this thesis presents a summary of the research, and summarizes the
findings achieved. This chapter also suggests future work which need to be done in the
field.
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Abstract
In this work, human-structure interaction system models for vibration in the vertical
direction are considered. This work assembles various moving load models from the
literature and proposes extension of the single pedestrian to a crowd of pedestrians for the
FE formulation for crowd-structure interaction systems. The walking pedestrian vertical
force is represented as a general time-dependent force, and the pedestrian is in turn
modelled as moving force, moving mass, and moving spring-mass-damper. The arbitrary
beam structure is modelled using either a formulation in modal coordinates or finite
elements. In each case, the human-structure interaction (HSI) system is first formulated
for a single walking pedestrian and then extended to consider a crowd of pedestrians.
Finally, example applications for single pedestrian and crowd loading scenarios are
examined. It is shown how the models can be used to quantify the interaction between the
crowd and bridge structure. This work should find use for the evaluation of existing and
new footbridges.

Keywords
Human-structure interaction; pedestrian crowd; vertical direction; spring mass damper;
finite element; modal analysis.
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2.1 Introduction
The vibration analysis of pedestrians on bridges has been a topic of interest for many
researchers in the last decade or so. Human-induced vibrations are increasingly important
for serviceability and safety considerations in the design of new bridges, particularly
footbridges. Contemporary challenges in footbridge design lie in the satisfaction of
architectural demands for long, light, and slender structures. With such aesthetic criteria,
many new footbridges are experiencing excessive vibrations which can lead to discomfort
for pedestrians. The temporary closures of both the Pont de Solferino bridge in Paris in
1999 (Sétra [1]) and then the London Millennium Bridge in 2000 (Dallard et al. [2]),
following excessive pedestrian-induced vibrations during their inaugurations, are
probably the most prominent cases. In recent years, many studies have been carried out
within the area of human-induced vibrations; literature reviews by Živanović et al. [3],
Racic et al. [4], Venuti and Bruno [5] , and Ingolfsson et al. [6] cover the topic well.

In order to simulate human-induced vibration, there exist different approaches in the
literature for modelling both the structure and the human. The bridge can be modelled
using either a formulation in modal coordinates, hereafter referred to as modal analysis
(MA), or Finite Element (FE) methods. The pedestrian effects on the bridge can be
considered in different ways. The simplest model considers the pedestrian as a moving
force (MF), that is, a concentrated load traveling at a constant walking velocity. However,
a MF model may overestimate bridge response since it does not take into account
interaction between the pedestrians and the vibrating bridge [7]. Going a step further, a
more realistic model can be reached using a moving mass which can account for massinteraction of pedestrians. This is referred to as moving mass (MM) model, originally
developed by Biggs [8]. However, considering the separation between the human centre
20

CHAPTER2: Formulation of human-structure models for vertical vibration
of mass and the bridge surface, it would be even more realistic to model the human as a
moving spring-mass-damper (SMD) system [9], and consequently this approach has
begun to emerge recently in the literature [10]. Thus, the challenge is to identify and
calibrate suitable human and bridge models to simulate crowd-structure interaction to
better predict the vibration response.

Pedestrians apply a reasonably periodic time-dependent force which has components in
the vertical, horizontal-lateral, and horizontal-longitudinal directions (Fujino et al. [11]).
In this paper, only the vibrations in the vertical direction are considered. For vibration
response in the vertical direction, the accurate evaluation of the force produced by a
moving pedestrian is vital. The temporal shape of the vertical force with two peaks was
shown by many researchers (Galbaith [12], Andriachi [13], Blanchard et al. [14],
Bachmann and Ammann [15], Ohlsson [16]). By combining single foot forces, often
assumed to be the same, a continuous walking force can be obtained. For example,
Ebrahimpour et al. [17] and Sahnaci and Kasperski [18] used instrumented platforms to
measure continuous walking time histories comprising several steps. In order to use the
measured forces for vibration response prediction, an analytical model is required. The
force models can be divided into time-domain and frequency-domain categories. Among
force models in the time domain, harmonic functions are often used (Rainer et al. [19],
Yao et al. [20], Wheeler [21]). Some probabilistic time-domain models can be found in
Tuan and Saul [22], Ebrahimpour and Sack [23], Ebrahimpour et al. [24], and Živanović
et al. [25] as well. For frequency-domain force models, Ohlsson [16], Brownjohn et al.
[26], Piccardo and Tubino [27], and Caprani [28] made attempts to describe walking
forces in terms of their spectral densities. However, the present study focuses on timedomain force models exclusively.
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Table 2.1 summarizes many models used to simulate pedestrians and the structure in the
past. As clearly seen from Table 2.1, much work has been done on the MF models (Figure
2.1). However, the MM model (Figure 2.2) has not been received much attention and the
SMD model (Figure 2.3) can be further developed particularly under a crowd of
pedestrians. Most of the studies given in Table 2.1 did not present the analytical
formulation of their considered model. Further, there exist some other types of models
such as bipedal, inverted pendulum, distributed mass, and so on and these are not
considered later on in this work.

Figure 2.1. The MF model of a pedestrian (showing simply supported beam as an example structure).

Figure 2.2. The MM model of a pedestrian (showing simply supported beam as an example structure).
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Figure 2.3. The SMD model of a pedestrian (showing simply supported beam as an example structure).

Many works have used the MF-MA model and many guidelines have adopted it to asses
vibration serviceability of footbridges (e.g., OHBDC [29], BS 5400 [30], ISO-10137 [31],
Eurocode 5 [32], Setra [1], HIVOSS [33]). These force models only consider the contact
force between the pedestrian and the structure. Consequently, the influences of mass,
damping, and stiffness of the human are usually disregarded (but included in [1] and [33]).
Intuitively, crowd mass could change the dynamic properties of the human-structure
system, particularly when the crowd-to-bridge mass ratio is high. This leaves the
possibility that including crowd mass in force models could lead to more accurate
response prediction models. This idea has already been adopted for the Vehicle Bridge
Interaction (VBI) and similar areas (Hino et al. [34], Akin and Mofid [35], Pu and Liu
[36]). For example, Pu and Liu [36] simulated the vibration of a vehicle or train crossing
a multi-span continuous bridge with an MM-FE model. It is clear then from Table 2.1
that not much attention has been given to added mass that may be of importance.
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Table 2.1. Models found in the literature for bridge and pedestrian subjected to either single pedestrian or crowd load.

Study
(date order)

Bridge Model

Pedestrian Model

Load Type

Ref.

MA

BS 5400 (1978)

[30]







Wheeler (1982)

[21]







OHBDC (1983)

[29]







Rainer et al. (1988)

[19]







ISO-10137 (1992)

[31]







Eurocode 5 (1997)

[32]





Young (2001)

[55]





Archbold (2004)

[46]



Fanning et al. (2005)

[7]



Dougill et al. (2006)

[56]



Setra (2006)

[1]



Zhou and Ji (2006)

[79]

Zhoua and Ji (2007)

[80]





Venuti et al. (2007)

[81]





Archbold (2008)

[47]

Brownjohn et al. (2008)

[26]

Figueiredo et al. (2008)

[82]

HIVOSS (2008)

[33]

Kim et al.(2008)

[48]

Li et al. (2010)

[83]





Pedersen and Frier (2010)

[84]





FE

MF



MM

SMD

Bipedal

Other














































Crowd






Single
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Archbold et al. (2011)

[10]

Caprani et al. (2011)

[51]



Ingólfsson and Georgakis (2011)

[85]





Živanović (2011)

[86]





Bocian et al. (2012)

[87]



Caprani et al. (2012)

[71]

Piccard and Tubino (2012)

[88]

O’Sullivan et al. (2012)





















[73]





Zuo et al. (2012)

[89]



Caprani (2013)

[28]



Mashaly et al. (2013)

[90]

Qin et al. (2013)

[74]

Qin et al. (2013)

[91]

Shahabpoor et al. (2013)

[92]

Tavares da Silva et al. (2013)

[49]

Caprani (2014)

[93]



Pfeil et al. (2014)

[94]





Venuti et al. (2014)

[50]







Van Nimmen et al. (2015)

[52]







Zhang et al. (2015)

[63]
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In addition to added mass, researchers have suggested that walking pedestrians can add
damping to vibrating structures in the vertical direction (Willford [37], Živanović et al.
[38] and [39], Kasperski [40]). Thus, modelling humans as vibration absorbers could
account for human mass and damping effects on the system. Indeed, this concept has been
well developed in the VBI area (Filho [41], Olsson [42], Lin and Trethewey [43], Kwon
et al. [44], Majumder and Manohar [45]). According to our literature survey (Table 2.1),
the moving SMD was introduced by Archbold [46] into the HSI area. He used an SMD
model in a commercial FE program with crowd synchronization and found that the
predicted vibration response is not linearly proportional to the level of crowd
synchronization; no analytical formulation was presented for the model [47]. Kim et al.
[48] also used a two degrees-of-freedom SMD model for the pedestrians. They concluded
that dynamic analysis using a time-domain MF model may not well predict the vibration
responses as compared to those from the SMD model. However, again, they did not
present the formulation of the model used in their paper. da Silva et al. [49] examined
HSI due to a crowd by placing stationary SMDs at the nodes of a FE bridge model. They
confirmed that stationary crowds contribute to a change in the dynamic properties of the
system. Venuti et al [50] use a modal SMD crowd model (based on that of [51]) with
individualized pedestrian parameters but with a single harmonic for the pedestrian forcing
function. Van Nimmen et al. [52] studied the influence of the presence of stationary
pedestrians on the dynamic response of footbridges using a SMD-MA model. They found
that the presence of human subjects, even in difference poses, affects the dynamic
behaviour of the structure. As can be seen then, in preceding discussion, there is a need
to present the detailed formulation of HSI models, particularly under moving crowd
scenarios.
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To summarize, there are well established formulations of the VBI phenomenon in the
literature, while in the HSI area there exists a need for documented formulations of the
problem. Since there are analogies between the VBI and the HSI, the VBI formulations
can be extended into the HSI problem. However, it should be kept in mind that the
dynamic nature of the human force is different from that of a vehicle. Also, HSI models
must be extended to consider pedestrian crowds. Presently, in the literature only some or
parts of these model options are considered and often do not provide step-by-step
formulations which would be of benefit to other researchers in the field.

The aims of this work are to review and collate the existing modelling approaches, and to
provide some new results. Specifically, the contribution is twofold: (1) a detailed review
of the literature in modelling pedestrian crowds on footbridges is presented; and (2) it
provides a collection and synthesis of disparate results and presents new results and
modelling approaches. Consequently, it should provide a good basis for researchers to
continue improving HSI models. Herein, the structure is generally modelled using both
FE and MA approaches; each pedestrian is modelled as a MF, MM, or SMD model; and
both single pedestrian and pedestrian crowds are considered in each case. Finally, a
methodology and some example applications are presented to quantify the interaction
between the crowd and the structure and the results are compared for the different types
of models.

2.2 Walking Force Parameters
The vertical force produced due to walking has the highest amplitude among the three
components and as a result has been paid much attention by researchers in the past
(Živanović et al. [3], Kala et al. [53]). The typical force profile due to a single pedestrian
during one step is as illustrated in Figure 2.4. For healthy pedestrians, the vertical force
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produced by both pedestrian feet is usually of the same magnitude and approximately
periodic (Kala et al. [53]). Therefore, the forces from the left and right foot are often
combined in time to act as if there is one force acting on the surface (Kala et al. [53],
Wheeler [21], and Fanning et al. [54]). Consequently, the ground reaction force from
successive footfalls can be represented by a Fourier series described by:
r

G ( t ) = WP ∑ DLFk cos ( 2π kf w t + ϕ k )

(2.1)

k =0

in which, WP = mP g ; m P is the pedestrian mass; g is the acceleration due to gravity; f w
is the walking frequency; and DLFk is the dynamic load factor (DLF) for the kth
harmonic. The phase angle of the kth harmonic is denoted by ϕ k , and r represents total
number of harmonics considered. Note that different to some other works, in this
representation the harmonic k = 0 corresponds to the static pedestrian weight, and so

ϕ0 = 0 and DLF0 = 1 . In the past, researchers have used different numbers of harmonics
in the Fourier series to represent the vertical force. Živanović et al. [3] and Racic et al.
[4] both provide comprehensive reviews of similar such models used in the literature. In
particular, the DLFs of Young [55] and ISO-1037 [31] (as reported in Živanović et al.
[3]) have received much use. Blanchard et al. [14] stated that pedestrian walking can be
well described by spatially continuous footfall forces, as considered in this study (in
contrast to spatially discrete forces at foot placement positions). This is a reasonable
assumption for longer bridges and low frequency modes where the influence of force
application being within one stride length of the actual point of application will vary the
modal ordinate only slightly at that point. However, the formulations presented can easily
be adapted for spatially discrete footfall forces. Furthermore, in the formulations
presented herein, the footfall forces are considered as external to the human dynamic
system. Other models such as Dougill et al.’s internal driver force (the muscular force
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which comes from leg’s stiffness and damping and is modelled as an internal actuator)
[56] can also be applied to the models.
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Figure 2.4. Typical vertical ground reaction force and approximated model force.

To use a SMD model of the human in a HSI problem, it is required to take reasonable
values for the human stiffness and damping ratio. Various values of stiffness and damping
have been reported by biomechanical engineers suitable for the HSI problem, for example
Lee and Farley [57], Arampatzis and Bruggemann [58], Zhang et al. [9], Rapoport et al.
[59], Bertos et al. [60], Geyer et al. [61], Lebiedowska [62]. Caprani et al. [51] and
Archbold et al [10] provide a detailed review of the biomechanics literature and the
relevant parameters, including parametric analyses. In particular, a value of 0.3 was used
for human damping ratio (following Zhang et al. [9]), and a wide range of 12-35 kN/m
for human stiffness. Venuti et al. [50] assumed 0-0.4 kN/s (as a reasonable range) and
0.2-13 kN/m (proposed in Bertos et al. [60]) for pedestrian damping coefficient and
stiffness, respectively. Zhang et al. [63] determined human damping ratios of 0.23-0.39
and frequencies of 1.78-1.92 Hz for the subjects considered. As can be seen then, the
human damping and stiffness can have widely differing values and may need to be
considered in terms of their statistical distributions.
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2.3 Modal Analysis
2.3.1 Basis
In this section, modal analysis is used to model the structure in the HSI problem using
different load models for both single pedestrian and pedestrian crowd loading events. As
is well known, for an arbitrarily-supported continuous beam structure, the basic equations
can be transformed into a set of uncoupled equations by coordinate transform from
physical to natural (or modal) space (Humar [64], Chopra [65], Biggs [8]). Each mode is
then described by the equivalent single degree of freedom equation
qɺɺj + 2ξ jω j qɺ j + ω 2j q j = Q j ( t )

(2.2)

where q j is the jth modal coordinate, ξ j its damping ratio and ω j its natural frequency.
Over dots indicate differentiation with respect to time, and Q j ( t ) is the effective modal
‘force’ (actually an acceleration), given by:

Q j (t ) =

Fj ( t )
Mj

(2.3)

in which F j ( t ) is the modal force and M j is the modal mass which are respectively given
by:
L

M j = ∫ m ( x ) φɶj2 ( x ) dx

(2.4)

0

L

Fj ( t ) = ∫ f ( x, t ) φɶj ( x ) dx

(2.5)

0

where f ( x , t ) is the physical force applied; φɶj ( x ) is the mode shape with arbitrary
scaling; and L is the length of the beam which may be multi- or single-span. For simplicity
in the derivations later, it is convenient to use a normalized mode shape, φ j ( x ) , given by:

φ ( x) =

φɶj ( x )
Mj

(2.6)
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(with M j defined in equation (2.4)) such that:
L

∫ m ( x ) φ ( x ) dx = 1
2
j

(2.7)

0

and so in the following, when the normalized mode shapes are used, the modal mass is
unity.

Once the solution for each of the N considered modes is found, the physical response is
found through summation of the modal responses. For example, the deflection response
is:
N

w ( x, t ) = ∑ φ j ( x ) q j ( t )

(2.8)

j =1

and the mid-span acceleration response for a single-span beam is given by:
L  N L
ɺɺ  , t  = ∑ φ j   qɺɺj ( t )
w
 2  j =1  2 

(2.9)

2.3.2 Moving Force Model
In this model, illustrated in Figure 2.1, the pedestrian is modelled using a moving force
of amplitude G ( t ) (equation (2.1)) travelling at constant velocity, v. In this case, the
modal force is given by:
L

Fj ( t ) = ∫ G ( t ) δ ( x − vt ) φ j ( x ) dx

(2.10)

0

in which δ (.) is the Dirac delta function, required to locate the load on the beam, shown
in equation (2.10). Using the sifting property of the Dirac delta function, equation (2.10)
evaluates to:
F j ( t ) = G ( t ) φ j ( vt )

(2.11)
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2.3.2.1 Single Pedestrian
For a single pedestrian, the evaluation of the response can be put in matrix form, suitable
for numerical integration. Considering N modes, we write:
ɺɺ + Cqɺ + Kq = Q ( t )
Mq

(2.12)

M = I N ×N

(2.13)

C = diag  2ξ jω j 

(2.14)

K = diag ω 2j 

(2.15)

in which, for j = 1,… , N :

and, the effective modal force vector is given by:
Q ( t ) = G ( t ) φ ( vt )

(2.16)

where G ( t ) is the general force function of equation (2.1) and the normalized mode shape
vector (equation (2.6)) is given by:
φ ( vt ) = φ1 ( vt ) ,… , φ N ( vt ) 

T

(2.17)

2.3.2.2 Pedestrian Crowd
To extend the solution for a crowd of pedestrians modelled as moving forces, each modal
force is simply obtained as the superposition of the individual modal forces, according to
the position of each pedestrian. Equation (2.16) therefore becomes:
n

Q ( t ) = ∑ Gi ( t ) φ ( vi t )

(2.18)

i =1
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where n is the number of pedestrians in the crowd and Gi ( t ) is the vertical force produced
by the ith pedestrian with velocity vi . Further, the mode shape function is generalized to
identify whether or not the pedestrian is on the bridge, using an indicator function:

φ j ( vi t ) ≡ I {ton,i ; toff ,i } [t ]φ j ( vi t )

(2.19)

in which ton,i represents the arrival time of pedestrian i on the bridge, and toff ,i is the
departure time. The indicator function operates as follows:

1
I { A} [ x ] = 
0

x ∈ { A}
x ∉ { A}

(2.20)

and for the pedestrian occurrence, the set A, identifies the time interval ton ,i ≤ t ≤ toff ,i .

2.3.3 Moving Mass Model
2.3.3.1 Single Pedestrian

In this model, the pedestrian mass is accounted for and ‘added’ to the previous load model
so that the effects of moving mass are taken into account (shown in Figure 2.2) [66]. The
net force acting on the beam at the location of the mass is:
ɺɺ ( x, t )  δ ( x − vt )
f ( x, t ) = G (t ) − mP w

(2.21)

where w ( x, t ) is the displacement function for the beam. Hence, the modal force for the
jth mode is given by (see equation (2.10)):
ɺɺ ( vt , t )  φ j ( vt )
F j ( t ) = G (t ) − mP w

(2.22)

The time derivatives of the displacement function w ( x , t ) are:
∂w
∂w
xɺ +
∂x
∂t

(2.23)

∂2w 2
∂2w
∂w
∂2w
ɺɺ
xɺ + 2
xɺ +
x+ 2
2
∂x
∂x∂t
∂x
∂t

(2.24)

wɺ ( x, t ) =

ɺɺ ( x, t ) =
w

Expressing the displacement function as a series of the free vibration modes:
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N

w ( x , t ) = ∑ qk ( t ) φk ( x )

(2.25)

k =1

We then have (using primes to represent differentiation in the spatial coordinate):
∂w N
= ∑ qk ( t ) φ 'k ( x );
∂x k =1

∂2w N
= ∑ qk ( t ) φ ''k ( x )
∂x 2 k =1

(2.26)

∂2w N
= ∑ qɺɺk ( t ) φk ( x )
∂t 2 k =1

(2.27)

N
∂2w
= ∑ qɺ k ( t ) φ 'k ( x );
∂x∂t k =1

Thus
N

N

N

N

k =1

k =1

k =1

k =1

ɺɺ ( x, t ) = xɺ 2 ∑ qk ( t ) φ ''k ( x ) + 2 xɺ ∑ qɺ k ( t ) φ 'k ( x ) + ɺɺ
w
x ∑ qk ( t ) φ 'k ( x ) + ∑ qɺɺk ( t ) φk ( x )

(2.28)

x=0
Using this in equation (2.22), writing v ≡ xɺ , and assuming constant velocity so that ɺɺ
, gives the jth modal equation as:
qɺɺj + 2ξ jω j qɺ j + ω 2j q j
N
N

 N

= φ j ( vt ) G (t ) − mP  v 2 ∑ qk ( t ) φ ''k ( vt ) + 2v∑ qɺk ( t ) φ 'k ( vt ) + ∑ qɺɺk ( t ) φk ( vt )  
k =1
k =1
 k =1



(2.29)
Rearranging:
N

qɺɺj + mPφ j ( vt ) ∑ qɺɺk ( t ) φk ( vt )
k =1

N

+2ξ jω j qɺ j + 2mP vφ j ( vt ) ∑ qɺk ( t ) φ 'k ( vt )

(2.30)

k =1

N

+ω 2j q j + mP v 2φ j ( vt ) ∑ qk ( t ) φ ''k ( vt ) = G (t )φ j ( vt )
k =1

These N equations can be written in matrix format as per equation (2.12), in which, for
j = 1,… , N :
M = I + mP φ ( vt ) φT ( vt )

(2.31)

C = diag  2ξ jω j  + 2mP vφ ( vt ) φ′T ( vt )

(2.32)
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K = diag ω 2j  + mP v 2 φ ( vt ) φ′′T ( vt )

(2.33)

Noting that Q ( t ) is given by equation (2.1) and φ ( vt ) is as per equation (2.17).

This formulation includes coriolis and centripedal forces (second terms in equations
(2.32) and (2.33) respectively). These can be neglected for low-speed problems, such as
the application to pedestrian bridges considered here [67,68]. However, it is useful to
include the effect in the formulation here for generality, and to see its influence when
considering crowds of pedestrians. Their effect is easily removed by omission of the
relevant terms.

2.3.3.2 Pedestrian Crowd

The equation of motion for a crowd of n pedestrians modelled as moving masses is
obtained by superimposing the masses (following equations (2.31)-(2.33)) to give:
n

M = I + ∑ mP ,i φ ( vi t ) φT ( vi t )

(2.34)

i =1

n

C = diag  2ξ jω j  + 2∑ mP ,i vi φ ( vi t ) φ′T ( vi t )

(2.35)

i =1

n

K = diag ω 2j  + ∑ mP ,i vi2 φ ( vi t ) φ′′T ( vi t )

(2.36)

i =1

and the effective modal force vector is as per equation (2.18).

2.3.4 Spring Mass Damper Model
2.3.4.1 Single Pedestrian

In this model, the pedestrian is modelled as a single-degree-of-freedom system (or SMD)
with damping, cP , mass, m P and stiffness, k P (Figure 2.3). Following Biggs [8] and
Filho [41], the equation of motion for the human sprung mass is then given by:
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mP ɺɺ
y + cP ( yɺ − wɺ ) + k P ( y − w ) = 0

(2.37)

where y is the displacement of the human mass from equilibrium position. For the internal
driver force model [56] the forcing term will be non-zero. Thus, the interaction force
between the beam and mass is:
f ( x, t ) = G ( t ) − mP ɺɺ
y  δ ( x − vt )

(2.38)

and so the jth modal equation for the beam can be expressed as:
qɺɺj + 2ξ jω j qɺ j + ω 2j q j + m p ɺɺ
yφ j ( vt ) = G ( t ) φ j ( vt )

(2.39)

For the human mass, using the modal expansion for the beam deflection, equation (2.37)
becomes:
N

N

j =1

j =1

mP ɺɺ
y + cP yɺ + k P y − cP ∑ qɺ jφ j ( vt ) − k P ∑ q jφ j ( vt ) = 0

(2.40)

Equations (2.39) and (2.40) can be expressed in N+1 coupled equations written in matrix
format as follows:

I
M =  N×N
 01× N

M12 
mP 

(2.41)

0 
C
C =  11 1× N 
C21 cP 

(2.42)

0 
K
K =  11 1× N 
K 21 k P 

(2.43)

Q 
Q =  B
 0 

(2.44)

The above submatrices are defined, for j = 1,…,N, as follows:
M12 = mP φ ( vt )

(2.45)

C11 = diag  2ξ jω j 

(2.46)

C 21 = −cP φT ( vt )

(2.47)
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K 11 = diag ω 2j 

(2.48)

K 21 = − k P φT ( vt )

(2.49)

and where the bridge modal force sub-vector Q B ( t ) is given by equation (2.16).

2.3.4.2 Pedestrian Crowd

Considering now there to be a crowd of n pedestrians, and with N modes of vibration
considered, the equations of motion now take on the form of N+n coupled equations as
follows:

I
M =  N×N
 0n× N

M12 
m P 

(2.50)

0 N ×n 
C
C =  11

C21 c P 

(2.51)

0 N ×n 
K
K =  11

K 21 k P 

(2.52)

Q 
Q= B
0n×1 

(2.53)

The pedestrian-bridge mass coupling matrix, for i = 1,… , n , is given by:
M 12 [1,… , N ; i ] = mP ,i φ ( vi t )

(2.54)

where the notation [ a; b ] indicates row (or rows) a and column (or columns) b of the
associated matrix. The ith pedestrian mass is denoted mP ,i , and similarly for the
pedestrian damping, stiffness, and velocity. The pedestrian mass sub-matrix is:
m P = diag  mP ,i 

(2.55)

and the pedestrian damping and stiffness matrices, c P and k P , are similarly defined. The
bridge damping and stiffness matrices, C11 and K11 , are given by (2.46) and (2.48)
again, while the pedestrian-bridge damping coupling is given as:
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C 21 [i;1,… , N ] = −cP ,i φT ( vi t )

(2.56)

and pedestrian-bridge stiffness coupling is:
K 21 [i;1,… , N ] = − k P ,i φT ( vi t )

(2.57)

Finally, as per previous formulations, the modal force vector for the bridge is given by
the total contribution over each pedestrian present, for each mode considered (equation
(2.18)).

2.4 Finite Element Analysis
2.4.1 Basis
Here we develop the moving force, moving mass, and moving spring-mass-damper
models of the human-structure system using a finite element representation of the
structure. Again, both single pedestrian and pedestrian crowd loading events are
considered. For the FE description of the beam in this work, the displacement field is
approximated using 1-dimensional elements with cubic Hermitian interpolation shape
functions and two degrees of freedom per node. It is assumed that the pedestrian (however
modelled) maintains contact with the beam surface throughout the crossing (i.e.
continuous contact of force, mass, or spring-mass-damper). Thus, a beam with ne
elements, has N = 2 ( ne + 1) equations.

The basic finite element formulation for a dynamic system is written as:

ɺɺ + Cuɺ + Ku = P
Mu

(2.58)

in which M, C, and K are the finite element mass, damping, and stiffness matrices for the
system (with boundary conditions taken into account); u is the complete vector of
displacements of the system degrees of freedom (DOFs). Whilst it is most common to use
proportional damping to determine C, the approach described is general and any means
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can be used to determine the bridge damping matrix. In the case of moving force and
moving mass analysis, the system DOFs are just those of the beam, while for the moving
spring mass damper model the system DOFs include an additional DOF for each
pedestrian. For the moving force and moving mass cases, the force vector P is given by:
P = NT ( x ) G ( t )

(2.59)

where N(x) is the global shape function (row) vector; and G(t) is the amplitude of the
load, as before. In the moving SMD model, the force vector will include terms relating to
the external forces acting on the SMD DOFs, which are zero here, but may be non-zero
for models such as the internal driver force model [56].

In the case of a moving load of constant velocity, v, Wu et al. [69] describe in detail the
application of the load through time as it moves onto different elements. The row vector
of shape functions for the jth element is given by:

{

N j ( x ) = 1 − 3ζ 2 + 2ζ 3

(ζ − 2ζ

2

+ ζ 3 ) le

3ζ 2 − 2ζ 3

( −ζ

2

+ ζ 3 ) le

}

(2.60)
where le is the element length and ζ = z le is the non-dimensional distance along the
element, as shown in Figure 2.5, where z = x − x j and x j is the distance to the start of the
element. As will be required later, the first and second derivatives of these shape functions
with respect to distance (denoted by subscript x, and xx respectively) are given by:


6
N xj ( x ) = ( −ζ le + ζ 2 ) 2 1 − 4ζ + 3ζ 2
le


(ζ l

e

−ζ 2 )

6
le2


−2ζ + 3ζ 2  (2.61)


and


6
N xxj ( x ) = ( −1 + 2ζ ) 2
le


( −1 + 3ζ )

2
le

(1 − 2ζ )

6
le2

( −1 + 3ζ )

2
 (2.62)
le 

The global shape function vector is 2 ( ne + 1) entries long and is given by:
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N ( x ) = {01×4

…

N j ( x) …

01×4 }

(2.63)

where j is the element the force is acting on at time t. Similar arguments apply to the other
shape function vectors N x and N xx . Finally, when the force is not on the bridge (i.e.
x ∉ {0, L} ) the global shape function vectors are fully populated by zeros, since the load

is not on the beam (i.e. N j ( x ) = N xj ( x ) = N xxj ( x ) = 01×2( ne +1) ) and equation (2.58) reduces
to free vibration of the beam.

Figure 2.5. The MF model of a pedestrian and FE model of the beam (shown as simply-supported for
illustration only).

2.4.2 Moving Force Model
2.4.2.1 Single Pedestrian
Development of the moving force model from the basis of the finite element approach
already presented is trivial. This has been well developed in the VBI area by Filho [41],
Lin and Tretheway [43], Olsson [70] and Wu et al. [69]. For a load function G ( t ) , the
system matrices are only those of the beam and so to be explicit we write:
ɺɺ + C dɺ + K d = N T ( x ) G ( t )
M bd
b
b

(2.64)

in which M b , Cb , and K b are the mass, damping, and stiffness matrices for the beam
alone and d represents the beam DOFs.
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2.4.2.2 Pedestrian Crowd
Extension of equation (2.64) for a beam traversed by a crowd of n pedestrians, represented
as moving point loads each of varying amplitude, Gi ( t ) , is trivial:
n

ɺɺ + C dɺ + K d = ∑ N T ( v t ) G ( t )
M bd
b
b
i
i
i

(2.65)

i =1

where now N i ( vi t ) is the global shape function vector, calculated for the position of
pedestrian i at time t. As a pedestrian moves off the structure, its shape function becomes
zero, and it ceases to be active.

2.4.3 Moving Mass Model
2.4.3.1 Single Pedestrian
To consider the effect of a moving mass on the dynamic behaviour of the beam (Figure
2.6), as before (Section 2.3), the net moving load is:
ɺɺ ( x, t )
f ( x , t ) = G ( t ) − mP w

(2.66)

Figure 2.6. The MM model of a pedestrian and FE model of the beam (shown as simply-supported for
illustration only).

Expressing the beam deflection in terms of the global shape function vector, we have:
w ( x, t ) = N ( x ) d ( t )

(2.67)
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The time derivatives of the point of contact of the mass are given by equations (2.23) and
(2.24). Using (2.67) in these equations gives the spatial derivatives in terms of shape
functions as follows:
∂w
∂x

∂ w
2

= N x ( x ) d (t ) ;

∂x

2

= N xx ( x ) d ( t )

(2.68)

and the time derivatives are:
∂ w
2

∂x∂t

∂ w
2

= N x ( x ) dɺ ( t ) ;

∂t

2

ɺɺ ( t )
= N ( x)d

(2.69)

Dropping the notation for dependency on distance and time for brevity, it being
understood, we thus have (analogously to equation (2.28)):
ɺɺ
ɺɺ ( x, t ) = N xx dxɺ 2 + 2N x dɺ xɺ + N x dɺɺ
w
x + Nd

(2.70)

Now, using the general equation of motion for the beam, and substituting equation (2.66)
and (2.70), we have:
ɺɺ + C dɺ + K d = NT G ( t ) − m ( N dxɺ 2 + 2N dɺ xɺ + N dɺɺ
ɺɺ  (2.71)
M bd
b
b
P
xx
x
x x + Nd ) 

Collecting terms:

(M

b

T
T
ɺɺ + ( C + 2m xɺNT N ) dɺ + ( K + m ɺɺ
ɺ2 T
+ mP N T N ) d
b
P
x
b
P xN N x + mP x N N xx ) d = G ( t ) N

(2.72)
Finally, writing v ≡ xɺ , and assuming constant velocity so that ɺɺ
x = 0 , and writing:
m* = mP NT N

(2.73)

c* = 2mP vNT N x

(2.74)

k* = mP v 2 NT N xx

(2.75)

then that the governing equation for a single pedestrian is in the form of equation (2.58)
as follows:

( M b + m *) dɺɺ + ( Cb + c *) dɺ + ( K b + k *) d = NT G ( t )

(2.76)
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It is emphasized here that the forcing function G ( t ) includes both the static weight of the
pedestrian and the dynamic footfall force.

2.4.3.2 Pedestrian Crowd
Considering there to be n moving mass pedestrians with associated footfall force,
superposition of their actions on the system yields the following governing equations:
ɺɺ + Cdɺ + Kd = P ( t )
Md
b

(2.77)

where now
n

M = M b + ∑ m *i

(2.78)

i =1

n

C = Cb + ∑ c*i

(2.79)

i=1

n

K = K b + ∑ k *i

(2.80)

i =1

the augmenting matrices for each pedestrian of velocity vi are:
m *i = mP ,i N T ( vi t ) N ( vi t )

(2.81)

c*i = 2mP ,i vi N T ( vi t ) N x ( vi t )

(2.82)

k *i = mP ,i vi2 NT ( vi t ) N xx ( vi t )

(2.83)

and the force vector is made from the superposition of the individual pedestrian forces:
n

Pb ( t ) = ∑ Gi ( t ) N T ( vi t )

(2.84)

i =1

2.4.4 Spring Mass Damper Model
2.4.4.1 Single Pedestrian
Filho [41], Lin and Tretheway [43], and Majumder and Manohar [45] described similar
models for a single SMD traversing a beam. They investigated moving SMDs in which
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only the mass acts, while in the present study the pedestrian dynamic force acting on the
bridge is also included. In the following, the SMD (pedestrian) travels at constant velocity

v, enters the bridge at time t = 0, and departs at t = tf. The interaction force between the
SMD and the beam is given by (Figure 2.7) [41]:
f ( x, t ) = G ( t ) + cP [ yɺ − wɺ ] + k P [ y − w ]

(2.85)

Figure 2.7. The SMD model of a pedestrian and FE model of the beam (shown as simply-supported for
illustration only).

Using the shape function description of the displacement for the beam, following equation
(2.23), wɺ ( x , t ) is expressed as:
wɺ ( x, t ) = vN x d + Ndɺ

(2.86)

Substituting this into equation (2.85) along with (2.68) gives:
f ( x, t ) = G ( t ) + cP yɺ + k P y − cP vN x d − cP Ndɺ − k P Nd

(2.87)

From which, the equation of motion for the beam, using (2.64), becomes:
ɺɺ + ( C + c NT N ) dɺ + ( K + c vNT N + k N T N ) d − c N T yɺ − k NT y = NT G ( t )
M bd
b
P
b
P
x
P
P
P

(2.88)
Similarly, the equation of motion of the pedestrian SMD (equation (2.37)) becomes:
mP ɺɺ
y + cP yɺ + k P y − cP Ndɺ − ( cP vN x + k P N ) d = 0

(2.89)
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Equations (2.88) and (2.89) are coupled in the beam and SMD degrees of freedom and so
can be better expressed as follows:
 Mb
0
 1× N

ɺɺ  C + c * −c NT  dɺ 
0 N ×1  d
b
P

+
 
mP   ɺɺ
cP   yɺ 
y   − cP N
 Kb + k *
− k P N T  d   N T G ( t ) 
+

 = 
kP   y   0 
 −cP vN x − k P N

(2.90)

in which:
c* = cP N T N

(2.91)

k * = cP vN T N x + k P N T N

(2.92)

When the SMD is not on the bridge, the global shape function vectors are populated by
zeros and equation (2.90) reduces to free vibration of the beam.

