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Abstract

Recursive Bayesian estimatofBayesian observerd)ave been widely used in stochastic
infrastructure system identification and structural dynamics. The key capability of these
techniques is fusing of measured data by a limited number of sensors with the information from
a model of a structural system festimating quantities of interest; in so doing, observation
noise and modelling errors are accounted for. These quantities can be measured or unmeasured
states of the system as well as inputs and parameters. In this chbiddgt,Order Reduction
(MOR) is a useful approach to achieve higher computational speed. Two key challenges
associated with the structural system identification by recursive Bayesian estimators
incorporating aReducedOrder Model (ROM); the dynamic loads (inputs) are usually
infeasibleor costly to measure, therefore, unknown input system identification is motivated;
furthermore, timevarying systems such as damaging structures substantiate online model
updating of the ROM.

ProperOrthogonal Decompositio(POD) is an effective datdriven method for MORhat
emerged in different forms such as Karhuraeeve Decomposition(KLD), Principal
Component AnalysiéPCA), andSingular Value DecompositigisVD). The offline POD was
used in structural engineering in many studies relying laiohPOD (BPOD) applied on a
snapshot of structural response data. However, the method of BPOD is not appropriate for
online MOR. InsteadRecursive POD (RPOD) offers efficacious online model updating and
MOR which has been rarely studied in connection withcstiral engineering. Therefore, in
this thesis, RPOD in form of RPCA is delvedann the context of structural dynamics.
Different existing RPCA methods including RPCA with numeritiglenvalue Decomposition
(EVD), IncrementaPCA (IPCA), and matrix peurbation method are assessed. Moreover, a
new KalmanFilter RPCA (KFRPCA) is developed which resolves unobservability of higher
Proper Orthogonal ModePOMs) and outperforms the other methods in runtime. The
robustness of the RPCAs to initgdiion altgation of structural parameters, noisy observation,
and dynamic loading is probed. A framework for online stochastic cotgyt system
identification is presented by syn&igg RPCA with an outpubnly Bayesian estimator; the
framework is exemplified usg Augmented Extendeldalman Filter(AEKF) for inputstate

parameter estimation of a structural system.



Input regulargation is a common approach in structural system identification. This is
oftentimes in form of augmenting the state vector by unknowrtsrgnud assigning a random

walk and fictitious modelling error covariance, for instanc&ugmented Kalman filtgfAKF)

and AEKF. The drawback of the latter presumptions is that the information on the model and
statistics of the unknown inputs are not reajsgherefore, the resulting Bayesian estimator
would not be robust to nonstationary input. This motivated the applicaticocdlled
Minimum Variance Unbiase@VVU) filters with no input regularisation. The latter method

and its nonlinear variants haween studied by different researchers for structural system
identification with direct feedthrough. Nonetheless, research on the MVU filter for systems
without direct feedthrough is scarce in structural dynamics. Hence, this thesis studies the linear
MVU filter without direct feedthrough highlighting the associateetalhditionedness for
instantaneous system inversion, particularly when the sensors allomated. The il
conditionedness causes excessive noise amplification in the estimated quahigiddemma

is circumvented by developing a novel MVU smoothing algorithm tfe input-state
estimation of linear systems. A new method is also proposed to be incorporated in the proposed
smoothing method for the cressvariance calculation of the asation errors; the aforesaid

new technique considerably enhasitee speed of the computation.

The linear MVU filter is not capable of estimating the structural parameters as this sort of
estimation requires a nonlinear filtering scheme. Consequemgyy aonlinear Bayesian filter

is proposed for joint inpegtateparameter estimation of structural systems without direct
feedthrough. The developed nonlinear outmully filtering technique does not presume any a

priori assumptions on statistics or modéthe input as opposed to AEKF.
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Chapter 1

Introduction



1.1. Research Background and Significance

The Bayesian inference frameworks have broad applications in different disciplines. They are
excellent tools for the fusion of stochastic data and the prediction of hidden (not directly
measured) system state components and parameters. The seminal plglerdoby Kalman

[1] has received numerous citations due to the extensive applications of the IkatergKF)

and its variants. Since this thesis introduces recursive Bayesian inference methods, and to
underscore the importance of the pertinent muitiglinary research area, it is worthwhile to
briefly overview some practical instances of the Bayesian inference applications in the
literature other than structural engineering. KF was used by Hamuda et al. [2] in the context of
agricultural engineeringo furnish an enhanced crop detection in intelligent weeding
applications. Odry et al. [3] introduced BxtendedKF (EKF) technique with fuzzy adaptivity

for the estimation of the attitude of robots in a{tgake manner. An approach was de\yed

by Roy et al. [4] featuring decreased biased clean speech and noise linear prediction coefficient
estimates throughugmented KF (AKF) to increase the quality of speech and its intelligibility.
Menegaldo [5] underlined the significance of estimatiomo$cle dynamical state comprising
muscle length, neuromuscular activation, and tendon force on the topic of myoelectric devices
and virtual rehabilitation; the suitability of the KF and EKF algorithms was therefore examined
as realtime estimators of mube state. A particle filter was used by Mao et al. [6] to identify
parameters in asymmetric stochastic volatility models for assessing the leverage effect in
financial returns. Parameter estimation of fractional gene regulatory algorithmExsarngled
FractionalKF (EFKF) was studied by Zhang et al. [7]. Tong et al. [8] applied ensemble KF for
data assimilation in the context of meteorology. An adaptive-thgjtee cubature Kalman

filter was utiised by Linghu et al. [9] to predict the statetbé charge of lithiurion batteries.

An unscented Kalman smoothing method was adopted by Wen et al. [10] dealing with
estimation problemin the field of heat transfer. Wielitzka et al. [11] exploited the unscented
Kalman filter to estimate the coefficieat friction between vehicle tires and the road surface

in an online fashion motivated by its importance for safe autonomous driving. Ma et al. [12]
usedUnscented KF (UKF) for image denoising.

A rapidly growing body of technical literature has been delateresearch on recursive

Bayesian filters and smoothing methods in the field of infrastructure engineering. The latter is



motivated by their efficacious online performance while accounting for the stochastic nature
of the system identification problent.i$ impractical if not impossible to fully instrument a
structural system by sensors to measure the full state of the system due to (i) budgetary limits
and (ii) inaccessibility of some areas of structures. As a remedy one needs to fuse the noisy
data masured from a sparse sensor network with a structural model. A systematic and
straightforward way to achieve this task would be througlsimi Bayesian filtering and
smoothing methods. In this regard, the full state of a partially observed lineaurstragstem

was estimated by KF aiming at fatigue prediction in a structure by Papadimitriou et al. [13].
To facilitate Structural Health MonitoringSHM), parameters of a structural system can be
tracked by nonlinear Bayesian filters for damage detefidi7]. It was shown that adaptive
filtering can mitigate even neGaussian modelling errors in a nonlinear finite element model
updating procedure [18]. The application of Bayesian filters also extends to operational modal
analysis [19].

