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Abstract 

Recursive Bayesian estimators (Bayesian observers) have been widely used in stochastic 

infrastructure system identification and structural dynamics. The key capability of these 

techniques is fusing of measured data by a limited number of sensors with the information from 

a model of a structural system for estimating quantities of interest; in so doing, observation 

noise and modelling errors are accounted for. These quantities can be measured or unmeasured 

states of the system as well as inputs and parameters. In this context, Model Order Reduction 

(MOR) is a useful approach to achieve higher computational speed. Two key challenges 

associated with the structural system identification by recursive Bayesian estimators 

incorporating a Reduced-Order Model (ROM); the dynamic loads (inputs) are usually 

infeasible or costly to measure, therefore, unknown input system identification is motivated; 

furthermore, time-varying systems such as damaging structures substantiate online model 

updating of the ROM.  

Proper Orthogonal Decomposition (POD) is an effective data-driven method for MOR that 

emerged in different forms such as KarhunenïLoève Decomposition (KLD), Principal 

Component Analysis (PCA), and Singular Value Decomposition (SVD). The offline POD was 

used in structural engineering in many studies relying upon Batch POD (BPOD) applied on a 

snapshot of structural response data. However, the method of BPOD is not appropriate for 

online MOR. Instead, Recursive POD (RPOD) offers efficacious online model updating and 

MOR which has been rarely studied in connection with structural engineering. Therefore, in 

this thesis, RPOD in form of RPCA is delved into in the context of structural dynamics. 

Different existing RPCA methods including RPCA with numerical Eigenvalue Decomposition 

(EVD), Incremental PCA (IPCA), and matrix perturbation method are assessed. Moreover, a 

new Kalman Filter RPCA (KFRPCA) is developed which resolves unobservability of higher 

Proper Orthogonal Modes (POMs) and outperforms the other methods in runtime. The 

robustness of the RPCAs to initialisation, alteration of structural parameters, noisy observation, 

and dynamic loading is probed. A framework for online stochastic output-only system 

identification is presented by synergising RPCA with an output-only Bayesian estimator; the 

framework is exemplified using Augmented Extended Kalman Filter (AEKF) for input-state-

parameter estimation of a structural system. 
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Input regularisation is a common approach in structural system identification. This is 

oftentimes in form of augmenting the state vector by unknown inputs and assigning a random 

walk and fictitious modelling error covariance, for instance in Augmented Kalman filter (AKF) 

and AEKF. The drawback of the latter presumptions is that the information on the model and 

statistics of the unknown inputs are not realistic, therefore, the resulting Bayesian estimator 

would not be robust to nonstationary input. This motivated the application of so-called 

Minimum Variance Unbiased (MVU) filters with no input regularisation. The latter method 

and its nonlinear variants have been studied by different researchers for structural system 

identification with direct feedthrough. Nonetheless, research on the MVU filter for systems 

without direct feedthrough is scarce in structural dynamics. Hence, this thesis studies the linear 

MVU filter without direct feedthrough highlighting the associated ill-conditionedness for 

instantaneous system inversion, particularly when the sensors are non-collocated. The ill-

conditionedness causes excessive noise amplification in the estimated quantities. This dilemma 

is circumvented by developing a novel MVU smoothing algorithm for the input-state 

estimation of linear systems. A new method is also proposed to be incorporated in the proposed 

smoothing method for the cross-covariance calculation of the estimation errors; the aforesaid 

new technique considerably enhances the speed of the computation.   

The linear MVU filter is not capable of estimating the structural parameters as this sort of 

estimation requires a nonlinear filtering scheme. Consequently, a new nonlinear Bayesian filter 

is proposed for joint input-state-parameter estimation of structural systems without direct 

feedthrough. The developed nonlinear output-only filtering technique does not presume any a 

priori assumptions on statistics or model of the input as opposed to AEKF. 
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1.1. Research Background and Significance 

The Bayesian inference frameworks have broad applications in different disciplines. They are 

excellent tools for the fusion of stochastic data and the prediction of hidden (not directly 

measured) system state components and parameters. The seminal paper published by Kalman 

[1] has received numerous citations due to the extensive applications of the Kalman Filter (KF) 

and its variants. Since this thesis introduces recursive Bayesian inference methods, and to 

underscore the importance of the pertinent multidisciplinary research area, it is worthwhile to 

briefly overview some practical instances of the Bayesian inference applications in the 

literature other than structural engineering. KF was used by Hamuda et al. [2] in the context of 

agricultural engineering to furnish an enhanced crop detection in intelligent weeding 

applications. Odry et al. [3] introduced an Extended KF (EKF) technique with fuzzy adaptivity 

for the estimation of the attitude of robots in a real-time manner. An approach was developed 

by Roy et al. [4] featuring decreased biased clean speech and noise linear prediction coefficient 

estimates through Augmented KF (AKF) to increase the quality of speech and its intelligibility. 

Menegaldo [5] underlined the significance of estimation of muscle dynamical state comprising 

muscle length, neuromuscular activation, and tendon force on the topic of myoelectric devices 

and virtual rehabilitation; the suitability of the KF and EKF algorithms was therefore examined 

as real-time estimators of muscle state. A particle filter was used by Mao et al. [6] to identify 

parameters in asymmetric stochastic volatility models for assessing the leverage effect in 

financial returns. Parameter estimation of fractional gene regulatory algorithm using Extended 

Fractional KF (EFKF) was studied by Zhang et al. [7]. Tong et al. [8] applied ensemble KF for 

data assimilation in the context of meteorology. An adaptive high-degree cubature Kalman 

filter was utilised by Linghu et al. [9] to predict the state of the charge of lithium-ion batteries. 

An unscented Kalman smoothing method was adopted by Wen et al. [10] dealing with 

estimation problems in the field of heat transfer. Wielitzka et al. [11] exploited the unscented 

Kalman filter to estimate the coefficient of friction between vehicle tires and the road surface 

in an online fashion motivated by its importance for safe autonomous driving. Ma et al. [12] 

used Unscented KF (UKF) for image denoising.  

A rapidly growing body of technical literature has been devoted to research on recursive 

Bayesian filters and smoothing methods in the field of infrastructure engineering. The latter is 
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motivated by their efficacious online performance while accounting for the stochastic nature 

of the system identification problem. It is impractical if not impossible to fully instrument a 

structural system by sensors to measure the full state of the system due to (i) budgetary limits 

and (ii) inaccessibility of some areas of structures.  As a remedy one needs to fuse the noisy 

data measured from a sparse sensor network with a structural model. A systematic and 

straightforward way to achieve this task would be through utilising Bayesian filtering and 

smoothing methods. In this regard, the full state of a partially observed linear structural system 

was estimated by KF aiming at fatigue prediction in a structure by Papadimitriou et al. [13]. 

To facilitate Structural Health Monitoring (SHM), parameters of a structural system can be 

tracked by nonlinear Bayesian filters for damage detection [14-17]. It was shown that adaptive 

filtering can mitigate even non-Gaussian modelling errors in a nonlinear finite element model 

updating procedure [18]. The application of Bayesian filters also extends to operational modal 

analysis [19]. 

The standard KF requires the system input to be either white noise or an arbitrary known one. 

This condition cannot be satisfied in numerous practical cases, including structural systems in 

operational conditions. For example, wind load on high-rise buildings and wind turbines cannot 

be directly measured. Nonetheless, in a traditional system identification scenario, they are 

needed. Moreover, these quantities are of interest for structural engineers to assess the loading 

models proposed by design codes or to improve the design of future structures. Consequently, 

this motivated many researchers to pursue the input-state identification of structures by 

recursive Bayesian estimation [20-23]. Concerning the estimation of the parameters of the 

structural system as well as its state and inputs, nonlinear filtering methods were proposed [24-

28].   

High-fidelity computational models of structures and infrastructure systems can feature many 

degrees of freedom (DOFs). Realtime system identification using those models can be 

practically impossible when full order models (FOMs) are used. To address the computational 

burden, normally Reduced-Order Models (ROMs) of the FOM are utilised. One of the 

categories of ROMs is centred on the idea of projection of the state space onto a subspace that 

has only a fraction of the FOM dimension and yet can accurately capture the system dynamics. 