2.4.4.2 Pedestrian Crowd
Considering now there to be a crowd of n pedestrians, each to be modelled as an SMD
(Figure 2.8); the equations of motion now take on the form of N + n coupled linear
equations with time-dependent coefficients. The augmenting matrices (c* and k*) are
formed through superposition of the pedestrian actions (as governed by the shape
functions for each pedestrian), and the uncoupled set of SMD degrees of freedom are
represented by diagonal matrices ( m P , c P , and k P ). The coupling matrices (C12, C21, K21,

K12) are also formed through superposition of each SMD action on the structure. Thus,
the system equations are written as:

ɺɺ + Cuɺ + Ku = P
Mu

(2.93)
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Figure 2.8. An SMD crowd model of the pedestrian crowd and FE model of the beam (shown as simplysupported for illustration only).

in which the time-varying system matrices are:

M
M= b
0n× N

0 N ×n 
m P 

(2.94)

C + c * C12 
C= b
c P 
 C21

(2.95)

K + k * K12 
K= b
k P 
 K 21

(2.96)

The coordinate vectors are:

ɺɺ 
d
ɺɺ =  N ×1 
u
y n×1 
 ɺɺ

dɺ 
uɺ =  N ×1 
 yɺ n×1 

d 
u =  N ×1 
 y n×1 

(2.97)

and the load vector is:

P ( t )
P= b 
 0n×1 

(2.98)

where Pb ( t ) has contributions from each pedestrian as before (equation (2.84)). In the
above equations, the pedestrian mass matrix is:
m P = diag  mP ,i  i = 1,… , n

(2.99)

and the damping and stiffness matrices for each pedestrian SMD, c P and k P , are
similarly defined. Further, the augmenting matrices are:
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n

c* = ∑ cP , i N T ( vi t ) N ( vi t )

(2.100)

k * = ∑  cP ,i vi N T ( vi t ) N x ( vi t ) + k P ,i N T ( vi t ) N ( vi t ) 

(2.101)

i =1

n

i =1

and the coupling between the beam and SMD systems is defined by:
C12 [1,… , N ; i ] = −cP ,i NT ( vi t )

(2.102)

C 21 [i;1, … , N ] = − cP ,i N ( vi t )

(2.103)

K 12 [1,… , N ; i ] = − k P ,i N T ( vi t )

(2.104)

K 21 [i;1,… , N ] = −cP ,i vi N x ( vi t ) − k P ,i N ( vi t )

(2.105)

2.5 Example Applications of the Models
2.5.1 Description of Examples
The models presented in this study are now applied and used to illustrate the
implementation. The bridge considered in the example applications is taken to be a simply
supported beam for which the jth mode shapes and modal masses are (see equations (2.4)
and (2.5)):
 jπ x 

 L 

φɶj ( x ) = sin 
Mj =

mb L
2

(2.106)

(2.107)

where again L and mb are the bridge length and mass density (mass per unit length),
respectively. Here, for modal analysis, the first 10 modes are considered to contribute to
the total response of the bridge. For the FE model, the bridge is modelled considering 10
beam elements and uses a consistent mass matrix. Rayleigh (proportional) damping with
modes 1 and 3 used for determining the constants is used, although a more refined model
could be adopted. Similar to Caprani et al [71], the bridge length is taken as 50 m, its
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natural frequency is 2.0 Hz, and a mass of 500 kg/m is assumed. The bridge damping
ratio is taken as a constant 0.5% (following Heinemeyer et al. [72] as noted in [71]) for
each mode in the MA cases, and varies following Rayleigh damping for the FE cases (as
explained above). The bridge fundamental frequency is within the normal walking
frequency range (1.8–2.2 Hz) and the influence of the bridge’s first harmonic on the
responses will be significant. Of course other bridge properties could be chosen and the
results will be different accordingly, especially as the ratio of bridge frequency to human
excitation frequencies changes. Finally, the simulations are executed for 110% of the time
for all pedestrians to finish crossing the bridge (thus capturing the ensuing free-vibration
also).

The bridge is analysed subjected to three load scenarios and results for each of the
different models described previously are presented. Acceleration time history response
at midspan and maximum 1 s root-mean-squared (RMS) acceleration responses at
midspan (O’Sullivan et al. [73]), on which human perception criteria are often based, are
obtained. Finally, as will be explained in detail, variations in the system dynamic
properties (frequencies and damping) under the load scenarios are also determined.

2.5.2 Tracking Human-Structure System Properties
As the pedestrian crosses the bridge, the coupled human-structure system dynamic
properties change. The dominant modes of the system can be linked to the uncoupled
modes of the bridge and human by tracking their variations during the crossing. To do
this, a modal analysis of the HSI system is used. Qin et al. [74] adopted the state-space
method to obtain simultaneous modal properties of the HSI system for a single pedestrian.
The system equation (for example equation (2.58)) in the state space for a specific time
instant is [75]:
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vɺ = Av + B

(2.108)

I 
 0 
d 
 0
v =  ɺ  ; A =  −1
; B =  -1

-1 
d 
-M K -M C
M P ( t ) 

(2.109)

in which:

where I denotes identity matrix with the same dimension as mass, stiffness, and damping
of the system and P ( t ) is the force vector. Then the modal properties can be obtained by
solving the eigenvalue problem:
Aφ = λ φ

(2.110)

where λ and φ stand for the complex eigenvalue and its corresponding eigenvector. For
a damped multi-degree-of-freedom (MDOF) system, the jth frequency, f j , and damping
ratio, ξ j , corresponding to each DOF are given as:
fj =

λj

; ξj =

2π

Re ( λ j )

λj

(2.111)

The HSI system has many DOFs under a crowd of pedestrians. Therefore, it is not easy
to isolate the bridge frequencies and damping ratios from the large number of DOFs. For
this purpose, the minimum Euclidean norm of a two-dimensional bridge frequency and
damping ratio vector between two consecutive times, t and t + ∆t is used to track the
evolution of the parameters. It is useful to express the damping ratio as a percentage so
that the magnitude of the two quantities is similar. Denoting f ( t ) and ξ ( t ) as a
frequency-damping pair at time t, the algorithm commences with the known properties of
the empty bridge for t0 = 0 . The subsequent tracking in two-dimensional space is then
defined by:
h p ( ti ) = min h j ( ti ) − h k ( ti −1 )
j

(2.112)

in which:
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h p ( ti ) =  f ( ti ) , ξ ( ti ) 

T

(2.113)

is the bridge frequency-damping pair found for the mode of interest at the current time
step to be at system DOF p; and

h k ( ti −1 ) =  f ( ti −1 ) , ξ ( ti −1 ) 

T

(2.114)

is the vector of bridge frequency and damping known from the previous time step to be
at system DOF k, and

h j ( ti ) =  f j ( ti ) , ξ j ( ti ) 

T

(2.115)

is the frequency-damping pair j ∈ {1,… , N } from the N system DOFs, found from
equation (2.111) at the current time step, ti .

2.5.3 Single Pedestrian
The response of the bridge to a single pedestrian is determined by using the MF, MM,
and SMD models for both the FE and MA analysis. The pedestrian parameters including
mass, damping ratio, natural frequency, and velocity are taken as 73.85 kg (Portier et al.
[76]), 0.3 (Zhang et al. [9]), 2.2 Hz (Rapoport et al. [59]), and 1.25 m/s respectively. Thus,
the pedestrian damping and stiffness coefficients are 612.5 N.s/m and 14.11 kN/m
respectively. The pedestrian ground reaction force is obtained from equation (2.1) using
Young’s dynamic load factors for first four harmonics [55]. Also, the pacing frequency
is taken to be 2.0 Hz (within the normal pacing frequency range of 1.8-2.2 Hz [3]), and
represents an important case since it is the same as the bridge natural frequency when
unloaded by pedestrians. Figure 2.9 illustrates a bridge acceleration time history and the
results are given in Table 2.2. First of all, since the pacing frequency is the same as the
bridge frequency, the vibration generated by one footfall is enhanced by the response to
subsequent footfalls resulting in a build-up resonance (Racic et al. [4]). However, there
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is a significant difference between the MF and SMD results, illustrating that the SMD
pedestrian acts as an absorber to reduce the bridge response (Table 2.2). As can be seen
in Table 2.2, the MF model might overestimate the actual responses and there exists a
slight decrease in the responses of the MM model in comparison with those of the MF
model. However, a significant difference of about 30% reduction is seen for the SMD
model. Also, the difference between the results of the FE and those of the MA are very
small.

Figure 2.10 shows the bridge frequency and damping variation versus time. As can be
seen, the bridge frequency reaches its minimum value at midspan. These results are
consistent with Yang et al. [77] for a similar analysis in the VBI area. The frequency
divergences for the MM and SMD models are 0.006 and 0.009 Hz, respectively. The
small change in frequency is due to the low pedestrian-to-bridge mass ratio. The bridge
mode damping experiences its maximum value when the pedestrian is at midspan for the
SMD model in which case a considerable damping divergence of 0.4% is observed,
almost doubling the damping of that system mode. However, the change in the bridge
damping is insignificant for the MM model.
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Figure 2.9. Acceleration time history and 1 s RMS at midspan for the bridge subjected to a single
pedestrian load scenario: (a) MF (b) MM and (c) SMD models (FE formulation results shown).

Table 2.2. Maximum 1s-RMS values for the bridge and pedestrian models and load scenarios considered
(m/s2) (showing mean and coefficient of variation (as a percentage) in brackets for the 100 Random
Crowds).

Single
Pedestrian
MA
FE

Deterministic Single Random
Crowd
Crowd
MA
FE
MA
FE

MF

1.223

1.223

3.561

3.561

3.361

3.361 4.314 (29.9) 4.314 (29.9)

MM

1.183

1.179

2.400

2.258

3.963

4.019 2.810 (28.1) 2.701 (27.1)

SMD

0.828

0.826

0.736

0.733

1.455

1.453 1.179 (24.9) 1.177 (24.8)

Pedestria
n Model

100 Random Crowds
MA

FE

2.5.4 Deterministic Crowd
A crowd of 100 pedestrians with the above mentioned (deterministic) characteristics for
each pedestrian is generated. However, a normal distribution for pacing frequency with
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mean of 1.96 Hz and standard deviation of 0.209 (Ebrahimpour et al. [17]) and a uniform
distribution for phase angle are assumed (Caprani et al. [71]). An arrival gap of 1 m is
considered between adjacent pedestrians, and so since the crowd is thus 100 m long, the
bridge 50 m, and the pedestrian velocity is 1.25 m/s, the total traverse time is 120 s. As
presented in Table 2.2, the differences in bridge response between different pedestrian
models are more pronounced when subjected to a deterministic crowd in comparison with
a single pedestrian. Like the single pedestrian case, the results for bridge models FE and
MA are close.

2.002
(a)

2
1.998
1.996
1.994

SMD
MM

1.992
1.99
0

5

10

15

20

25

30

35

40

25

30

35

40

Time (s)
1
(b)
0.8

0.6

0.4

0.2
0

5

10

15

20

Time (s)

Figure 2.10. The fundamental bridge mode frequency and damping variations for the single pedestrian
load scenario using the FE formulation.

Figure 2.11 illustrates the change in bridge frequency and damping for the deterministic
crowd. As expected, the bridge frequency decreases as more pedestrians enter the bridge
since accordingly the mass of the system increases. The bridge mode achieves its
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minimum frequency (1.86 Hz for MM and 1.77 Hz for SMD) when the bridge is fully
occupied by pedestrians. Afterwards, the bridge mode frequency increases since
pedestrians are leaving the bridge. Also, for the SMD model, the bridge mode damping

Bridge mode frequency (Hz)

increases significantly by up to 5.4 %.
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Figure 2.11. The fundamental bridge mode frequency and damping variations for the deterministic crowd
load scenario using the FE formulation.

2.5.5 Random Crowd
A random crowd of 100 pedestrians is generated using different distributions for
pedestrian and walking parameters. Note that in the following, the same (randomly
generated) crowd is used in each of the models considered. Pedestrian mass is represented
by a log-normal distribution with a mean of 73.85 kg and a standard deviation of 15.68
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kg [76]. The step length is taken to be normally distributed with a mean of 0.66 m and
uses a coefficient of variation of 10% [71]. The phase angle of a pedestrian’s vertical
harmonic force is taken to be uniformly random distribution in the interval 0–2π. As
suggested by Živanović [78], step length and pacing frequency are independent random
variables. Thus, pedestrian velocity is determined from step length and pacing frequency.
Pedestrian arrival is considered as a Poisson process and gaps are thus described by the
exponential distribution with mean arrival gap of 0.56 m (Caprani et al. [71]), and
pedestrians with differing velocities are free to overtake each other. For the SMD model
only, ranges of 1.8-3.5 Hz and 0.2-0.6 have been considered for the natural frequency and
damping ratio of the pedestrians, respectively (based on the literature explained in Section
2.2). The natural frequency range of the pedestrian corresponds to stiffness range of 9.436 kN/m for pedestrian mass of 73.85 kg. There is no agreed distribution for stiffness and
damping ratio of the pedestrian in literature and so, a uniform distribution is assumed
[51].

Figure 2.12 illustrates the midspan bridge acceleration time history under the random
crowd. The MF model time history shows a significant acceleration in time interval of
approximately 60-70 s when there are many pedestrians on the bridge, while the SMD
model in this interval corresponds to a much lower acceleration level. This clearly shows
the effects of human mass and damping on lowering the vibration response. Interestingly,
the MM response is higher than MF, presumably because the bridge mode damping
slightly reduces. Similar to the deterministic crowd, the differences between various
models are high and using a more complete (or parametrized) model for the human results
in very different responses (Table 2.2). Like the single pedestrian and deterministic
crowd, in the case of the fully random crowd, the results of MA and FE are almost
identical.
55

Midspan acceleration (m/s 2 )

Midspan acceleration (m/s 2 )

Midspan acceleration (m/s 2 )

CHAPTER2: Formulation of human-structure models for vertical vibration

Figure 2.12. Acceleration time history and 1 s RMS at midspan for the bridge subjected to a fully random
crowd load scenario: (a) MF (b) MM and (c) SMD models using the MA formulation.

Figure 2.13 shows the bridge frequency and damping variations in the case of the random
crowd. In this case, the minimum frequencies are about 1.77 and 1.70 Hz for MM and
SMD respectively which are lower than those obtained from the deterministic crowd case.
Of course, for this crowd, the pedestrian mass, stiffness, arrival gap, and velocity are
different between any two pedestrians. Again, for the MM model, the damping change is

56

CHAPTER2: Formulation of human-structure models for vertical vibration
small (and again negative) compared to the large positive change for the SMD crowd

Bridge mode damping (%)

Bridge mode frequency (Hz)

model.

Figure 2.13. The fundamental bridge mode frequency and damping variations for the fully random crowd
load scenario.

Finally, to ascertain the variability of the changes in the bridge mode properties and to
make more general observations, 100 repetitions of random crowds, each with 100
random pedestrians defined as before, is carried out. The results are shown in Figure 2.14
and given in Table 2.2. The mean value of frequency reaches 1.70 Hz, and that of
damping, 2.24% while the coefficients of variation (ratio of standard deviation to mean)
average 12% and 11% respectively. It is clear that the bridge mode frequency consistently
reduces and its damping significantly increases.
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Figure 2.14. Bridge mode frequency (a) and damping variations (b) for 100 random crowds, showing the
mean (solid red line), upper and lower 90% confidence intervals (dashed red line), and spread (grey
region) using the SMD and FE formulations. (Normalized time refers to the time fraction of the total
duration of the crowd crossing event which varies by sample due to the random crowd properties).

2.6 Conclusions
In this investigation, the human-structure system in the vertical direction is formulated
for different models. This should prove very useful for use in programming engineering
software for the design and assessment of vibration sensitive structures. The paper
introduces an extensive listing of models for human-structure interaction vibration (Table
2.1). The force induced by the pedestrian is considered as a general force and the
pedestrian effects on the structure are modelled as moving force, moving mass, and
moving SMD. The general beam structure is modelled using a formulation in modal
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coordinates and finite elements. The human-structure interaction system is first
formulated for a single pedestrian and then is expanded to consider a crowd of
pedestrians. Moreover, the extension of models from a single pedestrian to a crowd of
pedestrians is unique particularly for the FE method. Finally, application examples are
carried out to show the implementation of the models.

The example application results in terms of acceleration time history, maximum 1s-RMS
response, and bridge frequency and damping variations clearly show differences between
the models. Interestingly, the three load case scenarios considered (single pedestrian,
deterministic crowd, and random crowd) show that the responses are the same for both
MA and FE modelling of the bridge structure. However, it is clear from the results that
there are significant differences in the predictions made using the different pedestrian
representations. This could have severe consequences in the early stages of a design, for
example, in which potentially viable designs may be falsely regarded as being
unserviceable. Of course these observations relate only to the parameter set chosen, and
different results will follow from different inputs, and these can be found using the
modelling approaches described in this work.

A further contribution of this work is the consideration of the influence of the pedestrians
on the dynamic properties of the human-structure system. Although for the bridge
example considered, the damping increase and frequency decrease in the system mode
related to the bridge for a single pedestrian is very small, the changes become more
pronounced when considering pedestrian crowds. The shape of the system bridge mode
frequency and damping variations are not uniform for the random crowd as they are for
the deterministic crowd. Therefore, the prediction of frequency and damping changes
under random crowds is not straightforward. Further study is thus necessary to investigate
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the effects of crowd features such as density and synchronization on the dynamic
properties of the HSI system within a probabilistic framework. Also, the effect of
pedestrians on natural frequency is often considered using additional mass models (such
as HIVOSS and SETRA explained earlier) while the more complete model, i.e. SMD
which has more parameters, could have a better estimation of a pedestrian’s natural
frequency. In short though, given the wide range of vibration response predictions given
by the different models, it is imperative that calibrated and suitably accurate models are
quickly conveyed to industrial practice to avoid costly over- or under-designs. The
models and results presented in this work contribute to this goal.
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Abstract
To predict the vibration response of footbridges, many codes of practice use a
deterministic moving force (MF) model. This approach may not be well suited for the
design of slender, lightweight, low-damping, and low-frequency footbridges because it
ignores the pedestrian interaction with the vibrating footbridge. On the other hand, a
spring-mass-damper (SMD) model is able to incorporate human mass, stiffness, and
damping into the vibration response prediction. However, the SMD model is
computationally demanding and not commonly available in engineering practice. To
address this shortfall, a framework is proposed to derive a computationally-efficient
equivalent MF-structure system to the reference SMD-structure system such that both
systems give a similar vibration response metric. Analytical and numerical approaches to
the equivalent MF (EMF) system are described in detail and applied to bridges with
approximately simply-supported mode shapes. A sensitivity analysis is carried out to
show the effects of different pedestrian parameters on the equivalent damping of the EMF
system. The effects of pedestrian damping, frequency, and weight are found to be
pronounced, while those of dynamic load factors and pedestrian step length are
insignificant. Finally, empirical expressions are proposed in a probabilistic framework to
determine the equivalent damping for simply-supported low-frequency footbridges as a
function of bridge frequency. This work should find use in the serviceability assessment
of low-frequency footbridges in engineering practice.

Keywords
Human-induced vibration; human-structure interaction; footbridges; moving force
model; moving spring-mass-damper model.
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Nomenclature
The following symbols are used in this paper:
cp

Pedestrian damping

d

Displacement vector of the bridge in physical coordinate

fb

Reference bridge frequency (Hz)

f eq

Resonant coupled system frequency of numerical equivalent system (Hz)

fn

nth mode frequency of the bridge (Hz)

fp

Natural frequency of pedestrian body (Hz)

fw

Walking or pacing frequency (Hz)

eig
f num

Numerical system frequency using eigenvalue analysis (Hz)

g

Gravitational acceleration (= 9.81 m/s2)

kp

Pedestrian stiffness

le

Element length

ls

Pedestrian step length

mb

Reference bridge mass

mp

Pedestrian mass

m (x)

Mass per unit length of the bridge

np

Number of pedestrians

qn

nth mode displacement of the bridge

q neq

nth mode bridge amplitude for the equivalent moving force system

qɺɺn ,max

Maximum nth mode acceleration of the bridge for the reference system

qɺɺneq,max

Maximum nth mode acceleration of the bridge for the equivalent system

r

Total number of harmonics of pedestrian forcing function

rkn

Frequency ratio of kth harmonic pedestrian force to nth bridge mode

s

Laplace variable

sm

mth conjugate roots of analytical system characteristic equation
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vp

Pedestrian velocity

x

Displacement vector of the system in physical coordinate

xi

Location of the ith pedestrian on the bridge

xp

Pedestrian location on the bridge

yp

Displacement of mass centre of pedestrian body

E

Error function defined to find optimal equivalent damping

F

System force vector in physical coordinate

Fp ( t )

Pedestrian forcing function

Fk p ( t )

kth harmonic of pedestrian forcing function

Lb

Reference bridge length

M, C , and K

System mass, damping, and stiffness matrices in physical coordinates

Mb , C b , and K b

Bridge mass, damping, and stiffness matrices in physical coordinates

Mn

nth modal mass of the bridge

N

Global shape function vector

Nj

jth element shape function

Nx

First derivative of the global shape function vector

NT

Global shape function transpose vector

Qn

Response amplitude of the nth mode of the bridge

Rmf

Numerical moving force system response plot

R ref

Numerical reference system response plot

W

Pedestrian weight

Yp

Response amplitude of the pedestrian

αn

Pedestrian-to-bridge frequency ratio

β max

Pacing-to-bridge frequency ratio at maximum vibration response metric

βn

Pacing-to-bridge frequency (nth mode) ratio

δ

Damping increment due to HSI

δ*

Empirical damping increment

ζ

Non-dimensional distance along each element
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ηk

Dynamic load factor for kth harmonic of pedestrian forcing function

λi

ith eigenvalue of the homogenous numerical system equation of motion

ξ

A general term for bridge damping ratio of moving force system

ξm

mth damping ratio of system

ξ min , ξ max

Minimum and maximum damping ratio in equivalent damping search

ξn

nth mode damping ratio of the bridge

ξp

Pedestrian damping ratio

ξ eq*

Empirical equivalent damping

eig
ξana

Analytical bridge damping obtained from eigenvalue analysis

eq
ξ ana

Analytical bridge damping obtained from equivalent method

eig
ξ num

Numerical system damping ratio using eigenvalue analysis

eq
ξ num

Numerical system damping ratio using equivalent method

ξ ceq

Equivalent damping of a crowd of pedestrians

ϕk

kth harmonic phase angle of pedestrian forcing function

φn ( x )

Mass-normalized nth mode shape of the bridge

φɶn ( x )

Arbitrarily-scaling nth mode shape of the bridge

ωk

kth harmonic circular frequency of pedestrian force (rad/s)

ωm

mth circular frequency of system (rad/s)

ωn

nth mode circular frequency of the bridge (rad/s)
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3.1 Introduction
3.1.1 Problem Statement
For vibration design of new footbridges, a deterministic moving force (MF) model is
often used, shown in Figure 3.1a (e.g., OHBDC [1] , BS 5400 [2], ISO-10137 [3],
Eurocode 5 [4], Setra [5], HIVOSS [6], [7], [8]). However, it does not consider the
influence of pedestrian(s) presence on the dynamic properties of human-structure system,
nor does it consider the influence of the vibrating surface on the pedestrian(s) walking
force. The damping and frequency of the human-structure system can be different from
those of the empty structure for both stationary and moving pedestrians (single or in
crowds) as discussed in [9]. A change in contact force between pedestrian(s) and the
footbridge can also occur due to the structure flexibility (Ohlsson [10], Pavic et al. [11]).
Ignoring this human-structure interaction (HSI) phenomenon can lead to significant
overestimation of vibration response (Pavic et al. [12], Caprani et al. [13]) and
consequently, the design may fail a serviceability check when in truth it is serviceable.
The modification of structure frequency due to HSI has been addressed in Setra [5] and
Synpex [14] using passive mass to represent the influence of the pedestrian or crowd.
However, the modification of the system damping due to the pedestrian or crowd presence
remains to be investigated.
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G(t)-Wp

G(t)

Figure 3.1. (a) SMD modelling of a single pedestrian (b) MF modelling of a single pedestrian (showing a
simply-supported bridge example structure).

The MF model of the current design guidelines noted above has been incorporated into
some engineering software for vibration response assessment of structures. For example,
the LUSAS [24] pedestrian load wizard creates a constant-speed moving and varyingmagnitude vertical single pedestrian load, based on input such as the recommended bridge
class (NA to EN1991-2, Table NA.7 [25]). For a steady state crowd of pedestrians, a
vertical stationary pulsating distributed load model (according to NA to EN1991-2) is
used in LUSAS. This load is assigned to the bridge deck based on the dominant mode
shape of the bridge. In a similar manner GSA Building Analysis in Oasys software [26]
enables engineers to find the footfall response over the whole structure, again modelling
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the human as a moving force. In Oasys GSA, the dynamic load factors are determined
according to Wilford et al. [27]. However, even for the simpler moving force model, the
implementation is not straightforward. Both LUSAS and GSA require manual work to
prepare input and analyse output. In the case of LUSAS, a spreadsheet is used to define
the Rayleigh damping coefficients and scripting is required to perform restart analyses to
achieve steady-state solution [24]. Similarly, for Oasys GSA, a spreadsheet input must
also be prepared to specify excitation nodes and response nodes [26]. Since even with
state-of-the-art engineering practice software, the analysis process is not fully automatic,
the accurate vibration assessment of structures, allowing for human-structure interaction,
is yet to be commonplace in design practice.

3.1.2 Contribution
In spite of the drawbacks noted above, the MF model is reasonably simple and already
implemented in commercial software for professional engineering practice. Compared to
the SMD model, the MF model has fewer parameters and is more computationally
efficient, but ignores HSI. On the other hand, an SMD model does consider HSI but is
more computationally demanding, and requires sensible input parameters. Therefore, a
good solution to this problem is to modify the MF model in some manner so that it
accurately accounts for HSI.

This paper establishes a framework to include HSI effects in an equivalent MF (EMF)
model. It does this by using an equivalent frequency and damping for the bridge, which
can be used in a traditional MF-structure analysis, such as that available in commercial
software. The main idea is to match a selected vibration response metric between the two
systems. Such an equivalent method has received much attention in the field of
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earthquake and structural engineering in the past (Guyader [28], ATC-40 [29], Soong and
Spencer [30], Guyader and Iwan [31], FEMA 440 [32], Seylabi et al. [33]).

In this paper, analytical and numerical approaches are used in a proposed general
framework. Any chosen vibration response metric can be used within the framework to
calibrate the equivalent system. Application examples are presented for a reference
system. In the analytical approach, the (simplified) reference system is modelled as a
stationary SMD (SSMD) with the first harmonic of the walking force applied to the
fundamental vibration mode of a simply-supported beam in modal space. For the
numerical approach, the reference system is (more reasonably) a moving SMD (MSMD)
with a vertical harmonic force (the first four harmonics of the walking force) applied to a
simply-supported beam using finite elements. A sensitivity analysis is conducted to
investigate the effects of various parameters involved in the problem. An analytical
expression is derived as a function of non-dimensional parameters to obtain the equivalent
damping for a general structure. However, the human-induced vibration problem is of a
random nature. To include this randomness, an empirical expression, determined from
validated numerical modelling, is proposed as a function of bridge frequency to compute
the equivalent damping of simply-supported low-frequency bridges. As the HSI effects
become more pronounced under high pedestrian flows (real life situations), the equivalent
damping of a single pedestrian is extended to a crowd of pedestrians. Thus, an
approximate method is also introduced to calculate the equivalent damping for crowd of
pedestrians using the results obtained from single pedestrian scenarios. Simply-supported
bridges are used in this study for two reasons: (1) they are very common in practice, and;
(2) the mode shapes (or parts thereof) of more complex bridges can often be described in
terms of simply-supported beam mode shapes. Consequently, this work should find good
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use in the serviceability assessments of low-frequency footbridges in engineering
practice, using already-available software.

3.2 Human-Structure Models
3.2.1 Human Models
In MF modelling, each pedestrian is represented as a force traveling at constant velocity
of v p without any mass, damping, and stiffness (Figure 3.1b). Pedestrians apply a nearlyperiodic dynamic force in the vertical, horizontal-lateral, and horizontal-longitudinal
directions [34] termed ground reaction forces (GRFs). The vertical GRF has the highest
amplitude among the three components and as a result has been given much attention by
researchers in the past (Živanović et al. [34]). In this study, only the vertical GRF and
vertical induced vibrations are considered. Much effort has been put into quantifying the
GRFs in both time and frequency domain (e.g. Caprani [35]). In the time domain,
harmonic functions are often used. A Fourier representation of the vertical GRF is
expressed as (Caprani and Ahmadi [9]):
r

G ( t ) = W p ∑ DLFk cos ( 2π kf wt + ϕ k )

(3.1)

k =0

in which W p = m p g ; m p and g are the pedestrian mass and gravitational acceleration,
respectively; f w is the walking or pacing frequency; and DLFk is the dynamic load factor
(DLF) for the kth harmonic ( DLF0 = 0 ). The phase angle of the kth harmonic is denoted
by ϕ k ; ϕ0 = 0 which results in the static pedestrian weight for k = 0 ; and finally r
represents the total number of harmonics considered. Different numbers of harmonics are
used in the literature as discussed in [9]. There is also great variability in the measured
values, even for the same pedestrian (Rainer et al. [36]). Table 3.1 presents some DLFs
reported in the literature.
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Table 3.1. Some dynamic load factors from the literature.

k

1
2
3
4
5
6

Young [37]
fw (Hz) DLFk
1-2.8
0.41(fw-0.95)<0.56
2-5.6
0.069+0.0056 fw
3-8.4
0.033+0.0064 fw
4-11.2 0.013+0.0065 fw
-

ISO 10137 [3]
fw (Hz)
DLFk
1.2-2.4
0.37(fw-1.0)
2.4-4.8
0.1
3.6-7.2
0.06
4.8-9.6
0.06
6.0-12.0 0.06
-

Brownjohn et al. [38]
fw (Hz)
DLFk
1.3-2.4 0.37fw-0.42
2.6-4.8 0.053
3.9-7.2 0.042
5.2-9.6 0.041
6.5-12.0 0.027
7.8-14.4 0.018

To account for the interaction between the bridge and pedestrians, an MSMD model is
adopted which includes pedestrian mass, stiffness, and damping effects. In this model,
the pedestrian mass, m p , is attached to a massless spring and damper with coefficients of
k p and c p , respectively, as shown in Figure 3.1a. The spring and damper indicate the

stiffness and damping of the pedestrian body – specifically those acting between the mass
centre of the human body (COM) and the bridge surface (Caprani and Ahmadi [9]). The
MSMD model also includes an external pulsating force, which is applied to the bridge
surface at the contact point of the MSMD. However, an internal driver force model [39]
could also be used with the framework proposed in this work. The external pulsating force
also represents the harmonics of the vertical pedestrian force, but excludes the
pedestrian’s weight. Multiple such MSMDs can be used to represent a crowd (Caprani
and Ahmadi [9]).

Naturally, good estimates of human stiffness and damping are required for a
representative MSMD model. Different values of stiffness and damping, experimentally
obtained, exist in the literature (Caprani and Ahmadi [9], Caprani et al. [21], Toso et al.
[22], Shahabpoor et al. [23], [19]). For example, Shahabpoor et al. [23] experimentally
obtained ranges of 2.75-3 Hz for natural frequency and 27.5-30% for damping ratio of
the MSMD model of a 70 kg pedestrian. Considering pedestrians with different weight,
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wider ranges should be considered for these two parameters. Therefore, human damping
and stiffness are inter-subject variables and best considered in terms of statistical
distributions based on the experimental results reported in the literature (e.g. Caprani et
al. [21]). Consequently, ranges of 1.8-3.5 Hz and 20-60% are considered for pedestrian
natural frequency, f p , and damping ratio, ξ p , respectively. The pedestrian mass, m p , is
represented by a log-normal distribution with a mean of 73.85 kg and a standard deviation
of 15.68 kg [40]. Since, there is no suggested distribution for stiffness and damping ratio
of the pedestrian in literature, a uniform distribution is assumed here. Therefore,
pedestrian stiffness and damping coefficient are calculated as k p = m p ( 2 πf p ) and
2

c p = 4πm pξ p f p respectively. The step length, ls , is taken here to be normally distributed

with a mean of 0.66 m [41] and a coefficient of variation of 10% (i.e. a standard deviation
of 0.066 m). As suggested by Živanović [42], step length and pacing frequency are
independent random variables. Thus, pedestrian velocity, v p , is determined by v p = ls f w
. The phase angle, ϕ k ; k > 0 , of a pedestrian’s vertical harmonic force is taken to be
uniformly random in the interval [0–2π).

3.2.2 Bridge Modelling
As shown in Figure 3.1, the reference bridge considered herein for the example
applications, is a beam with simply-supported mode shape, length of Lb , mass of mb ,
and natural frequency of f b . It is emphasized that this mode shape can be usefully applied
to more complex structural forms, and so is quite representative. Generally, a change in
footbridge frequency is related to bridge length and mass. However, it is very difficult to
obtain a general relation between f b , Lb , and mb since different materials, structural
forms, and codes of practice are used to design footbridges. However, for the purposes of
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this work, to cover a wide range of footbridges empirically, the following relations
(developed by Pedersen and Frier [43]) are used:
mb =

158000
f b2

(3.2)

86
fb

(3.3)

Lb =

where f b , Lb , and mb are in Hz, kg, and m, respectively. The above relations have been
calibrated to as-built steel, concrete, and steel-concrete composite bridges presented in
[44]. The relationships are consistent with assuming the same bending stiffness for all
types of bridge with the same natural frequency.

3.3 Analytical Approach for Single Pedestrians
In this section, a rather simplified but analytically-tractable version of the problem is first
considered. An arbitrarily-supported beam structure is modelled in modal space by its nth
mode properties and subjected to the kth harmonic of the pedestrian walking force. Figure
3.2a shows the system considered as the reference. Notably, the pedestrian is assumed
stationary at the location of x p (that is, “walking on the spot”). First, the eigenvalues of
the reference system are obtained and then an analytical approach is employed to find a
bridge damping for the equivalent system.

82

CHAPTER 3: An equivalent moving force model for consideration of human- . . .

Gk p(t)

Gk p(t)

Figure 3.2. (a) MF modelling of the pedestrian (b) MSMD modelling of the pedestrian (showing a
simply-supported bridge example structure).

3.3.1 Eigenvalue Analysis of the Reference System
The equation of motion for the stationary SMD (SSMD) at x p is [9]:
0   qɺn  
1 m pφn ( x p )   qɺɺn   2ξ nωn
ωn2
0   qn  φn ( x p ) Gkp ( t ) 
+
+

  
 = 
  

y p   −c pφn ( x p ) c p   yɺ p   − k pφn ( x p ) k p   y p  
mp
 0
  ɺɺ
0







(3.4)
where Gkp = W p DLFk cos (ω k t + ϕ k ) ; ωk = 2πf w k ; ωn = 2πf n and f n is the nth mode
frequency of the bridge; ξn and qn stand for the damping and displacement of the nth
mode of the bridge. The normalized nth mode shape of the bridge is given by:
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φn ( x ) =

φɶn ( x )

(3.5)

Mn

where φɶn ( x ) is the mode shape with arbitrary scaling and M n is the bridge modal mass:
Lb

M n = ∫ m ( x ) φɶn2 ( x ) dx

(3.6)

0

where m ( x ) is the mass per unit length of the bridge, Lb ; Let  qn

T

y p  = Qn

T

Yp  e st

(s is the Laplace variable and T denotes the transpose) in which Qn and Y p are the
response amplitudes of the nth mode of the bridge and pedestrian respectively. Also let
Gkp ( t ) = 0 . Thus, the characteristic (eigenvalue) equation is given by:

(

)

s 4 + 2ξ nωn + 2ξ pω p (1 + m pφn2 ) s 3

(

)

+ 4ξ nωnξ pω p + ω p2 (1 + m pφn2 ) + ωn2 s 2

(3.7)

+ ( 2ξ nωnω p2 + 2ξ pω pωn2 ) s + ω p2ωn2 = 0

The above equation is a fourth-order polynomial in s with roots of conjugate pairs,
sm = −ξ mωm ± iω m 1 − ξ m2 , in which m = 1, 2 . If it is assumed that the mass ratio is low,

as is typically the case, then the change in the nth mode frequency of the bridge due to
the pedestrian presence is negligible. Hence, the system frequency for the bridge DOF,

ω m ( m = 1) , is the same as the nth mode frequency of the reference bridge, ωn . With this
substitution, and normalizing the variable s by ωn and writing it as ψ , equation (3.7)
becomes:

(

)

ψ 4 + 2ξ n + 2ξ pα n (1 + m pφn2 ) ψ 3

(

)

+ 4ξ nξ pα n + α n2 (1 + m pφn2 ) + 1 ψ 2

(3.8)

+ ( 2ξ nα n2 + 2ξ pα n )ψ + α n2 = 0
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in which α n = ω p ωn = f p f n (i.e. pedestrian-to-bridge frequency ratio) and the roots
corresponding to the bridge DOF is ψ m = −ξ m ± i 1 − ξ m2 ; m = 1 . Then, the analytical
system damping for the bridge DOF is calculated from [45]:
eig
ξ ana
= Re (ψ m )

(3.9)

3.3.2 Equivalent Moving Force System
To obtain the steady-state solution for the SSMD model of equation (3.4), the response is
described as:

 qn  Qn 
  =   cos (ωk t + ϕ k )
 y p   Yp 

(3.10)

Substituting equation (3.10) into equation (3.4) and then simplifying, the normalized
amplitude response of the nth mode of the bridge subjected to the kth harmonic of the
walking force can be shown to be given by:
qɺɺn ,max
W p DLFk

= rkn2 φn

Akn
Bkn + Ckn

(3.11)

in which:
2

 r2 
 r 
Akn =  1 − kn2  + 4  ξ p kn 
 αn 
 αn 

2

 r 4  4ξ pξ n 1
 
Bkn =  kn2 − 
+ 2 + ( m pφn2 + 1) rkn2  + 1
α

αn
 
 n  αn

(3.12-a)

2

 

ξ p   r 3 
ξ  r3
Ckn = 4  rkn  ξ n +  −  kn  ξ p + n  − kn m pφn2ξ p 


α n   α n 
αn  αn
 

where rkn =

(3.12-b)

2

(3.12-c)

ωk
f
= k w = k β n , and β n is the pacing-to-bridge frequency (nth mode) ratio.
ωn
fn

The equation above is similar to the closed-form solution for tuned-mass damper (TMD)

85

CHAPTER 3: An equivalent moving force model for consideration of human- . . .
systems under harmonic excitation [46]; however, in case of HSI system, the mass ratio
is replaced by the term m pφn2 . It is important to emphasize that this result is for a
stationary pedestrian, “walking on the spot”. However, it provides useful insight for the
moving pedestrian problem.

