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Abstract

This study decomposes the bilateral trade flows using a three-dimensional panel
data model. Under the scenario that all three dimensions diverge to infinity, we pro-
pose an estimation approach to identify the number of global shocks and country-
specific shocks sequentially, and establish the asymptotic theories accordingly. From
the practical point of view, being able to separate the pervasive and nonpervasive
shocks in a multi-dimensional panel data is crucial for a range of applications, such
as, international financial linkages, migration flows, etc. In the numerical studies,
we first conduct intensive simulations to examine the theoretical findings, and then
use the proposed approach to investigate the international trade flows from two
major trading groups (APEC and EU) over 1982-2019, and quantify the network
of bilateral trade.
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1 Introduction

All countries of the world are nowadays connected with each other more or less through
varieties of bilateral trade. Getting reliable and up-to-date statistics on exports and
imports of different countries is thus crucial in order to provide a detailed insight into
the most recent trading patterns. Given an increasing interest in understanding such
a complex network, we see the rising popularity of multi-dimensional models over the
past decade, e.g., Moench et al. (2013), Beck et al. (2016), Andreou et al. (2019), Choi
et al. (2020), Kapetanios et al. (2020), just to name a few. Excellent reviews on the
applications and theoretical developments of multi-dimensional panel data models can be
respectively seen in Baltagi et al. (2015) and Breitung and Eickmeier (2016) for instance.

Despite a vast amount of research on two dimensional factor models (see Bai and Ng,
2008 for an excellent review), it seems that the literature of multi-dimensional models
has not even settled on how to effectively distinguish pervasive and nonpervasive eco-
nomic shocks, where pervasive and nonpervasive shocks refer to those affecting the entire
network and those affecting only a part of the network respectively (e.g., Wang, 2010;
Ergemen and Rodriguez-Caballero, 2017). In this regard, the presentation (2.4) of Section
2 provides a clear visualization using matrix form.

To solve the aforementioned issue, different algorithms have been proposed (e.g., Bre-
itung and Eickmeier, 2016 and references therein), but from the theoretical point of view
the progress has not been pushed forward much since Wang (2010). We now comment
on the relevant literature. Ergemen and Rodriguez-Caballero (2017) extend the study of
Wang (2010) to allow for long run dependence, and both papers numerically rely on some
initial estimates on the pervasive and nonpervasive factors. In our view, the requirement
on initial estimates is due to the fact that both studies aim to estimate the pervasive and
nonpervasive factors in one objective function, which as a consequence leads to a complex
minimization problem. Thus, the numerical implementation often becomes complex, and
is hard to be justified. In another two works, both Choi et al. (2018) and Andreou et al.
(2019) propose sequential procedures to identify and estimate pervasive and nonperva-
sive shocks, in which canonical correlation analysis (CCA) are adopted. However, only
two of the three dimensions are allowed to diverge in both studies. Han (2019) consid-
ers a shrinkage estimation approach to explore the group effects of the factor structure,
which can be computationally expensive, as the choice of tuning parameter often plays
an important role in practice.

From the practical point of view, being able to separate the pervasive and nonpervasive



shocks in a multi-dimensional panel data is crucial for a range of applications. First, as
mentioned in the beginning of the paper, accounting for pervasive and nonpervasive
shocks reveals a detailed network structure of the international trade. We will come
back to it in the empirical study section. A second example is better understanding
business-cycle fluctuations across countries and regions (Kose et al., 2003). Along this
line of research, identifying the common fluctuations across macroeconomic aggregates
worldwide has always been one of the priorities (e.g., Gregory et al., 1997). The emergence
of multi-dimensional panel data models provides an excellent framework to facilitate the
investigation. Another field which urgently calls for development on multi-dimensional
panel data models is associated with migration flows. As well understood, the rate of
migration between two countries does not depend solely on their relative attractiveness,
but also on the one of alternative destinations (Bertoli and Ferndndez-Huertas Moraga,
2013). Given the increasing mobility of the entire population, how to better capture the
bilateral flows therefore becomes vital now more than ever. Other examples requiring
multi-dimensional panel data models can also be found in Choi et al. (2018), Kapetanios
et al. (2020), etc.

Having presented the above challenges and necessities, in this study, we specifically
consider a three-dimensional panel data model with unobserved global (pervasive) and
country-specific (nonpervasive) factors, which has been exposed in the literature but has
not been fully solved to the best of the authors’ knowledge. On theory, our contributions
are the following three-fold: (1). under the scenario that all three dimensions can diverge
to infinity, we propose an estimation approach to identify the number of global shocks
and country-specific shocks sequentially; (2). the newly proposed approach is easy to
implement, and the asymptotic theories are established accordingly; (3). we further
conduct intensive numerical studies to examine the finite sample performance of the
newly proposed approach using both simulated and real datasets. In the empirical study,
we then apply the approach to decompose the network of bilateral trade using country
level data from two major trading groups (APEC and EU) over the period 1982-2019.
We find that the country-specific shocks become more volatile in recent years, which
may indicate the increasing instability of the inward and outward bilateral trade costs
over the past couple of decades. In addition, we show that the trade flows involving
China mainland, Germany and the United States show relatively strong sensitivity to
global shocks, which reflects the fact that, in general, they are leading export and import
countries worldwide. We note that the relationship among Canada, Mexico, and the

United States is also highly sensitive to different shocks, which somewhat reflects the



fact that all three of them are highly economically related through North American Free
Trade Agreement (NAFTA) that eliminates some trade barriers and promotes the trading
activities.

The structure of this paper is as follows. Section 2 presents the model with the
estimation approach, and establishes the asymptotic properties accordingly. In Section
3, we conduct intensive simulations to examine the finite sample performance of the newly
proposed approach. Section 4 provides an empirical study using country level bilateral
trade data. Section 5 concludes. Due to the limit of space, the preliminary lemmas and
the proofs are given in the online supplementary appendices.