The standard KFequires the system input to be either white noise or an arbitrary known one.
This condition cannot be satisfied in numerous practical cases, including structural systems in
operational conditions. For example, wind load on friga buildings and wind tbines cannot

be directly measured. Nonetheless, in a traditional system identification scenario, they are
needed. Moreover, these quantities are of interest for structural engineers to assess the loading
models proposed by design codes or to improve thignlef future structures. Consequently,

this motivated many researchers to pursue the {sfa¢ identification of structures by
recursive Bayesian estimation [23]. Concerning the estimation of the parameters of the
structural system as well as itatgt and inputs, nonlinear filtering methods were proposed [24

28].

High-fidelity computational models of structures and infrastructure systems can feature many
degrees of freedom (DOFs). Realtime system identification using those models can be
practically impossible when full order modglSOMs) are usedTo address the computational
burden, normallyReduceeOrder Models(ROMs) of the FOM are utded. One of the
categories of ROMs is centred on the idea of projection of the state space onto a subtspace tha
has only a fraction of the FOM dimension and yet can accurately capture the system dynamics.
ProperOrthogonal DecompositiofPOD) is a strong tool for finding that subspace. POD maps

a snapshot of data to new uncorrelated coordinates by using a suggaaned byProper



Orthogonal ModeqPOMSs). The development of the POD concept can be accredited to
Karhunen [29], Kosambi [30], and Obukhov [31]. Amongst many applications of POD, one
can name image processing [32], heat transfer [33], computationadlyiugics [34], micre
electremechanical systems (MEMS) [35], computational physics [36], aeroelasticity [37], and
data denoising [38].

In infrastructure engineering, the remarkable spgedchieved by ROM employing POD
makes it a useful technique espégiaonsidering that the reducentder model features
minimum possible loss of accuracy in terms of the mean square error [39, 40]. Thisigpeed
is in favour of reatime signal processing and online system identification which is particularly
substantiain SHM and allows for timely detection of damages [41, 42]. POMsPRanger
Orthogonal ValuedPOVs) produced by POD were also shown to be advantageous for

extracting damage features and damage kai#din[43-47].

1.2. State of the Art

The outputonly Bayesian filtering methodsuch as AKF [21] andual KF (DKF)[23] are

based on theegularization of theinknowninputs these methodmakeunrealistica priori
assumptions on the evolutiamdelof the unknownnputsby usingrandom walkssthe inputs

model In reallife problems, oftentimes no prior information about the evolution and statistics

of the input is available. That being said, these methods require tuning certain hyperparameters
of the input model. To address this issue, theae community has been focused on the
development of methods that simultaneously estimate inputs and states of a system without
posing any assumptions on the statistics of input. The family-oéked Minimum Variance
UnbiasedMVU) filters fall within that category. The MVU methods and in particular the one
developed by Gilljns and De Moor [48] have gained increasing attention in the field of
structural system identification [49]. The filter was also gersshlto nonlinear systems to
enable inpustateparameter estimation for linear and nonlinear systems as well amgtate
estimation for nonlinear systems [27]. Further extensions of the method to linear [20] and
nonlinear smoothing methods were also proposed for systems with direct feedtt#dlgh [
Nevertheless, there exists a gap in the literature for systems without direct feedthrough. That

includes structural systems for which measurement setup does not involve accelerometers, for



which, the latter MVU methods tailored to systems with difeedthrough are no longer

applicable.

The comprehensive reviews on POD by Kerschen et al. [47] and more recently the extensive
review by Lu et al. [40] show that, although there exists an abundance of studies on offline or
Batch POD in structural enginésy, theRecursive POD (RPOD) has not been probed in the
context of structural dynamics and system identification. A few published research works are
available on RPOD. Krishnan et al. [45, 46] employed RPOD based on the matrix perturbation
method for vibationbased SHM, while their studies lack an assessment of the robustness and
accuracy of the perturbation technique. Furthermore, the robustness and accuracy of other

already existing RPOD methods in the context of structural dynamics are yet openitmques

Eftekhar Azam et al. [15] introduced a starameter estimation framework by coupling EKF
with an RPOD derived by linear KF; the latter framework requires direct measurement of
inputs (the dynamic loads), and the introduced RPOD fails to updalegtiexorder POMs.

It should be underlined that online update of higher POMs is crucial for systems with high

dimensions.

1.3. Thesis Aim and Objectives

The aim of this PhD thesis is to address the abovementioned research gaps by the development
of robust recursive stochastic Bayesian estimation methods, enablitgnealutputonly
identification of structural systems without direct feedthrough. Spadifi this thesis aims to
develop methods that are robust to the nonstationarity of input, modelling error, and

observation noise.
The objectives of this thesis are as follows:

1. Developing a framework by coupling outfmutly Bayesian estimator with RAQo achieve

computational speedp.

2. Investigating the accuracy and numerical behaviour of already existing RPCA algorithms

individually and within the framework explained in the previous objective.



3. Speedup of the RPCA and resolving the unobsenrgbdf higher modes by introducing a

new method by sequential KFs.

4. Investigating the prediction capability of the MVU filter for stamput estimation of
structural systems without direct feedthrough.

5. Developing a smoothing method for steeut esimation of linear systems without direct
feedthrough with no input regulasdtion (unlike AKF and DKF)by using a windowed

observatiorto decrease estimation uncertainty.

6. Developing a new nonlinear filter for inpstateparameter estimation without pat
regularsation(unlike nonlinear extensions of AKF and DKF in [28] and [26], respectively)

Next, the thesis outline and how the research objectives are pursued in each chapter are

explained.

1.4. Thesis Outline

This thesis is orgased into five chagers in the format of a thesis including publications.
Chapters 2 and 3 are published in pesiewed journals and Chapter 4 is an unpublished one.
The interconnection between the algorithmic contents of Chaptdra well as novel
algorithmic contribubns are illustrated in Figure 1. The outline of the thesis is presented as

follows.
Chapter 1: Introduction

This chapter involves research background and significance. It should be s@plizest a
detailed literature review is avoided in this chaptetogsc-specific and detailed literature
reviews are included in ChaptersdZaccording to their focus. Then, the research gaps are
highlighted, and the state of the art is presented. The chapter also explains the aim and

objectives. Eventually, the orgaationof the thesis contents is reviewed.



Chapter 2: Recursive Principal Component Analysis for Model Order Reductionwith

Application in Nonlinear Bayesian Filtering

The core focus of this chapter is twofold: (1) RPCA, (2) the syslentification framework

of coupled RPCA with outptinly nonlinear Bayesian estimator. The chapter is divided into
five main sections. The first section comprises an introduction and a literature survey. The
second section describes the mathematical nuddieé dynamical system and its discréiee
version. The third section draws the theoretical aspects and mathematical details of BPCA,
RPCA with numerical EVD, RPCA with matrix perturbation, IPCA, adaptivity, KFRPCA,
derivation of ROM, initialsation order of floatingpoint operations (FPOs), and memory
usage. The fourth section presents the state vector, process equation, and observation equation
with the AEKF algorithm as well as observability conditions. The fifth section sheds light on
the algorithns via numerical examples including the setup of numerical simulations, accuracy
and robustness of RPCAs in signal reconstruction and POMs calculation, computation time,
and statenput-parameter identification via the introduced coupled RFAEKF framework

Finally, the last section draws conclusions.
Chapter 3: A Bayesian Smoothing for InputState Estimationof Structural Systems

Chapter 3 is focused on the MV U filter and the new MVU smoothing. The chapter begins with
an introduction section involvgna detailed literature review. Then the smoothing derivations
are elaborated. The stagpace of linear systems without direct feedthrough along with the
extended observation equation are formulated, followed by the main steps of the smoothing.
Input estination is proven to be unbiased, and the optimal input gain is obtained. Afterwards,
the proof of unbiasedness of the estimated state is presented and its optimal calculation is
formulated. The chapter includes a summary of the MVU filtering and smodalgagthms.