Figure 3.2b shows an EMF-structure system for the nth mode of the bridge and kth
harmonic of the pedestrian walking force. The frequency of this equivalent system is
assumed to be the same as the frequency of nth mode of the reference bridge, ωn (i.e. the
same assumption used in the eigenvalue analysis based on a typically low mass ratio).
Then, the equation of motion for the EMF system is:
eq
qɺɺneq + 2ξ ana
ωn qɺneq + ωn2 qneq = φn ( x p ) Gkp ( t )

(3.13)

in which q neq is the displacement of the nth mode of the bridge for the equivalent system
eq
and ξ ana
is the equivalent damping using analytical approach. The steady-state solution

of equation (3.13) is assumed as:
qneq = Qneq cos ( ωk t + ϕ k )

(3.14)

in which Qneq is the response amplitude of the nth mode of the bridge for the equivalent
system and the normalized amplitude response of the nth mode of the bridge for the
equivalent system is then:

qɺɺneq,max
Wp DLFk

=

φn rkn2

(1 − r )

2 2
kn

+ 4 (ξ r

)

2
eq
ana kn

(3.15)

eq
in which ξ ana
is the damping of the bridge in the MF system for analytical approach. To

match the vibration response of the reference SSMD system (equation (3.11)) and the
EMF system (equation (3.15)), the equations (3.11) and (3.15) are set equal and an
analytical expression for the equivalent damping is found to be:
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ξ

eq
ana

Bkn + Ckn − Akn (1 − rkn2 )

1
=
2rkn

2

(3.16)

Akn

In case of human-induced vibration, the resonant condition between the nth mode of the
bridge and kth harmonic of the pedestrian walking force is of great importance (i.e. rkn = 1
) since it gives the highest vibration response. Therefore, setting rkn = 1 in equation (3.16)
gives the equivalent damping as:

 

 4ξ nξ p

1  1
+ m pφn2  + 4  ξ n 1 − 2  − m pφn2ξ p 

1  αn

  αn  αn

=
2
2
2

 ξp 
1 
1 − 2  + 4  
 αn 
 αn 
2

eq
ξ ana

2

(3.17)

When natural frequency of pedestrian body and bridge frequency are the same (i.e. α n = 1
), equation (3.17) reduces to:

ξ

eq
ana

=

m pφn2
2

 2ξ n
1
1+ 
+
 m φ 2 2ξ
p
 p n





2

(3.18)

This expression thus gives the bridge damping for a moving force model such that the
vibration response is equivalent to that of a stationary walking-on-the-spot human in a
resonant condition (between mode n, walking harmonic k, and pedestrian body).

3.3.3 Case Study of the Bridge with Simply-Supported Mode Shape
To illustrate the preceding analysis, the results are applied to the case of a single
pedestrian crossing a bridge that can be represented by a simply-supported mode shape
for which the nth mode shape and modal mass are given by:

π x 
m
φɶn ( x p ) = sin  p  ; M n = b
2
 Lb 

(3.19)
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It is assumed that the first harmonic of the pedestrian is in resonance with the first mode
of the bridge as an onerous case (i.e. r11 = β1 = 1 ). Then, the bridge damping of the
eig
analytical eigenvalue analysis, ξ ana
, is obtained using equations (3.8) and (3.9). The
eq
analytical equivalent damping, ξ ana
, is also calculated from equation (3.17).

Figure 3.3 shows the damping results of the analytical eigenvalue analysis and analytical
equivalent method against SMD location on the bridge ( x p ) for m p = 73.85 kg, ξ p = 0.2
, ξ1 = 0.005 , and different values of α1 . For α1 = 1 (resonance between the pedestrian
COM motion and first mode of the bridge), the analytical eigenvalue analysis and
analytical equivalent method give the same result. However, for α1 value less than 1, the
analytical equivalent method gives a lower damping while for α1 value greater than 1, it
results in a higher damping.

Clearly the analytically-tractable approach just presented has some shortcomings: (1) It
considers only the steady-state response while transient response is of great importance
due to relationship between the force (i.e. pedestrian movement) and number of periods
before transients die out in a lightly damped structure; (2) It gives the damping results
only for one mode of the bridge and one harmonic of the pedestrian walking force, and
so it may not be immediately obvious what the critical case will be; (3) It is a deterministic
approach since it gives the equivalent damping for one set of human parameters only (
m p , c p , k p ), while human-induced vibration is of random nature as discussed previously;

and (4) It assumes the human as a stationary SMD (SSMD), whereas considering the
human as a moving SMD (MSMD) is clearly more realistic. Some of these issues may
have more influence than others and could be tolerated. However, to assess the
reasonableness of the analytical approach a more comprehensive numerical approach to
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finding the parameters of the equivalent system is proposed in the next section and its
results are compared to those of the analytical approach.
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Figure 3.3. Comparison of analytical eigenvalue analysis results and equivalent method approach for a
simply-supported mode shape and a pedestrian traverse for different pedestrian-to-bridge frequency ratios
(solid lines show eigenvalue analysis results while dashed lines illustrate equivalent method results).

3.4. Numerical Approach for Single Pedestrian and Crowd
Scenarios
In this section, for single pedestrian scenarios, the reference system is an MSMD with a
general force applied to a generic beam structure using a transient numerical analysis.
Eigenvalue analysis of the numerical reference system is performed to find the reference
system frequency and damping throughout the pedestrian crossing at each time step along
with the transient analysis. Then, a numerical equivalent method is employed to find the
frequency and damping for the EMF-structure system which can then accurately match a
selected vibration response metric of the reference MSMD system. Finally, an
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approximate method is introduced for the equivalent damping of crowd scenarios using
the equivalent damping of single pedestrians.

3.4.1 Human-Structure Dynamic Systems in Physical Coordinate for
Single Pedestrians
For the numerical approach, the bridge is simulated using one-dimensional EulerBernoulli beam elements, with two degrees of freedom per node. An MF model
formulation traversing a finite element beam can be found in [9]. The equation of motion
is:
ɺɺ + C dɺ + K d = N T G ( t )
M bd
b
b

(3.20)

in which M b , C b , and K b are bridge mass, damping, and stiffness matrices, respectively.

ɺɺ , dɺ ,
The mass, damping, and stiffness matrices are constant during pedestrian crossing. d
and d stand for acceleration, velocity, and displacement vectors of the bridge at time t
for different nodes. NT denotes the transpose of the shape function vector of the all nodes.
When the bridge is subjected to a point load G ( t ) , the forces on all the nodes of the
bridge are zero except the nodes of the element on which the load is applied. Therefore,
the global shape function vector is determined as:
N ( x ) = {0 0 0 ... N j ( x ) ... 0 0 0}

(3.21)

when the load is on the element j and x = v p t . The vector of shape functions for the jth
element is given by:

{

N j ( x ) = 1 − 3ζ 2 + 2ζ 3

(ζ − 2ζ

2

+ ζ 3 ) le

3ζ 2 − 2ζ 3

( −ζ

2

+ ζ 3 ) le

}

(3.22)
where le is the element length and ζ is the non-dimensional distance along the element,

ζ ∈ [ 0 1] .
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An MSMD model formulation on a finite element beam is also presented in [9]. The
governing equation of motion for the reference MSMD-structure system in physical
coordinate can be expressed in matrix form as follows:
ɺɺ ( t ) + Cxɺ ( t ) + Kx ( t ) = F ( t )
Mx

(3.23)

in which:

M b
M=
 0
Cb + C*
C=
 −c p N

0
m p 

(3.24-a)

−c p N T 

c p 

(3.24-b)

 K b + K*
−k p N T 
K=

k p 
 −c p v p N x − k p N

(3.24-c)

d 
x= 
 yp 

(3.24-d)

NTG ( t )
F=

 0 

(3.24-e)

where:
C* = c p N T N

(3.25)

K* = cpv pNT N x + k p NTN

(3.26)

and y p is the displacement of the pedestrian mass from equilibrium position, and N x is
the first derivative of the global shape function vector (equation (3.26)).

Detailed formulations of MF- and MSMD-structure systems for crowd scenarios can be
found in Chapter 2 [9] and herein are not presented for brevity. Newmark-β integration is
used to determine the transient vibration response of both MF- and MSMD-structure
systems. The results were checked with closed-form solution of harmonic force. Figure
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3.4 shows the difference in the transient response between the MF and MSMD systems
for a single pedestrian and the contribution of pedestrian mass, stiffness, and damping to
the vibration response. The system mass, damping, and stiffness matrices change due to
pedestrian location. Therefore, the reference system frequency and damping change
during pedestrian crossing. These variations can be tracked by performing an eigenvalue
analysis on the homogenous form of equation (3.23) which is explained later in detail
(Section 3.4.2).

3.4.2 Eigenvalue Analysis of Reference MSMD System for Single
Pedestrians
To perform an eigenvalue analysis, equation (3.23) is written in the state space as follows:

vɺ = Av + B

(3.27)

I 
x 
 0
 0 
v =   ; A =  -1
; B =  -1 
-1 
xɺ 
 -M K -M C
M F 

(3.28)

where:

in which x represents the physical coordinate and not the modal coordinate; M , C , and
K matrices are also described in physical coordinates (Section 3.4.1). Then, the system

frequency and damping are obtained using following equation [9]:
eig
f num
=

λi
2π

;

eig
ξ num
=

Re ( λi )
λi

(3.29)

in which λi is the ith eigenvalue of the homogenous form of equation (3.27) ( B = 0 ). The
system frequency and damping at the current time instant are tracked as the closest to the
system frequency and damping at the previous time instant. The tracking process starts
with the known empty bridge frequency and damping at time t = 0 (see [9] for more
details).
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Figure 3.4. Acceleration time histories (a) and 1 s-RMS responses (b) for the reference MSMD system
and corresponding MF system.

Figure 3.5 illustrates the reference system frequency and damping variation during an
example pedestrian traverse. The pacing frequency is equal to the empty bridge frequency
(an onerous resonance condition). As is obvious from Figure 3.5, the bridge reaches its
minimum frequency (a small 0.007 Hz reduction) and maximum damping (a large 0.34%
increase) when the pedestrian is at midspan.
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Figure 3.5. Bridge frequency (a) and damping variation (b) resulting from eigenvalue analysis for

m p = 73.85 kg , ξ p = 0.2 , ξ1 = 0.005 , and α1 = 1.1 (the extremes are highlighted by dashed lines).

The results presented above cannot be directly used to determine the bridge properties for
an EMF-system for two reasons. First, the reference system vibration response metric
may not be predicted well if the eigenvalue results (system frequency and damping) are
used in the EMF-structure system. Secondly, the system frequency and damping change
during the traverse, and it is not clear which pair (combination of frequency and damping)
should be implemented in the MF-structure system to obtain the best match in vibration
response. Therefore, a methodology to find a frequency-damping pair for the EMF system
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is developed which optimally matches a chosen vibration response metric of the reference
MSMD system.

3.4.3 Equivalent Moving Force Systems for Single Pedestrians
To match the vibration response metric between the reference MSMD and EMF systems,
a response metric (RM) plot of the systems is used. The RM plot is defined here as the
variation of a selected vibration response metric of the system against the frequency ratio
of the pedestrian pacing frequency to the bridge first mode frequency ( β1 =

fw
), which
f1

is denoted by just β hereafter for brevity. In general, the RM plot for the reference system
is a function of pedestrian parameters (i.e., f p , ξ p , m p , ls ), reference bridge damping,

ξb , and reference bridge frequency, fb . For given pedestrian parameters and a reference
bridge, the reference system RM plot is unique and the system response metric is a
function of β only (namely Rref ( β ) ). For the MF system, since the bridge frequency
and damping are changed to find a good fit with the reference system, its RM plot is a
function of the bridge damping, ξ and the bridge first mode frequency, f1 ; namely
Rmf ( β ; ξ , f1 ) .

To obtain an equivalent damping and frequency for the MF system for a given pedestrian
parameters and a reference bridge, the following method is proposed:
1) Create RM plots by simulating:
a) the MF system with the reference bridge damping, ξb and frequency, fb . This is
denoted by Rmf ( β ; ξ b , fb ) ;
b) the reference MSMD system ( Rref ( β ) ), based on the actual bridge and pedestrian
parameters.
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2) Change the bridge frequency to match that of the resonant coupled system frequency
in Rmf ( β ; ξb , fb ) . For low damping systems (the case studied here), resonance is
taken as occurring at the frequency ratio corresponding to the system maximum
response metric [47]. That is, by defining β max := max ( Rref

) and

f eq = f w ( β max ) then,

f eq = f b β max . Thus, a new simulation is performed with the new bridge frequency,
f eq . The new RM plot is denoted by Rmf ( β ; ξ b , f eq ) .

3) Optimize the RM plot for the MF system, Rmf ( β ; ξ , f eq ) using f eq , and varying ξ ,
eq
searching over interval ξ ∈ {ξ min , ξ max } to find the optimal equivalent damping, ξ num
.

To do this, the error between Rref ( β ) and Rmf ( β ; ξ , f eq ) , denoted E (ξ ) , must be
eq
minimized according to some measure of optimality, i.e. ξ num
:= min E (ξ ) . Note that

ξ

ξmin is set equal to the damping of empty reference bridges, since system damping
only increases under the presence of the pedestrian MSMD; ξb and ξ max must be
estimated.

In this study, the root mean square error between the two RM plots is used:

∑ ( R ( β ;ξ , f ) − R ( β ))
n

E (ξ ) =

z =1

mf

z

eq

n

ref

2

z

(3.30)

where β z is the zth frequency ratio at which the response metric has been computed for
both the reference and MF systems and n stands for the number of frequency ratios used
to create the RM plots. Finally, to perform the minimization process, the bisection method
can be used, taking following steps:
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1) Create

three

RM

plots:

Rmf ( β ; ξ min , f eq ) ,

Rmf ( β ; ξ max , f eq ) ,

and

 ξ + ξ max

Rmf  β ; min
, f eq  (at midpoint interval).
2



2) Calculate the error for each and if the smallest error is sufficiently small, stop iterating
and select the damping of that RM plot.


3) If max  Rmf


 ξmin + ξ max

, f eq   < max  Rref ( β )  < max  Rmf ( β ; ξ min , f eq )  , search
 β;
2



ξ + ξ max 

over the damping interval of ξ min , min
 ; otherwise, search over the interval
2


 ξ min + ξ max

, ξ max  .

2



4) Repeat the previous steps for the new damping interval.

For application of the methodology some decisions are required. For this work, the
numerical equivalent damping is searched over the interval of [0.5%, 1.5%] using the
bisection method to find the best match. The damping of 1.5% is selected as it is three
times the damping of the lightly-damped reference bridges. The minimum damping of
0.5% is an assumed value specific to the example application chosen here (typical for
lightweight steel bridges [48]). This range should cover most reference MSMD-structure
systems that are vibration-sensitive. In considering the frequency range, the pedestrian
effects are more pronounced around 1.8-2.2 Hz. Thus, assuming the bridge frequency is
close to 2.0 Hz (Archbold et al. [49]), the minimization process is done in the β range
[0.9, 1.1]. A β increment step of 0.01 is chosen outside range of 0.95 to 1.05 where the
RM plot is quite flat (i.e. out-of-resonance region) while within the range of 0.95-1.05, a
smaller step of 0.001 is used to better capture the sharp peak in the RM around the
resonant region ( β = 1 ). Finally, the selected response metric could be any of: root mean
square of vibration response during a time window of 1 second or 5 second (1 s- or 5 s97
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RMS); peak vibration response (PVR); or even vibration dose value (VDV). For this work
the 1 s-RMS is used as the response metric of interest.

3.4.4 Case Study of the EMF System for Single Pedestrians
This section gives an example application of the proposed numerical equivalent method
for a single pedestrian as shown in Figure 3.6. In this example, pedestrian parameters
including mass, step length, frequency, and damping ratio are the same as Figure 3.5. The
RM plots from Steps 1a and 1b (MF and reference MSMD) of the methodology are shown
as solid black and red curves, respectively. The black dashed curve shows the RM plots
from Step 2 (shifted MF) and the red dashed curve results from Step 3 (EMF). The peak
values for the MF system with frequency of 2.0 Hz and damping of 0.5% occurs at
frequency ratio of 1.00, while it corresponds to frequency ratio of 0.99 for the reference
MSMD system. As per Step 2 of the methodology, the pacing frequency which
corresponds to the frequency ratio of 0.99 for the MSMD system, is taken as equivalent
frequency, f eq , of the system (herein 1.98 Hz).
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Figure 3.6. RM plot for the MF systems with and without frequency shift, EMF system, and the reference
MSMD system.

eq
To obtain the numerical equivalent damping, ξ num
, the frequency-shifted RM plot (Step

2) for the MF system is optimized using the bisection method (Step 3). Thus, a value of
0.84% is obtained for the equivalent damping. The value of equivalent damping is close
to the maximum damping obtained from the eigenvalue analysis using resonance pacing
frequency which was 0.85%. The MF system damping increases from 0.5% to 0.84% in
considering the pedestrian presence to yield the response metric that accounts for HSI.

3.4.5 Approximate Equivalent Moving Force System for Crowd of
Pedestrians
In section 3.4.3, a detailed methodology was explained to obtain EMF system for single
pedestrians traversing a bridge. However, recent guidelines for serviceability analysis
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demand more realistic multi-pedestrian loading scenarios. The analysis of HSI in crowd
scenarios is even more critical from a design point of view, since any reduced in induced
vibration leads to less conservatism.

The contribution of single pedestrians damping to the system discussed earlier is a
reasonable basis for an approximate estimation of the crowd damping contribution. Thus,
the approximate equivalent damping for the EMF system under a crowd of n p pedestrians
is proposed as:
np

ξceq = ξb + ∑ δ iφɶ ( xi )

(3.31)

i =1

where xi is the ith pedestrian location from the bridge entrance; δ i is the damping
eq
increment of the ith pedestrian calculated from the equivalent damping ( δ i = ξ num
, i − ξ b ),

and; φɶ ( xi ) is the normalized mode shape amplitude at the location of the ith pedestrian.
The normalized mode shape amplitude imposes the effect of pedestrian location on the
equivalent damping. For simply-supported mode shapes, the closer the pedestrian to the
midspan the higher their damping contribution (Figure 3.3). Therefore, the damping
increment for each pedestrian can be separately obtained using the pedestrian equivalent
eq
damping, ξ num
,i , multiplied by its mode shape amplitude and then summed for all

pedestrians as an estimation of the crowd contribution to the system damping. The
validity of this proposed method will be examined in section 3.5.4 for simply-supported
mode shapes. Further, an imaginary mass can be used to reduce the structure frequency
due to crowd presence. It should be noted that, in this study, crowd-structure interaction
does not take into account the crowd behaviour or the influence of any pedestrian-topedestrian interaction.
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3.5. Application to Bridges with Simply-Supported Mode
Shapes
A range of simply-supported mode shape bridges of frequencies 1.6-2.4 Hz in steps of
0.1 Hz are now examined. The bridges length and mass are in range of 36-54 m and 7651150 kg/m, respectively, following Section 3.2.2. For each bridge, the EMF systems
found for single pedestrian scenarios using both the analytical and numerical approach.
Also, the accuracy of the EMF systems proposed for multi-pedestrian scenarios are
examined. All bridges are taken to have the same damping of 0.5% (Heinemeyer et al.
[48]). The 1 s-RMS of acceleration response at midspan is chosen as the response metric
for this work, though another metric could be used. The human walking force is modelled
as an harmonic function (equation (3.1)) using Young’s DLFs (Table 3.1) [37], though
any similar model could be used (ISO 10137 [3], Brownjohn et al. [38]). For the analytical
approach, only the first harmonic of the human walking force is used, while the first four
harmonics are used in the numerical approach. The statistical distributions of the
pedestrian parameters are assumed as described earlier in Section 3.2.1.

3.5.1 Analytical and Numerical Equivalent Damping Comparison for
Single Pedestrians
The stochastic input parameters for both numerical and analytical approaches are
randomly generated using the pedestrian and walking parameters distributions stated in
section 3.2.1. For the analytical approach, the pacing frequency is chosen to be equal to
the frequency of the reference bridge (i.e. an onerous resonance condition, β = 1 ) and the
eq
maximum value of system damping, ξ ana
, (using equation (3.16)) when pedestrian is at
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eq
midspan, x p = Lb 2 ) is compared with the numerical equivalent method, ξ num
, results.

The results of this stochastic analysis are shown in Figure 3.7.
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Figure 3.7. Damping values resulted from analytical and numerical equivalent method (dashed line shows
eq
eq
) for a range of bridge frequencies.
ξ ana
= ξ num

In Figure 3.7, the damping values obtained from both analytical and numerical
approaches are shown, with the colorbar on the top illustrating the reference bridge first
mode frequency. Generally, as seen from the figure, the damping obtained from the
analytical approach gives lower vibration response if used in an MF-structure model, as
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it is larger than that found using the numerical equivalent approach. However, further
scrutiny of Figure 3.7 reveals that for some lower-frequency bridges (bridges with
frequency of 1.4 Hz), the analytical approach results in higher damping and accordingly
lower vibration responses if used in an MF-structure model and so it is not globally
conservative as may be thought. Moreover, as the bridge frequency increases, the
difference between the analytical and numerical approaches increases.

The reason for such a large difference between the analytical and numerical results could
be amongst the shortcomings already mentioned in Section 3.3.3. However, the bridge
first mode and the pedestrian force first harmonic contributions to the vibration response
are much more than higher modes and harmonics. Therefore, the effects of higher modes
of the bridge and higher harmonics of the pedestrian force is quite negligible.
Consequently, it is concluded that the difference between the results of the analytical and
numerical approaches mainly comes from the stationary pedestrian (i.e. walking on the
spot) and steady-state response assumptions made in the analytical approach. Of course
this difference is exacerbated by the time to reach steady state conditions for very lightlydamped structures and so is deemed the main source of difference.

3.5.2 Sensitivity Analysis of the Numerical Equivalent Damping for
Single Pedestrians
In this section, a sensitivity analysis is performed to understand the effects of different
parameters on the numerical equivalent damping values. To see how pedestrian frequency
eq
(frequency of human body), f p , affects the numerical equivalent damping values, ξ num

is plotted against reference bridge frequency for different pedestrian natural frequency
values (Figure 3.8a). The pedestrian mass, damping ratio, and step length are assumed as
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before. The numerical equivalent damping so-determined significantly depends on the
bridge frequency. However, the analytical approach showed that the equivalent damping
is a function of pedestrian-to-bridge frequency ratio ( α1 = f p f1 ).
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Figure 3.8. Numerical equivalent damping for different values of human body frequency, f p , as a
function of: (a) bridge frequency; (b) pedestrian-to-bridge frequency ratio,

α

.

Figure 3.8b illustrates the numerical equivalent damping values against α (i.e. f p f b ).
The equivalent damping curves reach their maximum values at a same ratio very close to
1.00, but typically about 0.96. This means that a higher equivalent damping (and
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accordingly a lower vibration response) is obtained if the bridge frequency is very close
to the pedestrian frequency. As noted from the analytical work earlier (equation (3.11)),
there is an analogy between the interaction of the human and bridge and the behaviour of
tuned mass dampers (TMDs). Optimal performance of TMDs is often found by
maximizing the energy dissipation in the host structure (Connor [50]). For the MSMDstructure systems, the optimum point corresponds to the frequency at which the maximum
equivalent damping occurs. The maximum equivalent damping happens when pacing,
bridge, and pedestrian frequencies are close (i.e. α1 = r11 = 1 ). In such a case, HSI is more
important and the difference between modelling human as an MF and MSMD becomes
more pronounced.

Figure 3.9 shows the effect of human body damping on the numerical equivalent damping
values. The pedestrian frequency is taken as 2.2 Hz and other parameters are the same as
Figure 3.8a. As is seen, increasing the pedestrian damping ratio leads to a significant
reduction in the equivalent damping. Another interesting correspondence between the
MSMD-structure system and the TMD-structure system is that increasing the absorber
damping ratio decreases the equivalent damping (Connor [50]) just as the pedestrian
damping does (see equation (3.18)).
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Figure 3.9. Values of the numerical equivalent damping versus bridge frequency for different values of
pedestrian damping, ξ p .

Finally, the effects of the DLFs, pedestrian weight, and step length on the equivalent
damping values are considered. Figure 3.10a shows the numerical equivalent damping
values for different DLF models suggested in the literature. It is seen that the DLF model
has an insignificant effect on the equivalent damping values. Equivalent damping values
are calculated for pedestrian masses of 58.2, 73.85, and 89.5 kg and the other parameters
are assumed as before: the results are shown in Figure 3.10b from which it is seen that an
increase of pedestrian weight increases the equivalent damping values. Lastly, Figure
3.10c illustrates the influence of pedestrian step length on the equivalent damping. It
seems that step length effects are not so pronounced in comparison with other parameters
considered.
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Figure 3.10. Values of the numerical equivalent damping versus bridge frequency for different values of:
(a) DLF (b) pedestrian mass, m p (c) pedestrian step length, ls .

3.5.3 Equivalent Damping Expression for Single Pedestrians
From the preceding collection of results and sensitivity analysis, it is clear that the
proposed EMF system approach can yield reasonably accurate vibration responses
quickly. However, it is also seen that the methodology for determining the equivalent
parameters is quite involved (Section 3.4.3). Therefore, to avoid the need for MSMD
simulations for design purposes (as is the intent of this work), an empirical expression
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that relates the main parameters of the problem to the dynamic properties of the equivalent
system are next determined.

To propose an empirical relation suitable for design purposes, the numerical equivalent
damping values calculated in Section 3.5.1 are used and damping increments due to HSI
are obtained. The statistical distributions of the damping increment values are shown in
Figure 3.11 for each bridge frequency. The 90% confidence interval of the damping
increment values ( ±1.64σ where σ is standard deviation) is chosen as the upper and lower
limits of the damping increment. It is clear to see that as the bridge frequency increases,
the range of the damping increment values also increases. Empirical expressions are
presented for the mean, 5th, and 95th percentiles of damping increment using regression
analysis. Based on the trend on Figure 3.11, straight lines are fitted to the percentiles:

δ * = Af b + B

(3.32)

where parameters A and B are given in Table 3.2. The above expression covers simplysupported flexible footbridges with frequency range of 1.6-2.4 Hz. The pedestrian massto-bridge modal mass is in range of 0.002-0.007. The proposed expression can also be
used to estimate damping increment of more complex footbridges which have a dominant
mode shape similar to simply-supported bridges.
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Figure 3.11. Statistical description of the damping increment values for each bridge frequency.

Table 3.2. Values of parameter A and B for mean, 5%, and 95% percentiles.

Mean
5% percentile
95% percentile

A
0.255
0.155
0.415

B
-0.345
-0.215
-0.535

3.5.4 Evaluation of Approximate EMF Systems for Crowd of
Pedestrians
In section 3.4.5, equation (3.31) was proposed to roughly calculate the equivalent
damping for EMF systems for crowd of pedestrians. This section evaluates the validity
of the proposed method. To generate random crowds, pedestrian arrival is considered as
an exponential distribution with mean arrival gap of 0.56 m [51]. The number of
pedestrians is defined by crowd desnsity i.e., ρc =

np
Lb wb

; wb is the bridge width and

assumed 2 m in this example. The synronization ratio is considered as 0.2, meaning that
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20% of the pedestrians in the crowd are in resonance with the bridge. The bridge
frequency is assumed as 2 Hz and the damping increment of each pedestrian in the crowd
is determined using equation (39). Afterwards, the bridge response for a random reference
MSMD crowd, its corresponding MF system (excluding HSI), and its EMF system (using
equation (3.31)) are obtained.

Figure 3.12 shows how well equation (3.31) can approximate effects of crowd damping.
Maximum 1s-RMS response are shown in Figure 3.12a for a random reference MSMD
crowd, its corresponding MF system, and its EMF system. The corresponding MFs highly
overstimate the vibration response as the HSI is excluded from the analysis. The EMF
system gives a vibration response much more closer to the reference MSMDs which
clearly shows its efficiency in the response estimation. Figure 3.12b illustrates the
damping of the equivalnet system ( ξ ceq ) as the crowd traverses the bridge. As the crowd
density increases, more pedesttrians are on the bridge and damping increment due to the
crowd increases.
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3.6. Conclusions
In this study, analytical and numerical approaches to determining equivalent moving
force systems were proposed to find the vibration response of footbridges while
accounting for human-structure interaction. To obtain the parameters of the equivalent
system, the damping and frequency of the bridge under a single moving force was
modified such that both the EMF-structure system and the reference SMD-structure
system yielded the same vibration response metric. Furthermore, a method was
introduced to use the equivalent damping of single pedestrians to roughly estimate the
equivalent damping of more realistic crowd scenarios. The application of the proposed
equivalent method was presented for bridges with simply-supported mode shapes and
results of some example applications were shown.

In the analytical approach, an arbitrarily-supported beam structure was modelled in modal
space by one of its mode properties subjected to one of its harmonic of the pedestrian
walking force. The human was modelled as a stationary SMD (walking on the spot). Then,
an analytical relation was derived as a function of the mass-normalized mode shape of
the structure and other non-dimensional parameters. To improve the identified drawbacks
of the analytical approach, a numerical approach was used based on the transient
numerical analysis. A simply-supported beam structure was subjected to general
pedestrian force. The structure was modelled using finite elements and the pedestrian was
modelled as a moving SMD.

It was found that the change in the system frequency was insignificant due to small
pedestrian-to-bridge mass ratio (as may be expected). However, comparison of the
damping values obtained from the analytical equivalent approach when the pedestrian
was at midspan under the resonance condition with those found using the numerical
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equivalent method indicates that using the analytical equivalent damping based on the
stationary SMD underestimates the vibration response if used in an MF-structure system.

The analytical approach shows that there exists an analogy between the MSMD-structure
system and the TMD-structure system. First, the maximum equivalent damping (optimal
condition) happened when there was resonance between pedestrian pacing, bridge, and
pedestrian body. In such a case, HSI intensity is the highest and the difference between
MF and MSMD models becomes more significant. Secondly, increasing the pedestrian
damping ratio decreased the equivalent damping as the absorber does in TMD-structure
systems due to the damper not allowing much relative motion. Therefore, the attached
mass moves rigidly with the structure.

Finally, an empirical expression was proposed for the numerical equivalent damping
values as a function of the bridge frequency for simply-supported bridges considering the
randomness of the pedestrian parameters. The numerical equivalent damping was
represented by mean, 5th, and 95th percentiles for practical purposes. Apart from this, an
approximate method was suggested to calculate the equivalent damping for a crowd of
pedestrians. With this information, a designer can calculate the numerical equivalent
damping for the desired bridge frequency and then use the simple moving force model to
compute the vibration response which now allows for HSI.

The proposed equivalent method can find use in engineering software. The designer can
easily change the bridge damping (as it is defined in the software) to account for HSI
without any need of a deep knowledge of human-induced vibration. Indeed, the benefit
becomes clearer in consideration of 3D analysis models, and the potential complexity in
using these with an MSMD pedestrian model. Further, the randomness can be simply
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included in the design process without the need for time-consuming Monte Carlo
simulations. Accounting for HSI, the structure could be shown to be serviceable, while it
may not be using the moving force representation only. Consequently, the proposed
approach should find ready application in practice.
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Abstract
In lightweight structures, there is increasing evidence of the existence of interaction
between pedestrians and structures, now commonly termed pedestrian-structure
interaction. The presence of a walker can alter the dynamic characteristics of the humanstructure system compared with those inherent to the empty structure. Conversely, the
response of the structure can influence human behaviour and hence alter the applied
loading. In the past, most effort on determining the imparted footfall-induced vertical
forces to the walking surface has been conducted using rigid, non-flexible surfaces such
as treadmills. However, should the walking surface be vibrating, the characteristics of
human walking could change to maximize comfort. Knowledge of pedestrian-structure
interaction effects is currently limited, and it is often quoted as a reason for our inability
to predict vibration response accurately. This work aims to quantify the magnitude of
human-structure

interaction

through

a

comprehensive

experimental-numerical

programme on a full-scale lively footbridge. An insole pressure measurement system was
used to measure the human-imparted force on both rigid and lively surfaces. Test subjects,
walking at pacing frequencies, took part in the test programme to infer the existence of
the two forms of human-structure interaction. Parametric statistical hypothesis testing
provides evidence on the existence of human-structure interaction. In addition, a nonparametric test (Monte Carlo simulation) is employed to quantify the effects of numerical
model error on the identified human-structure interaction forms. It is concluded that
human-structure interaction is an important phenomenon that should be considered in the
design and assessment of vibration-sensitive structures.
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4.1 Introduction
4.1.1 Background
Many newly built structures have light weight, low damping, and low stiffness, and they
may not satisfy vibration serviceability criteria when occupied and dynamically excited
by humans [1]. Observed problems have been caused typically by human occupants
performing normal activities such as walking, running, jumping, bouncing/bobbing, and
dancing. Vibration beyond the normal range will influence human comfort and so is a key
consideration for designers. Human presence can affect the dynamic characteristics of the
coupled human-structure system during motion, named here as Human-to-Structure
Interaction (H2SI). On the other hand, the vibrating structure may change the human
activity force pattern, and this potential phenomenon is named here as a Structure-toHuman Interaction (S2HI) (Figure 4.1). These postulated mutual effects between human
and structure are collectively referred to as human-structure interaction (HSI). Since for
this work we consider only single human loading situations, we do not consider humanto-human interaction which can take place in crowds. The H2SI and S2HI effects are
usually considered mutually exclusive [2]. In this study, they are assumed to be mutually
independent, isolated and examined individually using a novel experimental-numerical
programme.

The focus of this study is on human walking and the resulting vibration. To assess the
vibration response of structures susceptible to human walking, accurate estimation of
human force, dynamic characteristics of the structure, and human-structure interaction
are required (Figure 4.1). As a novel aspect of this work, human walking force was
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measured using Tekscan F-scan in-shoe plantar pressure sensors intended for medical
applications. The plantar pressure force gives a reliable measurement of the vertical
walking force [3], [4]. Further, the mass, damping, and stiffness of the structure were
obtained using system identification methods. The most challenging part of the study of
human-structure interaction is to identify and quantify the postulated forms of HSI
separately. This study proposes an experimental framework to address this challenge. It
relies on acquiring sufficiently accurate measurements of the human force, structure
dynamics, and comparison of data recorded on rigid and flexible surfaces. The two
postulated forms of HSI will be described in more detail in the next two sections.

Figure 4.1. Interactions between humans and the structure in the human-structure system are collectively
called Human-Structure Interaction (HSI), but are considered separately here as Human-to-Structure
Interaction (H2SI) and Structure-to-Human Interaction (S2HI).

4.1.2 Structure-to-Human Interaction
The human body is a sensitive vibration receiver characterized by an innate ability to
adapt quickly to almost any type and level of vibration which normally occurs in nature
[5]. This effective self-adapting mechanism triggers pedestrians to change their walking
behaviour [6]. In turn, it leads to walking force patterns that can be different to those
measured on non-vibrating rigid surfaces [7].
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There have been numerous attempts to provide reliable data on pedestrian-induced forces
by measuring contact forces, or ground reaction forces (GRFs); see for example [8], [9],
[10], [11], [12], [13], [14]. Past GRF measurement facilities typically comprised
equipment for direct force measurements, such as a force plate [15], or a rigid
instrumented treadmill usually mounted on rigid laboratory floors ([16], [17], [18]).
However, GRFs could differ when walking on vibrating surface. For example, Ohlsson
[19] found that the vertical force measured on a flexible timber floor is different from that
measured on a rigid base. Pavic et al. [20] pointed out that the force induced by jumping
on a flexible concrete beam was lower than that on a force plate. To the authors’
knowledge, Dang and Živanović [21] is the only experimental work on walking GRFs on
lively structures in the vertical direction. The results showed a drop in the first dynamic
load factor of the walking force due to the bridge vibration at the resonance. However,
test subjects walked on-the-spot on a treadmill for this study.