Proper Orthogonal Decomposition (POD) is a strong tool for finding that subspace. POD maps 

a snapshot of data to new uncorrelated coordinates by using a subspace spanned by Proper 
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Orthogonal Modes (POMs). The development of the POD concept can be accredited to 

Karhunen [29], Kosambi [30], and Obukhov [31]. Amongst many applications of POD, one 

can name image processing [32], heat transfer [33], computational fluid dynamics [34], micro-

electro-mechanical systems (MEMS) [35], computational physics [36], aeroelasticity [37], and 

data denoising [38]. 

In infrastructure engineering, the remarkable speed-up achieved by ROM employing POD 

makes it a useful technique especially considering that the reduced-order model features 

minimum possible loss of accuracy in terms of the mean square error [39, 40]. This speed-up 

is in favour of real-time signal processing and online system identification which is particularly 

substantial in SHM and allows for timely detection of damages [41, 42]. POMs and Proper 

Orthogonal Values (POVs) produced by POD were also shown to be advantageous for 

extracting damage features and damage localisation [43-47].  

1.2. State of the Art 

The output-only Bayesian filtering methods such as AKF [21] and dual KF (DKF) [23] are 

based on the regularization of the unknown inputs; these methods make unrealistic a priori 

assumptions on the evolution model of the unknown inputs by using random walks as the inputs 

model. In real-life problems, oftentimes no prior information about the evolution and statistics 

of the input is available. That being said, these methods require tuning certain hyperparameters 

of the input model. To address this issue, the research community has been focused on the 

development of methods that simultaneously estimate inputs and states of a system without 

posing any assumptions on the statistics of input. The family of so-called Minimum Variance 

Unbiased (MVU) filters fall within that category. The MVU methods and in particular the one 

developed by Gillijns and De Moor [48] have gained increasing attention in the field of 

structural system identification [49]. The filter was also generalised to nonlinear systems to 

enable input-state-parameter estimation for linear and nonlinear systems as well as state-input 

estimation for nonlinear systems [27]. Further extensions of the method to linear [20] and 

nonlinear smoothing methods were also proposed for systems with direct feedthrough [25]. 

Nevertheless, there exists a gap in the literature for systems without direct feedthrough. That 

includes structural systems for which measurement setup does not involve accelerometers, for 



5 

 

which, the latter MVU methods tailored to systems with direct feedthrough are no longer 

applicable.  

The comprehensive reviews on POD by Kerschen et al. [47] and more recently the extensive 

review by Lu et al. [40] show that, although there exists an abundance of studies on offline or 

Batch POD in structural engineering, the Recursive POD (RPOD) has not been probed in the 

context of structural dynamics and system identification. A few published research works are 

available on RPOD. Krishnan et al. [45, 46] employed RPOD based on the matrix perturbation 

method for vibration-based SHM, while their studies lack an assessment of the robustness and 

accuracy of the perturbation technique. Furthermore, the robustness and accuracy of other 

already existing RPOD methods in the context of structural dynamics are yet open to question. 

Eftekhar Azam et al. [15] introduced a state-parameter estimation framework by coupling EKF 

with an RPOD derived by linear KF; the latter framework requires direct measurement of 

inputs (the dynamic loads), and the introduced RPOD fails to update the higher-order POMs. 

It should be underlined that online update of higher POMs is crucial for systems with high 

dimensions.  

1.3. Thesis Aim and Objectives 

The aim of this PhD thesis is to address the abovementioned research gaps by the development 

of robust recursive stochastic Bayesian estimation methods, enabling real-time output-only 

identification of structural systems without direct feedthrough. Specifically, this thesis aims to 

develop methods that are robust to the nonstationarity of input, modelling error, and 

observation noise.  

The objectives of this thesis are as follows: 

1. Developing a framework by coupling output-only Bayesian estimator with RPCA to achieve 

computational speed-up. 

2. Investigating the accuracy and numerical behaviour of already existing RPCA algorithms 

individually and within the framework explained in the previous objective. 
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3. Speed-up of the RPCA and resolving the unobservability of higher modes by introducing a 

new method by sequential KFs. 

4. Investigating the prediction capability of the MVU filter for state-input estimation of 

structural systems without direct feedthrough. 

5. Developing a smoothing method for state-input estimation of linear systems without direct 

feedthrough with no input regularisation (unlike AKF and DKF) by using a windowed 

observation to decrease estimation uncertainty. 

6. Developing a new nonlinear filter for input-state-parameter estimation without input 

regularisation (unlike nonlinear extensions of AKF and DKF in [28] and [26], respectively).  

Next, the thesis outline and how the research objectives are pursued in each chapter are 

explained. 

1.4. Thesis Outline 

This thesis is organised into five chapters in the format of a thesis including publications. 

Chapters 2 and 3 are published in peer-reviewed journals and Chapter 4 is an unpublished one. 

The interconnection between the algorithmic contents of Chapters 2-4 as well as novel 

algorithmic contributions are illustrated in Figure 1. The outline of the thesis is presented as 

follows. 

Chapter 1: Introduction  

This chapter involves research background and significance. It should be emphasised that a 

detailed literature review is avoided in this chapter as topic-specific and detailed literature 

reviews are included in Chapters 2-4 according to their focus. Then, the research gaps are 

highlighted, and the state of the art is presented. The chapter also explains the aim and 

objectives. Eventually, the organisation of the thesis contents is reviewed.  
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Chapter 2: Recursive Principal Component Analysis for Model Order Reduction with 

Application in Nonlinear Bayesian Filtering 

The core focus of this chapter is twofold: (1) RPCA, (2) the system identification framework 

of coupled RPCA with output-only nonlinear Bayesian estimator. The chapter is divided into 

five main sections. The first section comprises an introduction and a literature survey. The 

second section describes the mathematical model of the dynamical system and its discrete-time 

version. The third section draws the theoretical aspects and mathematical details of BPCA, 

RPCA with numerical EVD, RPCA with matrix perturbation, IPCA, adaptivity, KFRPCA, 

derivation of ROM, initialisation, order of floating-point operations (FPOs), and memory 

usage. The fourth section presents the state vector, process equation, and observation equation 

with the AEKF algorithm as well as observability conditions. The fifth section sheds light on 

the algorithms via numerical examples including the setup of numerical simulations, accuracy 

and robustness of RPCAs in signal reconstruction and POMs calculation, computation time, 

and state-input-parameter identification via the introduced coupled RPCA-AEKF framework. 

Finally, the last section draws conclusions.       

Chapter 3: A Bayesian Smoothing for Input-State Estimation of Structural Systems 

Chapter 3 is focused on the MVU filter and the new MVU smoothing. The chapter begins with 

an introduction section involving a detailed literature review. Then the smoothing derivations 

are elaborated. The state-space of linear systems without direct feedthrough along with the 

extended observation equation are formulated, followed by the main steps of the smoothing. 

Input estimation is proven to be unbiased, and the optimal input gain is obtained. Afterwards, 

the proof of unbiasedness of the estimated state is presented and its optimal calculation is 

formulated. The chapter includes a summary of the MVU filtering and smoothing algorithms. 

The novel algorithm of the cross-covariance computation is also discussed in the relevant 

appendix. Numerical simulations are included featuring the performance of the MVU 

estimators in terms of state and input estimation as well as the evolution of error covariances. 

The delayed peak response of the structure subject to an impulse load is demonstrated to give 

physical intuition on the reason for system ill-conditionedness. Ultimately, the chapter is closed 

by concluding remarks.  
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Chapter 4: A New Nonlinear Bayesian Filter for Input-State-Parameter Identification of 

Structural Systems Without Direct Feedthrough 

The pivotal theme of Chapter 4 is the introduction of a nonlinear extension to the linear MVU 

input-state estimator in [50]. The chapter opens with a literature review. Then the rigorous 

mathematical derivations of the filter are presented. The nonlinear state-space equation and 

linearisation by Jacobian are elaborated. The analytical error expressions are obtained, and the 

filter is proven to be unbiased considering the linearised difference equation; moreover, the 

closed-form error covariances and the optimal gains of input and state for the linearised system 

are furnished. The algorithm performance is examined by an 8-story shear building model in 

the numerical examples.   