The novel algorithm of the cros®variance computation is also discussed in the relevant
appendix. Numerical simulations are included featuring the performance of the MVU
estimators in terms of state and input estimation as well as the ewadfiterror covariances.

The delayed peak response of the structure subject to an impulse load is demonstrated to give
physical intuition on the reason for systencibinditionedness. Ultimately, the chapter is closed

by concluding remarks.



Chapter 4: A New Nonlinear Bayesian Filter for Input-State-Parameter Identification of

Structural Systems Without Direct Feedthrough

The pivotal theme of Chapter 4 is the introduction of a nonlinear extension to the linear MVU
input-state estimator in [50]. The chaptgpens with a literature review. Then the rigorous
mathematical derivations of the filter are presented. The nonlinearsptte equation and
linearisationby Jacobian are elaborated. The analytical error expressions are obtained, and the
filter is provento be unbiased considering the lineedt difference equation; moreover, the
closedform error covariances and the optimal gains of input and state for thesadesystem

are furnished. The algorithm performance is examined bysiar§ shear buildingnodel in

the numerical examples.
Chapter 5: Conclusions and Future Research

This chapter sums up the accomplishments of the thesis with regard to the thesis objectives. It
draws the overall conclusions of this research. Finally, areas to pursue fegbarch are

recommended.
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Abstract

ProperOrthogonal Decompositio(POD) is a useful technique for feature extraction, model
order reduction and data compression and has been widely used in different science and
engineering disciplines. Numerous papers have been published on the appiitafitine

POD, i.e.Batch POD (BPOD) in civil and mechanical engineering encompassing Karhunen
Loéve Decomposition (KLD),Principal Component Analysi@PCA), andSingular Value
Decomposition(SVD). Nevertheless, online POD which is more suited for enfegature
extraction and monitoring has been scarcely addressed when dealing with civil and mechanical
systems, particularly in structural dynamics. In tbiepter a number ofRecursive POD
(RPOD) methods in form dkecursive PCA (RPCA) are overviewedthvtheir application to
structural dynamics. RPCA with numeridaigenvalue Decompositio(EVD), Incremental
Principal Component Analys{$PCA), matrix perturbation method, and Kalnfélter RPCA
(KFRPCA) are presented; their performance is probed instairinitialisation structural
parameter modification, noisy observation, and alteration of loading statistics. The novel
KFRPCA algorithm developed in thchapteris reformulated to resolve the unobservability
issue of higher modes which was presenitsrprevious version in the published literature.
Online stochastic outpwudnly system identification is presented by sym@ng RPCA witha
nonlinear Bayesian filter. Augmented extended Kalman filter (AEKF) is employed to perform

theunknowninput dual estimabn.

Keywords:Recursive Principal Component Analy§RPCA) online model order reductign

model updatingsystem identificatigmonlinear Bayesian filter.

2.1. Introduction

Large dimensional data are widespreagnesemntday science and technologicgb@ications
while there is a large interastprocessing them in reéime in areas such &ructural Health
Monitoring (SHM), and augmented reality which would require -teéak system
identification. This has been addressed through different dimetigiaieauction methods to
alleviate computational costs and approach-tiea processing. In thighaptey Proper

Orthogonal Decomposition (POD), which is a powerful statistical technique towards
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dimensionality reduction is focused, on which, interessunyeys are available in [1, 2]. POD
can be applied in the forms @&ingular Value DecompositiodSVD) [3, 4], Principal
Component Analysi§PCA) [5-9], and Karhunethoeve Decomposition (KLD) [1612]. The
connections and equivalence of SVD, PCA, and KL®discussed in [13].

In structural dynamics, model order reduction by POD offers some advantages over other
techniques. Being loadependent and structure specific, POD features somewhat higher
accuracy with the same number of DOFs compared to MOR baseatwral vibration modes

[14]. In addition, in nonlinear structures, POD can be expediently adopted, whereas obtaining
the normal modes is not a trivial task. There are a number of challenges associated with online
MOR of the statespace of a vibratingstcture dynamic evolution with normal modes method.
Numerical modal MOR poses sophistication and computational burden, particularly for high
dimensional structures as well as having unstraightforward extraction of nonlinear normal
modes. Parametritdodel Order ReductiofPMOR) [15-17] could be chosen so as to
accomplish online adaptivity. PMOR requires partitioning of the parameters space and
performing modal analysis per sampling point. This necesséaigh volume of memory and
computations in the indl procedure of creating a large number of samples, especially, for a
high number of parameters; the number of samples increases exponentially as the number of
parameters grows. Moreover, providing appropriate mesh over the parameters space as well as
efficient interpolation would be cumbersome arhigh dimensional space of parameters.
Instead, online PCA is a handy tool and offergtomfly update of theReducedOrder Model

(ROM) without posing high computational burden and precision loss.

With referene to the latest comprehensive review of published research works on POD in
structural dynamics and computational mechanics by Lu et al. [1], it can be appreciated that
online POD is yet open to further research in these fields. Online POD is meant &s phece

data on the fly with an attempt to approach -teaé computation by efficient numerical
methods. Despite offline POD (or frequently referred t@asch POD (BPOD)), adaptive
subspace track is feasible by online POD \aitlattempt to minirmse computational cost. Two

major categories of online POD can be acknowledged: moving window (or sliding window)
POD [1820] andRecursive POD (RPOD) [223] in both forms of SVD and PCA (see further
details in [24, 25]). In thishaptey the RPCA will be stdied.
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RPCA has been recently used by Krishnan et al. [26] along with online damage indicators to
perform baselindree damage detection. They employbd matrix perturbation method to
establish recursion betweBnoper Orthogonal Mod¢POMs) andProper Orthogonal Values
(POVs), though the accuracy of matrix perturbation was not discussed. They also presented a
health monitoring scheme via perturbation based RPCA together withvdirypmg auto
regressive modelling [27]. Eftekhar Azam et al. [28] prop@sKdimanFilter Recursivéd®PCA
(KFRPCA) based on random walk to carry out redumetbr modelling as well as online
model updating for redlme system identification usirigxtended Kalman filter (EKF). They
reported that the KFRPCA successfully tracksfttst POM, however, it fails to predict the
higher POMs.