4.1.3 Structure-to-Human Interaction
Humans add mass, stiffness, and damping to the coupled human-structure system. The
influence of passive humans on the dynamic properties of the structure they occupy (i.e.
modal mass, damping, and stiffness) have been well-documented in the literature [22],
[23], [24], [25]. For example, Ohlsson [26] found that a walking pedestrian can increase
the HSI system’s frequency and damping, while Willford [27] also reported a change in
the system’s damping due to moving crowd in the vertical direction. Živanović et al. [28]
and Van Nimmen et al. [29] identified modal properties of the HSI system and showed
that the presence of humans on the structure, either in standing or walking form, will
increase the damping of the system compared to the empty structure. Živanović et al. [30]
revealed that crowd effects can be also modelled as an increase in the damping of the
system, in some cases more than two times greater than the damping ratio for the empty
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bridge, and Caprani et al. [31] did so to account for crowd damping effects. Kasperski
[32] also concluded that additional damping induced by a walking pedestrian can be up
to 13% by using discrete Fourier transform of the acceleration time history response of
the bridge. However, these existing effects are not incorporated into design codes and
guidelines such as OHBDC [33], U.K. National Annex to Eurocode 1 (British Standards
Institution 2008) [34], ISO-10137 [35], Eurocode 5 [36], Setra [37], and HIVOSS [38] as
they model humans as a moving force only. Interestingly, the U.K. National Annex to
Eurocode 1 does acknowledge that H2SI effects exist, but does not offer guidance on their
inclusion, underlining the need to quantify the H2SI effect on vibration.

4.1.4 Research Methodology
The review above has shown that quantification of human-structure interaction is a crucial
part of vibration response estimation and that there is some evidence of the two postulated
forms of HSI in the literature. However, these HSI forms are not fully experimentally
quantified, which is an essential step towards the development of design/assessment
guidelines that can consider HSI. This work experimentally investigates the existence of
the two postulated HSI forms by isolating their influence on the vibration response. To
this end, a novel experimental-numerical programme is adopted. The human-imparted
forces to both flexible (i.e. footbridge) and rigid surfaces are measured. These are then
used to simulate the vibration response, representing state-of-the-art practice. The
vibration response of the footbridge is also directly measured. Comparison of dynamic
load factors of the forces on the bridge surface with those of rigid surface should reveal
any walking pattern change due to HSI (S2HI). Another comparison for simulated
vibration responses due to the rigid and bridge surface walking forces discloses the effect
of S2HI on the vibration response. Comparing the simulated bridge vibration response
and the measured vibration response gives a good insight into the effects of HSI on the
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changes in system dynamic characteristics (H2SI). A parametric statistical hypothesis test
is then used to show the generality of the results for a large number of walking trial
scenarios. Finally, a non-parametric test (Monte Carlo simulation) is conducted to
determine the influence of model errors on the two postulated forms of HSI. This
experimental-numerical approach is next described in detail.

4.2 Experimental Procedure
4.2.1 Experimental-numerical Programme
Figure 4.2 schematically illustrates the experimental-numerical programme design to
investigate HSI. Two types of measurement are taken: (1) GRFs from walking on a rigid
surface (RS), GRS (part (a) in Figure 4.2); (2) GRFs from walking on a vibrating bridge
surface (BS), GBS (part (b)), while the vibration response of the bridge, RM (part (f)), is
concurrently measured. Subsequent to these physical measurements, vibration responses
to the measured RS and BS GRFs are simulated using a system model (part (c)), namely
a modal model of the bridge and a moving force (MF) model of the pedestrian. These
were denoted RRS (part (d)), and RBS (part (e)), respectively.
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Figure 4.2. A schematic overview of the experimental-numerical programme, including an assessment of
the accuracy of typical current practice using a moving force approach.

In this study, a difference between the vibration responses RRS (part (d)) and RBS (part (e))
of the analytical model is considered as evidence of the influence of the vibrating bridge
surface on the walker-induced force (S2HI) (part (a) versus part (b)). Going a step farther,
comparing the simulated vibration response, RBS , to those measured from the bridge, RM
, yields the accuracy of the coupled bridge-MF system model (part (c)) itself. Here, there
are two potential errors to the system model: (1) the accuracy of the bridge model, and
(2) the accuracy of MF model due to H2SI. A reliable system identification method and
using amplitude-dependent frequency and damping of the bridge can significantly
increase the accuracy of the bridge model and reduce the first source of error in the system
model to a very small amount. Consequently, any difference between RBS and RM is
because the MF model is unable to insert human effects into the numerical model, H2SI.
Further, comparison of RRS and RM implies the accuracy of state-of-the-art design practice
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as the MF model and rigid surface force are used to estimate the actual bridge response
RM.

The influence of errors in various measurements, ε, is also considered. The system
numerical model error, εNM, and measurement errors, εG and εa will be discussed later.
Monte Carlo simulations are performed to evaluate the influence of these errors (which
are difficult to measure) on the HSI quantifications.

4.2.2 Walking Trials
All tests were carried out on the Warwick Footbridge – a steel-concrete composite
laboratory footbridge at the University of Warwick, UK, shown in Figure 4.3. The bridge
is a unique laboratory structure purpose-built with a natural frequency in the vertical
direction that can be matched by pacing rate, making it an ideal facility for studying HSI.
The simply-supported span length of the bridge is adjustable, but was kept constant
throughout the tests at 16.2 m. The bridge is 2 m wide, with a clear walkway track down
the centre. The bridge mass is approximately 16500 kg, and the modal mass of the first
bending mode is 7614 kg with natural frequency of about 2.43 Hz [39]. As a unique
facility, it has already been used considerably for the study of human-induced vibration
[21].
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Figure 4.3. The Warwick footbridge.

The tests comprised of walking at 2.4 Hz to excite the resonance by the first forcing
harmonic, walking at 1.2 Hz to excite the resonance by the second harmonic, and walking
at 2.1 Hz to expose the test subject to the beating vibration response. In this paper, the
pacing-to-bridge frequency ratio (β = fw/fb) is used, and so β ∈ {0.5, 0.87, 1.0}.

Five test subjects (4 male, 1 female), weighing from 543 N to 1117 N participated in the
experiments. The test subject-to-bridge (superstructure) mass ratio, µm = mp/mb ranged
from 0.33-0.7% and it will be used later to discuss the results for each test subject. For
each trial, test subjects walked a circuit including a rigid surface (RS) and bridge surface
(BS) as shown in Figure 4.4. On both surfaces, the walking length was the same (16.2 m).
After a sound signal, test subjects started walking. A metronome was used during each
trial so that test subjects targeted the desired pacing frequency. Each walking trial was
repeated until five successful trials were recorded.
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Figure 4.4. Schematic plan of the walking trials path.

4.2.3 Data Acquisition
To record input forces and output accelerations data, a test set-up was designed as shown
in Figure 4.5. The bridge vibration was measured using two Honeywell QA750
accelerometers, placed at mid-span and quarter-span points. The accelerometer signals
were recorded using Quattro data acquisition (DAQ) unit by Data Physics (see Figure
4.5). The Tekscan equipment was used for collecting the GRFs of the rigid and bridge
surfaces throughout the walking trials. A Tekscan trigger transmitter and two Tekscan
trigger receivers were used to synchronize recordings remotely. One trigger receiver was
connected to the data recorder of the Tekscan system, and the other one was attached to
the Quattro DAQ. Note that unusually, the trigger was not used to trigger recording, rather
its voltage output was recorded to identify the time window when the test subject was
occupying the bridge. Thus, when the test subject was visually observed to be at the end
of the footbridge a further trigger signal was given, changing the trigger output voltage,
though data continued to be collected (e.g. free-vibration). Figure 4.6 shows a typical
trigger voltage signal for the test subject of µm = 0.6 % and trial No. 5 with frequency
ratio of 1. This specific test subject, trial, and frequency ratio will be used as a running
example through the paper.
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Figure 4.5. Test set-up for data acquisition.
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Figure 4.6. Voltage signal for time on and off the bridge for the example test subject, µm = 0.6 % and trial
No. 5 with frequency ratio of 1.
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4.3 Experimental Results
4.3.1 Footbridge Frequency and Damping
Free decay vibration measurements were made to investigate dynamic characteristics of
the footbridge. It was found that the bridge frequency, fb, and damping, ξb, are amplitudedependent. To determine the bridge damping, an exponential decay curve is fitted (using
least-squares) to a moving window of five peaks (Figure 74.a). It was found that the
damping ratio increases with an increase in the vibration amplitude, ap, as shown in Figure
4.7b. This is a common feature of real structures because there are more sources and
increased energy dissipation at higher vibration amplitudes. Nevertheless, the maximum
damping ratio of about 0.5% is still quite low, ensuring lively behaviour. The natural
frequency was found to decrease slightly with an increase in the vibration amplitude
(Figure 4.7c). This is also typical behaviour in civil engineering structures. Finally, data
points were fitted to model the relationship between damping and vibration amplitude, as
well as frequency and vibration amplitude (Figures 4.7b and 4.7c). These relationships
are used in the numerical simulations.

4.3.2 Measured Vibration Response
The mid-span acceleration response of the bridge to a walking trial, in which a test subject
walked at 2.4 Hz (hereafter referred to as the exemplary test subject and trial), is
illustrated in Figure 4.8a. Noise in the measured signal was removed using a low-pass
Butterworth filter with cut-off frequency of 10 Hz. The cut-off frequency of 10 Hz is
more than four times the bridge fundamental frequency and so the results will not be
influenced by the filter roll-off. The corresponding power spectrum density (PSD) of the
acceleration signal, shown in Figure 4.8b, reveals that most of the response energy is
concentrated at the first vibration mode of the bridge.
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Figure 4.7. (a) free decay vibration time history and its amplitude for the bridge; (b) amplitude-dependent
bridge damping results and model (c) amplitude-dependent bridge frequency results and model.
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Figure 4.8. (a) Bridge mid-span acceleration response (b) its corresponding power spectral density (PSD)
for the exemplary test subject (trial of Figure 4.6).

The maximum response for each acceleration signal is selected as the response metric.
Table 4.1 summarizes the maximum acceleration response, amax, for each test subject,
pacing frequency, and trial. The maximum accelerations from Table 4.1 can be compared
with the limits in the Setra guideline [37], shown in Table 4.2. In many cases, the
footbridge provides either “minimum” or “unacceptable vibration” comfort level to the
test subject, demonstrating the liveliness of the structure.
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Table 4.1. Maximum measured acceleration response (amax, m/s2).

Test
Subject

Mass
Ratio,
µm (%)

1

0.33

2

0.40

3

0.50

4

0.60

5

0.70

Pacing
frequency
Ratio, β
0.50
0.87
1.00
0.50
0.87
1.00
0.50
0.87
1.00
0.50
0.87
1.00
0.50
0.87
1.00

Trial No.
1

2

3

4

5

0.22
0.17
1.32
0.19
0.19
1.26
0.16
0.35
1.33
0.25
0.21
1.34
0.49
0.29
2.48

0.22
0.21
1.40
0.17
0.24
1.43
0.25
0.20
1.05
0.23
0.28
1.83
0.53
0.35
2.38

0.21
0.20
1.28
0.17
0.17
1.32
0.15
0.22
1.43
0.25
0.28
1.82
0.46
0.54
2.63

0.22
0.15
1.24
0.18
0.16
1.28
0.20
0.22
1.32
0.37
0.27
1.84
0.62
0.28
2.50

0.25
0.19
1.33
0.20
0.20
1.26
0.18
0.22
1.43
0.30
0.24
1.87
0.57
0.37
2.53

Mean
0.22
0.18
1.31
0.18
0.19
1.31
0.19
0.24
1.31
0.28
0.26
1.74
0.53
0.37
2.51

Table 4.2. Comfort levels and acceleration ranges (from [7]).

Comfort Level
CL 1
CL 2
CL 3
CL 4

Degree of comfort
Maximum
Medium
Minimum
Unacceptable vibration

Vertical acceleration limits (m/s2)
< 0.5
0.5 – 1.0
1.0 – 2.5
> 2.5

4.3.3 GRFs Signal Acquisition and Processing
To measure the GRFs on both the rigid and flexible surfaces during walking, a novel
experimental approach was employed. Tekscan F-Scan in-shoe plantar pressure sensors
developed for medical applications were used [3], [40], [41]. The measured pressure
profiles were integrated to determine force time histories for each foot allowing detailed
gait analysis. Tekscan F-scan in-shoe sensors, pressure distribution, and bridge surface
force signals of left and right feet for the exemplary test subject are shown in Figure 4.9.
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Figure 4.9. Tekscan F-scan in-shoe sensors: (a) as worn by subject, (b) output pressure distribution under
a standing subject, and (c) bridge surface force signals of left and right feet for the exemplary test subject.

The sensors are made up of 960 individual pressure sensing capacitor cells, which are
referred to as sensels. The sensels are arranged in rows and columns on each sensor. The
8-bit output of each sensel is divided into 28 = 256 increments, and displayed as a value
(Raw Sum), in the range of 0 to 255 by the F-scan software. If all sensels reach a raw
count of 255, the corresponding pressure is called saturation pressure. Although raw sum
display shows relative force differences on the sensor, this data is more meaningful if the
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force is calibrated to give engineering measurement units. Obviously, proper calibration
of the sensors is critical to obtaining accurate force readings. When a test subject walks,
there must be sufficient raw output generated from the sensor so the calibration is
accurate. It is also necessary to zero the sensor output. Indeed, when one foot is supporting
the body weight during walking, the other foot is up in the air and its force should be zero.
However, because the foot sensors are pre-tensioned to the sole of the foot by shoe-lacing,
the output of sensors is not zero when foot is not touching the ground (Figure 4.9). Hence,
it is necessary to zero the force output for each trial during a swing phase of walking.

The Tekscan software supports five methods for calibrating sensors: point calibration,
step calibration, walk calibration, frame calibration, and two-point calibration. All of
these methods were considered for accuracy using a force plate as a benchmark before
the main trials were conducted. A walk calibration was found to give higher accuracy in
the regions of interest compared to step calibration using the same factors. Of most
interest, step calibration and walk calibration use the test subject’s weight to adjust the
calibration factor. As seen in Figure 4.10, the walk calibration estimates walking force
with an accuracy considered reasonable for this work. It gives good result for the heelstrike phase while it underestimates the pedestrian force somewhat for toe-off phase.
Calibration of the sensor is carried out for each trial using the test subject weight and rigid
surface force time history. Thus, each trial conducted has its own calibration factor.
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Figure 4.10. Tekscan (walk calibration) and force plate results for pacing frequency of 2 Hz, 20 trials, left
foot, and one full cycle.

There is one further aspect of the Tekscan sensors that benefits from giving each trial its
own calibration factor. Due to degradation of the sensor, drift of the sensor output can
occur over time. Additionally, the sensors can deteriorate so that rows or columns of the
sensels no longer export forces. Saturation pressure (described above) is closely related
to the calibration factor. Therefore, if some sensors damage during walking, the saturation
pressure will change and so this was tracked throughout the trials. Figure 4.11 shows a
sample of saturation pressure record for one test subject for the pacing frequency of
2.4 Hz. It can be seen that sensor degradation is small because the saturation pressures
over a period of about 1.5 hours remain reasonably consistent.
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Figure 4.11. Saturation pressure vs. time (hour) for one test subject and pacing frequency of 2.4 Hz.

4.4. Data Analysis
4.4.1 Dynamic Load Factors
Walking forces are commonly described using a Fourier series [22]:
r

G ( t ) = Wp ∑ DLFk cos ( 2π kf wt + ϕk )

(4.1)

k =0

where Wp = mpg; mp is the pedestrian mass; g is the acceleration due to gravity; fw is the
pacing frequency; and DLFk is the dynamic load factor for the kth harmonic. The phase
angle of the kth harmonic is denoted by φk , and r represents total number of harmonics
considered. In this representation, the harmonic k = 0 corresponds to the static pedestrian
weight, and so φ0 = 0 to give DLF0 = 1. To calculate the DLFs from the GRF
measurements, the start and end of the recorded walking force signals are trimmed such
that a signal consists of some even number of full steps achieved. Then, the DC
component is subtracted from the signal and windowed using a Hann window to suppress
leakage. The signal is zero-padded afterwards to increase its frequency resolution and
transformed into the frequency domain using the Fast Fourier Transform (FFT). The
signal amplitude in the frequency domain is corrected for the side-lobe loss due to using
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Hann window [42]. Figure 4.12 shows all steps to determine dynamic load factor for the
exemplary test subject, highlighting the first four DLFs. Consistent with the literature, the
pedestrian force is not perfectly periodic; in fact, it is a narrow band signal with some of
its energy spread to adjacent frequencies [43], [44].

For each trial and surface (rigid and bridge surface), first two DLFs of pedestrian force
are calculated. Then, the mean DLF is taken across the five trials for each test subject for
a specific pacing frequency. Figure 4.13 illustrates the mean first and second DLF for
different frequency ratios and mass ratios (the dotted lines show Kerr’s DLFs [45]). As
seen in Figure 4.13a, for the resonance case, β = 1, the difference between the mean first
DLF of the rigid and bridge surfaces is significant. As the mass ratio increases, this
difference tends to increase. From Figure 4.13b, it is clear that, for resonances by both
first and second harmonic, β = 1 and β = 0.5, there is a substantial difference between
second mean DLFs of rigid and bridge surface. Furthermore, the DLFs on the bridge
surface are smaller than those on the rigid surface for β = 1. When β becomes far from 1
(i.e. β = 0.87, 0.5), the difference in first DLFs gets smaller, and it seems that the vibrating
bridge does not have a significant effect on the mean DLFs. The second DLFs of the
bridge surface are smaller than those of the rigid surface for both resonance and second
harmonic excitation, β = 1 and β = 0.5. Considering then the postulated S2HI effect, the
bridge surface DLFs can be expressed as:

DLFBS = DLFRS −∆DLFS2HI
which

(4.2)

DLFBS and DLFRS are dynamic load factors of human force on bridge and rigid

surfaces, respectively;

∆DLFS2HI is the change in the dynamic force due to the S2HI

effects caused by the vibration. It should be mentioned that as the test subject gets heavier,
this effect becomes more pronounced.
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Figure 4.12. Determination of walking DLFs: (a) Tekscan original and trimmed force signal (b)
windowed trimmed signal (b) Fast Fourier Transform of the trimmed signal.

The drop in DLF1 on the lively surface was also found in [46], [21] in which it was
explained as being a consequence of a vibration-induced ‘self-excited force’. This
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concept suggests that there are two components combine to give the GRF on the bridge

GBS : rigid surface force, GRS and S2HI force component, GS2HI .
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Figure 4.13. Mean dynamic load factor of (a) first harmonic (b) second harmonic versus mass ratio for
different frequency ratios, showing Kerr’s [45] DLF regions (greyed).

4.4.2 Simulated and Measured Vibration Response
The analytical model used to simulate vibration response is shown in Figure 4.14. The
pedestrian is modelled as a force moving at constant velocity and the bridge is modelled
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as a simply-supported beam in modal space considering only the first mode of the
vibration. The measured force, G(t), moving at the actual average velocity as recorded in
each trial is used in simulations. As previously mentioned, the bridge frequency and
damping are amplitude-dependent, and this is considered in the numerical model.

Figure 4.14. Analytical modelling of human-bridge system.

The equation of motion in modal space is [22]:

qɺɺ( t ) + 2ξbωb qɺ ( t ) + ωb2 q ( t ) =

φ ( x) G (t )
Mb

δ ( x - vt )

(4.3)

where q, qɺ , and qɺɺ are the modal displacement, velocity, and acceleration for the first mode
of the bridge;

ξb

and

ωb

are the vibration amplitude-dependent damping and circular

frequency of the first mode; they are updated for each amplitude of vibration [47];

Mb

and φ ( x ) are the modal mass and mode shape; G ( t ) is the measured human force on
either rigid or bridge surface ( GRS or

GBS ); δ is Dirac delta function; x is a position on

the bridge; and vt is the pedestrian location at time t, while v is the average velocity of the
traverse. The modal vibration response of the bridge is obtained using Newmark-β
integration. Finally, vibration response of the bridge in physical coordinates at any
location is given by:

uɺɺ( x, t ) = ϕ ( x ) qɺɺ( t )

(4.4)
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where the mode shape can be approximated by a half-sine function [48]:

πx 

 L 

ϕ ( x ) = sin 

(4.5)

Figure 4.15a shows the measured vibration response and simulated RS, and BS responses
at the bridge mid-span for the exemplary test subject. The measured accelerations are
seen to be smaller than that simulated by the numerical model, even when using the
measured induced force to the bridge surface. The difference between the peak amplitudes
of measured and both forms of simulated vibrations for the exemplary test subject are
shown in Figure 4.15b. The differences between the RS and BS responses as well as
between the measured and BS responses become more and more obvious as the response
amplitude increases. Further, in this example, the difference is far more significant
between measured and BS responses, than between RS and BS responses.
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Figure 4.15. (a) Measured response (from the experiment), simulated BS, and RS responses (from the
numerical model) (b) differences beetwen peak amplitudes of the responses of (a) – see Figure 4.2 for
meaning.

The maximum of each acceleration time history, amax, is used as a response metric. The
results are given in Tables 4.3 (RS responses) and 4.4 (BS responses), and shown in
Figure 4.16. The variability of results is low and central tendencies are therefore
meaningful to describe the results.
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Table 4.3. Maximum acceleration response (amax, m/s2) of the numerical MF model using the measured
rigid surface GRFs.

Test
Subject

Mass
Ratio,
µm (%)

1

0.33

2

0.40

3

0.50

4

0.60

5

0.70

Pacing
frequency
Ratio, β
0.50
0.87
1.00
0.50
0.87
1.00
0.50
0.87
1.00
0.50
0.87
1.00
0.50
0.87
1.00

Trial No.
Mean

1

2

3

4

5

0.10
0.17
1.13
0.14
0.17
1.38
0.14
0.34
2.06
0.27
0.33
2.98
0.63
0.36
2.19

0.24
0.19
1.34
0.13
0.18
1.31
0.14
0.23
2.02
0.29
0.31
2.28
0.56
0.38
3.36

0.18
0.24
1.29
0.16
0.21
1.49
0.14
0.31
1.97
0.25
0.29
3.11
0.65
0.42
1.62

0.16
0.15
1.53
0.16
0.15
1.52
0.16
0.33
1.79
0.22
0.31
2.95
0.53
0.34
3.48

0.18
0.19
1.45
0.11
0.15
1.52
0.15
0.23
1.68
0.26
0.32
2.96
0.42
0.42
2.91

0.17
0.19
1.35
0.14
0.17
1.44
0.15
0.29
1.90
0.26
0.31
2.86
0.56
0.38
2.71

Table 4.4. Maximum acceleration response (amax, m/s2) of the numerical MF model using the measured
bridge surface GRFs.

Test
Subject

Mass
Ratio,
µm (%)

1

0.33

2

0.40

3

0.50

4

0.60

5

0.70

Pacing
frequency
Ratio, β
0.50
0.87
1.00
0.50
0.87
1.00
0.50
0.87
1.00
0.50
0.87
1.00
0.50
0.87
1.00

Trial No.
1

2

3

4

5

0.22
0.17
1.31
0.09
0.17
1.10
0.17
0.37
1.65
0.23
0.27
1.54
0.47
0.29
3.22

0.23
0.25
1.42
0.06
0.19
1.53
0.21
0.26
1.07
0.20
0.29
1.86
0.49
0.40
3.29

0.12
0.22
1.31
0.09
0.16
1.46
0.12
0.30
1.76
0.19
0.25
2.42
0.47
0.44
3.62

0.24
0.19
1.38
0.07
0.14
1.37
0.11
0.26
1.51
0.30
0.22
2.27
0.59
0.32
3.26

0.21
0.18
1.34
0.06
0.08
1.27
0.15
0.24
1.59
0.27
0.26
2.68
0.65
0.39
3.26

Mean
0.20
0.20
1.35
0.07
0.15
1.35
0.15
0.28
1.52
0.24
0.26
2.15
0.53
0.37
3.33
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To make general results and understand the central tendency of the simulated and
measured responses, an average is taken across trials for each test subject with a specific
pacing frequency, and it is shown in the last column of Tables 4.3 and 4.4. For β = 1 the
RS response is greater than the BS response for almost all test subjects except for the test
subject with mass ratio 0.70%. The BS response is significantly larger than the measured
response for all cases at frequency ratio of 1. As shown in the experimental-numerical
programme (Figure 4.2), these differences between RS and BS responses, and between
BS and measured responses reflect S2HI and H2SI, respectively. Hence, excluding S2HI
and H2SI overestimates vibration response by up to 32% and 33%, respectively (see
Figure 4.16c).

The overestimation of vibration response as a result of ignoring both HSI forms may lead
to vibration serviceability assessment failure of a bridge, while it may in truth be
serviceable. Both S2HI and H2SI effects increase as frequency ratio and mass ratio
increase (Figure 4.16c). For S2HI, it means that its influence on the walking force acting
on the bridge surface increases, both as the vibration amplitude tends to increase and as
the test subject gets heavier. For H2SI, the effects of the test subjects’ mass and pacing
frequency support the hypothesis that the human body can act as a dynamic absorber.
When the pacing frequency of the test subject (absorber frequency) is close to the bridge
frequency, the energy dissipated by the pedestrian increases. Also, as the test subject
(absorber) gets heavier, it seems that more energy is damped out of the bridge.
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Figure 4.16. Mean maximum acceleration for frequency ratio of: (a) 0.50 (b) 0.87 (c) 1. See Figure 4.2 to
understand why the blue (BS) to black (measured) lines reflects the effect of H2SI and red (RS) to blue,
that of S2HI.

4.5. Statistical Tests
In section 4.4.2, it was shown that the differences between mean responses are large at
resonance. These differences are an indication of HSI as per Figure 4.2. However, two
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important caveats must be considered regarding the results. First, a small number of five
trials for each test subject and pacing frequency was used to calculate the mean maximum
acceleration response for the simulated RS and BS vibration response and measured
vibration response. The question then is, to what extent the small number of trials reflect
the real (population) difference between mean vibration responses. In other words, are
the differences in means by chance or representative of the population of responses as a
whole? To answer this, parametric statistical hypothesis testing is used. Second, careful
consideration must be given to measurement inaccuracies input to the numerical model
which consequently influence the simulated vibration responses. To quantify this, the
input parameters are described in terms of probability density functions (PDFs) and
Monte Carlo simulations of output responses conducted. This allows a broader
understanding of the differences between the results, and hence the quantitative influence
of HSI in a probabilistic sense.

4.5.1 Parametric Test (Hypothesis Test)
A parametric test makes assumptions about the underlying distribution of the population
from which the sample is being drawn. The population distribution of responses is
assumed to be normal, which can be reasonably justified through the central limit theorem
[49]. According to the experimental-numerical programme (Figure 4.2), the null, H0, and
alternative hypotheses, H1, for each HSI form are given as:
1) S2HI:
 H 0 : RRS − RBS = 0

 H 1 : RRS − RBS ≠ 0

(4.6)

R BS − R M = 0
R BS − R M ≠ 0

(4.7)

2) H2SI:
H0 :

 H1 :
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where RRS , RBS , and RM stand for the mean response metric for the simulated RS, BS,
and measured cases respectively for a large population of trials. If null hypothesis, H0, is
correct it means that there is no HSI, and that the difference in the means of two small
samples are by chance; otherwise, the alternative hypothesis, H1, is more likely and HSI
exists in the population of vibration responses.

When performing the hypothesis test, no HSI (null hypothesis) might be reached or two
errors could be made: incorrectly accepting HSI when it does not exist (error of the first
kind) or rejecting it when it does exist (error of the second kind). It is desirable to
minimize the probabilities of the two types of error. However, these errors cannot be
controlled. Therefore, a level of significance, α, is assigned to the probability of
incorrectly accepting HSI when it does not exist and then the error due to rejecting HSI
when it does exist is minimized. The standard way to remove the arbitrary choice of α is
to report the p-value of the test, defined as the smallest level of significance leading to
accepting the alternative hypothesis (i.e. that HSI exists). The p-value gives an idea of
how strongly the data contradicts the hypothesis that there is no HSI of any form. A small
p-value shows that the mean response metrics are highly likely to be different, and hence
HSI exists.

To test the difference between the two samples for each form of HSI (see Figure 4.2 and
equations (4.6) and (4.7)), the two-sided independent sample Student’s t-test is used, with
equal variances assumed for both populations. Table 4.5 summarizes the hypothesis test
results for both HSI forms for each pacing frequency, as assessed using the maximum
acceleration response metric (Tables 4.1, 4.3, and 4.4). It is clear that HSI only has
significance for the β = 1 case (for which p-values are small) while for the other frequency
ratios, HSI mostly does not have a statistically significant effect on the result. Considering
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then just the resonant case, for both HSI forms, it can be seen that higher mass ratios
mostly gives smaller p-values. This means that the effect of HSI effect increases with
mass ratio (as may be expected). However, typically p-values resulting from H2SI,
especially for heavy test subjects, are smaller than those of S2HI, indicating that the effect
of HSI on the dynamic properties of the system is more pronounced than the effect of the
structure on the pedestrian walking force. There are some unexpected cases though for
the mass ratios of 0.40% and 0.50%. Nevertheless, overall for the resonant case (β = 1),
the results give strong support to the existence of H2SI, and somewhat weaker support to
S2HI and show that the mass ratio is an important factor.

Table 4.5. p-values for the two postulated forms of HSI from the t-test for the maximum acceleration metric.

Test
Subject

µm (%)

1
2
3
4
5

0.33
0.40
0.50
0.60
0.70

β = 0.5

β = 0.87

β=1

S2HI

H2SI

S2HI

H2SI

S2HI

H2SI

0.33
0.41
0.75
0.43
0.67

0.40
0.54
0.19
0.24
1.00

0.52
0.30
0.95
0.72
0.63

0.35
0.10
0.25
0.92
0.97

0.96
0.29
0.02
0.05
0.13

0.29
0.67
0.17
0.02
0.00

5.5.2 Non-parametric Test (Monte Carlo Simulation)
Non-parametric testing is used to determine the effects of measurement and model errors
on the numerical model vibration response, and hence the conclusions drawn from these
results. Such errors could affect the HSI quantification, since the postulated HSI forms
are defined in terms of differences between simulated and measured responses. Figure
4.17 illustrates a schematic view of potential errors in the experimental-numerical
programme (also refer to Figure 4.2). It includes the real bridge, numerical model inputs
R

and outputs, as well as errors. The first type of error is measurement error. GBS is the real
(true) force without any error inputted into the real bridge. RM is the measured response
of the bridge with possible error, εa, for one walking trial. This error is assumed negligible
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as the accelerometers used to measure the bridge response (Honeywell QA750) are of
very high quality, with very low noise floor and output frequency response down to DC.
The final measurement error is due to the GRF measurement system, Tekscan, denoted

εG, which influences the measured pedestrian forces, GBS and GRS.

The second type of error is the error of the numerical model, εNM, which reflects the ability
of the (simple) model to replicate reality. This error emanates from many possible sources
which do occur but are not adequately captured in the model, such as the actual damping,
frequency, mass, frictions/nonlinearities, nonlinear material behaviour, etc. In particular,
the effects of the bridge damping and frequency are significant at resonance: small
changes in these strongly affect the vibration response and so these are considered in
detail. Each considered model parameter error is defined as:
ε (X ) =

X BM − X
X

(4.8)

where XBM is the benchmark value for the parameter, X. For the bridge damping and
frequency, the free vibration results at the end of each trial were taken as the benchmark
values, which is reasonable since any εa is extremely small as noted above. Thus, the
errors are estimated for the bridge damping and frequency using equation (4.8). Kernel
density estimation is then used to estimate the PDF of the errors for each variable [50].
Figure 4.18 shows the PDFs of the errors for bridge frequency and damping.
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Figure 4.17. Schematic view of errors for: (a) real bridge (b) numerical model
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Figure 4.18. Probability density of bridge: (a) frequency (b) damping.

For the GRFs, the results of the force plate are treated as the benchmark or ‘true’ values.
The Tekscan system generally gives different force estimate. To model the true force
from the Tekscan measurements, the Tekscan error is analysed statistically. Since the
sample rate is the same for both the force plate and Tekscan, time is indicated by the
index, i. Index j is used to denote a specific trial of which there are N. The Tekscan
measurement relative error for trial j at time i is:
ε ij =

G ijFP − G ijTS
G ijTS

(4.9)

Figure 4.19a shows the histogram of εij for all trials, and Figure 4.19b illustrates the
probability density of the relative errors using Kernel density estimation [50]. As a
conservative estimation of the Tekscan error, this probability density function is used to
generate relative random errors, ε i , which are employed to generate random
representative force plate footsteps:

GiFP = (1+ εi ) GiTS

(4.10)

Finally, randomly generated representative force plate footsteps are combined to create a
continuous force plate GRF.

Using this procedure for input force, and PDFs (Figure 4.18) for bridge frequency, and
damping, 104 Monte Carlo simulations (MCSs) are performed to determine the variability
of results due to these possible errors. It is emphasized that the PDFs used are
nonparametric (i.e. directly those of Figures 4.18 and 4.19b), and so no additional error
is introduced by assuming a parametric PDF form (e.g. normal, lognormal).
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By way of example, Figure 4.20 shows the resulting histograms for possible RS and BS
responses considering the model errors, along with the actual corresponding measured
response for the exemplary test subject. The figure suggests that the RS and BS response
distributions are strongly biased with respect to the measurement. This is due to the very
wide error distribution taken for the Tekscan error; unfortunately no better error model is
available. Nevertheless, in a relative sense, there is a difference between the distributions
for RS and BS forces. According to the experimental-numerical framework of Figure 4.2,
this then, is the influence of HSI. Further, the distance between the mean and
measurement reflects to some extent the error of the state-of-the-art practice (Figure 4.2).
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Figure 4.19. Tekscan measurement relative error: (a) histogram (b) probability density
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Figure 4.20. Histograms for RS and BS responses from MCS which considers possible measurement
errors, and the corresponding measured vibration response.

To quantify the HSI effect, the relative difference between the vibration responses is
defined based again on Figure 4.2. Thus, for S2HI we have:

∆S 2HI =

RRS − RBS
RM

(4.11)

∆ H 2 SI =

R BS − RM
RM

(4.12)

and for H2SI:

in which

RRS and RBS are the vectors of simulated random responses for the RS and BS

surfaces, respectively obtained from MCS. Then, PDFs are constructed for each trial
individually, as well as for the group of 5 trials as a whole (merged trials). Figure 4.21
shows the PDFs for the exemplary test subject for each individual trial and the merged
trials. It is clear that most of the randomly realized ∆-values for both HSI forms are nonzero and positive, indicating the relative influence of HSI. The grey filled areas represent
the probability of HSI non-existence or negative effect (negative side of the probability
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curves). In this example, this probability is 20% and 5% for S2HI and H2SI respectively,
again reflecting that both are likely to exist and that H2SI is by far the stronger effect.
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Figure 4.21. Probability density for the exemplary test subject at resonance for (a) S2HI (b) H2SI.

The effects of both HSI forms on vibration response can be given as:

RM =

RRS
1 + ∆ HSI

(4.13)

where,

∆HSI =∆S2HI +∆H2SI

(4.14)

The vibration response based on RS measurements is reduced by a factor to reach the

measured vibration response. The most likely values of

∆S2HI and ∆H2SI are identified as
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the modes of the PDFs similar to Figure 4.21. These values are 0.21 and 0.27 for the
exemplary test subject (Figure 4.21) giving a combined factor of 0.67 (as just one
example). That is, the measured response is 67% of that estimated using rigid surface
GRFs and a moving force numerical model (even allowing for amplitude-dependent
damping). Table 4.6 shows these results for each test subject for the case at resonance
only, since this is when HSI has most effect. The results show that HSI has a significant
effect, and it increases with mass ratio. With further experiments, results of this nature
could be used to provide more accurate vibration serviceability models that account for
HSI.

Table 4.6. Relative and combined influence of HSI types (refer to equations (4.13) and (4.14)).

Test Subject
1
2
3
4
5

µm (%)
0.33
0.40
0.50
0.60
0.70

∆S2HI
0.03
0.03
0.12
0.21
0.10

∆H2SI
0.02
0.04
0.17
0.27
0.28

∆HSI
0.05
0.07
0.29
0.48
0.38

RM/RRS
0.95
0.93
0.77
0.67
0.72

4.6. Conclusions
In this paper, the human-structure interaction phenomenon was quantified using a novel
experimental-numerical approach. The imparted footfall force to both rigid and bridge
surface was measured along with the resulting bridge response. The moving force model
was adopted to simulate vibration as a commonly-used model in design codes which
ignores human-structure interaction. The difference between simulated and measured
responses as well as the difference between dynamic load factors of the forces on the rigid
and bridge surface were used as criteria to evaluate HSI existence.
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It was found that human-structure dynamic interaction is associated both with the forces
that excite the structure (S2HI) and with the corresponding influence of humans on the
dynamic properties of the structure they occupy (H2SI). H2SI is found to be a far stronger
influence than S2HI for the bridge studied. The intensity of both S2HI and H2SI is found
to increase as the mass ratio between the human and structure increases. At resonance,
where vibration amplitude reaches its peak, the HSI effects are the most pronounced. The
results of parametric statistical hypothesis testing show that HSI is of statistical
significance, and H2SI is very likely in particular. Furthermore, non-parametric testing
was done to see the effects of numerical model and measurement errors on HSI existence.
It shows that HSI remains of statistical significance even accounting for numerical model
and measurement errors. Similar to the parametric test, it is found that H2SI is more
statistically significant than S2HI. This approach enabled a probabilistic quantification of
both HSI effects, as well as their combined effect. Such an approach could prove useful
in adapting the moving force model to give results that compare better to measurements.