Before proceeding further, it is convenient to introduce some notation: || - || denotes
the Euclidean norm of a vector or the Frobenius norm of a matrix; for a matrix A, its
spectral norm is defined as [|Allz = v/ Amax ] A’A}, where Apax{-} denotes the maximum
eigenvalue; Mp = I — P4 denotes the orthogonal projection matrix generated by matrix
A, where P, = A(A’A)"'A’ and A is a matrix with full column rank; let —p and
—p denote convergence in probability and in distribution, respectively; we write a < b if
a = Op(b) and b = Op(a); let diag(A,B) denotes the block-diagonal matrix that takes
A and B as the upper left and lower right blocks; vec(A) stands for the vectorization

operation; I(+) stands for the indicator function.

2 Model & Methodology

In this section, we first present the model, then provide the estimation approach, and

finally establish the asymptotic theories accordingly.

2.1 The Setup

Having presented our motivations in Section 1, we specifically consider the next model

in this study.

Yijt = Y19t + Npi; Pt + Ny Frje + e, (2.1)
where ¢ = 1,..., M index the exporters, ;7 = 1,..., N index the importers, and ¢ =
1,...,T index the time periods. We observe y;;;’s only, and u;;;’s are the idiosyncratic

error terms. g; is an 7y X 1 unobservable global factor, which is regarded as global
shocks and may capture the globalisation trends. Some detailed explanation on the

globalisation trends can be found in Kapetanios et al. (2020), and we shall be more



specific on this so-called “trend” in the empirical study of Section 4. fg; and fr
represent the unobservable rg; x 1 and 77; X 1 country-specific factors. Specifically,
S&,it 1s referred to as an exporter factor which affects all import partners associated with
export country ¢ and f7;; is referred to as an importer factor which affects all export
partners associated with import country j. The country-specific factors may capture the
unobservable multilateral trade resistances (MTRs) that are different for exporters and
importers. Loosely speaking, MTRs refer to the barriers which each of exporter and
importer face in their trade with all their trading partners. We refer interested readers
to Anderson and Van Wincoop (2003) for a comprehensive discussion on MTR. v,;, Ag;
and A ;; are the corresponding factor loadings. Throughout this paper, we always use
the subscript 4 to denote the variables associated with the global factors, and use the
subscripts g and ; to denote the variables associated with the exporters and importers
respectively.

The model (2.1) is in fact not new, and has been mentioned in Breitung and Eickmeier
(2016, eq. 18), Choi et al. (2018, eq. 1), and Kapetanios, Serlenga and Shin (2020, eq. 2)
among others for different purposes. In what follows, we propose an easily implemented
methodology to recover the structure of the right hand side of (2.1), when all three
dimensions are allowed to diverge to infinity. Precisely, we first estimate the numbers
of global and country-specific factors (i.e., the values of r,, rg;’s and r;;’s), and then

establish inferences for global and country-specific shocks.

Remark 2.1. Before proceeding further, we comment on an important identification

issue. For simplicity, we suppose that rg =1 and g: = 1, and suppose further that

fei=Ffe+neq with Eng.) =0,
frie =Fr+n00 with Engg) =0.

Then, the model (2.1) becomes
Yije = Yij + Ng.iMeie + XM e + Uije, (2.2)

where ;; = vij + Np; fe + Xp; Fr. It then infers that for a model having a multi-layer

factor structure, only one layer can have non-zero mean factors.

Having said Remark 2.1, without loss of generality, we assume that

E[fEﬂ't] =0 and E[f]7jt] =0 (23)



for country-specific factors throughout this study.

As repeatedly pointed out in the literature (e.g., Wang, 2010; Breitung and Eickmeier,

2016; Choi et al., 2018), investigating (2.1) relies on how to utilize the sparse structure

of the next presentation.

Y Vi B 0 11 0 gi Uit
SEt
Ynit Y 0 XE,M1 ’\,I,Ml 0 : Unrit
fe Mt
Yint Yin }5,11\7 0 0 /I,lN Jru UINt
YMNt YN 0 /E,MN 0 /I,MN S UMNt
(2.4)

In view of (2.4), a few facts emerge:

1. In order to estimate (2.4), one needs to identify the number of factors for each

gt, feie and fr ;. Traditional PCA usually requires a low rank setting. However,
having g;, fe.it’s and fr;:’s in one column as in (2.4) yields a factor with a diverging
dimension, which suggests that recovering all factors and loadings in one goal seems

to be challenging. Thus, it motivates us to consider a multiple steps approach below.

. The country-specific factors associated with exporters and importers are inter-
changeable, as the sparse structure associated with the corresponding factor load-
ings depends on how we rank y;;; with respect to ¢« and j only. Thus, we would

expect to recover the exporter and importer factors in a parallel manner.

. Asclearly seen in (2.4), g; has an impact on every single y;;;, although the magnitude
depends on the value of «;;. However, fg, or frj: affects only an asymptotically
negligible subset of y;;;’s due to the sparse structure. From the signal-to-noise
ratio point of view, we expect that the global factors are easier to be identified.
Intuitively speaking, they can be estimated first if principal component analysis
(PCA) is employed. As the country-specific factors contain the second tier of signal,

they should be recovered after removing the dominating ones.

In Section 2.1 below, we propose a multi-step estimation approach based on the afore-

mentioned points.



2.2 The Estimation Approach

We are now ready to present the estimation approach, which is a procedure involving

multiple steps. The outline is as follows.

Step 1 Conduct PCA to identify the number of global factors r,, and estimate the global

factor, which contains the strongest “signal” as explained under (2.4).

Step 2 Remove the estimated global factor, then simultaneously conduct multiple PCA
to estimate the number of country-specific factors rg;” and r;’s, and recover the
country-specific factors, which contain “signals” weaker than the global factor but

stronger than the error terms.

First, we write (2.1) in matrix form to facilitate the development. Throughout, the
subscript , always stands for including all available sample in the corresponding dimension

for notational simplicity.