The contributions of this article to the literature are reviewed next. A number of RPCA
algorithms are studied dealing wilhodel Order ReductiofMOR) of a vibrating structure,
including RPCA witmumericalEigenvalue Decompositidiie VD), Incremental PCA (IPCA),

and matrix perturbation method. Moreover, a new version of KFRPCA is proposed in which
the problem of unobservability of higher modes reported in [28] is resolved. The accuracy and
robustnes of these methods are assessed in hanthmmitialisation of RPCAs, structural
parameter variation, and tinvarying load statisticsAn important concern in MOR is linked

to changing statistics of the observation signals over monitoring course tgusatation of
structural parameters. In this respect, for timely update of POMs in RRE€gignificance of
theforgetting factor is highlightedl'he forgetting scheme is imposed by choosing a constant
decay rate rather than uniform weighting whichlgseexponential fade out of the observed
signals. To exemplify the application of RPCA in online system identification via a nonlinear
Bayesian filter, RPCA andugmented EKF (AEKF) are synésgd. The precision of RPCAs

is further assessed in connectioithanoisy signals in the context of inpstateparameter
identification. Via extensive numerical analyses on a model of Pirelli Tower (located in Milan,
Italy) it is shown that the new formulation of KFRPCA does not suffer from unobservability
issues in lgher modes. Moreover, it is shown that the KFRPCA outperforms the other three
RPCA methods in terms of computational burden and poses less restriction teatiiali

guess compared to IPCA and matrix perturbation method.

In thischaptey the demonsttaon of RPCAs application is carried out using a lirganctural

modeland AEKF is used as a limiting case of Bayesian filtering approach. The published

19



literature on BPOD shasithe applicability of the technique for nonlinear structural systems
[29-31]. Therefore, the present coupled RRBAyesian filter framework has the potentiality
to be generéded to nonlinear structures. Moreover, a variety of sigpeit-parameter
estimation methods based on Bayesian filtering has been presented by differems sctibé
context of vibratiofbased system identification of structural and mechanical sy$2:3gl).
Therefore, the framework presented in tthaptemhas potential applicability to other filtering

schemes as well.

The rest of thehapteiis organsed as follows. Section 2.2 includes the mathematical full order
model of a general linear dynamical system and its-sfzee representation. In Section 2.3,
after a brief review of the fundamental theoretical aspects of PCA and its accuracy respecting
truncation, RPCA formulations with numerical EVD, matrix perturbation method, and IPCA
are presented along with the treatment of nonstationary signals using forgetting factor. Then,
the proposed KFRPCA is formulated followed by the ROM calculation. Iisidiedn and
computational complexities of RPCAs are discussed. Unknppurt system identification via
AEKF is included in Section 2.4. Section 2.5 involves extensive humerical experiments with
discussion on the precision of the different RPCAs dealing wdhak reconstruction,
accompanied by computation time of the methods as well asstgdeparameter estimation

using AKEF and ROM. Finally, conclusions are drawn in Section 2.6.

2.2. Mathematical Model

The equation of vibration for a spatially discretismear structural model with degrees of
freedomcan eventually be reduced to the wealbwn ¢ dimensionakecondorder system of

Ordinary Differential Equation€ODES) in time domain given by
E 1T A 1 £ I A "Hdh (2.1)

in which the vector’IN a comprises the displacements for the degrees of freedom
corresponding to whicll ¥ a  stands for velocity, and ¥ a1 denotes acceleration. The

¢ & matrices of mass, damping, and stiffness are signifiel bip andé , respetively,
which determine the dynamical characteristics of the structure¢ Tparameters of interest

to be tracked in the system identification procedure are assumed to be gathered in the vector
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Ng  (which may evolve in time for a damaging strueju It is noteworthy that state
parameter estimation of a linear structural model leads to a nonlinear system identification
problem. The dynamic loading is represented by the vectorial furiefion  which is to be
estimated using the inverse analydescribed in Section 2.4. Finallthe matrixAN A
specifies the distribution of dynamical force vectbbn the structural model degrees of

freedom

To deal with Eq.(2.1) over the time interval of interesb > , an integration scheme is
required along with an appropriate stepping 6 h . The sampling frequency of sensing
instruments as well as the type of the chosen integration method are key factors that influence
the choice of the time step size. In thispter matrix exponential based integraf8b] with

uniform discresationis adpted due to its relatively fast convergence. For this purpose, the
equivalent firstorder ODE form of Eq(2.1)is given by

O A 0 "H "Bh (2.2
wheré ¢ is the state vector includirigand’l
. 10 »
0 16 h (2.3

and the parametetependent matrice8 and™H read

A e g g ol 24
H oo o, (2.5

whereg is an identity matrix with the appropriate dimensibhe exponential integrator results

in a recursive statgpace equation given by
X’ © "HA (2.6)
in which
X AgnYo

(2.7)
X £A 'H8
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The values of variables at timé is symboised by the subscripQin Eq. (2.6) and this
convention will be used hereafter for other variables as imeBection02.5, Eq.(2.7) will be

utilised to obtain numerical simulations.

2.3. Principal Component Analysis (PCA)

2.3.1. Batch Principal Component Analysis (BPCA)

Assume a snapshot matrix N s of Qreal zeremean random vectos ¥ 1 where
n 6 06 E o6 8 (2.9
Foranyp & ¢ itis aimed to find an optimal orthonormal base denoted by columthe of

matrix N a8 containing the POMs (or principal components) such that new coordinates

0 N a (also secalled scorg36]) derived by projecting thé onto thesubspacepanned by

0 o h 2.9
have maximum variance, or, equivalently the mean signal reconstructioi®error
Q M m 0 M 0 6 o o h (2.10
is minimised whereM demonstrates the expectation operator. Therefore, the following

multivariate optimsationproblem is to be dealt with
AOCidw h (2.19)
subject to the constraint of subspace orthonormality, i.e.,
€8 (2.12

In Eq.(2.11) isthe covariance of the observed batch of data i{Z=8). UsingtheLagrange
multiplier method[37], the constrained multivariate optsation problem in Eq. (2.11)

translates to finding EVD of the symmetric realued covariance
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h (213
AEAg h E h (2.19

wherein N q is the diagonal matrix of eigenvalues (in descending order) or POVs, and
the columns of  represent the eigenvectors or POMs. It should be noted tigmequal to
the variance oft) scorew, therefore, the error of reconstruction using the firsprincipal

component) reads
Q Moo Moo OO 8 (2.15

Thanks to Eq(2.15) PCA offersauserfriendly statement based on the energy fluxes of POMs
by which the modal contribution (or the precision of truncated reconstruction of data) can be
given in terms of POVs. The accuracy of approximation witimensonal reduced subspace,
which, in other words, is an index of cumulative relative energy fluxes of the modes as well,

can be envisioned by the paraméter tip given by

B (2.19

where'  p denotes 100% accurate reconstruction.

If PCA is attained by computing the covariancehefwhole batch of data and its eigenvalue
decomposition over a fixed window, it is commonly referred to as BR8] static PCA 36,
39], or classical PCA40].