The Warwick Bridge has a low pedestrian-to-bridge mass ratio, up to 0.7% in this study.
For bridges with higher mass ratios, the intensity of H2SI might be even more significant
and pedestrian effects on dynamic properties of the system could be even more
pronounced than bridge vibration effects on pedestrian walking force.

This study is a beneficial step forward towards quantifying HSI. It introduces a novel
framework which is a combination of an experimental and numerical approach to
investigate HSI. The findings provide a means of accounting for human-structure
interaction. Such a quantification of HSI could be incorporated into codes of practice
rules to improve the accuracy of vibration serviceability assessments.
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Abstract
Lightweight structures are sensitive to dynamic force generated by human walking and
consequently can exhibit excessive vibration responses. The imparted forces, known as
ground reaction forces (GRFs), are a key input in the vibration serviceability assessment
of footbridges. Most GRF measurements have been conducted on rigid surfaces such as
instrumented treadmills and force plates mounted on strong floors. However, it is thought
that the vibrating surface of a footbridge might affect the imparted human force. This
paper introduces a unique laboratory experimental setup to investigate vertical GRFs on
both rigid surface (strong floor) and a higher-frequency flexible surface (footbridge). 810
walking trials were performed by 18 test subjects walking at different pacing frequencies.
For each trial, test subjects travelled a circuit of a vibrating footbridge surface followed
by a rigid surface. A novel data collection setup was adopted to record the vertical
component of GRFs, and the footbridge vibration response during each trial. Frequencydomain analysis of both single-step and continuous GRFs was then performed. The
results show that the footbridge vibration affects GRFs, and changes GRF magnitudes for
harmonics in resonance with the footbridge vibration. This finding, and the measured
GRFs, can be used for more accurate vibration serviceability assessments of existing and
new footbridges.

Keywords
Footbridges; vibration; human; GRFP; ground reaction forces; dynamic load factors.
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5.1 Introduction
5.1.1 Background
Due to their increasingly slender nature, many modern structures are prone to excitation
from human activity. Human activities such as walking, running, jumping, and bouncing,
can cause uncomfortable vibrations, potentially leading to reduced usage of the facility.
Among these activities, walking is a key consideration for footbridge vibration. For lowfrequency structures having one or more natural frequencies within range of first
harmonic of walking force (1.6-2.4 Hz), walking at a pacing frequency close to the natural
frequency of the structure might cause a vibration response that is considered
uncomfortable by bridge users. The vibration response of a footbridge is generally largest
if the resonance is excited by the first harmonic of walking force. For structures with
natural frequencies within range of higher harmonics of walking force (larger than about
3.2 Hz – “higher-frequency”), the resonance by the second or third forcing harmonic
might also be significant, even though the force amplitudes are smaller. For example, Dey
et al. [1] reported high vibration response for a lightweight Aluminium footbridge near
resonance or in resonance with higher harmonics, mainly second harmonic. To
investigate higher-frequency vibration effects, extensive walking experiments were
conducted on a higher-frequency footbridge for which the first frequency is in resonance
with the third harmonic of walking force.

5.1.2 Ground Reaction Forces
To have a good prediction of footbridge vibration response, accurate estimation of the
input walking force and reliable modelling of the structure are required. The former is the
focus of this study. Humans apply an approximately periodic time-dependent force with
vertical, lateral, and longitudinal components, referred to as ground reaction force (GRF)
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([2], [3]). The vertical GRF has two distinctive peaks at heel-strike and toe-off phases,
and a trough at mid-stance phase for one step during walking, as shown in Figure 5.1.
The vertical GRF has received much attention by previous researchers [4]-[19]. ([4], [5],
[6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19]).

Figure 5.1. Typical shape of a vertical GRF for a single step in walking.

In the time domain, continuous walking GRFs are commonly described using a Fourier
series [20]-[23]: [20], [21], [22], [23]:
r

Gc ( t ) = Wp ∑ DLFk cos ( 2π kf wt + ϕk )

(5.1)

k =0

where Wp = mpg and mp is the pedestrian mass, g is the acceleration due to gravity; fw is
the walking pacing frequency; and DLFk is the dynamic load factor (DLF) for the kth
harmonic. The phase angle of the kth harmonic is denoted by φk, and r represents total
number of harmonics considered. In this representation, the harmonic k = 0 corresponds
to the static pedestrian weight, and so φ0 = 0 and DLF0 = 1.
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All GRF studies explained so far originate from GRF measurements on rigid surface.
These GRFs were measured by force plates and instrumented treadmills placed on rigid
floors. This leaves the possibility that the reported vertical GRFs could be different to
those that actually occur on lively footbridges, i.e. they could be affected by the vertical
movement of the walking surface. Only a few works in the past have considered this.
Ohlsson [24] reported that the spectrum of the walking force showed a drop around the
natural frequency of the structure where the response was significant. Baumann and
Bachmann [25] similarly reported DLFs of walking force, which were around 10% lower
on the vibrating surface. However, they measured only single footsteps by a force plate
mounted on a 19 m prestressed beam of frequency 2.3 Hz (‘’low-frequency bridge’’).
Pimentel [26] also suggested 10% and 40% reductions respectively in the first and second
DLFs of the walking force by matching measured vibration responses with those
calculated from an updated finite element (FE) model using a moving force model for
two test subjects; but DLF models based on rigid surface measurements were used, and
no GRFs were measured on the vibrating footbridge. In a unique study, Dang and
Živanović [27] studied the influence of vertical vibration on vertical GRFs using an
instrumented treadmill on a low-frequency laboratory footbridge. The results show that
the footbridge vibration reduces vertical GRFs at the first harmonic of resonant walking.
However, only a limited number of test subjects walked on-the-spot for this study, and it
is limited to a footbridge with frequency at the first harmonic of the walking force (“lowfrequency bridge”). To conclude, the literature lacks measurements of GRFs due to
walking on vibrating bridge surfaces, particularly for higher-frequency footbridges for a
large range of test subjects. The aim of the paper is to address this gap using a novel
experimental set-up.
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5.1.3 Lightweight High-frequency Footbridges
Glass fibre reinforced polymer (GFRP) material is increasingly applied in the
construction industry for its desirable properties such as high strength-to-weight ratio and
good durability in extreme environments. These properties make GFRP well suited to
modular structural forms such as floors and footbridges. However, GFRP structures are
lighter than equivalent conventional structures, rendering them potentially more
susceptible to human-induced vibration due to a higher accelerance amplitude
(acceleration response per unit harmonic force) [28]. Therefore, a GFRP footbridge was
designed and built to establish the performance of such structures, and the influence of
structural vibration on GRFs.

The vibration design rules for FRP footbridges have evolved from experience with steel
and concrete structural forms [29], [30]. The AASHTO Design Guideline for FRP
Footbridges [29] states that bridges with a first natural frequency greater than 5 Hz are
deemed acceptable for vibration serviceability. However, this seems to neglect the altered
mass-stiffness relationship of FRP when compared with traditional steel and concrete
structures. The altered relationship affects the magnitude of the accelerance function.
Živanović et al. [31] compared accelerance functions of several FRP footbridges against
comparable steel/concrete footbridges. The accelerance functions of Monash University
laboratory GFRP footbridge—uncovered and covered (to be described later)—have been
added to those presented by Živanović et al. [31], and they are shown in Figure 5.2. In
addition, the frequency ranges for first three walking harmonics are shown shaded, along
with the 5 Hz limit [29]— shown as red dashed line in the same figure.

Figure 5.2 shows that the GFRP footbridges (AB, EB, MBu, MBc) exhibit higher
accelerance compared to other footbridges. Given that vibration response increases when
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the natural frequencies lie in the harmonic ranges excitable by human normal walking,
these footbridges could have vibration serviceability design problems. Interestingly, the
5 Hz frequency limit, developed many decades ago from experience with steel and
concrete structures has been adopted in AASHTO [29]. As seen in Figure 5.2, the
purpose-built Monash Bridge (MB) was designed to meet the 5 Hz limit. The resulting
bridge has a natural frequency within the range excitable by the third harmonic of walking
force and creates opportunity to critically evaluate the suitability of the 5 Hz limit for
lightweight structures.
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Figure 5.2. First mode accelerance frequency response functions (FRFs) of different footbridges; walking
harmonics (Shaded grey), and the 5 Hz limit. AB – Aberfeldy Footbridge (GFRP); PB – Podgoricia
Bridge (Steel); WB – Warwick Bridge (Steel-Concrete Composite); SB – Sheffield Bridge (Prestressed
Concrete); EB – EMPA Bridge (GFRP deck); MBu – Monash Bridge, uncovered (GFRP); MBc – Monash
Bridge, covered (some data from [31]).

5.1.4 Contribution
Although most GRF models are based on data collected on rigid surfaces, it is the GRFs
imparted on the actual bridge surfaces, which are typically flexible, that are of most
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interest for predicting the vibration response of lively structures reliably. Further, higherfrequency lightweight footbridges ought to be studied, as resonance with higher
harmonics of the walking force might result in a large vibration response despite the
bridge satisfying the 5 Hz limit. To address these two goals, reliable measurement of
vertical GRFs on both rigid and a higher-frequency vibrating bridge surface is conducted.
A higher-frequency lightweight laboratory footbridge—the Monash University GFRP
footbridge—is instrumented with three devices to simultaneously record vertical GRFs
and vibration responses. A novel instrumentation set-up is used to measure full time
history GRFs and single footstep GRFs on both the footbridge and rigid surfaces. Finally,
frequency-domain analysis of single-step GRFs and continuous walking GRFs (dynamic
load factors) are carried out for both surfaces to infer potential effects of vibration on the
harmonics of vertical walking force. The ultimate goal is that these effects can then be
incorporated into future vibration severability checks which will not be addressed in this
study.

5.2 Experimental Setup
5.2.1 Description of Monash GFRP Footbridge
The deck of the Monash University GFRP footbridge is a sandwich panel made from
pultruded GFRP box sections placed between two GFRP flat sheets as shown in Figure
5.3a. The 1.5 m wide orthotropic deck sits on two pultruded FRP I-beam girders, spanning
8.7 m between supports. All components of the footbridge are joined using epoxy
bonding to ensure full composite action. No bolted connections or steel components were
used. Bidirectional fibre orientations for flat sheets, box sections, and I-beam girders were
adopted to maximize strength and stiffness in both transverse and longitudinal directions
as shown in Figure 5.3b. The Monash University GFRP footbridge has a mass of
92.5 kg/m. This makes it very lightweight compared to more traditional structures, for
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example, the steel-concrete composite Warwick University laboratory footbridge which
has mass of 829 kg/m [27].

Figure 5.4 shows the first three modes of the uncovered footbridge structure, MBu, from
an impact hammer test. The first mode is a flexural mode having natural frequency of
6.0 Hz and damping ratio of 0.6%. The second mode is a torsional mode with frequency
of 10.0 Hz and damping ratio of 1.0%. The third mode is the second bending mode with
frequency of 18.1 Hz and 0.6% damping ratio.

Figure 5.3. Monash GFRP footbridge: (a) footbridge structure with end walkways (b) fibre direction of
different components.
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Figure 5.4. Experimental modal analysis of the footbridge: (a) first bending mode, 6.0 Hz and 0.6%
damping ratio; (b) first torsional mode, 10.0 Hz and 1.0% damping ratio; (c) second bending mode,
18.1 Hz and 0.6% damping ratio.

5.2.2 Experiment Setup for the Bridge Surface
Measurements of GRFs and structural vibration responses are key elements to humaninduced vibration studies. A unique experimental setup was designed to measure GRFs
and bridge acceleration. The uniqueness of the study is in measuring GRFs using three
independent measurement approaches: a force plate, load cells at the supports, and a stateof-the-art in-shoe plantar pressure recording system (see Figure 5.5).

A 400 wide × 600 long × 75 mm high BERTEC FP4060-07 force plate, was placed on
the footbridge surface at the mid-span, 200 mm off the bridge centreline, towards the left
edge, where the force plate is highly likely hit by test subjects’ foot. Such force plates are
commonly used for gait analysis. They consist of force transducers that measure six force
components: three orthogonal forces and the moments about the three axes [32]. The force
plate mass, natural frequency, maximum vertical load capacity, and resolution are 38 kg,
340 Hz, 5 kN, and ±0.5 N, respectively [32].

Four C10 HBM load cells were placed in the supports at the four ends of the GFRP Ibeams. They are capable of measuring both tensile and compressive forces up to 25 kN
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with accuracy class of 0.04% (e.g. maximum of load cell deviations specified as
percentage) and have a resonant frequency higher than 5.8 kHz [33]. In the bridge
walking experiments, the measured reactions in the supports are used to determine the
total vertical force and its instantaneous location on the footbridge.

A state-of-the-art in-shoe pressure measurement system, the Tekscan F-scan, was used to
measure GRFs on both bridge and rigid surfaces [34]. These sensors consist of a grid of
capacitors, and each sensor measures the plantar pressure on an area of about 15 mm2
[34]. Tekscan pressure sensors are used across multiple industries such as medicine,
dentistry, and biomechanical research [34]-[37] for the measurement of contact forces,
pressure distribution, and centre of pressure. For walking, the plantar pressure force gives
a reliable measurement of the vertical walking force [35], [36]. Their accuracy depends
on factors such as the calibration method, contact area and contact time with the sensors
[37], [38].

To measure the vibration response of the footbridge, two DYTRAN 3191A1
accelerometers of nominal sensitivity of 10 V/g were placed at the mid-span on each sides
of the bridge deck (A1 and A2 in Figure 5.5). They have capability to measure vibration
in the frequency range of 0.08-103 Hz, with maximum acceleration of 0.5g, and have a
resonant frequency above 8 kHz.
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Figure 5.5. Experiment setup for the bridge walk (A1 and A2 are accelerometers).

Due to the additional 75 mm height of the force plate on top of the structure deck, the
GFRP footbridge structure was covered with additional materials to provide a flush
walking surface—the covered footbridge, MBc, of Figure 5.2. These materials were
carefully selected to provide a stiff walking surface while having little effect on the
structure dynamic properties. Consequently, 600 wide × 750 long ×75 mm high
Styroboard XPS 250 extruded polystyrene sheets (a stiff foam-like material) were used
(Figure 5.5). These blocks have nominal density of 35 kg/m3 and breaking compressive
strength of 375 kPa, light and stiff enough for walking purposes. The blocks are not
adhered to each other or the bridge, ensuring minimal influence on the structure
behaviour. Finally, 3 mm medium-density fibreboard (MDFs) was used to finish the
walking surface, providing test subjects with a homogenous walking surface across both
the footbridge and approach lengths (see Figure 5.5). The MDF was placed in 1×1.5 m
sheets and not adhered to each other or the XPS, so as not to contribute to the longitudinal
bending stiffness of the footbridge. It should be noted that this covering eliminates the
potential for targeting of the force plate by the test subjects, since they do not know here
it is located beneath the MDF. The additional materials and force plate add 106 kg to the
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uncovered footbridge to give a total mass of 939 kg for the covered footbridge, MBc,
hereafter referred to as the footbridge.

5.2.3 Walking Trials Procedure
Each trial consists of a bridge surface (BS) walk and a rigid surface (RS) walk, as shown
in Figure 5.6. Test subjects travel a complete loop to perform one trial. After being given
an audio signal, each test subject starts walking from station S1 while looking straight
ahead at a target sign in front, traverses the footbridge (near its middle line), and stops at
station S2 (bridge surface walk). Afterwards, the test subject is guided (down the steps)
to station S3, from where they perform nominally the same test but this time over the
rigid surface, and stop at station S4 (rigid surface walk). A metronome was used to
provide an aural cue to assist test subjects maintain the intended pacing frequency.

Figure 5.6. Walking path during each walking trial.

A wide range of 18 test subjects, 9 males and 9 females, participated in the walking trials.
Their physical data are listed in Table 5.1. The weight of test subjects ranges from 444 N
to 1489 N and the height ranges from 154 cm to 190 cm. All test subjects were adults in
the 20-40 years age range with no reports or indications of medical walking-related
problems.
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Table 5.1. Test subjects participated in this study (M and F stand for male and female respectively).

Test Subject No.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
-

Height (cm)
174
172
166
154
181
186
179
175
166
182
171
173
161
165
164
168
182
190
173±9

Weight (N)
865
718
654
444
678
862
717
970
522
1063
647
773
495
609
509
683
1489
1112
767±262

Gender
M
M
M
F
M
M
M
M
F
M
F
F
F
F
F
F
F
M
-

Before each experiment, all XPS and MDF pieces for the bridge and rigid surfaces were
well packed. The mid-span accelerometers were taped to the footbridge MDF surface
using double sided tape, and their cables were taped to the sides of the footbridge with
sufficient slack. Load cells and force plate readings were zeroed. Before the walking trials
for each test subject, an APS 113 ELECTRO series electrodynamic shaker and free decay
vibration tests were performed to determine the actual dynamic characteristics of the
covered footbridge. This was done since different environmental temperatures and other
factors could affect the dynamic properties of the footbridge.

A generic flat-soled canvass shoe was used by all test subjects to eliminate the influence
of footwear from the experiment. The trials for each test subject took around 3 hours to
complete. Figure 5.7 shows a test subject instrumented with the Tekscan equipment,
consisting of Tekscan sensors, ankle cuffs, data recorder, and cables. A significant effort
was made to ensure that the test subject felt comfortable while walking. In particular, the
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ankle cuffs should not be too tight and the cables from the cuffs to the recorder should be
loose enough to allow uninhibited walking. The in-shoe sensors must be flat without any
folds or creases. Calibration and zeroing of sensors (explained later in more detail) were
performed after each set of 5 consecutive trials to eliminate the potential influence of
sensor drift or degradation. The test subjects completed a minimum of 15 trials for each
of three pacing frequencies.

Figure 5.7. Setup of the Tekscan equipment on a test subject.

Before each experiment, comprehensive instructions were given to the test subject and a
consent form was signed. To ensure minimal influences of the laboratory environment,
the test procedure was followed exactly from a step-by-step workflow, so that all test
subjects had a consistent experience. Variations then, are natural of the test subjects, and
not of experimental procedure or environment insofar as is possible. Due to the
involvement of human subjects, the experiment was approved by the Monash University
Human Research Ethics Committee (Approval no. MUHREC-4455).
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5.2.4 Data Collection Setup for the Bridge Surface
Figure 5.8 shows the data collection setup for the bridge walk part. A 4-channel DT9838
module was used to record the data from the four load cells [39]. A 16-channel DT9857E
module (with high resolution of 24 bits) [39] was used to collect the data from the
accelerometers (two channels) and force plate (six channels). Both acquisition modules
were directly connected to a computer to store the recorded data. A wireless data-logger
unit, worn by the test subjects, was used to record the data from Tekscan F-scan sensors.
The data is stored in the data-logger’s internal micro-SD memory card for transfer to the
computer at a later time (done for each test subject after completing every 5 trials). All of
the data was saved in a format suitable for later analysis in MATLAB.
QuickDAQ and F-scan software were used to set the acquisition parameters for the DT
modules and Tekscan data-logger unit, respectively. Each signal was recorded for
20 seconds with a sampling frequency of 500 Hz – far above the Nyquist frequency for
the vibrations of interest. This measurement period was long enough to capture the
crossing event and free decay vibration after the test subjects walked off the footbridge.

A key aspect of the experiment setup is in ensuring time synchronization between the
different data acquisition systems by using different triggering methods. To accomplish
this, a bespoke set of wireless transceivers were developed, with multiple output signal
types, as suited to the input trigger signal for each DAQ. A single master trigger is
activated by a button push, which wirelessly triggers each DAQ device simultaneously.
When the pre-determined measurement period finishes, the DAQs stop recording
automatically. It should be noted that both the DT9838 and DT9857E modules and
Tekscan data-logger unit were used to collect the data (Figure 5.8) for the walking over
the bridge (see Figure 5.6). For walking over the rigid surface (see Figure 5.6) the Tekscan
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data-logger unit was used only, but it was still wirelessly triggered for a consistent test
subject experience.

Figure 5.8. Triggering, instrumentation, and data collection setup for the bridge walk.

5.3 Preparatory Measurements
Preparatory experiments were conducted before the main walking trials for two reasons:
(1) to select suitable pacing frequencies for the main trials, and; (2) to ensure accurate
measurements for each of the instruments. Specifically, for (2), it was necessary to
remove the footbridge vibration effects from the load cells and force plate outputs.

5.3.1 Pacing Frequency Selection Process
Selection of the pacing frequencies was done empirically by examining the footbridge
vibration response under a wide range of pacing frequencies. The resonant pacing
frequency, to be targeted in the main experiments, is determined as the pacing frequency
that caused the highest possible vibration response. A target non-resonant pacing
frequency is also determined; the comparison of resonant and non-resonant responses will
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give insight in the effects of vibration levels on GRFs. Finally, a normal (uncontrolled)
pacing frequency (pacing frequency at which a test subject walks naturally and
unprompted by any external stimulus) is used to observe the footbridge liveliness under
more natural conditions.

For the selection of pacing frequencies, a test subject carried out five successful walking
trials for each pacing frequency between 1.7 Hz and 2.1 Hz with an increment of about
0.017 Hz (1 beat per minute of the metronome setting) around resonance and 0.05 Hz
away from resonance. Figure 5.9 shows the variation of maximum footbridge response at
the mid-span, amax, with test subject pacing frequency, fw. The vibration of the footbridge
is greatest for pacing frequencies between 1.83 Hz and 1.91 Hz. The target pacing
frequency (whose third harmonic causes the resonance of the footbridge) is then taken as
1.87 Hz. This is due to two reasons: (1) the first frequency of the covered footbridge,
MBc, (5.6 Hz from experimental modal analysis of the covered footbridge) lies in the
third harmonic range of the walking force frequency (5.6Hz/3 = 1.87 Hz) and (2) during
the walking trial experiments, a test subject is likely to walk within a small range of the
target pacing frequency, and so 1.87 Hz is selected as it lies within ±0.04 Hz of the
resonant range, shown by red dashed lines in Figure 5.9.

A pacing frequency of 1.7 Hz is selected as the target non-resonant pacing frequency as,
on average, it gives the lowest response. Therefore, the main trials were conducted for
these target resonant, non-resonant, and normal pacing frequencies. For each pacing
frequency, 15 acceptable trials were performed to allow for a reliable statistical analysis.
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Figure 5.9. Identification of resonant and non-resonant pacing frequency ranges using vibration responses
from 5 trials each at 1.7-2.1 Hz pacing frequencies.

5.3.2 Effect of Footbridge Vibration on Load Cells Output
For each trial, the readings of all four load cells are summed to obtain the total force
measured by the load cells, Glc. Figure 5.10a shows a typical Glc signal (back line) for test
subject no. 1 (see Table 5.1) and trial no. 9 at resonance. Note that this specific test subject
and trial is used as an example to demonstrate the data analysis procedure and
experimental results throughout the paper, and it is referred to hereafter as the “exemplar
trial”. For the walk over the bridge surface, the total force induced in the load cells
consists of the vertical GRFs generated by the walker, GBS, and the inertial force of the
footbridge, GI, due to its vibration (Figure 5.10a):

Glc = GI + GBS

(5.2)

Using frequency-domain signal processing, say, a notch filter, it is not possible to remove
only the bridge inertial force from the load cells’ total force measurement because the
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third harmonic component of walking force would also be filtered out (see red line in
Figure 5.10a). Therefore, an alternative approach is developed. Theoretically, considering
just the first vertical flexural mode, the total inertial force of the footbridge is:
L

GI ( t ) = ∫ m ( x ) uɺɺ ( x ) dx
0

L

=  ∫ m ( x ) φ1 ( x ) dx  qɺɺ1 ( t )
0

= M I qɺɺ1 ( t )

(5.3)

in which m ( x ) is the mass distribution of the covered footbridge; uɺɺ( x ) is the
acceleration of the footbridge at location x; φ1 ( x ) is the unit normalized mode shape, and

qɺɺ1 ( t ) is the modal acceleration. At the mid-span φ1 ( L 2) = 1 and therefore a measured
mid-span

acceleration

is

equal

to

modal

acceleration

qɺɺ1 ( t ) ,

i.e.

ab ( t ) = uɺɺ( L 2, t ) = φ1 ( L 2) qɺɺ1 ( t ) = qɺɺ1 ( t ) . Thus, equation (5.3) can be rearranged to
determine the “inertial mass”,

M I , of the footbridge as:
MI =

GI ( t )
ab ( t )

(5.4)

Based on this, the inertial mass is calculated using the free decay vibration part of the
mid-span acceleration and load cells force signals. During free decay vibration, only the
inertial force of the footbridge exists (the test subject has already walked off the
footbridge), and thus

GBS = 0, which gives Glc = GI from equation (5.4). Picking peak

values of load cell force and acceleration at the mid-span (Figure 5.10b) and using
equation (5.4), gives a set of inertial mass measurements, shown as black stars in Figure
5.10c. As seen in Figure 5.10c, these inertial masses are very similar, and the mean inertial
mass is found to be MI = 610kg .
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Figure 5.10. Determination of the inertial mass of the footbridge for the exemplar test subject no 1, trial
no 9: (a) original and filtered load cells total force, illustrating that the filtered signal cannot be used; (b)
load cells total force and mid-span acceleration for the free decay vibration part; (c) inertial mass of the
footbridge.

To determine the third harmonic of the walking force (that has frequency around 5-6 Hz)
from load cells, Glc,3h, first the measured mid-span acceleration of the footbridge, ab, is
filtered by a zero-phase 4th order bandpass Butterworth filter in range of 5-6 Hz to isolate
the vibration of the first bending mode of the footbridge. Then, the inertial force of the
footbridge during the bridge walk (while the test subject is present on the footbridge) is
obtained using equation (5.4) with MI as determined previously. The load cells force is
similarly filtered, Glc,f. This force comprises the inertial force of the footbridge, GI, and
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the walking force around third harmonic, Glc,3h, for the bridge walk part. Thus, the
walking force around third harmonic, Glc,3h is obtained from:

Glc,3h ( t ) = Glc, f ( t ) − GI ( t )

(5.5)

An example of the application of these steps is shown in Figure 5.11 for the exemplar
trial.
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Figure 5.11. Example extraction of the walking force third harmonic from the load cells: (a) inertial force
and filtered load cell; (b) subtraction of inertial force from filtered load cell.

5.3.3 Effect of Footbridge Vibration on Force Plate Output
Figure 5.12a shows the force plate reading for the exemplar trial (black line). Some lowo
amplitude ripples in the original (raw) force plate readings, G fp , are observed due to the

footbridge vibration when the test subject is not on the force plate. Similar to the load cell
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outputs, using a filter to remove the effect of the footbridge vibration (Figure 5.12a, red
line) would also remove the third harmonic of the force plate-measured GRFs, which is
the quantity of interest.

The inertia force component induced in the force plate due to the footbridge vibration,

G bfp , is related to the moving mass of the force plate, Mfp, and recorded acceleration, afp,
by:

Gbfp ( t ) = M fp a fp ( t )

(5.6)

To determine this force, both Mfp and afp, must be measured and related to the footbridge
mid-span acceleration, ab. Consequently, two accelerometers were placed, one on the
force plate, afp, and one on the footbridge surface beside the force plate, ab, and the
footbridge was excited by the electrodynamic shaker using a swept sine signal with range
of frequencies, 1-100 Hz. Figure 5.12b shows that the acceleration time histories for both
footbridge and force plate are very similar, afp = ab; this means that there is little relative
movement. This can be expected since the force plate natural frequency (340 Hz
according to the manufacturer) is far higher than the footbridge natural frequency
(5.6 Hz). Therefore, since afp = ab, the force plate moving mass, Mfp, is calculated as
21.3 kg using equation (5.6) (see Figure 5.12c).

The identified force-plate moving mass, 21.3 kg, is used to remove the force component
induced in the force plate due to the footbridge vibration (Figure 5.12c). For each bridge
o
walk, the original force plate reading, G fp , is used to determine the force plate reading

excluding the footbridge vibration effects:

G fp ( t ) = G ofp ( t ) − M fp ab ( t )

(5.7)

where the footbridge acceleration at the mid-span, ab, is measured for each bridge walk.
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Figure 5.12. Experiments to remove footbridge vibration effects from force plate: (a) force plate reading
during the exemplar trial; (b) force plate and footbridge acceleration in the shaker test, and; (c) force plate
moving mass calculation.

The accuracy of the load cells and force plate output was tested using a shaker experiment.
The shaker was placed on the force plate and its applied force was compared with the
load cells and force plate after removal of vibration effects. The results showed ±3%
deviation from the shaker’s applied force, which gives confidence in the processing of
the force plate and load cells measurements.
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5.3.4 Tekscan F-scan Force
To measure vertical walking force on both rigid and bridge surfaces during each walking
trial experiment, the Tekscan F-scan in-shoe pressure sensors [36], [37] were used in this
study. In contrast to force plate and instrumented treadmill studies, where test subjects
walk on-the-spot on a rigid (vast majority – see Section 5.1.2) or bridge surface (e.g. [25],
[27]), we measured vertical GRFs during each trial on both surfaces. These pressure
sensors provide force-time histories for each foot, allowing detailed gait analysis.
Tekscan F-scan in-shoe sensors, pressure distribution, and rigid surface force signals for
the left and right feet for the exemplar trial are shown in Figure 5.13.

The Tekscan in-shoe sensors comprise 960 individual pressure sensing capacitor cells,
referred to as sensels. The sensels are arranged in rows and columns on each sensor. The
8-bit output of each sensel is divided into 28 = 256 increments, and displayed as a value,
(e.g. Raw Sum) in the range of 0 to 255 by the associated F-scan software. The left and
right feet force are shown as raw sum on F-scan software. When all sensors reach a raw
count of 255, the corresponding pressure is termed the saturation pressure. The sensor
outputs are calibrated to engineering measurement units. Obviously, proper calibration of
the sensors is critical to obtaining accurate force readings. It is also necessary to zero the
sensor output. Indeed, when one foot is supporting the body weight during walking, the
other foot is up in the air and its force reading should be zero. However, because the foot
sensors are pre-tensioned to the sole of the foot by shoe-lacing, the output of sensors is
not necessarily zero when the foot is not touching the ground. Hence, it is necessary to
zero the force output for each trial during a leg swing phase of walking (Figure 5.13).

Due to degradation of the sensor, drift of the sensor output can occur over time.
Additionally, the sensors can become damaged so that rows or columns of the ‘sensels’
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no longer export forces. Saturation pressure (described above) is closely related to the
calibration factor. Therefore, if some sensors become damaged during walking, the
saturation pressure will change, and so this was tracked throughout the trials. A step
calibration, which uses the test subject’s weight to adjust the calibration factor was used
to convert raw sum values into force measurement unit for each set of 5 consecutive trials.
Figure 5.14 shows a sample of saturation pressure record for the exemplar test subject. It
can be seen that the accuracy of trials is reliable because the saturation pressures over 40
trials (a period of about 3 hours) remain consistent.

Due to the mentioned error involved in the Tekscan, and also the high accuracy of the
force plate and load cells, the force plate and load cells are taken as the benchmark to
check the reliability of the Tekscan results.
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Figure 5.13. Tekscan F-scan in-shoe sensors: (a) instrument; (b) example output pressure distribution,
and; (c) calibrated and zeroed integrated force signals of left and right feet for the exemplary test subject
on the bridge surface (images (a) and (b) taken from [34]).
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Figure 5.14. Little sensor degradation evidenced by almost constant saturation pressure across all trials
for the exemplar test subject.

5.4 Main Experimental Results
5.4.1 Measured Vibration Response
Figure 5.15a shows auto-spectral densities (ASDs) of the two accelerometers for the
exemplar trial at resonance. Both ASDs can be seen to have high amplitudes at the first
bending mode frequency of the footbridge (5.6 Hz) and at least two order of magnitudes
lower amplitudes at other frequencies. The ASDs show that most of the footbridge
vibration energy is distributed in the 5-6 Hz frequency range and originates from the first
bending mode. They also indicate that there is little contribution from the first torsional
mode since the magnitude of the ASDs are very close to zero at its frequency (around 910 Hz – see Figure 5.15a). Thus, the mean of the two acceleration measurements is taken
as the bridge vibration response at the mid-span. The frequency components of the
response outside range of 5-6 Hz are removed for all trials using a zero-phase 4th order
band-pass Butterworth filter (Figure 5.15b). Zero-phase filtering avoids any time shift in
the filtered signal. Although the short span of the footbridge does not allow for a
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stationary resonant response, human-structure interaction effects can still exist due to high
vibration of the footbridge at the resonance.

High-frequency components are observed in the original measured acceleration signal,
and it could be hypothesized that these come from the heel strike impulses of the
pedestrian. However, the occurrence of heel strikes (as identified using TekScan) for the
exemplar text subject are indicated as blue dashed lines in Figure 5.15b, and do not
coincide with the significant spikes in the signal. Thus, these high-frequency components
are more likely related to other noise sources on the footbridge, such as the movements
of the MDF boards. Humans are more sensitive to low-frequency vibrations [40], and
consequently the footbridge vibration response outside of its first bending mode
frequency range is filtered out in this work.
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Figure 5.15. For the exemplar test subject no 1, trial no 9: (a) frequency content of the vibration response;
(b) mean acceleration response at the mid-span (the blue dashed lines show the feet location and the
tapering at the end of the filtered signal is an artefact of the filter).

The considered footbridge response metric is the maximum value of the footbridge
vibration response, amax. Maximum 1-s root-mean-square (RMS) could be used instead,
but is directly proportional to the peak acceleration over a few cycles of vibration, and so
response ratios are unaffected by the measure used. Figure 5.16 shows the maximum
acceleration response for all test subjects and trials, against the actual pacing frequency
achieved. In Figure 5.16a, the red dashed lines specify the previously defined boundaries
for the resonant frequency range. The figure shows that the test subjects followed the
metronome beat well since almost all actual pacing frequencies fall within their relevant
range. The footbridge experiences maximum accelerations up to 3.3 m/s2.
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Figure 5.16. Footbridge vibration response for different: (a) true pacing frequencies (determined as
described in section 5.5.1); (b) perception levels according to Setra [41].

Acceleration levels are shown in Figure 5.16b along with the limits in the Setra guideline
[41], reproduced in Table 5.2. Table 5.2 clearly shows that in certain cases the footbridge
provides “unacceptable discomfort” (CL4) to the occupants (7% of the walking trials)
and, in many cases a “minimum comfort” (CL3, 32% of the walking trials).

Table 5.2. Comfort levels and acceleration ranges [41].

Comfort
Level
CL1
CL2
CL3

Degree of
comfort
Maximum
Medium
Minimum

Vertical acceleration
limits (m/s2)
< 0.5
0.5 – 1.0
1.0 – 2.5

Distribution of trial
responses (%)
29
32
32
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CL4

Unacceptable
discomfort

> 2.5

7

It should be noted that even though the Setra acceleration limits were developed for
vibrations up to 5 Hz, they are used here to characterize vibration levels since the
vibration frequency of 5.6 Hz is not too far from the 5Hz limit. In addition, the test
subject’s opinion about the vibration levels perceived was requested following each
walking trial. The test subjects reported that the footbridge vibration was acceptable and
occasionally affected the walking style in 25% of the trials, and the vibration was strong
or uncomfortable and affected the walking style most of the time in 18% of the trials. This
shows that the Monash University GFRP footbridge is considered to be a lively structure
by some people and, as such, it is well-suited for studying human-induced vibration
problems. In addition, it seems that the 5 Hz AASHTO limit might not provide adequate
guidance for lightweight higher-frequency structures (Figure 5.2).

5.4.2 Measured GRFs
Figure 5.17 shows measured GRFs for the exmplar trial, from all three sets of measuring
instruments. The force plate only measures one footstep due to its finite dimension on the
bridge surface, while the load cells and Tekscan measure the total GRF continuously.
Comparison of the three for the single step shows a good and consistent match, giving
confidence in the measurements.
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Figure 5.17. Examplar force measurements by the load cells, force plate, and Tekscan: (a) full bridge
walk (b) zoomed around the force plate reading .

Despite placing the force plate where it is highly likely to be hit by the test subjects, in
some cases, the whole foot might not be on the force plate. To ensure that the force plate
reading is from a full-contact footstep, three criteria were simultaneously considered
numerically:
(1) Overall shape of vertical GRFs: the GRF shape should have two distinctive peaks
(heel-strike and toe-off phases, Gmax1 and Gmax2) and a trough (mid-stance phase, Gmin),
expressed as:

Gmax1
> 1;
Wp

Gmax 2
> 1;
Wp

Gmin
<1
Wp

(5.8)

(2) Step duration: the step duration from the force plate GRFs, tfp, and the corresponding
step from the Tekscan GRFs on the bridge surface, tts, should be similar:
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t fp − tts
tts

≤ 0.1

(5.9)

(3) GRFs trajectory: the centre of pressure must remain within the force plate area.
A footstep is not a full-contact GRF if it fails any of these criteria. The location of the
centre of pressure of the foot is calculated from the measured force and moment
components of the force plate as:

xcp =

−hGx − M y

Gz

;

ycp =

−hG y + M x

Gz

(5.10)

where xcp and ycp are the coordinates of the centre of pressure relative to the coordinate
axes of the force plate (Figure 5.18) and h is the thickness above the top surface of any
material covering the force plate (4 mm comprising 3 mm MDF plus 1 mm shim between
the force plate and MDF sheeting). The origin of the coordinate system is centred on the
top surface of the force plate (Figure 5.18).