Chapter 5: Conclusions and Future Research 

This chapter sums up the accomplishments of the thesis with regard to the thesis objectives. It 

draws the overall conclusions of this research. Finally, areas to pursue further research are 

recommended. 
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Figure 1.1-The interconnection between the chapters and algorithmic contributions in a nutshell. 
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Abstract 

Proper Orthogonal Decomposition (POD) is a useful technique for feature extraction, model 

order reduction and data compression and has been widely used in different science and 

engineering disciplines. Numerous papers have been published on the application of offline 

POD, i.e., Batch POD (BPOD) in civil and mechanical engineering encompassing Karhunenï

Loève Decomposition (KLD), Principal Component Analysis (PCA), and Singular Value 

Decomposition (SVD). Nevertheless, online POD which is more suited for online feature 

extraction and monitoring has been scarcely addressed when dealing with civil and mechanical 

systems, particularly in structural dynamics. In this chapter, a number of Recursive POD 

(RPOD) methods in form of Recursive PCA (RPCA) are overviewed with their application to 

structural dynamics. RPCA with numerical Eigenvalue Decomposition (EVD), Incremental 

Principal Component Analysis (IPCA), matrix perturbation method, and Kalman Filter RPCA 

(KFRPCA) are presented; their performance is probed in terms of initialisation, structural 

parameter modification, noisy observation, and alteration of loading statistics. The novel 

KFRPCA algorithm developed in this chapter is reformulated to resolve the unobservability 

issue of higher modes which was present in its previous version in the published literature. 

Online stochastic output-only system identification is presented by synergising RPCA with a 

nonlinear Bayesian filter. Augmented extended Kalman filter (AEKF) is employed to perform 

the unknown-input dual estimation. 

Keywords: Recursive Principal Component Analysis (RPCA); online model order reduction; 

model updating; system identification; nonlinear Bayesian filter. 

2.1. Introduction 

Large dimensional data are widespread in present-day science and technological applications 

while there is a large interest in processing them in real-time in areas such as Structural Health 

Monitoring (SHM), and augmented reality which would require real-time system 

identification. This has been addressed through different dimensionality reduction methods to 

alleviate computational costs and approach real-time processing. In this chapter, Proper 

Orthogonal Decomposition (POD), which is a powerful statistical technique towards 
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dimensionality reduction is focused, on which, interesting surveys are available in [1, 2]. POD 

can be applied in the forms of Singular Value Decomposition (SVD) [3, 4], Principal 

Component Analysis (PCA) [5-9], and Karhunen-Loève Decomposition (KLD) [10-12]. The 

connections and equivalence of SVD, PCA, and KLD are discussed in [13].  

In structural dynamics, model order reduction by POD offers some advantages over other 

techniques. Being load-dependent and structure specific, POD features somewhat higher 

accuracy with the same number of DOFs compared to MOR based on natural vibration modes 

[14]. In addition, in nonlinear structures, POD can be expediently adopted, whereas obtaining 

the normal modes is not a trivial task. There are a number of challenges associated with online 

MOR of the state-space of a vibrating structure dynamic evolution with normal modes method. 

Numerical modal MOR poses sophistication and computational burden, particularly for high 

dimensional structures as well as having unstraightforward extraction of nonlinear normal 

modes. Parametric Model Order Reduction (PMOR) [15-17] could be chosen so as to 

accomplish online adaptivity. PMOR requires partitioning of the parameters space and 

performing modal analysis per sampling point. This necessitates a high volume of memory and 

computations in the initial procedure of creating a large number of samples, especially, for a 

high number of parameters; the number of samples increases exponentially as the number of 

parameters grows. Moreover, providing appropriate mesh over the parameters space as well as 

efficient interpolation would be cumbersome in a high dimensional space of parameters. 

Instead, online PCA is a handy tool and offers on-the-fly update of the Reduced-Order Model 

(ROM) without posing high computational burden and precision loss. 

With reference to the latest comprehensive review of published research works on POD in 

structural dynamics and computational mechanics by Lu et al. [1], it can be appreciated that 

online POD is yet open to further research in these fields. Online POD is meant to process the 

data on the fly with an attempt to approach real-time computation by efficient numerical 

methods. Despite offline POD (or frequently referred to as Batch POD (BPOD)), adaptive 

subspace track is feasible by online POD with an attempt to minimise computational cost. Two 

major categories of online POD can be acknowledged: moving window (or sliding window) 

POD [18-20] and Recursive POD (RPOD) [21-23] in both forms of SVD and PCA (see further 

details in [24, 25]). In this chapter, the RPCA will be studied. 
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RPCA has been recently used by Krishnan et al. [26] along with online damage indicators to 

perform baseline-free damage detection. They employed the matrix perturbation method to 

establish recursion between Proper Orthogonal Modes (POMs) and Proper Orthogonal Values 

(POVs), though the accuracy of matrix perturbation was not discussed. They also presented a 

health monitoring scheme via perturbation based RPCA together with time-varying auto 

regressive modelling [27]. Eftekhar Azam et al. [28] proposed a Kalman Filter Recursive PCA 

(KFRPCA) based on random walk to carry out reduced-order modelling as well as online 

model updating for real-time system identification using Extended Kalman filter (EKF). They 

reported that the KFRPCA successfully tracks the first POM, however, it fails to predict the 

higher POMs. 

The contributions of this article to the literature are reviewed next. A number of RPCA 

algorithms are studied dealing with Model Order Reduction (MOR) of a vibrating structure, 

including RPCA with numerical Eigenvalue Decomposition (EVD), Incremental PCA (IPCA), 

and matrix perturbation method. Moreover, a new version of KFRPCA is proposed in which 

the problem of unobservability of higher modes reported in [28] is resolved. The accuracy and 

robustness of these methods are assessed in handling the initialisation of RPCAs, structural 

parameter variation, and time-varying load statistics. An important concern in MOR is linked 

to changing statistics of the observation signals over monitoring course caused by variation of 

structural parameters. In this respect, for timely update of POMs in RPCA, the significance of 

the forgetting factor is highlighted. The forgetting scheme is imposed by choosing a constant 

decay rate rather than uniform weighting which yields exponential fade out of the observed 

signals. To exemplify the application of RPCA in online system identification via a nonlinear 

Bayesian filter, RPCA and Augmented EKF (AEKF) are synergised. The precision of RPCAs 

is further assessed in connection with noisy signals in the context of input-state-parameter 

identification. Via extensive numerical analyses on a model of Pirelli Tower (located in Milan, 

Italy) it is shown that the new formulation of KFRPCA does not suffer from unobservability 

issues in higher modes. Moreover, it is shown that the KFRPCA outperforms the other three 

RPCA methods in terms of computational burden and poses less restriction to initialisation 

guess compared to IPCA and matrix perturbation method.  

In this chapter, the demonstration of RPCAs application is carried out using a linear structural 

model and AEKF is used as a limiting case of Bayesian filtering approach. The published 
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literature on BPOD shows the applicability of the technique for nonlinear structural systems 

[29-31]. Therefore, the present coupled RPCA-Bayesian filter framework has the potentiality 

to be generalised to nonlinear structures. Moreover, a variety of state-input-parameter 

estimation methods based on Bayesian filtering has been presented by different scholars in the 

context of vibration-based system identification of structural and mechanical systems [32-34]. 

Therefore, the framework presented in this chapter has potential applicability to other filtering 

schemes as well. 

The rest of the chapter is organised as follows. Section 2.2 includes the mathematical full order 

model of a general linear dynamical system and its state-space representation. In Section 2.3, 

after a brief review of the fundamental theoretical aspects of PCA and its accuracy respecting 

truncation, RPCA formulations with numerical EVD, matrix perturbation method, and IPCA 

are presented along with the treatment of nonstationary signals using forgetting factor. Then, 

the proposed KFRPCA is formulated followed by the ROM calculation. Initialisation and 

computational complexities of RPCAs are discussed. Unknown-input system identification via 

AEKF is included in Section 2.4. Section 2.5 involves extensive numerical experiments with 

discussion on the precision of the different RPCAs dealing with signal reconstruction, 

accompanied by computation time of the methods as well as input-state-parameter estimation 

using AKEF and ROM. Finally, conclusions are drawn in Section 2.6. 