In addition to efficient reducedrder modeling, POD features interesting functionalities
dealing with structural dynamics and noisy sensory signals in SHM. Concerning a discrete
dynamical system, POMs converge to linear normal modes in lightly damped free vibration
and approximately take the shagenormal modes in forced resonant vibrati¢gas]. POD

modes also convey information on damages or alterations to the dynamical characteristics of
the structurel2, 42] Noise terms are associated with small energy content; accordingly,
reconstruction of loservations by truncated PONIs ) can be profited to reduce the noise
effects.
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2.3.2. RPCA Using Numerical EVD

In reatlife applications, monitoring a structural system in 4t@ak is preferred over offline
monitoring. This substantiates-time-fly treatment of arriving input sensory da&tato update

the principal components which is not efficient with the framework of static PCA. Formation
of snapshot matrix and computation of PCA in batch form as presented above is
computationally intensive and unacceptable. Instead, the covariance bflatpu at time

step ‘Qcan be written in terms of covariance @ p " step plus the increment due to newly

arrived random vectay as follows

P oo p C 608 2.17
Q
Taking' pj Qgets in the limit, the eventual value of at the final step set to the covariance

of the whole set of samples in the overall snapshot nratrixth uniform weighting'Qdenotes
the total number of samplesThis treatment of PCA is commonly termasl RPCA which
significantly saves computational resources in terms of covariance update, though the
numerical EVD of covariance is yet a great concern as well as memory occupied by the whole
covariance[38]. In what follows, some techniques will be dissed which alleviate

computational costs for recursions on POMs and POVs.

2.3.3. RPCA Using Matrix Perturbation

To overcome the high computational cost of numerical EVD in online monitoring, approximate
methods based on matrix perturbation have been dead]df, 43, 44] Even inthe case of
offline processing of a given voluminous batch of high dimensional random vectors, it is
impractical to compute the EVD in E(R.13)by processing the entire snapshot matrix in the
lump as a consequence of limitatianghe memory and processor resources. To alleviate this,
theanalytical recursive approximation of POMs and POVs is reviewed hereinthematrix

perturbation method. Take EVD of covariance matrix at ‘e

h (2.19
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and the projection of the current input random veotoonto the principal directions of the

preceding stef2 p as

H 038 (2.19

In so doing, the eigendecomposition ofcan be expressed by
]! p p HH 8 (2.20

Now, through the calculation of EVD fopj p ‘H'H in the latter equation, an
explicit formulafor and in terms of eigendecomposition in the previous ¥epp can
be attained. To obtain tHevD, let

~ . . ~

N AR i p ‘H'Hh (2.2)

and assume
i h
(2.22
A8

wheref] A fj is a rankone updatéH 'H on the diagonal matrixpj * p . It should
be noted thatpj * p ‘H'H is real and symmetric, therefore the eigenvector matrix
| is real and orthonormal. From the definitiort of it follows that pj * p HH

is a strictly diagonally dominant matrix farsufficiently large number of stef§3 According
to the Gershgorin[45] theorem, the diagonal entries d& are close to those of
p P and the eigenvectors matrix is nearly an identity matrix. In order terive
an explicit analytical expression for recursion, assume perturbation matites and
N 5 with smallentries in ordeto rewritefj and’A as
n £ xh
(2.23
A pit op ah
where = is a diagonal matrix. In view of orthonormality of eigenvectors matrix) i.gj
£, and taking the approximation; m, the perturbation 4 turns out to be an

antisymmetric matrix, i.e. i~ In addition,HH can be rewritte in terms of 4, =,

25



and’A by introducing Eq(2.23)into Eq.(2.21)and equating the terms; i and

A A K to zero
HH  a A iA 8 (2.29

Since diagonal elements of are zerothe diagonal components & ; and ;A are

zero too, suckhat Eq.(2.24)results in solutions to» and  given by

n AE MG (2.25
and
i - h
OW SR 2.2
- Pt PQ ® Pt pQ B h Q?ﬁ =
Tt Q
where & stands for®) entry of H and'Q denotes thé®) diagonal entry of . These

analytical expressions discard the né&dcomputationally intensive numerical calculation of
EVD at each time step and facilitateereattime processing of input data.

Although now , the described procedure does not necessarily
furnish normabked columns in the eigenvector matrix in Eq.(2.22) hence,  must be
modified to obtain  through
“ h
(2.27)
- AE&ECyA h
where N a signifies® column of . Subsequently, in order to avert alteration to the
overall outcome of ,  nheeds to be amended accordingly as follows
“h
(2.28
© AE&EGy& K

whereby the squared norms of in the modification matrix’  compensate for the

normalsationby™ . Eventually, it should also be noticed that an ordered arrangement of the
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eigenvectors is not guaranteed by the presented process, consequently, the eigenvalues in Eq.

(2.28)must be ordered and the eigenvectors in(EQ.7)must be rearranged corresporgly.

2.3.4. RPCA Using IPCA Framework

In practice, it is desired to find only a few POD modes which can capieidynamics of the
system with high fidelity. Unlike the perturbation method based on which all POMs and POVs
have to be calculated at eaeleursion, the IPCA framewof#6, 47]permits merelyo update

an arbitrary numbeé of dominant POMs ( ) with highest POVs ( ), wherebyrandom
accessnemory is saved. Moreover, IPCA is not reliant on the assumptiataoje number

of sampleg(small enough ) whereas this assumption is fundamentalther perturbation
approach. More prominently, as will be demonstrated in the numerical experiments, the
perturbation method would result in highly unstable and unreliable results dealing miph ab
degradation of stiffness, impact load and in genedadupt variation of response statistics;

nevertheless, IPCA represents high accuracy and stability.
The IPCA assumes a ratlpproximation to the covariance at each step as follows
8 (2.29)

Taking Eq.(2.9) into consideration, the observed random veotoran be expressed lilye

sum of its projectionon  ,i.e."H 0 , and a residual vector orthogonal to

denoted by as

o "H o8 (2.30)

Therefore, with regard to E(R.29) the rankone update on given in Eq.(2.17)rewrites

p ‘00 ATEA N (2.31)
where/A N g and’E N 5 are given by
A o jm &h (2.32)

and
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— HH A &H
‘E ‘ 8 (2.33)

m AH " A
Finally, upon approximating rankx p eigendecomposition 6E in form of itsrank-aEVD
N ¥ i ,withthe diagonal matriw N s retaining the firstilargest eigenvalues and ™
A containing the respective eigenvectding recursive expression for and in Eq.

(2.29)reads

(2.34)

In thissetting,the computational burden is significantly suppressed by reducing the numerical
calculation of EVD for to the computation of numerical EVD of tiie p a p matrix

"E whenal €.

2.3.5. Nonstationary Signals and RPCA Adaptivity

In the training procedure of the PCA, the forgetting factor parameter N T1ip specifies

the decay rate according to which the depth of the past memory of the algorithm (in the form
of covariance ) is determined. RPCA algorithm with  pj ‘Quniformly weights the
contribution of all acquired input random vectarsto the overall covariance and gets the
POMs and POVs eventually converged to those expected from BPCA, as was adf{fffied in

27]. Nonetheless, the aforesaid strategy is unsuitdemase of nosstationary sampling,

which arises with the development of damages and alteration of parameters in the structural
system. This drawback can be remedied by choosing a different weighting strategy of data

covariance updatdy assigning a fixed alue for the rate of decd43], i.e.’ , some
sort of adaptivity can be attained to cope with signal nonstationarity. In fact, the choice of a
fixed value forthe decay rate N T1ip enforces the portion of each individual sample

covariance in the pwious steps to exponentially fade out.
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2.3.6. Kalman Filter RPCA (KFRPCA)

An adaptive stochastic subspace computation algorithm was propd28ilemploiting linear

KF and random walk model. In this scheme, all POMs are arranged in one state vector and the
observation vector contains sensor dataepeatedly (se€able2.1); the method successfully
updates the first POM. Nevertheless, it fails @wolve the higher POMs taking into
consideration that the higher POMs are crucial to be correctly updated in case of high

dimensional models as more POMs are necessary to reach a favourable accuracy.