Figure 5.18. Force plate coordinate system along wiith the footbridge surface.

Figure 5.19a shows full-step force plate GRFs and one identified incomplete GRF as a
negative example for the exemplar test subject at resonance. Considering criterion (1)
above, the complete GRFs display two distinctive peaks for heel-strike and toe-off phases
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and a trough, mid-stance phase while the incomplete step clearly does not exhibit two
peaks (Gmax2/Wp < 1). For criterion (2), the contact time of the incomplete step is shorter
than the duration of the same step as recorded in the GRF measured by Tekscan. Finally,
for criterion (3), the GRF trajectories using equation (5.10) are shown in Figure 5.19b for
a few complete steps. The blue dashed line shows the force plate boundary. As seen, all
GRF trajectories are within the force plate area. Each force trajectory starts from the force
plate centre and ends at the same point, and the red dashed lines connect heel-strike to
toe-off. However, for the incomplete GRF (shown in green), despite its force trajectory
being within the force plate area, the overall shape of the GRF illustrates only the heelstrike phase, and the toe-off phase is outside the force plate (the red dashed line is very
short).
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Figure 5.19. Indentification of complete and incomplete steps on the force plate (the red one corresponds
to the exemplar trial no. 9) (a) sample GRFs; (b) centre of pressure trajectory on the force plate, and its
criterion (red dashed lines connects heel-trike to toe-off and green one shows an incomplete step).

5.5 Detailed Analysis of GRFs
In this section, all measured single-step GRFs and continuous walking GRFs are
statistically analysed to examine effects of footbridge vibration on the walking force.
Whenever appropriate, statistical hypothesis testing is performed to quantify the
statistical significance of differences between variables. Two-sided independent sample
Student’s t-test and F-test are carried out to test the statistical significance of any
difference between the mean and standard deviation of two sets of variables. The p-values
from these tests are reported: small p-values show that differences in the mean or standard
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deviations of the two sets of variables are statistically significant, while high p-values
indicate little statistically-meaningful difference.

5.5.1 Pacing Frequency Analysis
Peaks from the Tekscan total GRF are used to determine the true pacing frequencies
during each walking trial for the rigid and bridge surfaces (the load cells give almost
identical results to the Tekscan for the bridge surface)—Figure 5.20a shows the
normalised GRF for the exemplar trial. The actual pacing periods for both surfaces, TBS
and TRS, are determined using two consecutive peaks, and from them the pacing
frequencies, as shown in Figure 5.20b. The variability in the pacing frequencies even for
just one walk for both BS and RS reflects intra-subject variability. For all tests subjects
and trials, an average is taken across the measured pacing frequencies for the trial—the
dashed lines in Figure 5.20b—and is considered as the actual pacing frequency for the
trial.
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Figure 5.20. For the exemplar test subject and trial: (a) actual pacing periods (b) actual pacing
frequecncies.

Figures 5.21a and 5.21b show actual pacing frequencies and target pacing frequencies for
the rigid and bridge surfaces for all test subjects. The inter-subject variability in the data
results in different level of success in matching the target frequency by different test
subjects. The variability in mean actual pacing frequencies is low: the coefficient of
variation, CoV (ratio of standard deviation to mean) is less than 0.009 for almost all test
subjects. The exceptions are comparatively larger variations for test subject 1 on the rigid
surface for non-resonant walk (CoV = 0.038) and test subject 16 on the bridge surface for
resonant walk (CoV = 0.046). Small differences between the actual and target pacing
frequencies is also observed typically. This means that test subjects, on average,
synchronized their pacing frequencies quite well with the metronome beat (especially test
subject 2). For uncontrolled normal walking pacing frequencies, the normal walking of
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test subjects 2, 7, 12, and 17 is close to resonance with the footbridge; for the remaining
test subjects, it is out of resonance with the footbridge (see Figure 5.21c).

Figure 5.21d shows histograms of actual-to-target pacing frequency ratios for the rigid
and bridge surfaces. The statistical parameters of the two distributions are summarized in
Table 5.3. As seen, their mean and median are almost identical while results of the bridge
surface have higher coefficients of variation.

Table 5.3. Statistical parameters of actual-to-target pacing frequency ratios.

Surface Type
Rigid
Bridge

Mean
1.004
1.005

Median
1.000
1.002

CoV
0.016
0.026

The p-values from the rigid and bridge surface pacing frequencies are 0.98 and 0.00
respectively for Student’s t-test and F-test. These values show that the actual-to-target
pacing frequency ratios on the bridge and rigid surfaces have no difference in their means
but have a statistically significant difference in their standard deviations. This difference
in standard deviation presumably indicates that the vibrating bridge surface makes it
harder for the test subjects to maintain a set pacing frequency (according to the
metronome beat). The results are similar to those found on a low-frequency footbridge
[27] where the vibration effects on the mean of pacing frequencies was small while the
effects on the CoV of pacing frequencies was higher.

204

CHAPTER 5: Vertical ground reaction forces on rigid and vibrating surfaces for . . .

Rigid surface
Bridge surface
Target frequency

(a)

ffw (Hz)
(Hz)
p

2

1.8

1.6
1

2

3

4

5

6

7

8 9 10 11 12 13 14 15 16 17 18
Test subject No.

3

4

5

6

7

8 9 10 11 12 13 14 15 16 17 18
Test subject No.

3

4

5

6

7

8 9 10 11 12 13 14 15 16 17 18
Test subject No.

(b)

ffw (Hz)
(Hz)
p

2

1.8

1.6
1

2
(c)

(Hz)
fwfp(Hz)

2.5

2

1.5

1

2
(d)

No. of trials

60
Rigid surface
Bridge surface
40
20
0
0.9

0.95
1
1.05
1.1
Actual-to-target pacing frequency ratio

1.15

Figure 5.21. Actual pacing frequencies for: (a) non-resonant; (b) resonant; (c) normal walking pacing
frequencies (red dashed line shows target pacing frequency, for normal walking it shows resonance target
pacing frequency), and; (d) actual-to-target pacing frequency ratio.
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5.5.2 Single-step GRFs
Single-step GRFs are not widely available in literature; however they are becoming of
interest in discreet footfall moving force models in which the footstep forces are applied
at the feet locations [42], [43]. To inform development of single-step force models,
complete single footsteps identified in section 5.4.3 for all test subject trials are
statistically analysed. To examine the footbridge vibration effects on the single-step
GRFs, it is necessary to compare the footsteps on the rigid and bridge surfaces. The
Tekscan GRFs on the bridge surface corresponding to the force plate GRFs are used (see
Figure 5.17). For Tekscan GRFs on the rigid surface, since they are not measured
simultaneously with the GRFs on the bridge surface, it is not possible to find a
corresponding step, and thus a representative step is randomly selected from the middle
third of full-trial GRFs. Hence for each trial a comparison is made between randomlyselected single steps from the bridge and rigid surface measurements.

For time-domain analysis of single-step GRFs, the peak at heel strike, the peak at toe-off,
and the trough at mid-stance were considered [44]. Vibration effects of the footbridge
could not be clearly observed in the time-domain. Therefore, the single-step GRFs are
compared in the frequency domain to understand the effect of vibration on individual
footstep forces.

For frequency-domain analysis of step GRFs, a Fourier representation of single steps is
used, [45]:
N

Gs ( t ) = Wp ∑ An cos ( 2π nf st + θn )

(5.11)

n =0

where An and θn are the nth harmonic and phase angle of the footstep; N is total number
of harmonics considered; fs = 1/ts and ts is the single step duration. The footstep frequency
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is proportional to the pacing frequency on average for all trials and test subjects, fs/fw =
0.82, with the 95% confidence interval 0.82±0.06. To calculate harmonics of single-step
vertical GRFs, each one is repeated 10 times to form a longer periodic signal. This
periodic signal is windowed using a Hann window to suppress leakage and zero-padded
to increase its frequency resolution. It is then transformed to the frequency domain using
the Fast Fourier Transform (FFT), and its amplitude in the frequency domain is corrected
for the side-lobe loss due to using a spectral window [46]. Figure 5.22 shows the DC
component (A0) and the first three harmonics of the force plate single-step GRF for the
exemplar test subject and trial.
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Figure 5.22. Single-step GRF harmonics: (a) repeated single-step GRF signal for the exemplary test
subject; (b) windowed and trimmed repeated single-step GRF, and; (c) Fast Fourier Transform of the
trimmed repeated single-step GRF.
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The DC (constant) component and first three harmonics of all measured single-step GRFs
on both surfaces are shown in Figure 5.23. The red dashed lines show the resonant range
of the footbridge. Visually, it appears the footbridge vibration reduces the third harmonic
of single-footsteps (Figure 5.23d) and that the footbridge vibration effect on other
harmonics seems negligible (Figure 5.23a,b,c). This seems reasonable as the footstep
frequency is proportional to pacing frequency, and for the resonant walking trials, the
third harmonic of the single footsteps is closer to the bridge frequency compared to the
other harmonics.

The p-values for the footsteps harmonics are calculated for all test subjects and trials and
are given in Table 5.4. Differences between the results of the load cells and Tekscan on
the bridge surface shows any inaccuracy of Tekscan, while differences between the results
of Tekscan on rigid and bridge surfaces is a relative indication of vibration effects on
footstep harmonics. Note that it is assumed that any error in Tekscan measurements
affects the results on both rigid and bridge surfaces in the same manner (especially in a
statistical sense). This implies that the differences between the measurements on the two
surfaces are solely due to influence of the surface itself. For bridge surface steps only,
Table 5.4 shows that the Tekscan and force plate measured GRFs are consistent and do
not exhibit statistically significant differences. In contrast, for the Tekscan results across
the rigid and bridge surfaces, the results show an statistically-significant difference for
the third harmonics of single footsteps. In this case the p-values observed are near zero
(≈10-7).

For representing vertical walking force in a single step it is useful to report the average
magnitudes of each harmonic found, 0th-3rd, across all tests. As a proportion of body
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mass, for rigid surface walking these are 0.64, 0.18, 0.26, and 0.087 respectively, while
for the bridge surface walk they are 0.63, 0.16, 0.25, and 0.047. Consequently, the mean
reduction in third harmonic magnitude is about 46%.

fw (Hz)

fw (Hz)

fw (Hz)

fw (Hz)

Figure 5.23. Relationships of single footstep harmonics with pacing frequency for: (a) DC component; (b)
first harmonic; (c) second harmonic, and; (d) third harmonic for all test subjects and trials.
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Table 5.4. Hypothesis testing results (p-values) for single footstep harmonics for all trials and test subjects.
(Recall the t-test examines differences in means, while the F-test examines differences in standard
deviations. Numbers near zero indicate very high statistically-significant difference).

Harmonic
no.
0
1
2
3

Bridge Surface only:
Force plate and Tekscan
t-test
F-test
0.49
0.22
0.21
0.15
0.47
0.26
0.59
0.19

Tekscan only:
Rigid and Bridge Surfaces
t-test
F-test
0.21
0.11
0.15
0.19
0.21
0.53
0.00
0.00

5.5.3 Continuous GRFs
To investigate vibration effects on continuous vertical GRFs, DLFs are selected as the
metric, consistent with the literature [24], [25], [26], [47]. DLFs of the first three
harmonics are determined for full time history force of the load cells and Tekscan on both
rigid and bridge surfaces. Comparison of the Tekscan and load cell differences for bridge
surface walks are made to assess Tekscan accuracy as before. Comparison of the Tekscan
measurements between the rigid and bridge surfaces are also made as before, to assess
any influence of bridge vibration.

To calculate the DLFs from the GRF measurements, the start and end of the recorded
GRF signals are trimmed such that a signal consists of an even number of full steps. The
DC component is subtracted from the signal and it is then windowed using a Hann
window to suppress leakage. Similar to the single footstep analysis, the signal is then
zero-padded to increase its frequency resolution and transformed into the frequency
domain using the FFT. The signal amplitude in the frequency domain is corrected for the
side-lobe loss due to using a spectral window [46] as was done for the single footsteps.
Figure 5.24 shows the steps in determining DLFs for the exemplar trial, highlighting the
first three harmonics. Consistent with past experiments, and as seen earlier in the intrasubject variability results, the walking force is not perfectly periodic but is a narrow band
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signal with some of its energy spread to adjacent frequencies [17], [18]. Subharmonics
are also evident from Figure 5.24c.
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Figure 5.24. GRF DLFs: (a) bridge-measured Tekscan original and trimmed GRFs for the exemplary test
subject and trial; (b) windowed trimmed GRF, and; (c) Fast Fourier Transform of the trimmed and
windowed GRF signal in (b).

For each trial and surface (rigid and bridge surfaces), the first three DLFs of the
continuous walking GRFs are calculated and shown in Figure 5.25. For comparison,
Kerr’s [48] upper and lower bounds for each DLF are shown by green dashed lines, and
the vertical red dashed lines show the resonant range of the footbridge (Figures 5.9 and
5.14a). The first DLF increases with increasing pacing frequency, while the second and
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third DLFs do not show a discernible trend as would be expected [48], [49], [15]. For the
third harmonic of walking vertical force, the bridge DLFs on the bridge are lower than
those on the rigid surface. Further, there is a difference between DLFs from the load cells
and Tekscan measured on the bridge surface, emphasizing some error in the Tekscan
force measurement.

fw (Hz)

fw (Hz)

fw (Hz)
Figure 5.25. Relationships of DLFs with pacing frequency for: (a) first harmonic (b) second harmonic (c)
third harmonic for all test subjects and trials.

The p-values for DLFs are calculated for all test subjects and trials and are given in Table
5.5. The p-values for the differences between the loads cells and Tekscan are not
statistically significant but give an indication of the measurement error involved in using
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Tekscan. More interestingly, in the relative comparison of Tekscan results between the
rigid and bridge surfaces: there are small p-values for the third DLF, indicating a
statistically significant difference in both means and standard deviations. This suggests
that the footbridge vibration affects the third harmonic far more than the first and second
harmonics.

Table 5.5. Hypothesis testing results (p-values) for DLFs for all trials and test subjects. (Recall the t-test
examines differences in means, while the F-test examines differences in standard deviations).

DLF no.
1
2
3

Bridge Surface only:
Load cells and Tekscan
t-test
F-test
0.80
0.81
0.49
0.91
0.36
0.21

Tekscan only:
Rigid and Bridge Surfaces
t-test
F-test
0.28
0.31
0.19
0.16
0.00
0.00

To compare the effects of the vibrating footbridge for the resonant and non-resonant
pacing frequencies, the p-values between the bridge and rigid surface Tekscan DLFs are
obtained for all test subjects, given in Table 5.6. As seen from this table, for both resonant
and non-resonant walking, p-values of DLF1 and DLF2 are relatively high, illustrating
little statistical difference between the DLFs of rigid and bridge surfaces for both resonant
and non-resonant walking. However, for DLF3, again, very small p-values result,
indicating significant differences in both mean and standard deviation for both resonant
and non-resonant walking. This suggests that the footbridge vibration influences the
nearest harmonic of walking force for any pacing frequency. This phenomenon is
explored next.
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Table 5. 6. Hypothesis testing results (p-values) for DLFs for all trials and test subjects in resonant and nonresonant cases. (Recall the t-test examines differences in means, while the F-test examines differences in
standard deviations).

DLF no.
1
2
3

Resonant
t-test
0.28
0.19
0.00

F-test
0.14
0.98
0.00

Non-resonant
t-test
0.55
0.11
0.00

F-test
0.05
0.64
0.01

To analyse the DLFs in more detail, p-values of the first three DLFs are obtained for each
test subject at the resonant and non-resonant pacing frequencies (see Tables 5.7, 5.8, and
5.9). These are based on the statistics of the GRFs from 15 trials at each pacing frequency
for each test subject. The test subject-to-footbridge mass ratio, µm, is used to discuss the
results for each test subject. Again, very small p-values are observed for the third
harmonic compared to the other two harmonics for all test subjects. This is strong
evidence that the effects of the footbridge vibration on the third harmonic is significant.
Further, the effect roughly increases with increasing mass ratio. On the other hand, the
first and second harmonics are not influenced much by vibration since their p-values are
high, on average.
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Table 5.7. The first DLFs hypothesis testing results (p-values) and increment for each test subject in
resonant and non-resonant cases. (Recall the t-test examines differences in means, while the F-test examines
differences in standard deviations).

µm (%)
4.8
5.4
5.5
5.7
6.6
7.0
7.3
7.4
7.4
7.8
7.8
8.4
9.3
9.4
10.6
11.6
12.1
16.2

t-test
0.04
0.18
0.23
0.15
0.23
0.04
0.00
0.15
0.13
0.27
0.14
0.14
0.04
0.03
0.13
0.12
0.54
0.29

Resonant
F-test
0.00
0.31
0.33
0.02
0.33
0.01
0.04
0.39
0.20
0.11
0.02
0.33
0.85
0.07
0.03
0.02
0.64
0.13

∆DLF (%)
4.6
4.5
3.
5.2
4.9
3.6
6.0
3.0
5.2
5.1
6.3
4.2
3.6
3.0
2.8
3.3
2.4
2.3

t-test
0.45
0.95
0.64
0.55
0.95
0.45
0.30
0.73
0.42
0.85
0.56
0.68
0.97
0.32
0.62
0.43
0.73
0.55

Non-resonant
F-test
∆DLF (%)
0.43
-0.3
0.15
-0.9
0.05
3.7
0.07
2.1
0.12
3.5
0.04
4.0
0.76
2.4
0.08
1.9
0.24
2.1
0.11
2.6
0.10
2.3
0.21
1.2
0.35
0.2
0.25
-0.2
0.08
-1.2
0.05
-0.9
0.74
-1.5
0.04
-1.5

Table 5. 8. The second DLFs hypothesis testing results (p-values) and increment for each test subject in
resonant and non-resonant cases. (Recall the t-test examines differences in means, while the F-test examines
differences in standard deviations).

µm (%)
4.8
5.4
5.5
5.7
6.6
7.0
7.3
7.4
7.4
7.8
7.8
8.4
9.3
9.4
10.6
11.6
12.1
16.2

t-test
0.19
0.01
0.17
0.03
0.10
0.00
0.11
0.14
0.12
0.81
0.02
0.01
0.45
0.06
0.01
0.03
0.10
0.13

Resonant
F-test
∆DLF (%)
0.00
-6.7
0.19
-2.3
0.72
-5.4
0.18
-4.6
0.95
-3.8
0.01
-5.5
0.00
-4.2
0.74
-3.2
0.00
-6.5
0.74
-5.0
0.00
-4.6
0.05
-2.3
0.06
-5.9
0.00
-6.8
0.00
-6.0
0.14
-6.0
0.30
-6.3
0.72
-5.4

t-test
0.09
0.02
0.12
0.02
0.03
0.01
0.07
0.09
0.03
0.66
0.07
0.01
0.85
0.09
0.00
0.04
0.92
0.10

Non-resonant
F-test
∆DLF (%)
0.57
-3.6
0.87
-3.7
0.37
-4.0
0.77
-6.7
0.71
-5.4
0.90
-8.1
0.73
-5.2
0.41
-6.4
0.60
-5.3
1.00
-4.3
0.86
-3.9
0.88
-1.8
0.88
-2.4
0.70
-5.2
0.41
-6.5
0.77
-6.9
0.25
-6.7
0.51
-6.4
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Table 5.9. The third DLFs hypothesis testing results (p-values) and increment for each test subject in
resonant and non-resonant cases. (Recall the t-test examines differences in means, while the F-test examines
differences in standard deviations).

µm (%)

t-test
0.01
0.00
0.00
0.00
0.00
0.00
0.01
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

4.8
5.4
5.5
5.7
6.6
7.0
7.3
7.4
7.4
7.8
7.8
8.4
9.3
9.4
10.6
11.6
12.1
16.2

Resonant
F-test
∆DLF (%)
0.00
-24.6
0.00
-23.8
0.00
-21.4
0.00
-21.3
0.00
-25.7
0.00
-29.6
0.00
-30.4
0.00
-28.7
0.00
-28.9
0.00
-27.5
0.00
-26.2
0.00
-27.7
0.00
-28.9
0.00
-28.5
0.00
-25.3
0.00
-23.6
0.00
-28.6
0.00
-28.8

Non-resonant
F-test
∆DLF (% )
0.01
-12.9
0.01
-11.1
0.01
-11.2
0.00
-13.0
0.01
-17.0
0.00
-16.4
0.07
-16.5
0.02
-15.4
0.05
-14.9
0.30
-15.5
0.03
-15.6
0.00
-17.2
0.32
-18.8
0.03
-18.4
0.01
-17.6
0.00
-16.8
0.27
-18.4
0.01
-19.2

t-test
0.01
0.00
0.00
0.01
0.00
0.00
0.00
0.00
0.04
0.00
0.01
0.00
0.01
0.02
0.01
0.01
0.00
0.00

Tables 5.7, 5.8, and 5.9 also present relative changes in the mean DLFs, ∆DLF:

∆ DLFi
BS

( DLF
( % ) = 100

BS
i

RS

− DLF i

DLF

)

RS
i

(5.12)

RS

where DLFi and DLFi are mean DLFs (across the 15 trials) for the ith harmonic. For

DLF3, a significant drop is seen for both resonant and non-resonant cases. Apart from
this, DLF3 reductions at the resonant walking are larger than those for the non-resonant
walking, emphasizing high footbridge vibration effects at the resonant walking. As
evident from Figure 5.14a, the footbridge experiences high vibration response even at the
non-resonant walking particularly for heavy test subjects. Considering that the footbridge
vibration response is distributed over the range of 5-6 Hz (Section 5.4.1, Figure 5.13a),
the footbridge vibration is seen to clearly affect the third harmonics of the non-resonant
walking force, but not as significantly as it affects the resonant walking force.
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It is worth noting that similar reductions in DLFs close to the bridge frequency were found
in trials on the low-frequency Warwick footbridge [27]. A possible explanation for these
reductions is that similar to a stationary human ([40],[44]), a moving human also applies
an interaction force to the structure, i.e., GV, proportional to the structural acceleration
[50], [44]. With this concept, there are two components combining to give the GRF on
the bridge surface, GBS : the rigid surface force, GRS , and a vibrating surface force
component,

GV :
GBS = GRS +GV

(5.13)

For the higher-frequency Monash footbridge, the vibrating surface force component still
exists at non-resonant pacing frequencies (according to the non-resonant pacing
frequency results). In contrast, for the low-frequency Warwick footbridge, the vibrating
surface walking force is similar to that of the rigid surface (very similar DLFs) and so the
vibrating surface force component (GV component in equation (5.13)) is negligible. Since
other factors are accounted for, this difference is most likely due to the different humanto-structure mass ratios. The Monash footbridge is far lighter than the Warwick
footbridge and has much higher accelerance (see Figure 5.2). Consequently, it seems that
heavier test subjects can highly vibrate the footbridge even at non-resonant pacing
frequencies (Figure 5.14a).

5.6 Conclusions
In this paper, a novel experimental approach is introduced to quantify the extent of
human-structure interaction on lightweight bridges with natural frequency above 5 Hz. A
purpose-built higher-frequency GFRP footbridge was used for walking trials. A unique
experimental setup was designed to measure vertical walking forces on both rigid and
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flexible surfaces. This setup enables measuring both single-step and continuous GRFs on
both a rigid surface and a vibrating bridge surface for 18 test subjects and trials. In
addition, during walk over the bridge, vibration of the structure is also recorded.

It is consistently found that the vibrating bridge surface causes a statistically significant
drop in the magnitude of the walking force harmonic closest to the vibration frequency.
The amount of the reduction depends on whether the pacing frequency is such to cause a
resonant or non-resonant condition between the relevant bridge frequency and walking
harmonic. This result is similar to some results from a study on a low-frequency bridge.
The findings support the hypothesis that the bridge surface vibration significantly
decreases the magnitude of the harmonic of walking force that is closest to the vibration
frequency. Further, it is also found that pacing frequencies vary more on a vibrating
surface than on a rigid surface. Currently, these aspects are not considered in design
guidelines and could be of significance in more accurately predicting vibration
serviceability of lightweight structures.

Finally, the results of the trials conducted here show that the 5 Hz recommendation for
FRP bridges provided by AASHTO performs poorly. The Monash GFRP footbridge
reaches uncomfortable vibration levels even though the footbridge frequency is higher
than 5 Hz. Therefore, it is necessary to develop more suitable design criteria for FRP
bridges, or indeed, any lightweight bridge characterised by high magnitude of the
accelerance function.
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Abstract
The vibration performance of many structures governs their design. On sensitive
structures, human activities and occupancy can induce excessive structural vibrations.
Human-structure interaction (HSI) can significantly affect vibration responses but it is
ignored in almost all current design guidelines. Concurrently, there is increasing
application of modular structures made of newer lightweight high-strength materials such
as glass fibre reinforced polymer (GFRP). The vibration performance of such structures
is not yet well known. Indeed, it is postulated that HSI will be an important factor in the
vibration serviceability assessment of lightweight structures, identified by their high
human-to-structure mass ratio. This paper examines the effect of HSI on the vibration
response prediction of a lively lightweight GFRP footbridge, and comparison is also made
to results already obtained from a heavy (lower human-to-structure mass ratio) concretecomposite footbridge. An extensive ensemble of walking trials was conducted for a wide
range of test subjects at several pacing frequencies. A vibration perception survey of the
test subjects on the lightweight bridge was carried out. The vibration response prediction
accuracy of non-interacting moving force models (i.e. those with no consideration of HSI)
is assessed for the two footbridges. The effect of HSI on the lightweight bridge vibration
response is quantified using an experimental-numerical programme. It is found that the
non-interacting moving force models produce very poor predictions with lower accuracy
for the lightweight bridge, despite both the light- and heavy-weight bridges having similar
liveliness. This is found to be because the effect of HSI is higher for the lightweight
bridge. Consequently, this study identifies a need for new force models which include
HSI, and which are suitable for the vibration response prediction of both light and heavy
(in terms of human-to-structure mass ratio) footbridges.
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6.1 Introduction
6.1.1 Background
The vibration performance of many modern footbridges under human walking is a vital
serviceability consideration. Inaccurate vibration response predictions at the design stage
can result in the design of structures which exhibit excessive vibrations during their
service. On the other hand, overly-conservative models of vibration response incur
additional unnecessary costs. Concurrently, the application of high-strength lightweight
materials such as fibre-reinforced polymer (FRP) is increasing in the building and civil
construction industries. However, so far there are limited studies on the vibration
performance of such structures [1].

Živanović et al. [2] compared the vibration performance of lightweight FRP bridges (i.e.
Aberfeldy and EMPA bridges) with non-FRP (heavier) bridges (i.e. Podgorica, Sheffield,
and Warwick Bridges). It was concluded that the relatively lower modal mass of the FRP
bridges results in increased liveliness (i.e., accelerance) compared to the non-FRP
bridges. He and Xie [3] studied the dynamic properties of a lightweight steel-concrete
composite bridge under walking people, and found that the pedestrian-to-bridge mass
ratio plays a key role in the dynamic properties of the human-bridge system. From the
results of these studies, it can be seen that neglecting the effect of human-structure
interaction (HSI), as is done in many current guidelines, will lead to inaccurate vibration
prediction for lively lightweight structures [4].
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In the context of the structural vibration serviceability, HSI is defined as the mutual
dynamic effects of the human and the structure on one another. HSI occurs as a feedback
loop when the structure and human are in contact. Walking causes the vibration which is
perceived, in turn altering the walking characteristics and hence the subsequent vibration.
HSI thus has two parts: (1) Structure-to-Human Interaction (S2HI): the effects of the
structural vibration on the human walking forces which are also referred to as ground
reaction forces (GRFs); (2) Human-to-Structure Interaction (H2SI): the influences of the
human body on the dynamic properties of the human-structure system. Vibration in the
vertical direction is the focus of this study.

6.1.2 Previous Studies
For current structural vibration response predictions in practice, the imparted human force
is often modelled as a continuous constant-velocity moving force in guidelines. See for
example, OHBDC [5], U.K. National Annex to Eurocode 1 (British Standards Institution
2008) [6], ISO-10137 [7], Eurocode 5 [8], Setra [9], and HIVOSS [10]. This time-varying
force is typically represented using a Fourier series representation:
N

G ( t ) = W p ∑ DLFk cos ( 2π kf wt + ϕk )

(6.1)

k =0

where Wp = mpg; mp is the pedestrian mass; g is the acceleration due to gravity; fw is the
pacing frequency; and DLFk is the dynamic load factor for the kth harmonic. The phase
angle of the kth harmonic is denoted by φk, and N represents total number of harmonics
considered. In this representation, the harmonic k = 0 corresponds to the static pedestrian
weight, and so φ0 = 0 to give DLF0 = 1. Clearly, the DLFs are essential to this
representation, and these are usually based upon measured walking forces on rigid
surfaces for a number of harmonics ([11]-[14]). Both the moving force and the rigid
surface-based DLFs do not allow for consideration of HSI. Thus, for structures where
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HSI significantly influences the vibration response (such as lightweight footbridges), this
non-interacting force model will lead to inaccurate response predictions.

The importance of HSI on the accurate prediction of vibration response has attracted
increasing attention from researchers in the last few years. Shahabpoor et al. [4]
comprehensively surveyed the literature on HSI in the vertical direction. For the effect of
the structural vibration on the human (i.e. S2HI), a reduction in the magnitude of walking
force due to the vibrating surface has been reported by several authors. Ohlsson [15]
found such a reduction when walking close to the frequency of the structure (i.e. “resonant
walking”). Likewise, Baumann and Bachmann [16] reported a 10% reduction
(approximately) in DLFs for two test subjects walking on a vibrating surface. Pimentel
[17] matched measured vibration responses with those simulated from a moving force
model, concluding that it is necessary to have reductions in the first and second DLFs.
Dang and Živanović [18] used a stationary instrumented treadmill on a lively bridge,
reporting a considerable drop in DLFs around the vibration frequency. Ahmadi et al.
([19], [20]) conducted numerous walking trials on two lively footbridges, measuring
walking forces on both rigid and bridge surfaces. It was found that the vibrating surface
causes a reduction in the DLF of the walking force harmonic of frequency close to the
vibration frequency. Specifically, for the University of Warwick Bridge (a 2.4 Hz 16 t
bridge) a significant drop in the first DLF was found [19], while for the Monash
University bridge (a 5.6 Hz 900 kg bridge), a considerable drop of the third harmonic
DLF was observed [20].

HSI also includes the effects of humans on the dynamic properties of the coupled humanstructure systems (H2SI) [4]. The effects of a stationary person on the mass, damping,
and frequency of the structure are quite well known ([14], [4], [21], [22]). Furthermore,
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walking people can also considerably increase the damping and reduce the frequency of
the coupled system ([15], [23]-[27]). For example, Kasperski [28] concluded that the
damping added to the bridge by a pedestrian can be as high as 13%. More recently,
Ahmadi et al. [19] designed and adopted a novel experimental-numerical programme to
quantify the effects of HSI (including H2SI) on the response of the University of Warwick
footbridge [19]. Considering the increased mass ratios, it is postulated that the effect of
H2SI (and S2HI) could be even greater for lightweight structures.

6.1.3 Contribution
Despite the previous work surveyed above, the influence of HSI on the vibration response
of lively lightweight structures is not yet quantified. It is important to know this, so that
any inaccuracies of moving force models can be assessed. Furthermore, it is important to
determine if the influence of HSI on vibration response is altered according to the humanto-structure mass ratio. Consequently, the specific aims of this work are to:

•

Aim 1: evaluate the accuracy of current non-interacting force models for a
lightweight GFRP bridge (the Monash Bridge), and a comparatively heavier
bridge (the Warwick Bridge).

•

Aim 2: quantify the influence of HSI on the vibration response of the lightweight
GFRP bridge using an experimental-numerical framework.

•

Aim 3: ascertain whether HSI influences the vibration response of light and heavy
structures differently, even when the structures are of similar liveliness.

To address these aims, we first describe an experimental-numerical framework which
provides the raw results necessary (Section 6.2). The experimental setup and walking
trials are explained; and the results given (Sections 6.3 & 6.4). A best-practice highfidelity simulation of vibration response using moving force models is described (Section
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6.5). Finally, in Section 6.6, the results from the previous sections are drawn together to
address the three aims of the work.

6.2 Experimental Framework
6.2.1 Experimental-Numerical Programme
This work uses the experimental-numerical programme proposed by Ahmadi et al. [19].
Referring to Figure 6.1, three metrics are experimentally measured:

•

GRFs on a rigid surface (RS), GRS (b);

•

GRFs on a vibrating bridge surface (BS), GBS (c), and;

•

the bridge vibration response, RM (i).

Simulated vibration responses are found using the high-fidelity numerical bridge model
(e) for three sources of walking force:

•

Non-interacting force models, GCM (a), which leads to responses, RCM (f);

•

GRFs measured on the rigid surface, GRS (b), giving responses, RRS (g), and;

•

GRFs measured on the bridge surface, GBS (c), giving responses, RBS (h).

With reference to the aims of this work, the experimental-numerical framework described
allows the following determinations to be made:

•

For Aim 1: Comparison of the non-interacting force model and the measured
vibration responses, RCM and RM, indicates the accuracy of current design
guidelines in vibration response prediction for this lightweight structure.

•

For Aim 2: Relative comparison of the vibration responses RRS and RBS
demonstrates the influence of the vibrating bridge surface on the walking force
(S2HI), since the numerical model remains unchanged; comparison of the
bridge simulated vibration response, RBS, to those measured from the
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footbridge, RM, indicates the effect of human presence on the dynamic
properties of the footbridge, H2SI.
•

For Aim 3: Comparison of the HSI quantification results of the lightweight
GFRP bridge and those obtained from the heavyweight footbridge [19] using
the same experimental-numerical programme reveals potential differing
effects of HSI on vibration response of lightweight and heavyweight bridges.

The main sources of potential error in the experimental-numerical framework are the
force measurement errors, εG, and the footbridge numerical model error, εNM. These two
sources of error are quantified in Section 6.3.

Figure 6.1. A schematic overview of the experimental-numerical programme used by Ahmadi et al. [19].
See the text for explanation of parts (a) to (i).

6.2.2 Human-Induced Vibration Trials
Walking trials were conducted on two bridges: a 16 m steel-concrete composite bridge in
University of Warwick Bridge, described in detail in [19]; and a 9 m lightweight GFRP
laboratory footbridge in Monash University, Australia, described in detail in [20]. The
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results from the Warwick Bridge are used later as a comparison only, so we just describe
the experiments on the Monash Bridge in more detail.

All structural elements of the Monash Footbridge, shown in Figure 6.2, are connected
using epoxy bonding to provide full composite action. The transverse and longitudinal
strength and stiffness of the footbridge are provided by bidirectional fibre orientations in
the sandwich deck construction of flat sheets, box section, and I-beam girders [20]. A
force plate was positioned on the surface of the footbridge, and so it was covered with a
stiff foam (XPS) and thin wooden sheets (MDF) to provide a flat walking surface. The
footbridge has a natural frequency in the vertical direction in the range of the third
harmonic of walking force. The simply-supported footbridge is 1.5 wide × 9 m long with
total mass of 939 kg and first natural bending mode frequency of about 5.6 Hz.

Walking experiments were conducted for three pacing frequencies: (1) resonant walking
with pacing frequency about 1.87 Hz (112 beats/min of the metronome); (2) non-resonant
walking with pacing frequency of 1.70 Hz (102 beats/min), and; (3) ‘normal’ walking
using a pacing frequency self-determined as comfortable by test subjects. For each
walking trial, test subjects walked a circuit including the footbridge surface (BS), from
S1 to S2, and the rigid surface (RS), from S3 to S4, as shown in Figure 6.3. On both
surfaces, the walking length was 13 m. A metronome was used during each trial so that
test subjects target the desired pacing frequency. After each bridge walk, test subjects
were asked to classify their perception of the footbridge vibration.
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Figure 6.2. Monash GFRP footbridge: uncovered footbridge structure with end walkways shown.

Figure 6.3. Walking path during each walking trial.

Eighteen test subjects (9 male and 9 female) of weights and heights ranging from 444 N
to 1489 N and 154 cm to 190 cm, took part in the experiment (Table 6.1). The human-tobridge mass ratio, µ, is used later to report the results for each test subject. Fifteen
successful trials for each pacing frequency considered were obtained.
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Table 6.1. Test subjects participated in this study (F and M stand for female and male respectively).

Test Subject
No.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
-

µ (%)

Height (cm)

Weight (N)

Gender

9.3
7.8
7.3
4.8
7.4
9.4
7.8
10.6
5.7
11.6
7.0
8.4
5.4
6.6
5.5
7.4
16.2
12.1
-

174
172
166
154
181
186
179
175
166
182
171
173
161
165
164
168
182
190
173±9

865
718
654
444
678
862
717
970
522
1063
647
773
495
609
509
683
1489
1112
767±262

M
M
M
F
M
M
M
M
F
M
F
F
F
F
F
F
F
M
-

6.2.3 Data Acquisition
To measure GRFs on bridge surface, GBS, (See Figure 6.1, (c)) and the vibration response
of the footbridge, RM (See Figure 6.1, (i)), a novel experimental setup was designed,
shown in Figure 6.4. Three devices were used to measure GRFs: (1) A BERTEC FP406007 force plate [29] was placed on the footbridge surface approximately at mid-span; (2)
Four C10 HBM load cells [30] supported the bridge, and; (3) A state-of-the-art in-shoe
plantar pressure measurement system, the Tekscan F-scan ([31]-[33]), was used to
measure GRFs on the bridge and rigid surfaces, GBS and GRS (Figure 6.1, (b)). The
vibration response of the footbridge was measured using two DYTRAN 3191A1
accelerometers placed each side at mid-span, as shown in Figure 6.4. A more detailed
description of the experimental setup and quality control procedures adopted is given in
Ahmadi et al. [20].
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Figure 6.4. Experiment setup for the footbridge walk (A1 and A2 are accelerometers).