2.2. Mathematical Model 

The equation of vibration for a spatially discretised linear structural model with ὲ degrees of 

freedom can eventually be reduced to the well-known ὲ dimensional second-order system of 

Ordinary Differential Equations (ODEs) in time domain given by 

Ἑ Ἵ Ἅ Ἵ ἕ Ἵ Ἄ Ἦὸȟ (2.1) 

in which the vector Ἵᶰᴙ  comprises the displacements for the degrees of freedom 

corresponding to which Ἵᶰᴙ  stands for velocity, and Ἵᶰᴙ  denotes acceleration. The 

ὲ ὲ matrices of mass, damping, and stiffness are signified by Ἑ, Ἅ, and ἕ , respectively, 

which determine the dynamical characteristics of the structure. The ὲ parameters of interest 

to be tracked in the system identification procedure are assumed to be gathered in the vector 
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ᶰᴙ  (which may evolve in time for a damaging structure). It is noteworthy that state-

parameter estimation of a linear structural model leads to a nonlinear system identification 

problem. The dynamic loading is represented by the vectorial function Ἦɴ ᴙ  which is to be 

estimated using the inverse analysis described in Section 2.4. Finally, the matrix Ἄᶰᴙ  

specifies the distribution of dynamical force vector Ἦ on the structural model degrees of 

freedom.  

To deal with Eq. (2.1) over the time interval of interest ὸȟὸ , an integration scheme is 

required along with an appropriate stepping ẕ ὸ ȟὸ. The sampling frequency of sensing 

instruments as well as the type of the chosen integration method are key factors that influence 

the choice of the time step size. In this chapter, matrix exponential based integrator [35] with 

uniform discretisation is adopted due to its relatively fast convergence.  For this purpose, the 

equivalent first-order ODE form of Eq. (2.1) is given by 

ὸ Ἃ ὸ Ἢ Ἦὸȟ (2.2) 

where ὸ is the state vector including Ἵ and Ἵ  

ὸ
Ἵὸ
Ἵὸ

ȟ (2.3) 

and the parameter-dependent matrices Ἃ  and Ἢ  read 

Ἃ
ἓ

Ἑ ἕ Ἑ Ἅ
ȟ (2.4) 

Ἢ
Ἑ Ἄ

ȟ (2.5) 

where ἓ is an identity matrix with the appropriate dimension. The exponential integrator results 

in a recursive state-space equation given by  

צּ Ἦȟ (2.6) 

in which 

צּ ÅØÐἋЎὸ 

צּ ἓἋ ἪȢ 
(2.7) 
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The values of variables at time  ὸ is symbolised by the subscript Ὧ in Eq. (2.6) and this 

convention will be used hereafter for other variables as well. In Section 02.5, Eq. (2.7) will be 

utilised to obtain numerical simulations. 

2.3. Principal Component Analysis (PCA) 

2.3.1. Batch Principal Component Analysis (BPCA) 

Assume a snapshot matrix ἡ ᶰᴙ  of Ὠ real zero-mean random vectors ὀ ᶰᴙ  where 

ἡ ὀ ὀ Ễ ὀ Ȣ (2.8) 

For any ρ ὰ ὲ it is aimed to find an optimal orthonormal base denoted by columns of the 

matrix ᶰᴙ  containing the POMs (or principal components) such that new coordinates 

ὁᶰᴙ (also so-called score [36]) derived by projecting the ὀ onto the subspace spanned by 

  

ὁ ὀȟ (2.9) 

have maximum variance, or, equivalently the mean signal reconstruction error Ὡ 

Ὡ ᴁὀ ὁᴁ ὀ ὁ ὀ ὁ ȟ (2.10) 

is minimised where  demonstrates the expectation operator. Therefore, the following 

multivariate optimisation problem is to be dealt with 

ÁÒÇÍÁØÔÒ ȟ (2.11) 

subject to the constraint of subspace orthonormality, i.e., 

ἓȢ (2.12) 

In Eq. (2.11),  is the covariance of the observed batch of data in Eq. (2.8). Using the Lagrange 

multiplier method [37], the constrained multivariate optimisation problem in Eq. (2.11) 

translates to finding EVD of the symmetric real-valued covariance   
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ȟ (2.13) 

ÄÉÁÇ‗ȡ    ȟ   ‗ ‗ Ễ ‗ȟ (2.14) 

wherein ᶰᴙ  is the diagonal matrix of eigenvalues (in descending order) or POVs, and 

the columns of  represent the eigenvectors or POMs. It should be noted that ‗ is equal to 

the variance of Ὥth score ώ, therefore, the error of reconstruction using the first ά principal 

components Ὡ  reads 

Ὡ ὀὀ ὁὁ ÔÒ ‗Ȣ (2.15) 

Thanks to Eq. (2.15), PCA offers a user-friendly statement based on the energy fluxes of POMs 

by which the modal contribution (or the precision of truncated reconstruction of data) can be 

given in terms of POVs. The accuracy of approximation with ὰ dimensional reduced subspace, 

which, in other words, is an index of cumulative relative energy fluxes of the modes as well, 

can be envisioned by the parameter ꜗɴ πȟρ given by 

where ꜗ ρ denotes 100% accurate reconstruction.  

If PCA is attained by computing the covariance of the whole batch of data and its eigenvalue 

decomposition over a fixed window, it is commonly referred to as BPCA [38], static PCA [36, 

39], or classical PCA [40]. 

In addition to efficient reduced-order modelling, POD features interesting functionalities 

dealing with structural dynamics and noisy sensory signals in SHM. Concerning a discrete 

dynamical system, POMs converge to linear normal modes in lightly damped free vibration 

and approximately take the shape of normal modes in forced resonant vibrations [41]. POD 

modes also convey information on damages or alterations to the dynamical characteristics of 

the structure [2, 42]. Noise terms are associated with small energy content; accordingly, 

reconstruction of observations by truncated POMs ( ) can be profited to reduce the noise 

effects. 

ꜗ
В ‗

В ‗
 Ȣ 

(2.16) 
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2.3.2. RPCA Using Numerical EVD 

In real-life applications, monitoring a structural system in real-time is preferred over offline 

monitoring. This substantiates on-the-fly treatment of arriving input sensory data ὀ to update 

the principal components which is not efficient with the framework of static PCA. Formation 

of snapshot matrix and computation of PCA in batch form as presented above is 

computationally intensive and unacceptable. Instead, the covariance of input data  at time-

step, Ὧ can be written in terms of covariance at Ὧ ρth step plus the increment due to newly 

arrived random vector ὀ as follows 

ρ

Ὧ
ὀὀ ρ ‘ ‘ὀὀȢ (2.17) 

Taking ‘ ρὯϳ  gets in the limit, the eventual value of  at the final step set to the covariance 

of the whole set of samples in the overall snapshot matrix ἡ with uniform weighting (Ὠ denotes 

the total number of samples). This treatment of PCA is commonly termed as RPCA which 

significantly saves computational resources in terms of covariance update, though the 

numerical EVD of covariance is yet a great concern as well as memory occupied by the whole 

covariance [38]. In what follows, some techniques will be discussed which alleviate 

computational costs for recursions on POMs and POVs. 