Y =TG’ + AgF% + A/F; + U, (2.5)

where the response variables and error terms are defined by

/
) )

Y = (Yoo, ..
U:

. Y..T), Yeor = (yut, e YMits oo YINE - - - ,yMNt)
(U..1, e ,U..T), Ueet = (ullta <oy UMty - - o UINEy - - - 7uMNt)/§ (2~6)

the global factors and loadings are defined by
G:(gly"'agT)/a F:(’7117"'77M17"'a71N7"'7’YMN>,; (27)

and the country-specific factors and loadings are defined by

Fp=(Fg1,....Feun), Fe,=(fei, .-, feir),

Fr=(Fri,....Fin), Frj=(frj, - frir),

Ap = (diag{A%p ..}, ..., diag{AL n})s Apej = Apij - Apuy),

Ar = ding{Arer,. . Arents Aves = At Aras). (2.8)

With the above notations in hand, we are ready to present the details of each step

with necessary discussions.

Step 1 — Conduct PCA on WY'Y as follows.



N 1 N
GV,=——YYG 2.9
g9 MNT ) ( )
in which %é/é =Tns Vg =diag{py1, s Dykmat With pg1 > -+ > pyp... being the
largest kmax eigenvalues, kmax (> 7,) is a user-specified fixed large integer. By (2.9), we

implement the following two sub-steps.
Step 1.1 Estimate the number of global factors r, by

Pg.k+1

B (s 2 ) 1 Goa <o) b (210)
g,k

rg = argmin
0<k<Emax

where wynr = 1/ In(max{M, N,T}), and p,o = 1 is a mock eigenvalue.

Step 1.2 Estimate G by letting G include the first r, columns only, where we have slightly
abused the notation G. The loading matrix is estimated by T = %Yé

Step 2 includes two parallel sections: Part 1 and Part 2.
Part 1 — For each j =1,..., N, conduct PCA:

~ 1 ~ o~/ ~ o~ o~

FI,jVI,j — m(Y[’J - FI,jG )/<Y[’j - I‘]JG )F[’j, (211)
where YIJ = (Y0j17 ce ,Y.jT) with Yojt = (yljta c. ,yth),, f[,j includes the M rows of
T corresponding the j™ importer, %f‘/fﬂ-f‘[,j =TI, and Vi ; = diag{pr1, - - Pljkmas )
with prj1 > -+ > DPljkma. Deing the largest kyax (> 77 ;) eigenvalues. By (2.11), imple-

ment the followings.
Part 1.1 Estimate r;; by

PlAj,k+1 ] ]I(

5 prjk = wyunt) +1(prjr < WMNT)} ; (2.12)
Ijk

T7; = argmin
0<k<kmax

where pr;o = 1 is a mock eigenvalue.

Part 1.2 Estimate F;; = (f11,..., fryr) by letting f‘l,j include the first 77, columns
only. The loading matrix A;,; defined in (2.8) is estimated by .//i[,.j = 7(Yr; —

~/

I ,G)F,,.

Part 2 — For each i =1,..., M, conduct PCA:

~ 1 ~ o~/ ~ A~
Frp,Vg; = W(YEz —TI'p,G)(Yg: —Tr;G)Fg,, (2.13)



where Yg; = (Yiet, .-, Yier) with Yie = (vi1e, - - -, Yine)', f‘EZ includes the N rows of T
corresponding to the i exporter, %f‘;zf‘EZ =Ii,..,and Vg, = diag{ppi1, - - PBikma t
with pri1 > -+ > Dgikn.. Deing the largest kyax (> 7g;) eigenvalues. By (2.13), we

conduct the followings.
Part 2.1 Estimate rg; by

p/E\i,k+1 ' ]I(

5 PEik = Wwunt) + L (PEir < WMNT)} ) (2.14)
Eik

Tp; = argmin
0<k<Kmax

where pg;o = 1 is a mock eigenvalue.

Part 2.2 Estimate Fg; = (fgi,..., feir) by letting ]?‘EZ include the first 7z ; columns only.
The loading matrix Agie = (Agi1,...,Agin) is estimated by KEJ-. = %(YEZ —

~/

T'p,G)Fg,.

Remark 2.2. We make a few comments on the estimation approach. (1). The use of
eigenvalue ratio in (2.10), (2.12) and (2.14) is in the same spirit of Lam and Yao (2012)
and Ahn and Horenstein (2013). (2). The threshold wynr is to bypass a technical
challenge raised in Lam and Yao (2012, eq. 3.3), and the mock eigenvalues pyo, Prjo’s
and pgio’s are designed to capture the cases where there are no global factors, or some of
the country-specific factors do not exist. From the dimension reduction point of view, it
1s crucial to have a procedure which accounts for zero factors under the three dimensional
panel data framework. (3). kmax s a user-defined fized integer. Practically, one can
adopt any reasonable large value which suits the empirical study (e.g., Fan et al., 2013;

Pelger and Xiong, 2019).

2.3 Consistency

In this subsection, we show that the number of factors can be identified consistently in
each step with necessary conditions. The asymptotic distributions are established in the
next subsection.

To facilitate the development, we impose the following conditions.

Assumption 1.

1. AsT — oo, %G’G —p Xag, where X is a deterministic positive definite matrix.

Also, maxy>1 E||g:||% < oo.



2. Suppose that (2.3) holds. Moreover, max;>1>1 E||fritlt> < oo and |Fglz =
Op(\/T\/ V M) AZSO, max;>1t>1 EHf[,th;l; < oo and ||F[||2 = Op(\/T\/ \/N)

Assumption 2.

1. As (M,N) — (00, 00), ﬁI‘T —p X, where Xy is a deterministic positive defi-

nite matriz. Also, max;>1 j>1 E|l7i;||+ < oc.

2. Suppose that max;>1 j>1 E||)\EZ]||‘}, < 00 and max;>1 j>1 || Agijllr = Op(y/In(MN)).

AZSO, max;>1,;j>1 EH)‘LU”Z}%’ < 0o and max;>1,;>1 ||)\I,ij

Assumption 3.

1. Let {ujjy | © > 1,5 > 1,t > 1} be independent of the other variables. Let F°
and F2° denote the o-algebras generated by {Ueer | t < 0} and {Uee | t > T}

respectively, where Uger = (Ui1gy -+, Unfity - - - s WINt - - -, Upine) - Define the mizing

coefficient a(7) = sup gcro__ pere |Pr(A4) Pr(B) — Pr(AB)|.