A unique data collection was used to collect the GRFs on the bridge surface and
footbridge vibration signals simultaneously, shown in Figure 6.5. The data from four load
cells was recorded by a 4-channel DT9838 module. The data from two accelerometers
and force plate were collected by a 16-channel DT9857E module. The QuickDAQ and
Teskcan data-logger unit were used to set the acquisition parameters. Each signal was
recorded for 20 seconds with sampling frequency of 500 Hz. The 20-second interval was
long enough to capture both the traverse and some subsequent free vibration decay. The
DAQs were synchronised using bespoke wireless triggers to ensure simultaneous
recording of all signals.
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Figure 6.5. Data collection setup for the bridge walk.

6.3 Quantification and Minimisation of Errors
6.3.1 Experimental Setup
To assess the accuracy of the walking trial results, it is important to understand the
influences of potential measurement and calculation errors (see Figure 6.1).
Consequently, the footbridge numerical model error, εNM, and the accuracy of the walking
force measurements, εG, are quantified (see Figure 6.1, εG and εNM). The precisions of load
cells and force plate were also examined by conducting a shaker test. Further, the Tekscan
system error was examined, quantified, and minimized using the force plate results from
the main walking experiments.

Figure 6.6 shows the experimental setup used to determine the footbridge numerical
model error and the force measurement errors of the load cells and force plate. The GFRP
footbridge was excited by an APS 113 ELECTRO series electrodynamic shaker placed
in the middle of the footbridge using an amplitude-constant sinewave of frequency
ranging from 5.0-5.7 Hz with increment of 0.1 Hz. An accelerometer was attached to the
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shaker armature, ash, the reading of which is multiplied by the armature mass (12.3 kg) to
give the shaker force applied to the footbridge, Gsh. Low and high-amplitude vibrations
were imposed. Ten accelerometers were placed along the footbridge centreline to target
the first bending mode. The shaker excitation lasted for 90 seconds to reach a steady-state
response and then the footbridge entered free vibration for 30 seconds. Figure 7 shows an
example set of readings for an excitation frequency of 5.4 Hz using high-amplitude
vibration where ab, Glc, and Gfp are footbridge acceleration, load cells force, and force
plate reading respectively. The first 10 seconds or so of the excitation shows a transient
response leading to an obvious steady-state response.

Figure 6.6. Accelerometers and shaker arrangement.
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Figure 6.7. Time history of (a) shaker acceleration; (b) accelerometer no. 5; (c) load cells, and; (d) force
plate for excitation frequency of 5.4 Hz (when the armature mass stops moving it causes an impulse load
visible in the force time histories).

Only the dominant bending mode is considered (see Figure 6.8). The properties of this
mode are found using the test results, similar to Figure 6.7. The free decay vibration at
the mid-span (accelerometers 5 and 6 in Figure 6.7) were used to determine the damping
and frequency of the bridge-shaker system, ξbs and fbs by fitting an exponential decay
curve (Figures 6.9a and 6.9b). Both the damping and frequency of the system can be seen
to reduce with increasing vibration amplitude. Compared to the empty bridge, the
presence of the shaker (mass of 51 kg) reduces the system’s first natural frequency (to 5.6
Hz) and increases its damping ratio (to around 0.6%). Interestingly, the shaker’s springmounted armature seems to act as a damper on the system.
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Figure 6.8. Numerical model and mass distributoon of the bridge-shaker system.

To determine the mode shape, the acceleration time histories were transformed to
frequency domain using Fast Fourier Transform (FFT), and the imaginary part of the
FFTs at the vibration frequency (around 5.3 Hz) were used. The mode shape of the
footbridge is plotted in Figure 6.9c, as estimated separately from the free decay vibration
response and the steady-state response of the footbridge-shaker system. Due to its support
arrangement, the mode shape should be very close to that for simply-supported beams:
πx 

 L 

φ1 ( x ) = sin 

(6.2)

As it is clear from Figure 6.9c, the simply-supported mode shape well approximates the
actual mode shape of the footbridge. It can also be seen from this figure that the shaker
mass does not appreciably affect the mode shape. As will be described shortly, the modal
mass of the footbridge-shaker system is calculated as 526 kg, treating the shaker as a
lumped mass on the middle of the footbridge (Figure 6.9a).
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Figure 6.9. Bridge-shaker system: (a) frequency, (b) damping, and (c) mode shape.
.

6.3.2 Footbridge Numerical Model and its Error
Using the standard modal space approach (e.g. Chopra [34] or Humar [35]), the equation
of motion for the bridge-shaker system subjected to the dynamic shaker force, Gsh ( t ) , at
the mid-span (see Figure 6.8) is given by:
qɺɺ1 + 2ξ bsωbs qɺ1 + ωbs2 q1 =

1
L
φ1   Gsh ( t )
M bs  2 

(6.3)
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where ξbs , ωbs , and M bs are the bridge-shaker system’s modal damping, frequency, and
mass respectively. For a harmonic force of frequency, ω, and amplitude, Gsh 0 , (
Gsh ( t ) = Gsh 0 sin (ω t ) ), the steady-state response closed form solution of equation (6.3)

(e.g. Den Hartog [36]) is:
Gsh 0 β 2

abse =
M bs

(1 − β ) + ( 2ξ β )
2 2

(6.4)
2

bs

where β is the excitation-to-system frequency ratio, ω ωbs , and abse is the estimated
vibration response of the bridge-shaker system.

The measured steady-state responses, absm , and those estimated from equation (6.4), abse ,
are shown against the frequency ratio in Figure 6.10a. The numerical model based on the
modal properties obtained above are seen to estimate the measured steady-state response
with reasonable precision. The relative error between estimated and measured steadystate responses is:

ε NM = 100

abse − absm
absm

(6.5)

and they are seen to fall within the range of ±10% (Figure 6.10b), regardless of the
vibration amplitude. This then describes the numerical modelling error when the
footbridge’s dynamic properties are determined from its measured free decay response
(see Figure 6.1, (e)).
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Figure 6.10. (a) Measured and estimated steady-state response, (b) relative error between measured and
estimated steady-state responses for both low- and high-amplitude vibrations.

6.3.3 Force Plate and Load Cells Accuracy
To estimate the accuracy of the load cells and force plate, the shaker’s applied force is
taken as the reference. For the load cells, Glc (Figure 6.7c), the total force comprises the
applied shaker force, Gsh, and the bridge-shaker system inertial force, GI. Similarly, for
the force plate, it is mounted on the vibrating surface of the footbridge which influences
the reading. Ahmadi et al. [20] describes how the relevant effective masses are calculated,
and the inertial forces caused by the footbridge vibration removed from the load cells and
force plate readings.

Figure 6.11a compares the load cells force and force plate reading with the shaker’s
applied force for a few vibration cycles and an excitation frequency of 5.4 Hz. As seen,
the frequency of both force plate and load cells signal are very similar to the shaker’s
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force, and there is a very slight shift in the time domain between the force plate or load
cells reading and the shaker’s force (-0.01 and 0.01 second shift for the force plate and
load cells forces). Figure 6.11a also shows the high accuracy of both the load cells and
the force plate in the force amplitude measurement. The relative errors between the
steady-state amplitude of these devices and the shaker are calculated as:

ε G = 100

Gd − Gsh
Gsh

(6.6)

in which Gd is either the amplitude of the force plate reading or the load cells force, and
the shaker’s force amplitude is taken as the reference. Figure 6.11b shows the amplitude
relative error results for both the load cells and the force plate using equation (6.6). The
errors fall within the range ±3% for both the load cells and the force plate (see Figure 6.1,
part (c)).
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Figure 6.11. (a) Comparison of shaker force with the load cells force and the force plate reading for a few
vibration cycles, (b) relative errors of load cells and force plate force amplitude.
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6.3.4 Tekscan F-scan Accuracy
As noted earlier, to measure GRFs on both rigid and bridge surfaces (Figure 6.1, parts (b)
and (c)), Tekscan F-scan in-shoe pressure sensors ([33], [37]) were used (Figure 6.12).
The pressure sensors give the plantar force-time history of each foot. The sensors consist
of many capacitors arranged in rows and columns, termed ‘sensels’. The raw sensor
outputs are converted to engineering units using calibration. Five methods of sensor
calibration are possible, but the “walk calibration” was found to give higher accuracy
[19], and so was performed every 5 trials for each test subject.

Figure 6.12. Tekscan F-scan in-shoe sensors: (a) instrument, (b) example output pressure distribution.

To estimate error in the Tekscan readings, the force plate readings of single footsteps are
used as the reference. A numerical procedure was used to identify complete footsteps on
the force plate [20]. The sample rate is the same for both the force plate and Tekscan and
so time is indicated by the index, i. Index j is used to denote a specific trial of which there
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are N ≤ 15 trials with complete footsteps on the force plate for each test subject and pacing
frequency. The Tekscan measurement relative error for trial j at time i is:

ε ijts =

Gijts − Gijfp
Gijfp

(6.7)

and the mean relative error at time i is:

ε its =

1
N

N

∑ε
j =1

ts
ij

(6.8)

The mean relative error is used as the Tekscan error, ɛG, (see Figure 6.1, parts (b) and (c)).
Figure 6.13 shows the force plate and Tekscan relative error results as well as the mean
relative error for test subject no 2 at the resonance. As seen, the dispersion is quite low
(low standard deviation), particularly for the region of interest (middle part of each
footstep). Analysis of Tekscan errors for all test subjects and pacing frequencies showed
that Tekscan error changes between different test subjects and pacing frequencies.
Therefore, a mean relative error was determined for each set of trials.

In the numerical model that follows, it is necessary to model the true walking forces based
on the Tekscan measurements. The following procedure is used to reconstruct a footstep
GRF from a Tekscan GRF, allowing for the measurement error:
1. Select an individual footstep from the Tekscan signal for the trial.
2. Use the mean relative error to generate a representative footstep (which will be similar
to that measured by the force plate):

Gi fp = Gits (1 + ε its )

(6.9)

3. Repeat steps 1 and 2 for all footsteps of Tekscan GRF for each feet.
4. Add the generated footsteps to create a full-trial walking force-time history.
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Figure 6.13. (a) Force plate and Tekscan readings, (b) relative errors for test subject no. 2 at resonance.

6.4 Walking Experiments Measurements
6.4.1 Measured Vibration Response
Figure 6.14a shows the auto-spectral density (ASD) of the accelerometer signals (see A1
and A2 in Figure 6.4) for test subject no. 2 and trial no. 9 at the resonance (this test subject
and trial are used as a running example throughout the paper). As seen, the ASD has high
amplitude at the first bending mode of the footbridge (5.6 Hz) and negligible at other
frequencies. The ASD clearly shows that most of the footbridge vibration energy is
distributed in the range 5-6 Hz. The mean of the two acceleration signals is taken as the
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footbridge vibration response at mid-span (Figure 6.14b). To focus solely on the first
bending mode, the footbridge vibration responses are filtered using a zero-phase 4th order
band-pass Butterworth filter with range 5-6 Hz (Figure 6.14b). This filter has a fast rolloff and is thus appropriate for narrow frequency ranges. The response envelope exhibits
a double hump shape which may arise from a beat phenomenon. Presumably, this beat
phenomenon occurs when the pacing frequency is close to the footbridge frequency, but
with a small difference [38], [39]. This phenomenon is more noticeable in low-damping
systems [40] such as this footbridge (damping ratio around 0.6% - see next section).
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Figure 6.14. (a) Auto spectral density (ASD) of the original signal, (b) footbridge mid-span acceleration
response for the exemplary test subject (the tapering at the end of the filtered signal is an artefact of the
filter).

246

CHAPTER 6: Assessment of human-structure interaction on a lively lightweight . . .

6.4.2 Footbridge Modal Parameters
The damping and frequency of the footbridge (and force-plate only) were determined
from the free decay vibration part of the acceleration signal for each trial. Both are found
for a moving window of five peaks. An exponential decay curve was fitted (using leastsquares) for the damping. Figure 6.15 shows the results for the exemplary test subject.
For this trial, the damping does not change significantly with amplitude, while the
frequency slightly decreases with increasing vibration amplitude.
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Figure 6.15. (a) Free vibration part of the mid-span acceleration (b) amplitude-dependent damping
(c) amplitude-dependent frequency for the exemplary test subject.

The frequency and damping determined for all trials are shown against vibration
amplitude in Figure 6.16. The wide dispersion of the results between trials indicates the
247

CHAPTER 6: Assessment of human-structure interaction on a lively lightweight . . .
significance of environmental and other effects, such as temperature changes. To include
these effects, the free decay vibration frequency and damping results for each trial are
used in further analysis.

Figure 6.16. (a) Bridge damping, (b) bridge frequencies from free decay response for all trials.

The inertial mass of the footbridge alone is required to remove the effects of vibration on
the load cells’ readings. Without the shaker (which was described earlier), the inertial
mass of the footbridge only, MI, was found to be 610 kg using the free vibration part of
the acceleration and load cells force signals [20].
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The modal mass of the footbridge, Mb, was determined using three mutually-confirming
approaches. First, treating the force plate as a lumped mass at mid-span and making the
good assumption (see Section 6.3.1) of a simply-supported mode shape gives:

L

2
M b =  ∫ m ( x ) φ1 ( x ) dx 
0

mL
= b + M fp
2

(6.10)

where mb is mass per unit length of the covered footbridge excluding the force plate. The
mass per unit length of the covered bridge is 100.1 kg/m, see Figure 6.8. The force plate
weights 38 kg, and so the modal mass is finally calculated as 489 kg. The second method
uses the inertial mass and again treats the force plate as a lumped mass at the mid-span
and the footbridge as a uniformly distributed mass:

L

M I =  ∫ m ( x ) φ1 ( x ) dx 
0

2L
=
mb + M fp

(6.11)

π

Substituting the force plate mass and the footbridge inertial mass in equation (6.11) gives
mb = 99.8 kg/m, giving a modal mass of 487 kg using equation (6.10). For the third

approach, it is considered that the additional covering does not add extra stiffness to the
footbridge and only changes the footbridge mass. Therefore:
M ub f ub2 = M b f b2

(6.12)

where subscript ub stands for uncovered footbridge. Since Mub = 417 kg and fub = 6 Hz
from an experimental modal analysis results on the uncovered footbridge, and fb =
5.55 Hz from the free vibration of the covered bridge at high-amplitude vibrations (see
Figure 6.15c), the modal mass is determined to be 487 kg. The three methods led to very
similar modal mass estimates, 487 kg, giving confidence. Further, the consistency of the
estimate indicates that the simply-supported mode shape and uniformly distributed mass
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are valid assumptions for the footbridge numerical model. Furthermore, the inertial mass
of the footbridge is also seen to be consistent.

6.4.3 Location of Test Subjects’ Force Resultant
For vibration response simulations using a discrete footfall moving force model, it is
necessary to know the precise location of test subjects’ force resultant throughout the trial
[41], [42]. This is approximately the same as the feet location, tough may vary during toeoff or heel-strike somewhat. In addition, the test subject velocity is determined from their
longitudinal trajectory and used in the moving force models [14], [22].

The trajectory of the walking force on the footbridge surface is found from the load cell
readings at each time instant using equilibrium (see Figure 6.17):

Glc1 ( t ) + Glc 2 ( t )
L
Glc ( t )

(6.13)

Glc 2 ( t ) + Glc 4 ( t ) − Glc1 ( t ) − Glc 3 ( t )
W
Glc ( t )

(6.14)

xp (t ) =

yp (t ) =

where xp and yp are the longitudinal and transverse locations of the walking force; Glci ( t )
, is the force at load cell i; Glc ( t ) is the total force

∑ G ( t ) , and; L and W are the
i

lci

longitudinal and transverse distances between centres of the load cells.

Figures 6.18a and 6.18b show the walking force evolution for the exemplary test subject
and trial. The corresponding Tekscan results are illustrated in Figure 6.18c. The
extremums of the transverse force trajectory can be seen to match the mid-stance phase
from the Tekscan measurements, in which one foot is in contact with the surface. The
extremums of the transverse trajectory (see Figure 6.18a) thus indicate the approximate
location of the test subject’s feet. In this running example, the test subject’s right foot first
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touches the footbridge. The longitudinal trajectory of the test subject (see Figure 6.18b)
is very close to a straight line, indicating that the test subject maintained a constant
velocity during the traverse (1.17 m/s in this example).

Figure 6.17. Load cells location and test subjects’ force location.
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Figure 6.18. Approximate feet and force resultant trajectories: (a) Transverse, (b) longitudinal walking
force trajectories, and (c) Tekscan force results for the exemplary test subject and trial at resonance.
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6.5 Vibration Response Simulation
Following the experimental-numerical programme (Figure 6.1), the vibration responses
of the footbridge due to the walking forces measured on both the bridge and rigid surfaces
as well as current force models are simulated. This allows for the assessment of current
force models (Aim 1) and quantification of the different forms of HSI (Aim 2). This
section describes these simulations and the experimental data already described.

6.5.1 Cycle-by-Cycle Analysis
As the footbridge damping and frequency are amplitude-dependent (see Figures 6.15 and
6.16), these parameters are updated on a cycle-by-cycle basis (see Section 6.4.2).
Vibration cycle n is defined as the vibration response between two consecutive vibration
peaks, ap,n-1 and ap,n The equation of motion for the nth vibration cycle is then given by
the modal equation:
qɺɺ1 ( t ) + 2ξb ,nωb ,n qɺ1 ( t ) + ωb ,n 2 q1 ( t ) = G m ( t )

(6.15)

where tn −1 ≤ t ≤ tn and tn −1 , tn are the start and end time of the cycle n, respectively
corresponding to ap,n-1 and ap,n; ωb ,n = 2π fb ,n is the circular frequency for the nth cycle;
f b ,n and ξ b ,n are the footbridge frequency and damping for the nth cycle. The bridge

damping and frequency data are determined using linearly interpolation at ap,n-1 from the
free decay vibration response for the specific trial (see Figures 6.15b and 6.15c).

6.5.2 Bridge and Rigid Surface Simulated Vibration Response
Walking force, G(t), is often modelled as a spatially-continuous constant-velocity moving
force [6], [43]. This assumption approximates the true spatially-discrete nature of loading
from footsteps. As such, the continuous moving force models are more suitable for
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longer-span footbridges [44]. The continuous modal force of equation (6.15) is then given
by:

Gcm ( t ) =

φ1 ( vt ) G ( t )
Mb

(6.16)

Figure 6.19 compares measured and simulated responses using the continuous force
model with parameters (force, velocity, etc) as measured for the exemplary test subject
and trial. The difference between vibration response of Tekscan-BS and Tekscan-RS
reflects the effects of the footbridge vibration on the walking force, since the rigid surface
force measurement is unaffected by any vibration (see Figure 6.1). A significant reduction
in the vibration response is observed due when the walking force is based on that actually
measured on the bridge surface (S2HI). The difference between Tekscan-BS response
and load cell-BS response simply indicates any inaccuracies in the Tekscan
measurements (see Section 6.3.3). The slight difference between the load cell and
Tekscan-BS vibration responses shows good reliability of the procedure proposed in
Section 6.3.3. The load cell-BS response is very close to the measured response. This
suggests that the human body as a dynamic system (in contrast to a moving force) is not
having much influence on the dynamic properties of the footbridge in this example
(H2SI). As will be seen, this is due to the relatively light weight of the test subject (71 kg,
7.8% mass ratio), and this contrasts with the larger effect of the structure on the imparted
force (S2HI).
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Figure 6.19. Acceleration envelopes of simulated and measured vibration responses for the exemplary test
subject using continuous moving force model.

6.5.3 Continuous versus Discrete Footfall Moving Force Analysis
Although the continuous moving force model is frequently used for vibration response
estimation, applying the footstep forces at the location of the test subject’s measured force
resultant (Section 6.4.3) correctly represents the actual loading conditions. Thus, the
discrete moving force model gives more faithful results, particularly for short-span
footbridges. The discrete modal force is given by:

Gdm ( t ) =

nl

1  nr
*
φ
x
t
G
t
+
φ1 ( x*j ( t ) ) Gl ,i ( t ) 
(
)
(
)
(
)
∑ 1 i
∑
r ,i
M b  i =1
j =1


(6.17)

where Gr ,i and Gl ,i are the ith right and the jth left GRFs; nr and nl are the number of
right and left footsteps, and the footstep location at time t is:

xk* ( t ) = H [t − τ k ] − H t − (τ k + ∆τ k ) 

(6.18)

where H[⸱] is the Heaviside step function, τk is the start time of footstep k lasting duration
∆τk. The load cells directly give the total walking force, not individual footstep forces.
Hence the Tekscan measurements (corrected for error as described earlier) are used for
the footstep GRFs in the discrete moving force model.
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Figure 6.20a shows the simulated vibration response for both continuous and discrete
force models for the exemplary test subject and Tekscan-measured bridge surface
walking force. The vibration response for the discrete force model is slightly less than for
the continuous force model. Expanding to all trials, and treating the discrete force model
as the benchmark, the relative error is defined by:

εR =

d
c
RBS
− RBS
d
RBS

(6.19)

d
c
where RBS
and RBS
are the maximum accelerations obtained using the bridge surface

forces in the discrete and continuous force models, respectively. Figure 6.20b illustrates
the histogram of the relative error, ε R , for all trials. It clearly shows that for all test
subjects the discrete force model gives a smaller vibration response compared to the
continuous force model, and this reduction is up to 0.2 for heavy test subjects. Therefore,
for vibration response simulations from BS and RS GRFs, Tekscan force results were
used along with the discrete force model as it is more faithful to the actual loading
condition (See Figure 6.1, parts (b) and (c)).
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Figure 6.20. (a) Continuous versus discrete moving force models for the exemplary test subject, and (b)
histogram of relative error between continuous and discrete moving force models for all trials.

6.6 The Influence of Human-Structure Interaction
Following the presentation of the methodologies and results in the previous sections, this
section specifically addresses the three aims (Section 6.1.3) of this work. Firstly, the
current non-interacting force models are assessed for both footbridges using measured
and force models vibration responses (Aim 1). Secondly, the HSI forms are quantified for
the lightweight bridge through the experimental-numerical programme (Aim 2). Finally,
the magnitudes of the HSI results for the lightweight bridge are compared with those for
the heavy (Warwick) bridge to determine the relationship between HSI and subject massto-structure ratio.

256

CHAPTER 6: Assessment of human-structure interaction on a lively lightweight . . .

6.6.1 Aim 1: Accuracy of Non-Interacting Force Models
As noted in Section 6.1.2, the vibration response prediction for footbridges is commonly
recommended to be conducted using non-interacting force models, such as the continuous
moving force model ([5]-[10]). In these models a Fourier representation of the walking
force is often used (Caprani and Ahmadi [14]). Here, the DLFs proposed by Young [45],
ISO 1037 [7], Brownjohn et al. [46], and Kerr [47] (shown in Table 6.2) are taken as
representative of such models and used to generate the walking force time histories.

Table 6.2. Dynamic load factors models used in the non-interacting continuous walking force models.

k

Young [45]

1

0.41(fw - 0.95)<0.56

ISO 10137[7] Brownjohn et al.
[46]
0.37(fw - 1.0) 0.37fw- 0.42

2
3
4
5
6

0.069+0.0056 fw
0.033+0.0064 fw
0.013+0.0065 fw
-

0.1
0.06
0.06
0.06
-

0.053
0.042
0.041
0.027
0.018

Kerr [47]
-0.26fw3 + 1.32fw2
- 1.76fw+ 0.76
0.07
0.05
0.05
-

Figures 6.21a and 6.21b compare the maximum acceleration response of measured
signals with those from the non-interacting force models (using the DLFs in Table 6.2)
for both the Monash (light) and Warwick (heavy) bridges. The models underestimate the
vibration response for non-resonant walking for almost all trials. However, they highly
overestimate the response for resonant walking for all trials. The overestimation is the
highest for ISO 10137 [7] force model, particularly for the heaviest test subject on the
lightweight bridge. Young’s force model [45] leads to a higher overestimation for the
heavy bridge. The considerable difference between the non-interacting force models and
the measured responses surely (at least partly) originates from ignoring HSI [19].
Furthermore, the DLFs in the models have been derived from measurements on treadmills
or force plates situated on rigid surfaces whereas vibration can cause a significant drop in
walking force [18], [19], [20]. Figure 6.21c shows the mean relative error between the
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simulated maximum acceleration responses and measurements for both footbridges for
resonant walking. The force models have larger errors for the lightweight footbridge, up
to five times the actual response. Further, higher overestimation of the force models for
the lightweight bridge compared to the heavy bridge (see Figure 6.21c) implies a greater
influence of HSI in the lightweight bridge.
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Figure 6. 21. Maximum acceleration response from the considered moving force models and walking
experiments (solid and dashed lines indicate resonance and non-resonance cases respectively): (a)
lightweight Monash GFRP footbridge, (b) heavy Warwick steel-concrete composite bridge, and; (c)
model error (overestimation) for different bridge-to-mass ratios for a range of test subjects.
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6.6.2 Aim 2: Significance of Human-Structure Interaction
To quantify the effect of HSI on the response of the Monash footbridge, the relative
difference between the mean vibration responses obtained from the bridge and rigid
surface walking forces (see Figure 6.1) is used. Table 6.3 summarizes the S2HI and H2SI
effects separately, and their combined effect using, respectively:

∆S2HI = ( RRS − RBS ) / RM

(6.20)

∆ H2SI = ( RBS − RM ) / RM

(6.21)

∆ HSI = ∆ S2HI + ∆ H2SI

(6.22)

The higher drop in vibration response at resonant walking for all test subjects
demonstrates a significant influence of S2HI on the vibration response. This drop is
pronounced for the heaviest test subject, µ = 16.2%. The reduction in response due to
H2SI is significantly lower than that of S2HI. This shows a comparatively stronger
influence of S2HI. The lower effects of H2SI even for heavy test subjects could arise
from the short contact time of the test subject with the bridge [48]. It should be noted that
the error of the footbridge numerical model involved in the simulations could be around
±10% (see Section 6.3.1). For S2HI, since the same model was used for both rigid and
bridge surface simulations, the vibration response difference can only be due to S2HI.
However, for H2SI, the numerical model error could influence the results (see Figure
6.1).

6.6.3 Aim 3: Influence of Mass Ratio on Human-Structure Interaction
To determine influence of mass ratio on HSI, the results from the lightweight (Monash)
bridge are compared to the heavy (Warwick) bridge. To have a correct and meaningful
comparison, it is important to show that both bridges exhibit similar levels of liveliness
since HSI is dependent on the bridge vibration level ([19], [20]). This is achieved by
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comparing the response factors for both bridges, which are taken as the ratios of complaint
to perception thresholds [18]. For the Warwick Bridge, a previous study found that these
response factors vary between 1.5–2.6 depending on pacing frequency, with a mean about
2.0 [18]. A similar study of vibration perception is therefore conducted for the Monash
Bridge.

Table 6.3. Relative and combined influence of HSI types (see equations (6.20), (6.21), and (6.22)).

µ (%)
4.8
5.4
5.5
5.7
6.6
7.0
7.3
7.4
7.4
7.8
7.8
8.4
9.3
9.4
10.6
11.6
12.1
16.2

∆ S2HI
0.03
0.24
0.26
0.35
0.02
0.18
0.16
0.30
0.19
0.24
0.22
0.31
0.42
0.17
0.39
0.39
0.41
0.64

Non-resonant
∆ H 2SI
0.04
0.03
0.16
0.06
0.07
0.11
0.06
0.12
0.11
0.03
0.03
0.13
0.02
0.10
0.09
0.08
0.10
0.11

∆ HSI
0.07
0.27
0.42
0.41
0.09
0.29
0.22
0.42
0.30
0.27
0.25
0.44
0.44
0.27
0.48
0.47
0.51
0.75

∆ S2HI
0.12
0.54
0.43
0.60
0.22
0.32
0.38
0.69
0.50
0.44
0.60
0.58
0.60
0.75
0.68
0.67
0.85
2.95

Resonant
∆ H 2SI
0.22
0.17
0.24
0.27
0.15
0.18
0.42
0.48
0.56
0.14
0.22
0.32
0.23
0.12
0.19
0.16
0.10
0.62

∆ HSI
0.34
0.71
0.67
0.87
0.37
0.50
0.80
1.17
1.06
0.58
0.82
0.90
0.83
0.87
0.87
0.83
0.95
3.57

After each walking trial on the Monash Bridge, the test subjects were asked to
subjectively categorize their perception of the vibration into one of following classes: no
perception of vibration (CL1), acceptable vibration and no effect on walking style (CL2),
acceptable vibration and occasional effect on walking style (CL3), and strong and
uncomfortable vibration and frequent effect on walking style (CL4). These class are the
same as those used in Setra [9] and similar to those in Dang & Živanović [18]. To
understand the relationship between the footbridge vibration response and perception
classes, the maximum acceleration response of each acceleration signal, amax, against the
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actual pacing frequencies are presented in Figure 6.22 for different perception classes.
The red vertical dashed lines show the resonant range of the footbridge [20]. Typically,
as is expected, the resonant vibrations result in a higher perception of vibration than the
non-resonant vibrations. However, in some cases, test subjects’ sensitivity to vibration at
non-resonant walking is also significant. The mean maximum accelerations of the CL1
and CL2 perceptions are taken as the vibration perception threshold [18]; 0.98 m/s2 and
0.45 m/s2 for the resonant and the non-resonant cases (see Figure 6.22). The mean
maximum accelerations for CL3 and CL4 are regarded as a complaint threshold [18];
1.61 m/s2 and 0.81 m/s2 for the resonant and the non-resonant cases (see Figure 6.22).
Thus, the response factors for the Monash Bridge are 1.64 and 1.80 for the resonant and
the non-resonant cases respectively.

A response factor of 2–4 is recommended for low probability of adverse occupant
experiences during daytime vibration exposure in residential environments (Concrete
Centre 2007 [49], ISO [7]). The results of this study indicate a response factor of
approximately 2 is appropriate for walking. Interestingly, this finding is similar to those
from the Warwick Bridge (1.5–2.6) [18]. Therefore, it can be concluded that the
lightweight Monash and heavyweight Warwick Bridges are of similar liveliness. As such,
a comparison of the level of HSI for each bridge is more likely to do with the structureto-human mass ratio, than to do with conscious vibration perception.

As HSI has the highest effect for the resonant walking (see Table 6.3 and Ahmadi et al.
[19]), the combined effects of HSI, ∆HSI, for the Monash Bridge, and those given in
Ahmadi et al. [19] for the Warwick Bridge, are compared. Figure 6.23 shows the
magnitudes of HSI against test subject-to-structure mass ratio for resonant walking. It is
quite evident that the magnitude of HSI is correlated with the mass ratio, and the Monash
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Bridge (light) gives HSI magnitudes far higher than the Warwick Bridge (heavy). Indeed,
even for the same test subject on both bridges (as highlighted in the Figure 6.23 by green
filled circles), it is clear that the magnitude of HSI is strongly influenced (0.38 vs 0.78).
It is therefore apparent that future models that account for HSI should also consider the
subject-to-structure mass ratio.
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Figure 6.22. Maximum acceleration response versus pacing frequencies for test subjects’ perception
classifications (vertical red dashed lines show resonance range).
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Figure 6.23. Total HSI effect for resonant walking on both the Warwick (heavy) and Monash (light)
Bridges. The two results for the common test subject on both bridges are indicated by a filled-in circle.
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6.7 Conclusions
In this paper, the contribution of human-structure interaction to vibration response
estimation of a lively lightweight GFRP footbridge (Monash University footbridge) was
studied. An extensive set of walking trial tests using a large number of walkers was
performed on the Monash Bridge. During each trial, the footfall force was measured on
the vibrating footbridge surface and the rigid surface along with the footbridge vibration
response. The force measurements errors and the footbridge numerical model error were
quantified. Moving force models were used to simulate vibration responses from the
walking forces measured on both rigid and bridge surfaces. Three aims of the research
have been addressed.

Firstly, evaluation of key non-interacting force models was performed for both the
Monash and Warwick Bridges. It is found that non-interacting force models from the
literature highly overestimate the vibration response of both footbridges at resonant
walking. This overestimation is far higher for the lightweight bridge. Clearly then,
consideration of human-structure interaction seems indispensable for the design and
assessment of lightweight structures.

Secondly, quantification of human-structure interaction was carried out for the
lightweight bridge using an experimental-numerical programme. The structure’s
influence on human walking (S2HI) was found to be much higher than the human’s
influence on the structure (H2SI) for the lightweight bridge. This effect can be included
in moving force models by reducing the DLF of the walking harmonic closest to an
integer multiple of the footbridge natural frequency of interest.
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Thirdly, using analysis of walking test subject perceptions, it is concluded that the
response factor for the lightweight footbridge is similar to that of the heavier bridge and
the lower limit suggested for residential structures and non-walking postures. This
indicates that both bridges have similar liveliness under human walking. Consequently,
the comparison of HSI for both bridges shows the importance of human-to-structure mass
ratio. It is found that HSI is far more significant in the lightweight footbridge due to this
higher mass ratio. Consequently, consideration in the vibration serviceability assessment
of lightweight structures should be given to HSI in such cases.
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Abstract
The interaction between structures and walking humans is a key factor in vibration
serviceability assessment, particularly for slender, lightweight, and low-damping
structures. Moving humans add mass, stiffness, and damping to human-structure system,
i.e. Human-to-Structure Interaction. Simultaneously, the walking force can alter due to
vibrating surface of the structure, i.e. Structure-to-Human Interaction. Collectively these
effects are known as Human-Structure Interaction (HSI). The conventional vertical
moving force (MF) model, which is currently adopted in most design guidelines and
codes, does not include HSI. However, a moving spring-mass-damper (MSMD) model
can incorporate HSI for better vibration response prediction. The MSMD model
parameters have been much studied in the biomechanics literature. However, the
literature lacks an experimental calibration of the MSMD model parameters on a vibrating
surface for vibration serviceability design and assessment purposes. To address this
deficit, an experimental-numerical methodology is developed to calibrate the MSMD
model parameters by matching measured and simulated vibration responses.
Furthermore, for easy implementation into engineering practice, an equivalent moving
force (EMF) model is also considered. The walking force on rigid surfaces along with
vibration responses of two lively full-scale laboratory footbridges (a low-frequency
footbridge and a higher-frequency footbridge) are measured for several test subjects and
trials. The experimental results of the higher-frequency footbridge are used as the training
dataset to extract optimal MSMD model parameters. The results from the low-frequency
footbridge are used to validate the proposed MSMD and EMF models. The validation
tests results show a considerable improvement in the vibration response prediction using
both models.
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Keywords
Human-induced vibration; human-structure interaction; moving spring-mass-damper
model; equivalent moving force model; vertical walking force.

7.1 Introduction
7.1.1 Background
Many modern structures are vibrationally-vulnerable to human activities, especially with
the growing use of high-strength and lightweight materials in the construction industry.
Human activities such as walking, jumping, and running may induce uncomfortable
vibrations to users; termed structural serviceability failure. Hence, vibration serviceability
assessment is essential in the design of sensitive structures exposed to human walking.

To estimate human-induced vibrations of structures, it is best that the influence of the
human body is modelled along with the underlying structure. Different models are used
to consider human effects on the structure. A basic model simulates the walking human
as a moving force (MF), in which a single varying-amplitude force crosses the structure
at a constant velocity. This model may overestimate structural vibration response as it
ignores interaction between the human body as a dynamic system and the vibrating
structure [1]. Going further, to account for human mass, stiffness, and damping effects, it
is more realistic to use a moving spring-mass-damper (MSMD) [2], and this is
increasingly used in recent human-induced vibration literature [3]. However, a remaining
challenge is to calibrate the MSMD model parameters using experimental results to
improve the accuracy of structural vibration response predictions.
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7.1.2 Human Models
Many guidelines have used a MF model to evaluate vibration serviceability of footbridges
(e.g., OHBDC [4], BS 5400 [5], ISO-10137 [6], Eurocode 5 [7], Setra [8], HIVOSS [9]).
This force model only considers the imparted walking force, mostly developed from force
plate and treadmill measurements mounted on rigid surfaces. Consequently, the
influences of mass, damping, and stiffness of the human body, along with any walking
force alteration due to the vibrating surface, are ignored in the specifications.
Nevertheless, MF models are now incorporated into engineering practice software, and
so regularly used for design and assessment. Recently an equivalent MF model (EMF),
which can be implemented in existing engineering design software, has been proposed to
take account of HSI. However, the parameters of the EMF are not yet experimentally
validated.