2.3.3. RPCA Using Matrix Perturbation 

To overcome the high computational cost of numerical EVD in online monitoring, approximate 

methods based on matrix perturbation have been developed [40, 43, 44]. Even in the case of 

offline processing of a given voluminous batch of high dimensional random vectors, it is 

impractical to compute the EVD in Eq. (2.13) by processing the entire snapshot matrix in the 

lump as a consequence of limitations in the memory and processor resources. To alleviate this, 

the analytical recursive approximation of POMs and POVs is reviewed herein using the matrix 

perturbation method. Take EVD of covariance matrix at step Ὧ as 

ȟ (2.18) 
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and the projection of the current input random vector ὀ onto the principal directions of the 

preceding step Ὧ ρ as 

Ἡ ὀȢ (2.19) 

In so doing, the eigendecomposition of  can be expressed by 

‘ϳ ρ‘ϳ ρ ἩἩ Ȣ (2.20) 

Now, through the calculation of EVD for ρ‘ϳ ρ ἩἩ in the latter equation, an 

explicit formula for  and  in terms of eigendecomposition in the previous step Ὧ ρ can 

be attained. To obtain the EVD, let 

ἤἎἤ ρ‘ϳ ρ ἩἩȟ (2.21) 

and assume 

ἤȟ 

‘ἎȢ 

(2.22) 

where ἤἎἤ  is a rank-one update ἩἩ on the diagonal matrix ρ‘ϳ ρ . It should 

be noted that ρ‘ϳ ρ ἩἩ is real and symmetric, therefore the eigenvector matrix 

ἤ is real and orthonormal. From the definition of ‘, it follows that ρ‘ϳ ρ ἩἩ 

is a strictly diagonally dominant matrix for a sufficiently large number of steps Ὧ. According 

to the Gershgorin [45] theorem, the diagonal entries of Ἆ  are close to those of 

ρ‘ϳ ρ  and the eigenvectors matrix ἤ is nearly an identity matrix. In order to derive 

an explicit analytical expression for recursion, assume perturbation matrices ἤᶰᴙ  and 

Ἆᶰᴙ  with small entries in order to rewrite ἤ and Ἆ  as 

ἤ ἓ ἤȟ 

Ἆ ρ‘ϳ ρ Ἆȟ 
(2.23) 

where Ἆ is a diagonal matrix. In view of orthonormality of eigenvectors matrix, i.e. ἤ ἤ

ἓ, and taking the approximation ἤ ἤ π, the perturbation ἤ turns out to be an 

antisymmetric matrix, i.e. ἤ ἤ. In addition, ἩἩ can be rewritten in terms of ἤ, Ἆ, 
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and Ἆ  by introducing Eq. (2.23) into Eq. (2.21) and equating the terms ἤ ἤ  and 

ἤ Ἆ ἤ to zero 

ἩἩ Ἆ Ἆ ἤ ἤἎȢ (2.24) 

Since diagonal elements of ἤ are zero, the diagonal components of Ἆ ἤ  and ἤἎ  are 

zero too, such that Eq. (2.24) results in solutions to  Ἆ and ἤ given by 

Ἆ ÄÉÁÇὥȡ ȟ (2.25) 

and 

ἤ ‐ ȟ 

‐

ὥὥ

ρ‘ϳ ρΏ ὥ ρ‘ϳ ρΏ ὥ
ȟ Ὥ Ὦ

π  ȟ  Ὥ Ὦ

   ȟ 

(2.26) 

where ὥ stands for Ὥth entry of Ἡ and Ώ denotes the Ὥth diagonal entry of . These 

analytical expressions discard the need for computationally intensive numerical calculation of 

EVD at each time step and facilitate the real-time processing of input data. 

Although now , the described procedure does not necessarily 

furnish normalised columns in the eigenvector matrix  in Eq. (2.22); hence,  must be 

modified to obtain  through 

︣ ȟ 

︣ ÄÉÁÇᴁ ȡᴁ ȟ 
(2.27) 

where ᶰᴙ  signifies Ὥth column of . Subsequently, in order to avert alteration to the 

overall outcome of ,  needs to be amended accordingly as follows 

︣ ȟ 

︣ ÄÉÁÇᴁ ȡᴁ ȟ 
(2.28) 

whereby the squared norms of  in the modification matrix ︣  compensate for the 

normalisation by ︣ . Eventually, it should also be noticed that an ordered arrangement of the 
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eigenvectors is not guaranteed by the presented process, consequently, the eigenvalues in Eq. 

(2.28) must be ordered and the eigenvectors in Eq. (2.27) must be rearranged correspondingly. 

2.3.4. RPCA Using IPCA Framework 

In practice, it is desired to find only a few POD modes which can capture the dynamics of the 

system with high fidelity. Unlike the perturbation method based on which all POMs and POVs 

have to be calculated at each recursion, the IPCA framework [46, 47] permits merely to update 

an arbitrary number ὰ of dominant POMs ( ) with highest POVs ( ), whereby random-

access memory is saved. Moreover, IPCA is not reliant on the assumption of a large number 

of samples (small enough ‘) whereas this assumption is fundamental for the perturbation 

approach. More prominently, as will be demonstrated in the numerical experiments, the 

perturbation method would result in highly unstable and unreliable results dealing with abrupt 

degradation of stiffness, impact load and in general, abrupt variation of response statistics; 

nevertheless, IPCA represents high accuracy and stability.  

The IPCA assumes a rank ὰ approximation to the covariance at each step as follows 

Ȣ (2.29) 

Taking Eq. (2.9) into consideration, the observed random vector ὀ can be expressed by the 

sum of its projection on , i.e. Ἢ ὀ, and a residual vector orthogonal to  

denoted by ὀ  as 

ὀ Ἢ ὀȢ (2.30) 

Therefore, with regard to Eq. (2.29), the rank-one update on  given in Eq. (2.17) rewrites 

ρ ‘ ‘ὀὀ Ἕ ȟ (2.31) 

where ᶰᴙ  and Ἕ ᶰᴙ  are given by 

ὀ ᴁὀᴁϳ ȟ (2.32) 

and 
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Ἕ ‘

ρ ‘

‘
ἪἪ ᴁὀᴁἪ

ᴁὀᴁἪ ᴁὀᴁ

Ȣ (2.33) 

Finally, upon approximating rank- ὰ ρ eigendecomposition of Ἕ  in form of its rank-ὰ EVD 

ἣּשἣ , with the diagonal matrix ּש ᶰᴙ  retaining the first ὰ largest eigenvalues and ἣ ᶰ

ᴙ  containing the respective eigenvectors, the recursive expression for  and  in Eq. 

(2.29) reads 

ἣȟ 

 ȟשּ

(2.34) 

In this setting, the computational burden is significantly suppressed by reducing the numerical 

calculation of EVD for  to the computation of numerical EVD of theὰ ρ ὰ ρ matrix 

Ἕ  when ὰḺὲ.  

2.3.5. Nonstationary Signals and RPCA Adaptivity 

In the training procedure of the PCA, the forgetting factor parameter ρ ‘ ᶰ πȟρ specifies 

the decay rate according to which the depth of the past memory of the algorithm (in the form 

of covariance ) is determined. RPCA algorithm with ‘ ρὯϳ  uniformly weights the 

contribution of all acquired input random vectors ὀ to the overall covariance and gets the 

POMs and POVs eventually converged to those expected from BPCA, as was adopted in [26, 

27]. Nonetheless, the aforesaid strategy is unsuited in the case of non-stationary sampling, 

which arises with the development of damages and alteration of parameters in the structural 

system. This drawback can be remedied by choosing a different weighting strategy of data 

covariance update. By assigning a fixed value for the rate of decay [43], i.e. ‘ ‘, some 

sort of adaptivity can be attained to cope with signal nonstationarity. In fact, the choice of a 

fixed value for the decay rate ‘ᶰ πȟρ enforces the portion of each individual sample 

covariance in the previous steps to exponentially fade out. 
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2.3.6. Kalman Filter RPCA (KFRPCA) 

An adaptive stochastic subspace computation algorithm was proposed in [28] exploiting linear 

KF and random walk model. In this scheme, all POMs are arranged in one state vector and the 

observation vector contains sensor data ὀ repeatedly (see Table 2.1); the method successfully 

updates the first POM. Nevertheless, it fails to evolve the higher POMs taking into 

consideration that the higher POMs are crucial to be correctly updated in case of high 

dimensional models as more POMs are necessary to reach a favourable accuracy.  

To remedy the unobservability of higher modes in the aforesaid method, in this section, a 

modified online model updating algorithm, so-called KFRPCA is proposed, based on which, 

all POMs can be accurately tracked. This method uses random walk process equations within 

a different framework; unlike the algorithm proposed in [28], the present frameworks is 

composed of sequential KFs, each of which linked to an individual POM evolution separately, 

with modified observation vectors at each time instant ὸ.  