(a) Let {Ueet | t > 1} be strictly stationary and a-mizing such that for some v > 0,
max;>1 j>1 Flug]* < oo, and the mizing coefficient satisfies Y ,o [ (t)]"/Z+V)

< Q.

(b) Eluijs] = 0, max;>y ;> 05 < oo and 2 (i) A(mm) |Tigmn| = O(MN), where
o}, = Elui;,] and 0ijmn = Eltijitimn] for t > 1. In addition, suppose that

Zymzl Z?fn:l Zfszl | Ewijttmns]| = O(MNT).

2. Suppose that ry < 00, max;>; TE,; < 00, and Max;>; r7; < 00.

Assumption 1 imposes restrictions on the global and country-specific factors, which
are not more restrictive than Assumption 1.i of Choi et al. (2018). The conditions on the
spectral norm of Fr and F; are widely adopted in the literature (e.g., Li, Qian and Su,
2016, Assumption A.1.iii and Lu and Su, 2016, Assumption A.1.v). Extensive discussions
with examples on this type of assumption can be found in Moon and Weidner (2015).

Assumption 2 puts restrictions on the loadings associated with the global and country-

specific factors. The bounds on max;>1 j>1 ||Agjl|F and max;>q j>1 || A7) F are fairly
standard. See Assumption A7 of Connor et al. (2012) for example.

Assumption 3.1 assumes that the error terms wu,j;’s follow stationary time series pro-
cess over t, and simultaneously allow for weak cross-sectional dependence over ¢ and j.
Assumption 3.2 requires rg, rg;’s and 77 ;’s to be bounded, which nests r, =0, rg; =0

and r7; = 0 as special cases.
7]

Under these conditions, we present the first theorem of this paper below.



Theorem 2.1. Under Assumptions 1-3, as (M, N,T) — (00, 00, 00),

1. in Step 1.1, Pr(r, =r,) — 1;

. pa v/ In(MN) o
2. 1 Step 1.2, \/LT”G—GH”F = Op (m), where H = ﬁI‘T %G/G

(V;)_l, and V; is the ry X 14 leading principal submatriz of V.

Theorem 2.1.1 shows that r, can be estimated consistently, while Theorem 2.1.2 indi-
cates that we can only recover G up to a rotation matrix. From the signal-to-noise ratio

point of view, only the space spanned by the global factors can be recovered in Step 1.

Remark 2.3. It is noteworthy that when establishing Theorem 2.1, no harsh conditions
are imposed between the global factor structure and the country-specific ones. In this
sense, although the rate of Theorem 2.1 is slow, we show that the global factors can be
wdentified from the data first with minimum cost. In the traditional literature, the fact
has barely been mentioned. To the best of the authors’ knowledge, the only exception is
Remark 4 of Han (2019). In Appendiz A of the online supplementary file, we provide
a sharper rate for the estimation of the global factor when more structures are adopted.

The details are summarized in Lemma A.4.

Having presented the results associated with the global factors, we investigate the
country-specific ones, and further impose the following conditions.
Assumption 4.
1. Fori=1,...,.M and j =1,..., N, suppose that the following conditions hold:
(a) F|G'Fpillr = Op(T*4) and 7||G'Fy||p = Op(T*), where Fg; and Fy;
are defined in (2.8), max;>1 ap; <0, and max;>; ar; < 0;

(b) max;>1 H%F/E,ZFE,@ - EFE,z”F = 0p(1> and max;>q H%FII,jFIJ - EFI,jHF =

op(1), where Xp,, and X, , are deterministic positive definite matrices;

(C) max;>1 ”%A/E,iOAE,’L'O_EAE,iO
op(l), where Agie = (Agi1,--- Agin), Arej is defined under (2.8), and

YAp. and Xy, . are deterministic positive definite matrices.

F = o0p(1) and max;>, || 37AT ojA1e;=3A, ., |l F =

2. Suppose that maxj>1 ), Oijmj = O(M), and max;>1 ), 0ijin = O(N), where

Tijmn 5 defined in Assumption 5.

10



Assumption 4.1.(a) requires certain orthogonality between the global factors and
country-specific factors. Specifically, the values of agp; and a;; measure the degree of
orthogonality between the global and country-specific factors. If ap; = a;; = —o0, this
condition essentially reduces to Assumption A of Ando and Bai (2017), where they show
the necessity of orthogonality in order to identify the common and group-specific factors
under a two-dimensional panel data framework. Similar discussions on orthogonality can
also be seen in Andreou et al. (2019). Assumptions 4.1.(b) and 4.1.(c) impose more con-
ditions on the blocks of factors and loadings associated with exporters and importers,
which are fairly standard. Assumption 4.2 further regulates the weak cross-sectional
dependence of the error terms.

With Assumption 4 in hand, the country-specific factor structures can be successfully

recovered in Step 2. The details are summarized in the next theorem.

Theorem 2.2. Under Assumptions 1-4, as (M, N,T) — (00, 00, 00),
1. Forj=1,...,N,

(a) in Part 1.1 of Step 2, Pr(r;,; =r;;) — 1;

In(MN) ,
VM VN VT T Ta”) ,

where Hy ; = %A’L.jAL.jw%F'Ljf‘l,j~(V}j)_1, and V;j is the vy j xrp j leading

(b) in Part 1.2 of Step 2, \/LTH]?IJ’ —F[J'HL]'HF = Op (

principal submatriz of Vi ;.
2. Fori=1,..., M,

(a) in Part 2.1 of Step 2, Pr(rg,; =rg;) — 1;

In(MN) ami
iy T >

1 A7 g T foy=—1 T
where Hp; = A% o Apie - 7Fp Fri- (Vp,)™', and Vi, is the rp; X rp;

(b) in Part 2.2 of Step 2, \/LTH:E\‘EJ_FE,Z'HEJHF = Op (

leading principal submatriz of V.
Theorem 2.2 shows that rg,; and 77, can be estimated consistently. Moreover, F I.j
and F i, respectively recover Fr; and Fg; up to rotation matrices.

Till now, we conclude that we have successfully recovered the network presented by
(2.4). To establish inferences for the estimation approach, we study the asymptotic

distributions associated with Step 1 and Step 2 in the next subsection.