To remedy the unobservability of higher modes in tfogegaid method, in this section, a
modified online model updating algorithm,-salled KFRPCA is proposed, based on which,

all POMs can be accurately tracked. This method uses random walk process equations within
a different framework; unlike the algonth proposed in28], the present frameworks is
composed of sequential KFs, each of which linked to an individual POM evolution separately,

with modified observation vectors at each time instant

Assume  as theé® nonnormalsed POM at stefQwhich is taken as the state vector in the

KF and is to be estimated recursivélire observation equation pertaining to B®OM reads

" T 7 &h (2.35)
where
" OEGHK " & ™ &h
- 5 Fa : (2.36)
T h A RO h'Qp
In Eq.(2.35) ~ j indicates the observation noise associated with®heOM which is

assumed to be a white Gaussian random process with covariance 1 £ The process
equation for the prediction of ; involves uncertainty, to which, a fictitious white Gaussian
nois€”  is assigned with covariance D &£ One can tune this online POD by adjusting

the values assigned to andD . For'Q p, Eg.(2.36)eliminates the contribution of the
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first 'Q p POMs from observation and in this manner, th®OM is rot being affected by the
lower modes as further clarified frable2.1.

Since within the KF algorithm, a posteriori estimate is the sum of a priori estimate and the
Kalman gain times innovation term, the contributiorthaf first’Q p POMs should also be
subtracted from th&) POM in the prediction stage so as to arrivertiiagonal POMs in the
update stage. Thereforbdgtprediction step is given by

hoo. . h (2.37)

E. Eg h (2.38)

¢ 5 Ey Ep h (2.39)
i o€ R T h i h (2.40)
"Er Eyp € R'Ep8 (2.4)

Finally, the f must benormalsed to achieve the POM

P hi 8 (2.42
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Table2.1. State andbservatiorvectors: (a) Ref28]; (b) the presented method.

@) (b)
s R State vectop: o0
tate R State vector: o
vector: s = .
€ é é
h State vectod 0
Observc_sttlon OE@T 6
, vectorp:
07 .
Observation Gg Observgtlon OE@T o FoORO
vector: 5 vectorg:
C')TQ e er Z ~ =
Observation OE@I o oh oh0 E
vectord & ph & ph O

2.3.7. ROM Derivation

Once the POMs are computed, the displacement, velocity, and acceleration vectors can be
linked to a truncated subspace spanned byaL ¢) through new reduced coordinaied
(see Eq(2.9)) as

| o o0o0h
10 6 0h (2.43
s) 6o6h

foron o . Introducing Eq(2.43)into Eq.(2.1) and projecting the resulting system of

¢ ODEs onto the subspace yields
E 00 A 00 E 0o A HO 8 (2.44)
wherein the reduced mass, damping, stiffness, and loading matrices derted byA

3 ,andA | are given by

E E h
(2.45)

¢

‘A ‘A
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A ‘A 8

The newtidimensionaleduced version of the equation of vibration in @y4)significantly
suppresses the volume of computations and consequently yields a notablapspdech is
crucial in realtime monitoring. To adopgxponential integrator, the state vector and the first

order ODE of the reduced model should be written as

o 99 (2.46)
00
and
o A o "H "HOh (2.47)

correspondingly, for which the application of matrix exponential results irethesive state

space equation

N * HR (2.48)

where

X AgB Yoh
(2.49)
X e A "H8

2.3.8. Initialisation

An important consideration in the application of RPCA is the insgdionof the algorithms.
For RPCA with numerical EVD, initiadationis reflected in the choice of the covariance matrix

. Nonetheless, for the IPCA and perturbation, ingetionis in terms of POMs and
POVs . Perturbation method and IPCA ehtdie orthonormality of the POMSs in
Apparently, POMs and POVs from PCA trained in offline mode can lead to rapid convergence.
Ideally, it is desired to minime the computational cost with the appropriate inisiafionof
the RPCA with regard tthe corresponding limitations. Therefore, it is even more efficient to
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avoid the initial offline computation of PCA due to its high computational cost in high
dimensions by taking an arbitrary orthonormal set of vectors as initial P@hartunately,

aswill be shown in the numerical examples, unlike the IPtBAperturbation method can lead

to inaccurate results withan arbitrary choice of orthonormal POMs other than those from
offline PCA. Instead, IPCA is a robust method for arbitrary choidb@brthonormal set of
POMs whereas the KFRPCA algorithm proposed herein is more flexible and does not even
impose orthonormality constraint; any nonzero set of vectors is acceptablg, fand upon

arrival of new observations, the compute¢ will be orthonormal.

2.3.9. Order of FloatingPoint Operations and Memory Usage

Computational complexities of the presented RPCA algorithms and MOR in terms of their
order ofFloaing-Point Operation§FPO) as well as their memory usage, give insights into the
usag of CPU and RAM; however, depending on the operating system, hardware, programming
language, programs running in the background, and optimality of the computer code, the actual

runtime may not be consistent with the given orders herein.

BPCA needs$) (& | E IOt FPOs forthe covariance of snapshqt (Eg.(2.8) andi £

FPOs for numerical EVD of (Eq.(2.13) using algebraic QR algorithfd6]; 0 ¢ memory

is occupied by the covariance matrix anct by the POMs. Apparently whe@| ¢, the
compuational burden of covariance calculation dominates. RPCA with numerical EVD is
similar to what has been already explained for BPCA, except the recursive expression in Eq.
(2.17)which entailsb ¢ FPOs per observation to update covariance. Matrix pettarba
method require® ¢ FPOs and) ¢ memory as all eigenvectors must be computed and
stored at each timsep. IPCA needs ¢ amemoryand) & p  FPOs for numerical EVD

of "E in Eq. (2.33)plusU €¢a FPOs linked to the rest @he algorithm; accordingly, as
normally only a few number of POMs are sufficient,d.¢. ¢ IPCA features great efficiency

for high dimensional arriving observation signals rather than perturbation method or RPCA
with numerichEVD. The KFRPCA memory and FPOs requirement saalésa Finally, the

order of FPOs for ROM derivation amounttE .
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2.4. Recursive InputState-Parameter Estimation by AEKF and RPCA-Based ROM

For the purpose of stochastic recursive tracking efitiput, state, and parameters of the
structure within the intended framework in thigpter a recursive Bayesian filtering scheme

is envisaged. The system identification algorithm herein consists in tracking unknown
parameters of the structures; therefahe statespace form given by Edq2.48) calls for a
nonlinear identification task incorporating the effects of uncertainties. To accomplish this
stochastic nonlinear identification, the Ef&8] is deemed, which represents an extension of
well-known linear KF [49]; EKF is charactésed by lineaising the nonlinear statspace
equation about current mean via Jacobian in order to compute the error covariance of the
estimation. In thighapter with regard to the linear structural behaviour and the glaeabian

matrix (seeAppendix A), without any loss of generality, EKF is chosen to accomplish real
time identification task by avoiding excessive computations posed by alternative nonlinear
Bayesian filters. The state vector needs to be augmented witlownKoads as well as the
parameters so as to perform concurrent state, parameter, and input estimation leading to an
AEKF framework. AEKF was used by Naets ef&h] for stateinput-parameter estimation of

a vibrating structure. They proposed a parammetodel order reduction (PMOR) technique to
alleviate the computational costs. However, in tthiapter different RPCA algorithms are

synergsed with AEKF for reduceebrder modelling.