Assume ȟ as the Ὥth non-normalised POM at step Ὧ which is taken as the state vector in the 

KF and is to be estimated recursively. The observation equation pertaining to the Ὥth POM reads 

where 

In Eq. (2.35), ȟ indicates the observation noise associated with the Ὥth POM which is 

assumed to be a white Gaussian random process with covariance ר ἓ. The process 

equation for the prediction of ȟ involves uncertainty, to which, a fictitious white Gaussian 

noise ȟ is assigned with covariance ם ἓ. One can tune this online POD by adjusting 

the values assigned to  ר  and ם . For Ὥ ρ, Eq. (2.36) eliminates the contribution of the 

ȟ ȟ ȟȟ (2.35) 

ȟ ÓÉÇÎȟ ȟ ȟȟ 

ȟ

 
ὀ ȟὭ ρ

ȟ ȟ ȟὀ ȟὭ ρ
   ȟ 

(2.36) 
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first Ὥ ρ POMs from observation and in this manner, the Ὥth POM is not being affected by the 

lower modes as further clarified in Table 2.1.  

Since within the KF algorithm, a posteriori estimate is the sum of a priori estimate and the 

Kalman gain times innovation term, the contribution of the first Ὦ ρ POMs should also be 

subtracted from the Ὦth POM in the prediction stage so as to arrive at orthogonal POMs in the 

update stage. Therefore, the prediction step is given by 

ȟ

ừ
Ử
Ừ

Ử
ứ

 
ȟ ȟὭ ρ

ȟ ȟ ȟ ȟ ȟὭ ρ
   ȟ (2.37) 

and the corresponding error covariance prediction Ἔ ȟ reads 

Ἔ ȟ Ἔ ȟ ȟ (2.38) 

Next, in the update step, the Kalman gain ἑ ȟ should be computed as follows 

ἑ ȟ Ἔ ȟ Ἔ ȟ ȟ (2.39) 

Accordingly, the prediction of the POM in the state vector is updated based on  

ȟ ȟ ἑ ȟ ȟ ȟ ȟ (2.40) 

and the pertaining covariance reads 

Ἔ ȟ Ἔ ȟ ἑ ȟἜ ȟȢ (2.41) 

Finally, the ȟmust be normalised to achieve the POM 

ȟ ȟ ȟϳ Ȣ (2.42) 
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Table 2.1. State and observation vectors: (a) Ref. [28]; (b) the presented method. 

(a)  (b) 

State 

vector: 
 

ȟ

ȟ

ể

ȟ

 

 State vector ρ: ρȟὯ  

 State vector ς: ȟὯ  

 ể ể 

 State vector ὰ: ȟὯ  

Observation 

vector: 

 

ὀὯ
ὀὯ
ể
ὀὯ

 

 Observation 

vector ρ: 
ÓÉÇÎȣ ὀ  

 Observation 

vector ς: 
ÓÉÇÎȣ ὀ ȟ ȟὀ  

 ể ể 

 Observation 

vector ὰ: 

ÓÉÇÎȣ ὀ ρȟ ρȟὀ Ễ

ὰρȟ ὰρȟὀ  

 

2.3.7. ROM Derivation 

Once the POMs are computed, the displacement, velocity, and acceleration vectors can be 

linked to a truncated subspace spanned by  (ὰḺὲ) through new reduced coordinate ὁὸ 

(see Eq. (2.9)) as  

Ἵὸ ὁὸȟ 

Ἵὸ ὁὸȟ 

Ἵὸ ὁὸȟ 

(2.43) 

for ὸɴ ὸȟὸ . Introducing Eq. (2.43) into Eq. (2.1) and projecting the resulting system of 

ὲ ODEs onto the subspace  yields 

Ἑ ὁὸ Ἅ ὁὸ ἕ ὁὸ Ἄ ἮὸȢ (2.44) 

wherein the reduced mass, damping, stiffness, and loading matrices denoted by Ἑ , Ἅ , 

ἕ , and Ἄ , are given by  

Ἑ Ἑ ȟ 

Ἅ Ἅ ȟ 

(2.45) 
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ἕ ἕ ȟ 

Ἄ Ἄ Ȣ 

The new ὰ dimensional reduced version of the equation of vibration in Eq. (2.44) significantly 

suppresses the volume of computations and consequently yields a notable speed-up which is 

crucial in real-time monitoring. To adopt exponential integrator, the state vector and the first 

order ODE of the reduced model should be written as 

ὸ
ὁὸ

ὁὸ
ȟ (2.46) 

and 

ὸ Ἃ ὸ Ἢ Ἦὸȟ (2.47) 

correspondingly, for which the application of matrix exponential results in the recursive state-

space equation 

צּ Ἦȟ (2.48) 

where 

צּ ÅØÐἋЎὸȟ 

צּ ἓἋ ἪȢ 

(2.49) 

2.3.8. Initialisation 

An important consideration in the application of RPCA is the initialisation of the algorithms. 

For RPCA with numerical EVD, initialisation is reflected in the choice of the covariance matrix 

. Nonetheless, for the IPCA and perturbation, initialisation is in terms of POMs  and 

POVs . Perturbation method and IPCA entail the orthonormality of the POMs in . 

Apparently, POMs and POVs from PCA trained in offline mode can lead to rapid convergence. 

Ideally, it is desired to minimise the computational cost with the appropriate initialisation of 

the RPCA with regard to the corresponding limitations. Therefore, it is even more efficient to 
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avoid the initial offline computation of PCA due to its high computational cost in high 

dimensions by taking an arbitrary orthonormal set of vectors as initial POMs. Unfortunately, 

as will be shown in the numerical examples, unlike the IPCA, the perturbation method can lead 

to inaccurate results with an arbitrary choice of orthonormal POMs other than those from 

offline PCA. Instead, IPCA is a robust method for arbitrary choice of the orthonormal set of 

POMs whereas the KFRPCA algorithm proposed herein is more flexible and does not even 

impose orthonormality constraint; any nonzero set of vectors is acceptable for ȟ and upon 

arrival of new observations, the computed ȟ will be orthonormal. 

2.3.9. Order of Floating-Point Operations and Memory Usage 

Computational complexities of the presented RPCA algorithms and MOR in terms of their 

order of Floating-Point Operations (FPO) as well as their memory usage, give insights into the 

usage of CPU and RAM; however, depending on the operating system, hardware, programming 

language, programs running in the background, and optimality of the computer code, the actual 

runtime may not be consistent with the given orders herein.   

BPCA needs ὕὨὲÍÉÎὨȟὲ  FPOs for the covariance of snapshot ἡ (Eq. (2.8)) and ὕὲ  

FPOs for numerical EVD of  (Eq. (2.13)) using algebraic QR algorithm [46]; ὕὲ  memory 

is occupied by the covariance matrix and ὕὲ  by the POMs. Apparently when Ὠḻὲ, the 

computational burden of covariance calculation dominates. RPCA with numerical EVD is 

similar to what has been already explained for BPCA, except the recursive expression in Eq. 

(2.17) which entails ὕὲ  FPOs per observation to update covariance. Matrix perturbation 

method requires ὕὲ  FPOs and ὕὲ  memory as all eigenvectors must be computed and 

stored at each time step. IPCA needs ὕὲὰ memory and ὕ ὰ ρ  FPOs for numerical EVD 

of Ἕ  in Eq. (2.33) plus ὕὲὰ  FPOs linked to the rest of the algorithm; accordingly, as 

normally only a few number of POMs are sufficient, i.e. ὲḻὰ, IPCA features great efficiency 

for high dimensional arriving observation signals rather than perturbation method or RPCA 

with numerical EVD. The KFRPCA memory and FPOs requirement scales ὕὲὰ. Finally, the 

order of FPOs for ROM derivation amounts to ὕὲὰ. 