11



2.4 Asymptotic Distribution

In order to establish the asymptotic distributions, the following assumptions are necessary

to facilitate the development.

Assumption 5.

1. Let \/ﬁ ’I‘/AEHF = Op(l) and \/ﬁ |IVAI||F = Op(l)

2. %G’ G =1, and I'T is a diagonal matriz with distinct entries.

3. Suppose that \/ﬁ Zf‘il Z;VZI YijVije —p N(0,®,) fort =1,...,T, where vy =
A,E,ijfE,it + )‘/Lz‘jfl,jt + Uit

Assumption 6.

1. Suppose that %HFlEzFI]”F = Op(T*e1ii), where max;>1 j>1 bprij < 0.

2. (a) ¥, F1; =1, and A

. I,ojAL-j 1 a diagonal matriz with distinct entries;

(b) %F}hFEz =1, and A% ;. A e is a diagonal matriz with distinct entries.

3. (a) \/LM Zf\il Azii( /E,ijfEJt + uije) —p N(0,Qr ) for each pair of (j,1);

(b) \/LN Zjvzl Ap,ij( N7 frge + i) —p N(0,Qp) for each pair of (i,1).

Assumption 5.1 requires certain orthogonality between global factor loadings and
country-specific factor loadings, which is not unusual in the literature. For instance, Lam
and Yao (2012) explain the rational behind such a setting at length. Assumption 5.2
further imposes conditions for the purpose of identification, which has been extensively
discussed in Bai and Ng (2013) and Fan et al. (2016). In view of Remark 2.1, Assumption
5.3 is fairly standard. We further explain Assumption 5.3 together with Assumption 6.3
below.

Similar to Assumption 5.1, Assumption 6.1 requires certain orthogonality but focusing
on the export factors and importer factors, while Assumption 6.2 is for the purpose of

identification. Assumption 6.3 is somewhat interesting. Take
1N
—= Z A5 (N7 Fr e + wije) —p N(0,Qpir)
VN ‘=

as an example, which says the asymptotic distribution associated with the i-th exporter
factor at time ¢ is not only driven by the error component, but also is driven by its entire

importer network. The same argument applies to the importer factor. In this way, the

12



networks of export and import are entangled with each other. Mathematically, it requires
country-specific shocks to have mean 0, which is ensured by (2.3). See Assumption 1.ii
of Choi et al. (2018) and Assumption 1.a of Han (2019) for similar settings.

To close our theoretical investigation, we summarize the asymptotic distributions

associated with the global and country-specific factors in the next theorem.

Theorem 2.3. Under Assumptions 1-5, Let (M, N,T) — (00,00, 00).
1. If VMN (% + A; ynp) = 0, then VMN(g, — gi) —p N(0,S:'®,31Y) for each t.
In addition, let Assumption 6 also hold.

2. If VM (= + Afj anr) — 0, then v/ M( fri— fr0) —p N(O, Y., QiZa, ) for
cach (j,1);

3. If VN (g + Dpianr) — 0, then VN( Fea — Foi) —p N(0, 23} QpuZy) )
for each (i,t).

* * %
In the above, Ay \inr, Aljpnt and Ay, ynr are defined as follows.

A _ Tmax;ag,; N Tmax; ay,; N ln(MN) . (Tmaxi ap,i | max; a;}j)
¢,MNT JN oY T

FIn(MN) - (T?maxias: 4 p2maxgar;).
In(MN) - T™a%5 1.

_'_
min{v M, \/N, \/T}
In(MN) - Tmeian.

A aivr = n
FLMNT mim{\/M7 V'N, \/T}

Ayt (M) - (T 05 4 T bsrar) 4 o,

ln(MN) . (Tman arj | max; bEI’Z-]-) 4 TeE

The condition @ — 0 in the first result of Theorem 2.3 is equivalent to g — 0
in Theorem 1 of Bai and Ng (2013) in which a two dimension model is considered. The
condition VM N - A7 ynr — 0 requires the orthogonality between the global and country-
specific factor structures are strong enough in order to achieve the optimal rate v/ MN.
If we adopt the orthogonality as in Ando and Bai (2017) and Andreou et al. (2019), then
this condition will completely vanish.

In order to achieve asymptotic normality for the country-specific factors, slightly
stronger restrictions (such as % — 0 and % — 0) are imposed in the body of this
theorem on top of Assumption 6, which is due to the fact that we need to account for

the estimation bias caused by Step 1 of the estimation approach. It is noteworthy that

M%Oand%%()imply%

T — 0, which has been discussed above. Therefore, we
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claim the newly imposed conditions are reasonable, and are only slightly stronger than
those used in traditional two dimensional analysis. The conditions v/M - Al ynt — 0
and VN - A% ynr — 0 require the orthogonality between the global and country-specific
factor structures are strong enough in order to achieve the optimal rates v/M and v/N.

Again, if orthogonality is adopted, these conditions will disappear automatically.

3 Simulation

In this section, we examine the finite sample performance of the methodology proposed

in Section 2. Specifically, the data generating process (DGP) is as follows.
Yije = Yi;9¢ + Nigi; Feie + Xp g Frje + g, (3.1)

where i =1,.... M, j=1,...,N,and t =1,...,T. The global factors, country-specific

factors and idiosyncratic errors are generated by the following AR(1) processes

Gt = $g9i—1 + vy, with vy, ~iid N(0,L,),
fea = ¢pifeit—1 +vepa with wvgy ~idid N(0,1,,,),
frje= orfrj-1+vrg with vy ~ididd N(O, L., ),
Wijt = Quliji—1 + €ije  With e ~ i.i.d. N(0,1),

where i.i.d. stands for independent and identically distributed. The factor loadings are
generated as: v;; ~ i.i.d. N(0,L.,), Ag; ~i.i.d. N(0,L,,), and Apz; ~ i.i.d.N(O, L, ).

We consider the following two cases.

DGP 1: Let ¢y = ¢p;i = ¢1j =y =0, 7y =3, rg;, =2fori=1,...,M, and r;; = 1 for
J=1,...,N;

DGP 2: Let ¢4 = ¢pi = ¢1,; = ¢, = 0.5, and the rest values are the same as those in DGP
1.