To formulate the Bayesian estimation, the augmented&tate is considered as
o

00 H 8 (2.50)
o

Any vibratiorntbased monitoring scheme entails a numbebservation sources on the system
dynamic response. These observations could be attained by sensing the response of the
structure via strain gauges, accelerometers, visased displacement detection, etc. We
provide herein, the observation equation &f linearly independenimeasurements on

accelerations and displacemebysthe following observation equation

~ 7 8 "~ 8 (2.51)
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In the above equation, is a vectoriafunctionthatrelates the state vector to the observed
guantities” ; thevector™ N g  stands for measurement noise which is supposed to be a
white Gaussian random process with covariance matrix¥ . The vector is

expressed by

o0 £ E g E A E n oh (2.52)

Matrix € is an¢ ¢¢ Boolean matrix which appropriately correlates the observations to
their respective DOF§he matrix , which belongs te , translates the displacements
and accelerations of the ROM to those of the full order m@d2M) and is stated by

8 (2.53)

The recursive expression for the evolution of the augmentedstétte modelling uncertainty
taken into consideration is necesstarypursue the stochastic estimation within the diserete
time AEKF framework. The first set of equations to be considered is the bilinear time advance

of the ROM accounting for modelling error denoted byN s

X " H " 8 (2.54)

The errorvector™ implies the degree of mismatch between the actual physical system and
the assumed mathematical model of the FOM as well as the loss of accuracy posed by MOR
(& ¢&). The inaccuracy caused by MOR can be decreased by increasing the order gAROM

the eyense of higher computational cost.

To allow for the evolution of the force vector, a random walk model is assumed whereby the
load vector during™ 6 IS supposed to stay constant with a fictitious noise Tettn

A

HOH ~B (2.55)

Proper tuning of the filter partly relies upon appropriate choice Btovariance to reach

adequate adaptivity and at the same time avoiding noisy predictions.
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Likewise, the evolution of the parameters imeeds extra equation on the grounds the
filter can modify the model parameters in the recursive estimations; therefore, a second random

walk model is adopted as follows

"8 (2.56)

The noise term” reflects the uncertainties in the material characteristics, structural
imperfections, imprecise initiaation etc. Further to that, similar to what has been already
described for load vector, higher valuesor covariance brings aboatfaster update of the
parameters upon initiation or development of damage; moreover, to avert noisy estimation or

filter instability, the covariance of  should not be chosen excessively large

Combining Egs(2.54) to(2.56) yields a single recursivprocess equation for concurrent

estimation of state, load, and parameter vector of the monitored structural sygterfoim

of
o) i & ~ h
x ~
I O € oh
€ (2.57)
The noise vector N A is supposed to bewhite Gaussian process with covariance

S
The AEKF estimator involves three phases: ingilion prediction, and update, through
which the estimation of the state being optinsed by minimising the estimation error
variance. Schematic illustration of the RPCA coupled with AEKF is presented in Figure 2.1
and the AEKF algorithm is given ilappendix B.

The observability of linear systems is a wedktablished subjeat system and control theory;
nonetheless, the identifiability of nonlinear syssamyet a challenging task. For parameter

identification in the linear structures, the process equation is bilinear in terms of the parameters
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to be tracked. Owing to the ak nonlinearity of such problems, one can evaluate observability
of the lineaised version of the problem via the Jacobian of the process equatio(R (&b)

as well aghelineaiised version of the observation equation through gradient(EE8§)).

—{ RPCA )
\2
( POMs )

v

[ ROM Updating ]

[ Input + State + Parameter ]

Figure2.1. Outline of the coupled RPCA and Bayesian filter framework.

For linear systems, the Hautus tg€, 51]is a weltknown method furnishing necessary and
sufficient condition for observability; as for the problem under study herein, theidieear
process equation is observable, if, and only if
OATE cax ¢ ¢h
(2.58)

u:év
-~ h

forany“ N E.

Some @neral observability conditions are pointed oufli, 52]based on Eq(2.58)which
are briefly reviewed herein to have a samdhtained chapter Let us consider® p.
Consequently, “gwill containé &€ zerorows pertaining to the random walks; therefore,
at leaste ¢ linearly independent measurements are requiredgi.e. € € . In

addition, the dimension of the ROM must be greater than or equal to the number of forces to

be tracked (considimg no observation on loads), thatis ¢ otherwise, the columns of

pertaining to unknown loads will be linearly dependent and the rank condition {2.&8)

will be violated. The latter would also lead to unobservability of the loads whernvabses

37



are merely restricted to accelerations; therefore, at dedstearly independent displacement

level measurements are necessary.

2.5. Numerical Examples

2.5.1. Numerical Simulation Setup

Numerical simulations are carried out nextptmduce numerically synthissd sensor data
using the equations presented in Section 2.2. In so doidpceetisedstructural model is
advanced in time using E(R.6)assuming the structure to be initially at rest at imert. The
chosen time steppinig T8t p for time integrations and the sampling rate of the monitoring
instruments A high-rise building with 39storey, the Pirelli tower in Milan, Italy, is selected
for having the model parameters in a realistic range ofifeatructuresThe3-D FEM model

of the Pirelli tower is dynamically condensed reducing it into a 39 DaFsbdel by locking

the vertical degrees of freedom; the planar motion atbagstiffener horizontal axisf the
tower floor plan is considered (readers can refef5®] for the full 3D FEM model).
Afterwards, a shear building model wiltridiagonal stiffness matrigwith the assumption of
rigid diaphragms for the floors, based on which, the matrix assembly is clarifggbandix

A) is fitted to the dynamically condesd model without changing the mass matrix by adopting
gradient search optisation matching the first natural frequenggp w YOI and the first
natural mode shap@&his shear building model is used both for synieg observation data

and as the process equation of AEKF; therefore, no modelling error is imposed on the Bayesian
filtering. Damping is incorporated by assuming a linear combination of mass and stiffnes
matrices based on Rayleigh damping,Ae. ®'E @& ; for the numerical examplesyand

& are set ta@t pDynamic loadHd is exerted on the top floor of the structures (level 39) and
by default is a swegtine given byHd v p mOBi1 060 6 p mmE.wherel 0
OATmtpO p 1 munless otherwise specified; the swsjste is chosen so that the time
varying load and response statistics being involved in the examphes.normaked
displacements are presented by dividing displacements by the maximum displacement of storey
39 throughout the numerical examples. Numerical EVDs are computed by MARLAE O

function in all the numerical examples.
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The emerging new technologies featureghhiprecision measurement of structural
displacements by deploying legost wireless action cameras, for which, successful
development and experimental implementation are presented by Lydon[®t]afurther
studies on this measurement method are fuedisdy[55-59]. In view of this, in the numerical
examplesthe assumed observations are sampled by taking displacements for both RPCA and
the AEKF. Measurement error is imposed by polluting the emulated response with random

white noise of normal distribwth generated by MATLABD AT A T function.