34 

 

2.4. Recursive Input-State-Parameter Estimation by AEKF and RPCA-Based ROM 

For the purpose of stochastic recursive tracking of the input, state, and parameters of the 

structure within the intended framework in this chapter, a recursive Bayesian filtering scheme 

is envisaged. The system identification algorithm herein consists in tracking unknown 

parameters of the structures; therefore, the state-space form given by Eq. (2.48), calls for a 

nonlinear identification task incorporating the effects of uncertainties. To accomplish this 

stochastic nonlinear identification, the EKF [48] is deemed, which represents an extension of 

well-known linear KF [49]; EKF is characterised by linearising the nonlinear state-space 

equation about current mean via Jacobian in order to compute the error covariance of the 

estimation. In this chapter, with regard to the linear structural behaviour and the given Jacobian 

matrix (see Appendix A), without any loss of generality, EKF is chosen to accomplish real-

time identification task by avoiding excessive computations posed by alternative nonlinear 

Bayesian filters. The state vector needs to be augmented with unknown loads as well as the 

parameters so as to perform concurrent state, parameter, and input estimation leading to an 

AEKF framework. AEKF was used by Naets et al. [15] for state-input-parameter estimation of 

a vibrating structure. They proposed a parametric model order reduction (PMOR) technique to 

alleviate the computational costs. However, in this chapter, different RPCA algorithms are 

synergised with AEKF for reduced-order modelling. 

 To formulate the Bayesian estimation, the augmented state ὂɴ ᴙ  is considered as 

ὂὸ
ὸ

Ἦὸ
ὸ
Ȣ (2.50) 

Any vibration-based monitoring scheme entails a number of observation sources on the system 

dynamic response. These observations could be attained by sensing the response of the 

structure via strain gauges, accelerometers, vision-based displacement detection, etc. We 

provide herein, the observation equation of ὲ  linearly independent measurements on 

accelerations and displacements by the following observation equation 

 ὂ Ȣ (2.51) 
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In the above equation,  is a vectorial function that relates the state vector to the observed 

quantities ; the vector ᶰᴙ  stands for measurement noise which is supposed to be a 

white Gaussian random process with covariance matrix ɴ ᴙ . The vector  is 

expressed by 

ὂ ἒ
ἓ

Ἑ ἕ Ἑ Ἅ Ἑ Ἄ
ὂȟ (2.52) 

Matrix ἒ  is an ὲ ςὲ Boolean matrix which appropriately correlates the observations to 

their respective DOFs. The matrix , which belongs to ᴙ , translates the displacements 

and accelerations of the ROM to those of the full order model (FOM) and is stated by 

Ȣ (2.53) 

The recursive expression for the evolution of the augmented state ὂ with modelling uncertainty 

taken into consideration is necessary to pursue the stochastic estimation within the discrete-

time AEKF framework. The first set of equations to be considered is the bilinear time advance 

of the ROM accounting for modelling error denoted by ɴ ᴙ  

צּ Ἦ Ȣ (2.54) 

The error vector  implies the degree of mismatch between the actual physical system and 

the assumed mathematical model of the FOM as well as the loss of accuracy posed by MOR 

(ὰ ὲ). The inaccuracy caused by MOR can be decreased by increasing the order of ROM ὰ at 

the expense of higher computational cost. 

To allow for the evolution of the force vector, a random walk model is assumed whereby the 

load vector during ὸɴ ὸȟὸ  is supposed to stay constant with a fictitious noise term Ἦᶰ

ᴙ  

Ἦ Ἦ ἮȢ (2.55) 

Proper tuning of the filter partly relies upon appropriate choice of Ἦ covariance to reach 

adequate adaptivity and at the same time avoiding noisy predictions.  
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Likewise, the evolution of the parameters in  needs extra equation on the grounds that the 

filter can modify the model parameters in the recursive estimations; therefore, a second random 

walk model is adopted as follows 

Ȣ (2.56) 

The noise term  reflects the uncertainties in the material characteristics, structural 

imperfections, imprecise initialisation, etc. Further to that, similar to what has been already 

described for load vector, higher values for  covariance brings about a faster update of the 

parameters upon initiation or development of damage; moreover, to avert noisy estimation or 

filter instability, the covariance of  should not be chosen excessively large.  

Combining Eqs. (2.54) to (2.56) yields a single recursive process equation for concurrent 

estimation of state, load, and parameter vector of the monitored structural system in the form 

of 

ὂ וֹ ὂ ȟ 

וֹ ὂ
צּ

ἓ
ἓ

ὂȟ 

Ἦ Ȣ 

(2.57) 

The noise vector ᶰᴙ  is supposed to be a white Gaussian process with covariance 

ᶰᴙ . 

The AEKF estimator involves three phases: initialisation, prediction, and update, through 

which the estimation of the state is being optimised by minimising the estimation error 

variance. Schematic illustration of the RPCA coupled with AEKF is presented in Figure 2.1 

and the AEKF algorithm is given in Appendix B. 

The observability of linear systems is a well-established subject in system and control theory; 

nonetheless, the identifiability of nonlinear systems is yet a challenging task. For parameter 

identification in the linear structures, the process equation is bilinear in terms of the parameters 
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to be tracked. Owing to the weak nonlinearity of such problems, one can evaluate observability 

of the linearised version of the problem via the Jacobian of the process equation (Eq. (2.51)) 

as well as the linearised version of the observation equation through gradient (Eq. (B.8)).  

 

Figure 2.1. Outline of the coupled RPCA and Bayesian filter framework. 

For linear systems, the Hautus test [50, 51] is a well-known method furnishing necessary and 

sufficient condition for observability; as for the problem under study herein, the linearised 

process equation is observable, if, and only if 

ÒÁÎË ςὰ ὲ ὲȟ 

‟ἓ
︡
ȟ 

(2.58) 

for any ‟ɴ ᴇ.  

Some general observability conditions are pointed out in [15, 52] based on Eq. (2.58) which 

are briefly reviewed herein to have a self-contained chapter. Let us consider ‟ ρ. 

Consequently, ‟ἓ will  contain ὲ ὲ zero rows pertaining to the random walks; therefore, 

at least ὲ ὲ linearly independent measurements are required, i.e. ὲ ὲ ὲ . In 

addition, the dimension of the ROM must be greater than or equal to the number of forces to 

be tracked (considering no observation on loads), that is ὲ ὰ; otherwise, the columns of  

pertaining to unknown loads will be linearly dependent and the rank condition in Eq. (2.58) 

will be violated. The latter would also lead to unobservability of the loads when observations 
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are merely restricted to accelerations; therefore, at least ὲ linearly independent displacement 

level measurements are necessary.  

2.5. Numerical Examples 

2.5.1. Numerical Simulation Setup 

Numerical simulations are carried out next to produce numerically synthesised sensor data 

using the equations presented in Section 2.2. In so doing, a discretised structural model is 

advanced in time using Eq. (2.6) assuming the structure to be initially at rest at time ὸ π. The 

chosen time stepping is πȢπρί for time integrations and the sampling rate of the monitoring 

instruments. A high-rise building with 39-storey, the Pirelli tower in Milan, Italy, is selected 

for having the model parameters in a realistic range of real-life structures. The 3-D FEM model 

of the Pirelli tower is dynamically condensed reducing it into a 39 DOFs 1-D model by locking 

the vertical degrees of freedom; the planar motion along the stiffener horizontal axis of the 

tower floor plan is considered (readers can refer to [53] for the full 3-D FEM model). 

Afterwards, a shear building model with a tridiagonal stiffness matrix (with the assumption of 

rigid diaphragms for the floors, based on which, the matrix assembly is clarified in Appendix 

A) is fitted to the dynamically condensed model without changing the mass matrix by adopting 

gradient search optimisation, matching the first natural frequency (ρȢωωψω ÒÁÄȾÓ) and the first 

natural mode shape. This shear building model is used both for synthesising observation data 

and as the process equation of AEKF; therefore, no modelling error is imposed on the Bayesian 

filtering. Damping is incorporated by assuming a linear combination of mass and stiffness 

matrices based on Rayleigh damping, i.e. Ἅ ὧἙ ὧἕ; for the numerical examples, ὧand 

ὧ are set to πȢπρ. Dynamic load Ἦὸ is exerted on the top floor of the structures (level 39) and 

by default is a swept-sine given by Ἦὸ υ ρπÓÉÎ‫ὸὸ ρππ Ë. where ‫ὸ

ÔÁÎπȢπρÔ ρππ unless otherwise specified; the swept-sine is chosen so that the time-

varying load and response statistics being involved in the examples. The normalised 

displacements are presented by dividing displacements by the maximum displacement of storey 

39 throughout the numerical examples. Numerical EVDs are computed by MATLAB ÅÉÇÓ 

function in all the numerical examples.  
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The emerging new technologies feature high precision measurement of structural 

displacements by deploying low-cost wireless action cameras, for which, successful 

development and experimental implementation are presented by Lydon et al. [54]; further 

studies on this measurement method are furnished by [55-59]. In view of this, in the numerical 

examples, the assumed observations are sampled by taking displacements for both RPCA and 

the AEKF. Measurement error is imposed by polluting the emulated response with random 

white noise of normal distribution generated by MATLAB ÒÁÎÄÎ function. 