For each DGP, we conduct the estimation approach of Section 2 by letting M, N,T &
{20, 40, 60,80}, and implement 1000 replications for each given sample size.

To measure the performance of the proposed estimation approach, we define a few
criteria below. First, we measure the detection on different factors, and start from the

global factor structure.

; Lo0o | 1000 { looo
Ppe=—=> I(F = Ppu=——>» I < Ppo=——> 17>
g, 1000 — (rg TQ)? g, 1000 — (rg TQ)? g, 1000 = (Tg Tg)’
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where ?ﬁ defines the estimated of r, at the ¢'" replication. It is clear that P,., P,,

and P, , define the probabilities of correctly, under and over select the number of global

factors. For the export factors, we define

| oo M | Lo M
Pge= — s 1Py, =7 i Ppu=—+ H T, <T 2
B¢ 1000 MZ(E’ B Po 00Z 2 e <rs
=1"" =1 =1 =1
| Lo o M
}?E,o = —75—15 35%725:: H Tl?l > Tl;z
(=1 i=1
where 7% ; stands for the estimated 7g; at the " replication. Also, it is obvious that

Py, Pg, and Py, define the probabilities of correctly, under and over select the number
of export factors. Similarly, we can define P;., Pr, and P;, for the import factors. The
details are omitted for the sake of conciseness.

Second, we measure the estimation on different factors. Recall that we have defined

G, Fp,; and F;; under (2.5), and then further define

1000

RMSEg = 1000 Z Pge — Peell?,
1000

RMSEg = | 15 Z Z IPge —Pry i
1000

RMSE; = | oo Z Z IPge - Pp |3

N
In the above formulas, we let G and G* include the estimated and true global factors
~0
from the ¢"" replication. Similarly, we define Fp; and FZEZ for the exporter factors, and

~0
define F; ; and F? ; for the importer factors.

We summarize the simulation results in Table 1 to Table 3. Note that due to the
limit of space, the results of some combinations of (M, N,T) are dropped in all tables.
fﬂ;¢z and ]D}ﬁ

converge to 1. When the sample size is relatively small, it seems that we tend to under

In Table 1, it is clear that as the sample size goes up, the values of P,
select the number of factors. Once all M, N, T are greater than and equal to 40, the
selection on the factors is quite accurate. In Table 2, we consider a DGP with more time
series correlation, and the pattern is almost identical to those presented in Table 1. Table
3 reports the results of RMSEqg, RMSEE and RMSE;. It is not surprising that all values
of RMSE converge to 0, as the sample size goes up. Moreover, the values of RMSEg and
RMSE] are larger than RMSEqg in general, which should be expected. The reason is that
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Step 2 includes the estimation bias associated with Step 1, although the bias is negligible
in the asymptotic sense under certain restrictions. It is noteworthy that the values of
RMSEg are larger than those of RMSEy, which is due to the fact that more unobservable
factors are included for the exporters.

Having justified the validity of the proposed estimation approach through simulations,

we are now ready to move on to the empirical study in the next section.

4 Empirical Study

In this section, we use the proposed methodology to investigate the international trade

flows.

4.1 The Data

We use monthly bilateral export volumes of commodity goods among 23 countries/region
over the period of 1982-2019. The export flows data are collected from the Direction
of Trade Statistics (DOTS) of International Monetary Fund (IMF) available at https:
//www.imf .org/external/index.htm. We use the FOB (free on board) value of exports
of goods denominated in U.S. dollars and restrict the sample to 506 country-pairs of 23
countries/regions from two major trading groups over a 456-month period from January,

1982 to December, 2019.

e Asia-Pacific Economic Cooperation (APEC): Australia (AUS), China Mainland
(CHN), Hong Kong (HKG), Indonesia (IDN), Japan (JPN), Korea (KOR), Malaysia
(MYS), New Zealand (NZL), Singapore (SGP), Thailand (THA), Canada (CAN),
Mexico (MEX), United States (USA)

e European Union (EU): Denmark (DNK), Finland (FIN), France (FRA), Germany
(DEU), Ireland (IRL), Italy (ITA), Netherlands (NLD), Spain (ESP), Sweden (SWE),
United Kingdom (GBR)

Canada, Mexico and United States are also the members of North American Free Trade
Agreement (NAFTA). As they are already included in APEC, we no longer specifically
mention NAFTA in this study. It is worth pointing out that a similar dataset is con-
sidered in Chen and Chen (2019) to investigate the patterns in the dynamic network of
international trade. The difference between their study and our paper lies on the setting

of factor structure. While we consider multiple layers of the factor structure, their study
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focuses on one layer only with a different presentation. As a consequence, the two models
and the corresponding estimation approaches are not directly comparable.

In what follows, the combination of an export country/region and one of its import
partner is referred to as a country pair. For example, the export flow from the United
States to Australia and the export flow from Australia to the United States are the

bilateral export flows for two different country pairs.

4.2 Estimation Results

We first report the estimated numbers of global and country-specific factors. Specifically,
only one global factor is identified from the sample. The estimated numbers of exporter
factors and importer factors are summarized in Table 4. As shown in the table, majorities
have only 1 or 2 factors with the importer factors of IDN being the only exception.
Figure 1 shows the estimated global factor which has a clear upward trend. First,
let’s explain why such a behaviour can be captured under the proposed framework. Note

that Assumption 1 requires %G’G —p X only. As a special case, it may possess a form
like

T 1
72l = [ lotw)Pa (4.)
where 7, = ¢/T, and g(-) can be functions such as g(w) = w, g(w) = w?, etc. Therefore,
the upward trending is obviously included. Detailed discussions on trending behaviour
like (4.1) can be seen in Yan et al. (2020). As explained in Wang (2010) and Breitung
and Eickmeier (2016), the global factor may be interpreted as global shocks on the entire
network of international trade, e.g., the Global Financial Crisis. Our finding is somewhat
consistent with their arguments. For example, there is a sudden and severe drop around
2009 which captures the so-called “great trade collapse”, a consequence of the 2008 fi-
nancial crisis, occurred between the third quarter of 2008 and the second quarter of 2009.
We refer interested readers to Bems et al. (2012) for more details on great trade collapse.
In addition, we note that the global factor becomes more volatile over the sample period,
which may indicate the increasing vulnerability of countries to shocks on trade due to
globalization over the past couple of decades.