There exists increasingly convincing experimental evidence that humans contribute to the
damping and frequency of the human-structure system ([10]-[13]). It is also becoming
accepted that the harmonic of walking force drops around the vibrating structure
frequency ([14]-[17]). In contrast to the MF model, the MSMD model incorporates the
influence of human mass, stiffness, and damping on the walking force [18]. Modelling a
walking human on a vibrating surface as a linear MSMD makes it possible to decompose
the imparted walking force into two components: (1) a notional walking force on a rigid
surface, and; (2) the interaction force due to the vibrating surface [2]. This approach is
beneficial because the rigid-surface walking force is very well developed through
numerous studies over several decades ([19],[20],[21],[6]). However, it remains to
determine a calibrated and validated representation of the interaction force, and it is
because of this lack of knowledge that MSMD models are not yet common in engineering
practice, even though regularly used in research.
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To use the MSMD model, accurate parameters are clearly essential to obtain good
predictions of vibration response. These parameters have been much investigated in
biomechanical engineering applications using measurements of rigid surface walking
forces and accelerations of the human body centre of mass ([22]-[28]). For structural
vibration, Archbold [29], Caprani et al. [30], Archbold et al. [31], and Ahmadi and
Caprani [32] adopted the MSMD model parameters from the biomechanics literature.
Silva and Pimentel’s work [33] proposed ranges for the MSMD model parameters using
a synthetic walking force model rather than measured walking forces. Toso et al. [34]
used the measured vertical walking force on a rigid surface to determine the MSMD
model parameters. They verified the model on a full-scale footbridge. However, this
bridge is relatively stiff giving maximum acceleration up to just 0.4 m/s2 and so the results
may not be suitable for more flexible footbridges. Recently, Zhang et al. [35] reported a
range of frequencies and damping for the MSMD model but no walking forces were
measured. Overall then, there is not yet experimental calibration and validation of the
MSMD model parameters on lively footbridges for a range of test subjects and trials.

7.1.3 Contribution
Two knowledge gaps have been identified: model parameter estimation and validation
for both the MSMD and EMF models. To address these gaps an experimental-numerical
framework using the vertical acceleration response of two lively footbridges is developed.
Walking forces on both rigid and bridge surfaces are measured. The experimental results
of one footbridge are used to determine optimal MSMD and EMF model parameters by
matching measured and simulated vibration responses. The adequacy of the proposed
MSMD and EMF model parameters are tested against the experimental results of the
second footbridge. The results show a good agreement between the responses of the
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proposed models and the measured footbridge responses. As such, the MSMD parameters
should find good use in further research, and perhaps future engineering practice
software, while the EMF parameters can find immediate application in practice.

7.2 Experimental Tests
7.2.1 Full-Scale Footbridges
The two full-scale laboratory footbridges used are: (1) the Monash Bridge (MB), shown
in Figure 7.1a, which is constructed from epoxy-bonded pultruded glass fibre reinforced
polymer (GFRP) located in Monash University, Australia; (2) the Warwick Bridge (WB),
shown in Figure 7.1b, a steel-concrete composite footbridge located in the University of
Warwick, UK. The first bending mode frequency, fb, damping, ξb, and modal mass, Mb,
along with span length, Lb, of both footbridges are summarized in Table 7.1.

The Monash Bridge is a lightweight structure with a natural frequency within the range
of the third harmonic of walking force, about 5.6 Hz. In contrast, the Warwick Bridge is
a comparatively much heavier structure with first natural frequency just within the range
of the first harmonic of walking force, about 2.4 Hz. As such, we refer to the MB as a
higher-frequency footbridge, and the WB as a lower-frequency footbridge. The different
properties of these two footbridges gives a wide range of applicability of the results of
this study.

Table 7.1. Relevant properties of the Monash and Warwick footbridges (see text for symbols).

Footbridge
Monash
Warwick

fb (Hz)
5.6
2.4

ξb (%)
0.6
0.3

Mb (kg)
487
7614

mb (kg/m)
92.5
829.0

Lb (m)
8.7
16.2
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Figure 7.1. Two full-scale laboratory footbridges: (a) higher-frequency Monash Bridge, 5.6 Hz (b) lowfrequency Warwick Bridge, 2.4 Hz.

7.2.2 Walking Trials
Extensive walking experiments were conducted on both Monash and Warwick
footbridges. These experiments are described in detail in two companion papers [36],
[37]. Only a summary of the necessary aspects of the trials are reported here. The
interested reader should refer to the other papers for further details.
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For each walking trial, a test subject walked a circuit of a bridge surface (BS) and a rigid
surface (RS), Figure 7.2. The walking length, Lw, was the same for both surfaces (see
Figure 7.2 – 13.0 m and 16.2 m, respectively for the Monash and Warwick footbridges).
A metronome was used so that test subjects targeted the desired pacing frequency.

Figure 7.2. Schematic plan of a walking trial.

The Monash Bridge trials comprised of walking at 1.86 Hz (third harmonic resonant
walking), 1.7 Hz (third harmonic non-resonant walking) and normal walking (pacing
frequency at which each test subject naturally walks). For the Warwick Bridge, the trials
consisted of 2.4 Hz (first harmonic resonant walking), 2.1 Hz (first harmonic nonresonant walking), and normal walking.

For the Monash Bridge, 18 test subjects (9 males and 9 females) participated (see Table
7.2). Each walking frequency, fw, was repeated to reach 15 acceptable walking trials, and
so 45 trials were recorded for each test subject. For the Warwick Bridge, 5 test subjects
(4 males and 1 female), took part (see Table 7.3) with 5 acceptable trials performed for
each walking frequency, giving 15 trials in total for each test subject.
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Table 7.2. Test subjects of the Monash Bridge experiments.

Test Subject No.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

Weight (N)
865
718
654
444
678
862
717
970
522
1063
647
773
495
609
509
683
1489
1112

Gender
M
M
M
F
M
M
M
M
F
M
F
F
F
F
F
F
F
M

Table 7.3. Test subjects of the Warwick Bridge experiments.

Test Subject No.
1
2
3
4
5

Weight (N)
543
646
793
968
1117

Gender
M
F
M
M
M

The number of walking trials and test subjects for the Monash Bridge are higher, and so
the walking experiments on the Monash Bridge are used as the training dataset to calibrate
the EMF and MSMD model parameters. The Warwick Bridge trials are used to validate
the model parameters. The previous papers on the Monash and Warwick footbridges ([37]
and [36]) show that the effects of HSI were observed in both bridges in terms of both the
imparted walking forces and vibration responses. This effect was most pronounced in the
design-critical scenario of resonant walking. Therefore, the results of resonant walking
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experiments are used in the MSMD model calibration process as it is both the critical
design consideration and exhibits most HSI.

7.2.3 Experimental Results
During each walking trial, the acceleration responses of the footbridge and the vertical
walking force on the rigid surfaces were measured. Figure 7.3 shows the measured
vibration response for the third harmonic of resonant walking on the Monash Bridge
(Figure 7.3a) and the first harmonic of resonant walking on the Warwick Bridge (Figure
7.3b). These measured responses are presented for a common test subject in the two trials
(MB – no. 18; trial 7; and WB – no. 3; trial 3). Note that this person and trials are used as
running examples throughout the paper. A 4th order zero-phase band-pass Butterworth
filter was used to filter the vibration responses of each footbridge to isolate the dominant
fundamental mode. The high vibrations of both footbridges indicate their liveliness under
human walking (see Figure 7.3) – around 2.0 m/s2.

In contrast to force plate and instrumented treadmill studies, where test subjects walk on
the spot, the full-time walking force was measured during each walking trial in this study.
To achieve this, in-shoe sensors, specifically the Tekscan F-scan in-shoe foot pressure
sensors, were used here [38], [39]. These sensors provide plantar force-time histories for
each foot. The left and right feet forces are added to obtain the total walking force. Figures
7.4a and 7.4b show total vertical walking force measured on the rigid surface for the
exemplar test subjects.
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Figure 7.3. Mid-span resonant walking accelerations for the same person on: (a) Monash Bridge (as test
subject no. 18 and trial no. 7) (b) Warwick Bridge (as test subject no. 4 and trial no. 3).
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Figure 7.4. Resonant pacing frequency rigid surface walking force for the exemplar test subject and trials:
(a) Monash Bridge test; (b) Warwick Bridge test.

The Tekscan sensors have many important aspects to consider so that reliable
measurements are obtained. These are explained in more detail in [36] and [37]. However,
some aspects of relevance here are the zeroing of the sensor output, and sensor drift.
Indeed, when one foot is supporting the body weight during walking, the other foot is not
touching the ground and its force reading should be zero. However, because the sensors
are pre-tensioned to the sole of the foot by shoe-lacing, the output of Tekscan sensors is
not necessarily zero when the foot is in the air. Hence, it is necessary to zero the force
output for each trial during a swing phase. Further, due to degradation of the sensor, drift
of the sensor output can occur over time. Additionally, the sensors can become damaged
so that they no longer export forces. A calibration, which uses the test subject’s weight,
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Wp, was used to reduce the introduced errors and convert the sensors output into force
measurement unit.

7.3 Human-Structure Models
In this section, the human-structure system models are formulated. The footbridge is
modelled as a simply-supported beam in modal space using its first bending mode
properties. This is adequate since both structures have widely-spaced modes; the second
modes giving little contribution to vibration responses. The walking pedestrian is
modelled as both a MF and MSMD. The MSMD-structure model will be used in the
calibration process of the MSMD model parameters, and the MF-structure model
represents the current design approach. The EMF model is also considered, and used to
facilitate implementation in professional engineering practice.

7.3.1 MF-Structure Model
In this model, the pedestrian is modelled as a moving force—as measured on a rigid
surface—GRS (t), travelling at a constant velocity, v (Figure 7.5a). In this case, the first
mode modal force is given by:
F1 ( t ) =

Lb

∫ G ( t ) δ ( x − vt ) φ ( x ) dx
RS

1

(7.1)

0

in which δ (.) is the Dirac delta function required to locate the force on the footbridge; ϕ1
is the arbitrarily-scaled footbridge mode shape, shown in Figure 7.5. Using the sifting
property of the Dirac delta function, equation (7.1) becomes:

F1 ( t ) = GRS ( t ) φ1 ( vt )

(7.2)

Therefore, the equation of motion in modal space is [3]:

qɺɺ1 ( t ) + 2ξbωb qɺ1 ( t ) + ωb 2 q1 ( t ) =

φ1 ( x )
Mb

GRS ( t )

(7.3)
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where q1, qɺ 1, and qɺɺ1 are the modal displacement, velocity, and acceleration for the first
mode of the footbridge; ξb, ωb, and Mb are the first mode’s damping, circular frequency,
and mass. Finally, the vibration response of the footbridge in physical coordinates at any
location is:

uɺɺ( x, t ) = φ1 ( x) qɺɺ1 ( t )

(7.4)

7.3.2 MSMD-Structure Model
In this model, the pedestrian is modelled as a linear moving single-degree-of-freedom
mechanical system (or MSMD) with mass, mp, damping, cp = 2mpξp, and stiffness, kp =
mpωp2, where ωp = 2πfp (Figure 7.5b); fp and ξp are frequency and damping of the model.
The equation of motion for the SMD is then given by [3]:

mpqɺɺ1 + cp ( yɺ −φ1qɺ1 ) + kp ( y −φ1q1 ) = 0

(7.5)

where y is the displacement of the mass from equilibrium position. The interaction force
between the footbridge and MSMD model is [3]:
GBS ( x, t ) = GRS ( t ) − m p ɺɺ
y  δ ( x − vt )

(7.6)

As seen in equation (7.6), a linear MSMD can be thought of as splitting the contact force
on the bridge surface, GBS, into the walking force on the rigid surface (measured during

ɺɺ
walking experiments), GRS, and the interaction force component, −my
p . This reduction in
the bridge surface force is supported by experimental evidence on both Monash and
Warwick footbridges for resonant walking trials ([36], [37]).
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Figure 7.5. Human-structure models: (a) conventional moving force (b) interacting moving spring-massdamper.

Equations (7.3) and (7.6) for the footbridge and (7.5) for the SMD can be expressed in
two coupled equations as follows:
1

0

m pφ1 ( vt )   qɺɺ1   2ξ b ω b
 +
mp
y   − c pφ1 ( vt )
  ɺɺ

0   qɺ1  
ω b2
+
  
c p   yɺ   − k pφ1 ( vt )

0   q1   G RS ( t )φ1 ( vt ) M b 
 = 

k p   y  
0


(7.7)
This is solved using Newmark-Beta scheme to simulate vibration response of the bridge

for a given set of SMD parameters.
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7.3.3 EMF Model
In this section, the previously-proposed equivalent moving force (EMF) system is briefly
described [32]. In the time domain, continuous walking force is commonly described
using a Fourier series [40], [41], [42], [3]:
r

G( t ) = Wp ∑DLFk cos ( 2π kfwt +ϕk )

(7.8)

k =0

where Wp = mpg and mp is the pedestrian mass, g is the acceleration due to gravity; fw is
the walking pacing frequency; and DLFk is the dynamic load factor (DLF) for the kth
harmonic. The phase angle of the kth harmonic is denoted by φk, and r represents total
number of harmonics considered. In this representation, the harmonic k = 0 corresponds
to the static pedestrian weight, and so φ0 = 0 and DLF0 = 1.

For the EMF system, the footbridge modal model is subjected to the kth harmonic of the
walking force, GkRS = DLFkcos(2πkfwt+φk). Figure 7.6a shows the reference system, a
stationary spring-mass-damper (SSMD) at the location of xp (that is, “walking on the
spot”) and Figure 7.6b shows an EMF system for the footbridge and resonant kth
harmonic of the walking force. The steady-state vibration response of the reference
SSMD system is matched with that of the EMF system. The resulting bridge damping in
the EMF model is then given by [32]:

 4ξbξ p

 
1  1

+ µ1φ12  + 4  ξb 1 − 2  − µ1φ12ξb 

α
α
α
1 

 


=
2
2
2
1 
 ξb 

1 − 2  + 4  
 α 
α 
2

ξbeq

2

(7.9)

where α is the SMD-to-bridge frequency ratio (i.e. α = fp/fb) and µ1 is the MSMD-tobridge mode mass ratio (i.e. µ1 = mp/Mb). This equivalent damping of the bridge can be
used in an MF model to return vibration responses equivalent to that of the MSMD-
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structure model. When the SSMD model frequency is in resonance with the footbridge,
i.e. α = 1, equation (7.9) reduces to:

ξ

eq
b

=

µ1φ12
2

 2ξ b
1
1+ 
+
 µ φ 2 2ξ
p
 1 1





2

(7.10)

Equation (7.9) shows that vibration response of SMD-structure models depends on the
frequency ratio, α, and not the SMD frequency only, fp. Using the frequency ratio adds
generality to the calibration results.

Figure 7.6. (a) Stationary spring-mass-damper model, and (b) equivalent moving force model.

285

CHAPTER 7: Experimental validation of moving spring-mass-damper and . . .

7.3.4 Simulation Example
Representation of the frequency and damping of the structures plays a pivotal role in the
accurate simulation of footbridge vibration response. For both footbridges, free decay
vibration results showed that the damping, ξb, and frequency, fb, are amplitude-dependent.
Thus amplitude-dependent damping and frequencies are used in a cycle-by-cycle analysis
to minimize the inaccuracies arising from poor representation of the footbridge properties
([36], [37]). Further, the results of experimental modal analysis on both cases showed that
the mode shapes are very close to that of a simply-supported beam, given by:
πx 

 Lb 

φ1 ( x ) = sin 

(7.11)

Newmark-β integration was used to solve equations (7.3) and (7.7). Furthermore, the
equivalent damping was determined at the mid-span (ϕ1(x = Lb/2)) using equation (7.9)
and used in the EMF model for both footbridges.

For the three models described, Figure 7.7 shows the positive envelope of simulated
vibration response of the Monash Bridge for the exemplar test subject using MSMD
model parameters, mp = 113 kg, fp = 2 Hz, and ξp = 0.2. Clearly the MF model highly
overestimates the vibration response for the exemplar test subject, compared to the
measured vibration response (see Figure 7.3a). This obviously shows the need for a more
accurate model for structural vibration response predictions that the MF model currently
used in guidelines. Further, compared to the MF model, the MSMD model gives a lower
vibration response due to the effects of mass, stiffness, and damping parameters.
Encouragingly, the simpler EMF model gives a close match to the MSMD model
response.
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Figure 7.7. Positive Envelope of simulated vibration responses of MF-structure, MSMD-structure (mp =
113 kg, fp = 2 Hz, and ξp = 0.2), and EMF models (ξbeq = 0.02) as well as measured vibration response for
the exemplar test subject on the Monash Bridge.

7.4 Calibration of MSMD Parameters
Calibration of the MSMD model is carried out to the vibration responses of the Monash
Footbridge, as noted earlier. The best fit model parameters α, and ξp are determined. The
mass of the MSMD model is taken as the mass of the pedestrian, mp. The objective
function is a least squares error between the model and measured responses.

7.4.1 Parametric Study
Prior to application of an optimization routine to find the best fit parameters, a parametric
study is conducted to find the feasible ranges of the MSMD model frequency ratio and
damping. The considered bridge response metric is the maximum acceleration response,
amax. Alternatively, the temporal root mean square (RMS) could be used, but over a few
cycles, these measures are proportional [8].

Figures 7.8a and 7.8b show the maximum acceleration response of the exemplar test
subject versus MSMD-to-bridge frequency ratio (α = fp/fb) for a wide range of the MSMD
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model damping ratios, ξp. At small α values, the MSMD response approaches the MF
response. For both footbridges, an increase in α leads to a decrease in the vibration
response for α up to 1 (see Figures 7.8a and 7.8b). For α > 1, the vibration response
roughly increases with increasing α until it reaches a constant value. For the lowfrequency footbridge (WB), this constant value is identical to the MF vibration response
while for the higher-frequency footbridge (MB), it is far lower than the MF response.
Furthermore, at α values far enough from 1, an increase in ξp reduces the vibration
response whereas at α values around 1, the effect of ξp becomes such that it increases the
vibration response (see Figures 7.8a and 7.8b). For ξp values much higher than 0.6, the
change in MSMD model response is very small (Figures 7.8a and 7.8b) and so 0.6 is
chosen as the maximum value for the MSMD model damping range of the investigation.
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Figure 7.8. Effects of the MSMD model frequency and damping on vibration response of: (a) Monash
Bridge, and (b) Warwick Bridge for the exemplar tests and trials.
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Interestingly, these results are hinted at by the simpler closed-form approach of the EMF
model. As seen in equation (7.9), when α approaches zero, 1/α approaches infinity. 1/α4
approaches infinity faster than 1/α2 and the ξbeq limit is ξb, which means the response
approaches the MF response (see Figures 7.8a and 7.8b). Equation (7.10) clearly shows
that equivalent MF damping reduces with increasing SMD damping at around α = 1,
leading to lower responses (Figure 7.8b). If α approaches infinity, i.e. relatively high
values, equation (7.9) reduces to:
2

 µ1φ12 
 +1
 2ξb 

ξbeq = ξb 

(7.12)

As the low-frequency footbridge (WB) has a very low mass ratio, µ1, the term under
square root in equation (7.12) is close to 1, and thus ξbeq is very close to ξb resulting in a
similar vibration response to that of the MF model (Figure 7.8b). On the other hand, the
high mass ratio of the higher-frequency footbridge (MB) leads to an equivalent damping
far higher than the bridge damping, and hence a vibration response far lower than the MF
response (Figure 7.8a).

The feasible ranges for the MSMD model parameters are identified as those resulting in
intersection with the corresponding measured vibration responses in Figures 7.8a and
7.8b. For the higher-frequency footbridge (MB), the MSMD models with α around the
third harmonic of walking force, α = 0.33, are good matches with the measured vibration
response (see Figure 7.8a). However, for the low-frequency footbridge (WB), MSMD
models with α around the first harmonic of walking force, α = 1, are good fits for the
measured values (see Figure 7.8b).

As different bridges give different feasible α parameter ranges, a new parameter is
defined, β = kfp/fb = kα, for the kth harmonic of walking force in resonance with the
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footbridge. Around β = 1, MSMD models are viable for a good match between simulated
and measured vibration responses for both low-frequency and higher-frequency
footbridges as shown in Figure 7.9 for the higher frequency bridge. For the low-frequency
bridge, it is the same as Figure 7.8b as the first harmonic of walking force is in resonance
with the bridge (i.e. k = 1, and thus β = α). Expressed in this way, β includes the resonant
harmonic number and generic MSMD model parameters, making it useable for
footbridges with different frequencies. Therefore, the MSMD model parameters are
optimized in two-dimensional parameter space of β and ξp, and ranges of 0.5-1.5 and 00.6 are selected for β and ξp, respectively.
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Figure 7.9. Effects of the MSMD model damping on vibration response versus β parameter for the
Monash Bridge (k = 3, third harmonic of walking considered).

7.4.2 Two-Dimensional Parameter Space Error
An optimal pair of frequency parameter and damping for the MSMD model is sought
over a two-dimensional parameter space, β and ξp to find the best match between the
MSMD model response, RMSMD, and the measured response, RM. A test subject is
indicated by the index, i, of which there are n (n = 18) and index j is used to denote a
specific trial of which there are N = 15 for each test subject at resonant walking. Since the
GRF on the rigid surface is measured N times, there are actually N MSMD model
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responses for each test subject at each pacing frequency. There, to determine a relative
error over the two-dimensional parameter space, for the ith test subject:
1. Determine the mean of the measured responses across the N trials at the resonant
pacing frequency:

RiM =

1
N

N

∑R
j =1

M
ij

(7.13)

2. For specific parameter values, take the mean of MSMD model responses across
the N trials:

RiMSMD ( β , ξ p ) =

1 N MSMD
∑ Rij ( β ,ξ p )
N j =1

(7.14)

3. Determine the relative error for these parameter values:
Ei ( β , ξ p ) =

RiM − RiMSMD ( β , ξ p )
RiM

(7.15)

The sum of the squared relative errors between the mean measured and MSMD-structure
model response metrics across all test subjects is used as the global objective function:

E ( β , ξ p ) = ∑ Ei2 ( β , ξ p )
n

(7.16)

i

In previous limited studies on the MSMD model parameters calibration, the objective
function was to reduce the error between the measured and simulated acceleration
responses at the waist of the pedestrian in the frequency domain ([43], [34]). However,
here the objective function (equation (7.16)) quantifies the error between the measured
and MSMD model vibration responses, which is more suitable for structural assessment
and design purposes.

7.4.3 Optimization
Figure 7.10a shows the relative error contours over the two-dimensional parameter space
of β and ξp for the exemplar test subject. Contours follow a diagonal trend, which can be
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explained by reference to Figure 7.8a. Further, there is always a zero-error contour for a
specific test subject, as shown by the red line in Figure 7.10a. Figure 7.10b shows the
objective function (see equation (7.16)) over the parameter space of β and ξp for all test
subjects. As seen, there is an area (see Figure 7.10b, the area enclosed by red line) within
which the objective function value is minimal. To find the optimum pair of β and ξp inside
this area, a quadratic surface was fitted to the area, and then the surface minimum value
was found to be 1.197 at β = 0.988 and ξp = 0.23, shown by a black point in Figure 7.10b.
For simplicity the optimum β is taken as βop = 1 as the difference in the objective function
between β = 1 and β = 0.988 for ξp = 0.23 is very small (0.07%).
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Figure 7.10. (a) Relative error contours for the exemplar test subject, and (b) objective function contours
for all test subjects showing minimum over the two-dimensional parameter space.
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The ξp obtained from the optimization is a global optimum damping for all test subjects.
However, it is hypothesized that this parameter varies with test subject mass. Using βop =
1, an optimum damping for each test subject is determined. In Figure 7.10b, for the
exemplar test subject, this optimum damping is seen to be ξopp = 0.36. This procedure is
used to obtain optimum damping values for all 18 test subjects. Figure 7.11 shows the
optimal damping against test subject mass (in kg), along with an empirical curve fit, given
by:

ξopp = 0.38ln ( m p ) − 1.42

(7.17)

Clearly, as postulated, the optimal damping of the MSMD model increases with
pedestrian mass, which acknowledges the higher effects of HSI for heavier test subjects.
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Figure 7.11. Optimal damping of the MSMD model for all test subjects.
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7.5 Proposed Models
7.5.1 Optimal MSMD and EMF Models Description
Figure 7.12 shows the overview of the calibrated models. The optimal MSMD model
parameters suggested in this study are: (1) mopp is the pedestrian mass; (2) fopp is the
resonant walking frequency at harmonic k, fb/k, and; (3) ξopp is determined using equation
(7.17) and pedestrian mass. These parameters can be used in an MSMD-structure model
to determine footbridge vibration response (part (b)). It should be noted that since normal
walking frequency, fw, falls within 1.6-2.4 Hz, k (integer) is selected such that fb ∈ [1.6k
2.4k], and thus the footbridge is in resonance with the kth harmonic of walking force. For
engineering practice, the simpler EMF can be used by determining the equivalent
damping of the footbridge, ξbeq, using equation (7.9) (part (c)) with the optimal MSMD
inputs as identified, and using this bridge damping in a conventional moving force model
to determine the vibration response of the footbridge (part (d)).

Figure 7.12. Proposed MSMD and EMF models for including human-structure interaction effects.
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7.5.2 Model Validation
To validate the results of the proposed MSMD and EMF models, the experimental results
of the full-scale low-frequency footbridge (WB), were used. As an example, Figure 7.13a
shows positive envelope of the measured, MSMD model, and EMF model vibration
response time histories of the Warwick Bridge for the exemplar test subject and trial. The
proposed MSMD and EMF models give vibration responses which are close to the
measured response.
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Figure 7.13. Exemplar test subject for Warwick footbridge: (a) positive envelope of acceleration time
history (b) the proposed MSMD model relative error contour.
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The relative error contours are also constructed using procedure explained in section 7.4.2
for the exemplar test subject of the Warwick Bridge (Figure 7.13b). The red contour line
shows the zero-error contour between the measured and MSMD model. The black point
shows the parameters of the proposed MSMD model from the Monash Bridge. Notably,
this corresponds to a small error (0.03).

The mean relative errors over all walking trials including the MF model error, EMF,
proposed MSMD model error, EMSMD, and proposed EMF model error, EEMF, for all test
subjects of the Warwick Bridge are determined (see Figure 7.12 for EEMF and EMSMD) and
summarized in Table 7.4. The much smaller EMSMD values compared to EMF values
indicate significant improvements in the vibration response prediction using the proposed
MSMD model. The MSMD model accuracy becomes clearer for heavier test subjects,
where human-structure interaction is more pronounced. In these case a great error
reduction is observed using the proposed MSMD model. Furthermore, the small relative
errors for the EMF model indicate reliable performance of the EMF model in the vibration
response estimation using optimal MSMD parameters.

Table 7.4. The MF, proposed MSMD, and EMF models mean relative error.

Test subject
1
2
3
4
5

µ (%)
0.73
0.86
1.06
1.30
1.49

ξopp
0.10
0.16
0.24
0.32
0.37

EiMF
-0.04
-0.07
-0.42
-0.64
-0.51

EiMSMD
0.09
0.11
-0.04
0.03
-0.07

EiEMF
0.10
-0.08
0.05
0.08
0.10

7.6 Conclusions
In this study, an experimental-numerical approach is adopted to find an optimal moving
spring-mass-damper model for human-structure interaction consideration. Large sets of
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walking trials are performed on two lively footbridges. The experimental results of one
footbridge were used for the MSMD model parameters optimization, and the second
footbridge results were used to test the validity of the proposed MSMD model. For the
calibration purpose, the sum of the squared relative errors between the MSMD model and
measured vibration responses for all test subjects was minimized to find the optimal
frequency for the MSMD model. The optimal frequency was then used for each test
subject separately to determine optimal damping of the MSMD model.

The proposed MSMD model takes pedestrian actual mass as the mass parameter of the
model. The model frequency is the resonant walking frequency, and an empirical
relationship is suggested for the model damping as a function of pedestrian mass. The
results of the model validation on a different bridge show a slight difference between the
measured vibration response and the vibration response predicted by the model. Thus, a
significant improvement is observed compared to the standard moving force model.

The proposed MSMD model was also used in an equivalent moving force model, which
is also shown to reliably predict vibration response of the footbridge. This simple method
is easy to implement in engineering practice since it uses the well-known moving force
model with a modified damping for the footbridge.
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8.1 Research Summary
Experimentation and modelling of human-structure interaction for vertical vibration was
the main objective of this research. To achieve this goal, experimental studies on two
lively footbridges along with numerical modelling were used through an experimentalnumerical programme. A summary of main results are:
(1) Human-structure interaction and quantification
-Walking force reduction around vibration frequency
-Added mass and damping to the system
(2) Calibration and validation of a spring-mass-damper model as found consistent with
the experimental observation
(3) Development and validation of a simple equivalent moving force model for
engineering practice
As the results have been verified by two full-scale footbridges with highly different
dynamic properties, the results can be used for a wide range of footbridges.

8.2 Research Outcomes
The steps taken in this research towards HSI experimentation and modelling and the main
outcomes are:

8.2.1 Formulation of Human-Structure Models
The human-structure system in the vertical direction was formulated for different models.
The human walking force was considered as a general force and the pedestrian effects on
the structure were modelled as moving force, moving mass, and moving spring-massdamper. The general beam structure was modelled using a formulation in modal
coordinates and finite elements. The human-structure interaction system was first
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formulated for a single pedestrian and then was extended to consider a crowd of
pedestrians. Moreover, the extension of models from a single pedestrian to a crowd of
pedestrians was unique particularly for the FE method.

The example application results in terms of acceleration time history, maximum 1s-RMS
response, and bridge frequency and damping variations clearly showed differences
between the models. Interestingly, the three load case scenarios considered (single
pedestrian, deterministic crowd, and random crowd) showed that the responses are the
same for both modal analysis and finite element modelling of the bridge structure.
However, it was clear from the results that there are significant differences in the
predictions made using the different pedestrian representations. This could have severe
consequences in the early stages of a design, for example, in which potentially viable
designs may be falsely regarded as being unserviceable.

A further contribution was the consideration of the influence of the pedestrians on the
dynamic properties of the human-structure system. Although the damping increase and
frequency decrease in the system mode related to the bridge for a single pedestrian is
small, the changes become more pronounced when considering pedestrian crowds. The
shape of the system bridge mode frequency and damping variations are not uniform for
the random crowd as they are for the deterministic crowd. Therefore, the prediction of
frequency and damping changes under random crowds is not straightforward. In short
though, given the wide range of vibration response predictions given by the different
models, it is imperative that calibrated and suitably accurate models are quickly conveyed
to industrial practice to avoid costly over- or under-designs. The models and results
obtained contribute to this goal.

305

CHAPTER 8: Conclusions and future work

8.2.2 An Equivalent Moving Force Model for Consideration of HumanStructure Interaction
Analytical and numerical approaches to determining equivalent moving force systems
were proposed to find the vibration response of footbridges while accounting for humanstructure interaction. To obtain the parameters of the equivalent system, the damping and
frequency of the bridge under a single moving force was modified such that both the
EMF-structure system and the reference MSMD-structure system yielded the same
vibration response metric. Furthermore, a method was introduced to use the equivalent
damping of single pedestrians to roughly estimate the equivalent damping of more
realistic crowd scenarios.

In the analytical approach, an arbitrarily-supported beam structure was modelled in modal
space by one of its mode properties subjected to one of its harmonic of the pedestrian
walking force. The human was modelled as a stationary SMD (walking on the spot). Then,
an analytical relation was derived as a function of the mass-normalized mode shape of
the structure and other non-dimensional parameters. Finally, an empirical expression was
proposed for the numerical equivalent damping values as a function of the bridge
frequency for simply-supported bridges considering the randomness of the pedestrian
parameters.

It was found that the change in the system frequency was insignificant due to small
pedestrian-to-bridge mass ratio (as may be expected). However, comparison of the
damping values obtained from the analytical equivalent approach when the pedestrian
was at mid-span under the resonance condition with those found using the numerical
equivalent method indicates that using the analytical equivalent damping based on the
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stationary SMD slightly underestimates the vibration response if used in an MF-structure
system.

The proposed equivalent method can find use in engineering software. The designer can
easily change the bridge damping (as it is defined in the software) to account for HSI
without any need of a deep knowledge of human-induced vibration. Indeed, the benefit
becomes clearer in consideration of 3D analysis models, and the potential complexity in
using these with an MSMD pedestrian model. Further, the randomness can be simply
included in the design process without the need for time-consuming Monte Carlo
simulations. Accounting for HSI, the structure could be shown to be serviceable, while it
may not be using the moving force representation only. Consequently, the proposed
approach should find ready application in practice.

8.2.3 Experimental Quantification of Human-Structure Interaction
The human-structure interaction phenomenon was quantified using a novel experimentalnumerical approach. The imparted walking force to both rigid and bridge surfaces was
measured along with the resulting bridge response. The moving force model was adopted
to simulate vibration as a commonly-used model in design codes which ignores humanstructure interaction. The difference between simulated and measured responses were
used as criteria to evaluate HSI existence.

Firstly, assessment of non-interacting force models was performed for both the Monash
and Warwick Bridges. It was found that non-interacting force models from the literature
highly overestimate the vibration response of both footbridges at resonant walking. This
overestimation is far higher for the lightweight bridge. Clearly then, consideration of
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human-structure interaction seems indispensable for the design and assessment of
lightweight structures.

Secondly, it was found that human-structure dynamic interaction is associated both with
the forces that excite the structure (S2HI) and with the corresponding influence of humans
on the dynamic properties of the structure they occupy (H2SI). The intensity of both S2HI
and H2SI is found to increase as the mass ratio between the human and structure
increases. At resonance, where vibration amplitude reaches its peak, the HSI effects are
the most pronounced. For heavyweight Warwick Bridge, H2SI is found to be a far
stronger influence than S2HI while for the lightweight Monash Bridge, S2HI was much
pronounced.

Thirdly, since both bridges were found to have similar liveliness under human walking,
the comparison of HSI for both bridges shows the importance of human-to-structure mass
ratio. It is found that HSI is far more significant in the lightweight footbridge due to this
higher mass ratio. Consequently, this study identifies a need for new force models which
include HSI, and which are suitable for the vibration response prediction of both light and
heavy (in terms of human-to-structure mass ratio) footbridges.

8.2.4 Vibration Effects on Walking Force
For the Monash Bridge, it was consistently found that the vibrating bridge surface causes
a statistically significant drop in the magnitude of the walking force harmonic closest to
the vibration frequency. The amount of the reduction depends on whether the pacing
frequency is such to cause a resonant or non-resonant condition between the relevant
bridge frequency and walking harmonic. This result is similar to some results from a study
on the Warwick Bridge. The findings support the hypothesis that the bridge surface
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vibration significantly decreases the magnitude of the harmonic of walking force that is
closest to the vibration frequency. Further, it was also found that pacing frequencies vary
more on a vibrating surface than on a rigid surface. Currently, these aspects are not
considered in design guidelines and could be of significance in more accurately predicting
vibration serviceability of lightweight structures.

8.2.5 Experimental Validation of MSMD and EMF Models
An experimental-numerical approach was adopted to find an optimal moving springmass-damper model for human-structure interaction consideration. The experimental
results of the Monash footbridge were used for the MSMD model parameters
optimisation, and the Warwick footbridge results were used to test the validity of the
proposed MSMD model.

The proposed MSMD model takes pedestrian actual mass as the mass parameter of the
model. The model frequency is the resonant walking frequency, and an empirical
relationship is suggested for the model damping as a function of pedestrian mass. The
results of the model validation on a different bridge show a slight difference between the
measured vibration response and the vibration response predicted by the model. Thus, a
significant improvement is observed compared to the standard moving force model.

The proposed MSMD model was also used in an equivalent moving force model, which
is also shown to reliably predict vibration response of the footbridge. This simple method
is easy to implement in engineering practice since it uses the well-known moving force
model with a modified damping for the footbridge.
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8.3 Future work
Based on the findings of this research, following proposals are recommended for further
study on human-structure interaction for vertical vibration:

1) Since moving spring-mass-damper, moving mass, and moving force models were
formulated in detail for both single and crowd scenarios in this research, comprehensive
and detailed formulation of other models particularly moving inverted pendulum model
are very necessary to be used in experimental calibrations especially for crowd scenarios.

2) For experimental studies, this research only focused on single pedestrian walking trials.
Therefore, multi-pedestrian walking trials are required as crowd loading scenarios are
real-life conditions particularly for footbridges. Such experimental studies need to isolate
and quantify both HSI effects for different numbers of pedestrians. This multi-pedestrian
walking trials could include people walking in phase with the bridge vibration as well as
walking out of phase with the bridge. The effects of crowd density and synchronisation
on different HSI effects also need to be quantified.

8.3 Conclusion
The future vibration serviceability design would use more accurate and simple models for
vibration response estimation. This certainly requires comprehensive experimental
studies on shortcomings of current models as well as thorough understanding of influence
of human-structure interaction on different bridges. In this research, two completely
different full-scale bridges were experimented, inaccuracy of some current models were
examined, human-structure interaction were quantified, and two practice-oriented models
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were validated. While the results of this study are promising, more experimental studies
on more lively full-scale bridges are required to establish highly accurate simple models
for future design.

311

CHAPTER 8: Conclusions and future work

Appendix
The

data

of

walking

experiments

on

Monash

Bridge

is

available

at

https://figshare.com/account/home#/projects/30827.
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