It has been widely taken as granted in the available literature on structural system identification 

and SHM, to link the structural modifications or damages to the entries of the stiffness matrix. 

As such, in the numerically simulated sensor data, sudden degradation in the structural stiffness 

is imposed by abrupt reduction of components of the stiffness matrix. 

2.5.2. Accuracy of RPCA Algorithms 

In this section, the precision of BPCA and different RPCA algorithms are assessed and 

compared. RPCA initialisation, time-invariant structural parameter, time-varying structural 

parameter, and impact load are discussed; to isolate the influence of aforesaid cases, the RPCAs 

are fed by noiseless signals at this stage and the noisy signals are dealt with in Section 2.5.3.  

2.5.2.1. BPCA 

To compare BPCA with the RPCA in the sequel, the error of BPCA in signal reconstruction is 

plotted in Figure 2.2 in both linear-scale and log-scale. A snapshot length of ρπί starting at 

time zero is used to attain BPCA throughout the numerical examples. Normalised time is 

denoted by ὸ which is driven by dividing time ὸ by the first natural period of the structure. 

The error of signal reconstruction is denoted by Ў defined as the norm of the difference between 

true displacement response vector of the structure and the reconstructed one, i.e.  Ў

ᴁὀ ὁᴁ. Normalisation of Ў is carried out by dividing it by the maximum displacement of 

the 39th floor entire the chapter. It can be observed that using only three POD modes can ensure 

a highly precise response reconstruction for a real-life high dimensional system like Pirelli 

tower. 
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(a) (b) 

  
Figure 2.2. Normalised signal reconstruction error Ў as per 1 up to 3 POMs (a) linear-scale plot (b) log-scale 

plot. 

2.5.2.2. Effect of Initialisation 

Initialisation of the RPCA is prominent concerning its accuracy depending on the type of 

algorithm in use as will be demonstrated. Ideally, it is desired not to impose unreal data or 

innovation through the initial guess for   and . To accomplish this objective, in this 

chapter, it is proposed to assign infinitesimal values to  which suggests that the innovation 

in initial covariance is negligible, i.e. ; hence, upon arrival of earliest signals, the 

covariance rapidly accommodates true statistics of the observations. This strategy is relevant 

for RPCA with EVD, perturbation, and IPCA. Nevertheless, KFRPCA does not incorporate 

POVs; instead, a proper initialisation can be envisaged by assigning very small values to the 

non-normalised POMs ȟ so that the random walk model rapidly gets the non-normalised 

POMs matched to the sampling statistics. It is noteworthy that initialisation by offline training 

of the PCA can enhance the accuracy in the beginning time steps rather than adopting a 

randomly chosen orthonormal base structurally far from the dominant RPCA mode shapes; in 

this manner, the RPCA is provided by a rather well fitted and consistent modes using a snapshot 

of the structural response over a given timespan, though posing higher computational cost by 

computing BPCA especially for data with large dimensions. 

First, let us evaluate initialisation through BPCA with the same snapshot employed in Section 

2.5.2.1; for initialisation by BPCA, this snapshot will be used throughout the chapter. Analysis 

of RPCA with EVD is presented in Figure 2.3 for the first 3 POMs taking ‘ πȢπρ. At the 

beginning of the vibration of the structure, the covariance is of higher rank due to the activity 

of higher natural modes of the structure. Damping suppresses the contribution of higher natural 
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modes and the rank of  reduces. Therefore, higher precision is achievable with a given 

number of POMs as the dynamic loading continues. As such, it can be seen that the error 

gradually descends with time for all three POMs. Comparing the error with BPCA in Figure 

2.2, RPCA exhibits much improved accuracy due to the amnesty mechanism in the RPCA by 

adopting a fixed decay rate, thereby, concentrating the POMs data structure on the dominant 

data structure of the current time instant.  

IPCA shows almost the same accuracy as EVD RPCA as demonstrated in Figure 2.4. The 

precision of matrix perturbation is similar to IPCA and EVD when using 1 and 2 POMs; 

however, for this example, when using 3 POMs, the perturbation method does not offer any 

improvement in the accuracy compared with 2 POMs except in the early stage of system 

evolution.  

The performance of the KFRPCA is reflected in Figure 2.6. For initialisation, the non-

normalised POMs  ȟ are set to ρὩ υπ times normalised modes from BPCA. The tuning 

parameters are considered ר ρÅ φ and ם πȢπρρ. The tuning of KFRPCA is 

different from other presented algorithms in this chapter and there is not an explicit formula 

for equating the learning rate of KFRPCA to other methods to perform a fair comparison. 

Anyhow, the above-considered tuning is suggested by trial and error to match the adaptivity 

pace of KFRPCA with the other frameworks. As can be seen in Figure 2.6, the converging rate 

of KFRPCA for the aforementioned tuning closely resembles that of EVD RPCA and IPCA.  

To further assess the RPCAs, assume orthonormal initial POMs denoted by ȟ

‏ȟỄȟ‏ȟ‏ ‏)   stands for Kronecker delta function) which are structurally far from 

observation correlation. The tunings and the rest of the initialisation parameters are taken 

similar to the former example. The error of RPCAs for 1 and 2 POMs along with the first and 

second POMs are plotted in Figure 2.7. EVD RPCA, IPCA, and KFRPCA are closely 

analogous in terms of error and mode shapes; moreover, their mode shapes have a strong 

resemblance to the ones derived by BPCA initialisation in Figures 2.4, 2.5 and 2.7. 

Nevertheless, concerning the perturbation method, despite the previous example in Figure 2.5, 

the precision is significantly spoilt. For further insights and intuition, the evolution of the first 

3 POMs at the beginning of the analysis is also visualised in Figure 2.8 for KFRPCA; as the 

EVD RPCA and IPCA exhibit similar trends, they are not plotted here for the sake of brevity. 
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(a) (b) 

  
(c) 

 
Figure 2.3. RPCA with EVD and ‘ πȢπρ. Normalised signal reconstruction error Ў for 1 up to 3 POMs: (a) 

linear-scale plot; (b) log-scale plot. (c) first 3 POMs at ὸ ςππί. 

 

 
(a) (b) 

  
(c) 

 
Figure 2.4. IPCA with ‘ πȢπρ. Normalised signal reconstruction error Ў for 1 up to 3 POMs contributions: 

(a) linear-scale plot; (b) log-scale plot. (c) first 3 POMs at ὸ ςππί. 
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(a) (b) 

  
(c) 

 
Figure 2.5. RPCA with matrix perturbation and ‘ πȢπρ. Normalised signal reconstruction error Ў for 1 up to 

3 POMs: (a) linear-scale plot; (b) log-scale plot. (c) first 3 POMs at ὸ ςππί. 

 

 
(a) (b) 

  
(c) 

 
Figure 2.6. KFRPCA. Normalised signal reconstruction error Ў for 1 up to 3 POMs: (a) linear-scale plot; (b) 

log-scale plot. (c) first 3 POMs at ὸ ςππί. 
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(a) (b) 

  

(c) (d) 

  
Figure 2.7. (a) Error of RPCAs with 1 POM; (b) the first POM for different RPCAs at ὸ ςππί. (c) Error of 

RPCAs with 2 POMs; (b) second POM for different RPCAs at ὸ ςππί. 

 

 
(a) (b) 

  
(c) 

 
Figure 2.8. Evolution of the POMs by KFRPCA at the beginning stage of the analyses: (a) POM 1; (b) POM 2; 

(c) POM 3. 

 
















































































































































