It has been widely taken as grantethi@available literature on structural system identification
and SHM, to link the structural modifications or damages to the entries of the stiffness matrix.
As such, in the nunmigally simulated sensor data, sudden degradation in the structural stiffness
is imposed by abrupt reduction of components of the stiffness matrix.

2.5.2. Accuracy of RPCAAlgorithms

In this section, the precision of BPCA and different RPCA algorithmsaassessed and
compared. RPCA initiadiation time-invariant structural parameter, timvarying structural
parameter, and impact load are discussed; to isolate the influence of aforesaid cases, the RPCAs

are fed by noiseless signals at this stage and tsg siginals are dealt with in Section 2.5.3.

2.5.2.1. BPCA

To compare BPCA with the RPCA in the sequel, the error of BPCA in signal reconstruction is
plotted in Figure 2.2 in both lineacale and logcale.A snapshot length gb 1t starting at

time zerois used to attain BPCA throughout the numerical examesmalsed time is
denoted bydo which is driven by dividing time by the first natural period of the structure.
The eror of signal reconstruction is denoteddbgtefined ashenorm of the diférence between

true displacement response vector of the structure and the reconstructed on¥, i.e.

Yi:o) o4& Normalisation ofY is carried out by dividing it by the maximum displacement of
the 39" floor entire thechapter It can be observed that using only three POD modes can ensure
a highly precise response reconstruction for alfsahigh dimensional system like Pirelli

tower.
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2.5.2.2. Effect of Initialisation

Initialisation of the RPCA is prominent concerning its accuracy depending on the type of
algorithm in use as will be demonstrated. Ideally, it is desired not to impose unreal data or
innovation through the initial guess for and . To accomplish this objectiyen this

chapter it is proposed to assign infinitesimal values towhich suggests that the innovation

in initial covariance is negligible, i.e. ; hence, upon arrival of earliest signals, the
covariance rapidly accommodates true statistiah@fobservations. This strategy is relevant

for RPCA with EVD, perturbation, and IPCA. Nevertheless, KFRPCA does not incorporate
POVs; instead, a proper initisitioncan be envisaged by assigning very small values to the
nontnormalsed POMs  so tha the random walk model rapidly gets then-normalsed

POMs matched to the sampling statistics. It is noteworthy that isétadnby offline training

of the PCA can enhance the accuracy in the beginning time steps rather than adopting a
randomly choseonrthonormal base structurally far from the dominant RPCA mode shapes; in
this manner, the RPCA is provided by a rather well fitted and consistent modes using a snapshot
of the structural response over a givienespan though posing higher computationalst by
computing BPCA especially for data with large dimensions.

First, let us evaluate initigationthrough BPCA with the same snapshot employed in Section
2.5.2.1; for initialsationby BPCA, this snapshot will be used throughoutdha@pter Analysis

of RPCA with EVD is presented in Figure 2.3 for the first 3 POMs taking 1@t pAt the
beginning of the vibration of the structure, the covariance is of higher rank due to the activity

of higher natural modes of the structure. Damping suppressegithibation of higher natural
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modes and the rank of reduces. Therefore, higher precision is achievable with a given
number of POMs as the dynamic loading continues. As such, it can be seen that the error
gradually descends with time for all three POsmparing the error with BPCA in Figure

2.2, RPCA exhibits much improved accuracy due to the amnesty mechanism in the RPCA by
adopting a fixed decay rate, thereby, concentrating the POMs data structure on the dominant

data structure of the current timesiant.

IPCA shows almost the same accuracy as EVD RPCA as demonstrdiggiia 2.4 The
precision of matrix perturbation is similar to IPCA and EVD when using 1 and 2 POMs;
however, for this example, when using 3 POM;g perturbation method does ndfer any
improvement in the accuracy compared with 2 POMs except in the early stage of system

evolution.

The performance of the KFRPCA is reflected in Figure 2.6. For ins@ion the non

normalsed POMs | are set tpQ v rtimes normased modes from BPCA. The tuning
parametes are considerec pA ¢ and D 18t p.pThe tuning of KFRPCA is

different from other presented algorithms in tbiimpterand there is not an explicit formula

for equating the learning rate ofFIRPCA to other methods to perform a fair comparison.
Anyhow, the aboweonsidered tuning is suggested by trial and error to match the adaptivity
pace of KFRPCA with the other frameworks. As can be seen in Figutb@cdnverging rate

of KFRPCA for the torementioned tuning closely resembles that of EVD RPCA and IPCA.

To further assess the RPCAs, assume orthonormal initial POMs denoted by

1 h FER ( stands for Kronecker delta function) which are structurally far from
observationcorrelation. The tunings and the rest of the ingetion parameters are taken
similar to the former exampl&he eror of RPCAs for 1 and 2 POMs along with the first and
second POMs are plotted in Figure 2.7. EVD RPCA, IPCA, and KFRPCA are closely
anabgous in terms of error and mode shapes; moreover, their mode shapesshravey
resemblance to the ones derived by BPCA ingglon in Figures 2.4, 2.5 and 2.7.
Nevertheless, concernitige perturbation method, despite the previous example in FijGre

the precision is significantly spoilt. For further insights and intuitibegvolution of the first

3 POMs at the beginning of the analysis is also visedin Figure 2.8 for KFRPCA; as the
EVD RPCA and IPCA exhibit similar tresgdthey are not jtted here for the sake of brevity.
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Figure2.3. RPCA with EVD and T8t pNormalsed signal reconstruction errdffor 1 up to 3 POMs(a)
linearscale plot; (b) logscale plot. (c) first 3 POMs at ¢ it
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Figure2.4. IPCA with* T8t pNormalsed signal reconstruction errdffor 1 up to 3 POMs contributions:

(a) linearscale plot; (b) logscale plot. (c) first 3POMs at ¢ Tt
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Figure2.5. RPCA with matrix perturbation arid 18t pNormalsed signal reconstruction errdtfor 1 up to
3 POMs: (a) lineascale plot; (b) logscale plot. (c) first 3POMs at ¢ mim
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Figure2.6. KFRPCA. Normaiked signal reconstruction errdtfor 1 up to 3 POMs: (a) lineacale plot; (b)
log-scale plot. (c) first 3 POMs at ¢ i
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Figure2.7. (a) Error of RPCAs with 1 POM; (b) the first POM for different RPCA6 at¢ miti(c) Error of
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Figure2.8. Evolution of the POMs by KFRPCA at the beginning stage of the analyses: (a) POM 1; (b) POM 2;

(c) POM 3
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