Figures 2 - 5 show the estimated exporter factors and importer factors. Specifically,
Figure 2 and Figure 3 present he exporter factors associated with the countries of APEC
and EU respectively. Figure 4 and Figure 5 show the importer factors associated with

the countries of APEC and EU respectively. The exporter factors can be interpreted
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as country-specific shocks of export countries which affect the trade volumes from the
exporters to the import partners. Similarly, the importer factors can be interpreted as
country-specific shocks of import countries which affect the trade volumes from the im-
porters to the export partners. As mentioned in Section 2.1, the exporter and importer
factors may capture the unobservable outward and inward multilateral trade resistances
(MTRs) for different exporters and importers respectively, which can be seen as mea-
sures of outward and inward bilateral trade costs for different exporters and importers.
The detailed discussions on the connection between multilateral resistances and country-
specific factors can be found in Kapetanios et al. (2020), where the exporter and importer
factors are always referred to as source and destination country factors. For almost all
country-specific factors, we can observe the increase of the volatility, especially from the
beginning of the 21st century, indicating the increasing instability of the inward and out-
ward bilateral trade costs for most of the countries in our sample. Under the assumption
of bilateral trade costs symmetry, it follows that the inward and outward multilateral
resistances are the same for the same country (Anderson and Van Wincoop, 2003). By
comparing the estimated exporter and importer factors for the same country, it can be
seen that this symmetry in the multilateral resistances is partially supported by the data.
For example, the exporter and importer factors for USA share the similar trend.

Figure 6 presents the heat map of the global factor loadings for different country pairs.
Since the global factor loadings are positive for all country pairs, we rescale them to [0, 1]
for better presentation. The global factor loading can be interpreted as the responses of
the trade volumes for different country pairs to the global shocks. The colour of each cell
reflects the sensitivity of the trade volume between two countries to the global shocks. For
example, in Figure 6, the darkest cell corresponding to the export flow from CAN to USA
indicates that the export volume from CAN to USA is the most sensitive relationship
among all bilateral export flows in the sample. Also, the country pairs like CHN and
HKG, CHN and USA, MEX and USA also show strong sensitivity to the global shocks.
The relationship among USA, MEX and CAN partially can be explained by the fact
that all three of them are the members of NAFTA, which eliminates some trade barriers
among the three parties and promotes the trading activities. The similar patterns can
also be observed among countries from EU and Asia respectively. Overall, by comparing
the values in different rows and columns of the plot, it can be seen that the trade flows
involving USA, CHN and DEU show relatively strong sensitivity to global shocks, which
indicates that, in general, they are leading export and import countries worldwide.

Figure 7 and Figure 8 present the heat maps of the exporter factor loadings and the
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importer factor loadings, respectively. Each column in the plots represents a country-
specific factor loading corresponding to an exporter or importer factor. Similar to the
global factor loading, the exporter and importer factor loadings are rescaled to have
values between —1 and 1. The exporter factor loadings corresponding to different export
countries measure the responses of their import partners to the shocks on those export
countries. The importer factor loadings can be interpreted in the same manner. As shown
in Figure 7, the export flow from CAN to USA is relatively sensitive to the exporter shocks
of CAN. This is also the case for the export flow from JPN to USA which is shown to
be sensitive to the exporter shocks of JPN. On the other hand, Figure 8 shows that the
export flows from both CAN and JPN to USA are also sensitive to the country-specific
importer shocks of USA. The country-specific factor loadings for other countries can be

interpreted similarly.

5 Conclusion

In this study, we specifically consider a three-dimensional panel data model, which has
been exposed in the literature but has not been fully solved to the best of the authors’
knowledge. On theory, our contributions are the following three-fold: (1). under the
scenario that all three dimensions can diverge to infinity, we propose an estimation ap-
proach to identify the number of global shocks and country-specific shocks sequentially;
(2). the newly proposed approach is easy to implement, and the asymptotic theories are
established accordingly; (3). we further conduct intensive numerical studies to examine
the finite sample performance of the newly proposed approach using both simulated and
real datasets. In the empirical study, we then apply the approach to decompose the net-
work of bilateral trade using country level data from two major trading groups (APEC
and EU) over the period 1982-2019. We find that the country-specific shocks become
more volatile in recent years, which may indicate the increasing instability of the inward
and outward bilateral trade costs over the past couple of decades. In addition, we show
that the trade flows involving China mainland, Germany and the United States show
relatively strong sensitivity to global shocks, which reflects the fact that, in general, they
are leading export and import countries worldwide. We note that the relationship among
Canada, Mexico, and the United States is also highly sensitive to different shocks, which
somewhat reflects the fact that all three of them are highly economically related through

NAFTA that eliminates some trade barriers and promotes the trading activities.
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Table 1: DGP 1 — The percentages of correctly, under and over selecting factors.
Specifically, Py ., Py, and P,, are for the global factors; Pg., Pg, and Pg,
are for the export factors; Pr., Pr, and Py, are for the import factors. For the

sake of space, some combinations of (M, N,T) are omitted in the table.

M N T P, FPyu PFyo Pg. Prpu. Pro Pr. Pru Pro
20 20 20 0.650 0.349 0.001 0.439 0.418 0.144 0.682 0.049 0.269
40 0.978 0.022 0.000 0.655 0.287 0.059 0.844 0.046 0.110
60 0.995 0.005 0.000 0.710 0.238 0.051 0.878 0.035 0.087
80 1.000 0.000 0.000 0.734 0.211 0.055 0.890 0.033 0.077
40 40 20 0.836 0.164 0.000 0.629 0.306 0.065 0.854 0.062 0.084
40 0.997 0.003 0.000 0.883 0.107 0.010 0.963 0.022 0.015
60 0.999 0.001 0.000 0.936 0.054 0.010 0.980 0.010 0.009
80 1.000 0.000 0.000 0.958 0.033 0.010 0.986 0.006 0.008
60 60 20 0.884 0.116 0.000 0.731 0.227 0.042 0.906 0.053 0.041
40 0.998 0.002 0.000 0.955 0.041 0.003 0.988 0.009 0.002
60 1.000 0.000 0.000 0.985 0.013 0.002 0.996 0.003 0.002
80 1.000 0.000 0.000 0.993 0.005 0.002 0.998 0.001 0.001
80 80 20 0.865 0.135 0.000 0.759 0.185 0.056 0.915 0.041 0.044
40 1.000 0.000 0.000 0.980 0.019 0.001 0.995 0.004 0.001
60 1.000 0.000 0.000 0.996 0.003 0.001 0.999 0.001 0.000
80 1.000 0.000 0.000 0.999 0.001 0.000 1.000 0.000 0.000
20 80 20 0.759 0.241 0.000 0.691 0.193 0.116 0.711 0.043 0.246
40 0.990 0.010 0.000 0.970 0.022 0.008 0.853 0.041 0.106
60 1.000 0.000 0.000 0.996 0.003 0.001 0.884 0.033 0.084
80 1.000 0.000 0.000 0.999 0.001 0.000 0.899 0.027 0.074
80 20 20 0.819 0.181 0.000 0.473 0.420 0.107 0.886 0.044 0.070
40 0.998 0.002 0.000 0.650 0.294 0.056 0.995 0.005 0.000
60 1.000 0.000 0.000 0.714 0.233 0.053 0.999 0.001 0.000
80 1.000 0.000 0.000 0.743 0.205 0.051 1.000 0.000 0.000
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Table 2: DGP 2 — The percentages of correctly, under and over selecting factors.
Specifically, Py ., Py, and P,, are for the global factors; Pg., Pg, and Pg,
are for the export factors; Pr., Pr, and Py, are for the import factors. For the

sake of space, some combinations of (M, N,T) are omitted in the table.

M N T P,. Pyu Py, Pg. Prpu. Pro Pr. Pru Pro
20 20 20 0.240 0.705 0.055 0.301 0.400 0.299 0.505 0.014 0.481
40 0.700 0.300 0.000 0.467 0.356 0.178 0.694 0.005 0.301
60 0.920 0.080 0.000 0.615 0.300 0.085 0.814 0.010 0.176
80 0.990 0.010 0.000 0.700 0.242 0.058 0.870 0.008 0.123
40 40 20 0.280 0.660 0.060 0.339 0.380 0.280 0.543 0.023 0.435
40 0.820 0.180 0.000 0.668 0.240 0.092 0.881 0.010 0.109
60 0.990 0.010 0.000 0.858 0.126 0.016 0.970 0.006 0.024
80 1.000 0.000 0.000 0.916 0.073 0.011 0.988 0.001 0.011
60 60 20 0.220 0.750 0.030 0.329 0.342 0.329 0.562 0.010 0.428
40 0.800 0.200 0.000 0.738 0.148 0.114 0.895 0.011 0.094
60 0.990 0.010 0.000 0.935 0.054 0.011 0.985 0.003 0.012
80 1.000 0.000 0.000 0.974 0.025 0.001 0.997 0.001 0.002
80 80 20 0.290 0.700 0.010 0.342 0.347 0.311 0.613 0.009 0.378
40 0.850 0.150 0.000 0.794 0.110 0.096 0.919 0.006 0.075
60 0.990 0.010 0.000 0.964 0.028 0.008 0.994 0.001 0.005
80 1.000 0.000 0.000 0.991 0.008 0.001 1.000 0.000 0.000
20 80 20 0.239 0.698 0.063 0.340 0.344 0.316 0.494 0.013 0.493
40 0.720 0.280 0.000 0.676 0.117 0.207 0.716  0.006 0.278
60 0.990 0.010 0.000 0.965 0.026 0.009 0.845 0.007 0.149
80 1.000 0.000 0.000 0.990 0.010 0.000 0.878 0.005 0.117
80 20 20 0.270 0.670 0.060 0.305 0.394 0.301 0.582 0.025 0.393
40 0.750 0.250 0.000 0.485 0.366 0.149 0.851 0.008 0.141
60 0.970 0.030 0.000 0.625 0.307 0.068 0.981 0.002 0.017
80 1.000 0.000 0.000 0.691 0.254 0.055 0.999 0.001 0.000
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Table 3: The results of RMSEg, RMSEg and RMSE;. Specifically,
RMSEg, RMSEg and RMSE; measure the estimation on global factors,
export factors and importer factors, respectively. For the sake of space,
some combinations of (M, N,T) are omitted in the table.

DGP 1 DGP 2
M N T RMSEg RMSEg RMSE; RMSEe RMSEg RMSE;
20 20 20 0.778 1.172 1.034 1.189 1.370 1.321
40 0.368 0.989 0.793 0.805 1.174 1.146
60 0.314 0.910 0.733 0.496 1.038 0.961
80 0.292 0.884 0.695 0.359 0.947 0.891
40 40 20 0.519 1.015 0.761 1.164 1.266 1.165
40 0.191 0.778 0.574 0.581 0.960 0.790
60 0.168 0.683 0.525 0.275 0.784 0.610
80 0.154 0.637 0.499 0.222 0.716 0.549
60 60 20 0.423 0.941 0.680 1.144 1.234 1.189
40 0.141 0.687 0.512 0.582 0.953 0.718
60 0.118 0.595 0.454 0.261 0.715 0.546
80 0.108 0.546 0.423 0.177 0.652 0.500
80 80 20 0.440 0.915 0.664 1.110 1.243 1.130
40 0.110 0.655 0.470 0.539 0.888 0.679
60 0.094 0.557 0.421 0.231 0.698 0.500
80 0.086 0.504 0.394 0.163 0.603 0.458
20 80 20 0.618 0.978 1.009 1.186 1.251 1.337
40 0.232 0.671 0.792 0.711 0.956 1.062
60 0.180 0.571 0.719 0.295 0.678 0.818
80 0.168 0.519 0.689 0.236 0.612 0.739
80 20 20 0.560 1.131 0.694 1.136 1.427 1.088
40 0.191 0.961 0.492 0.657 1.131 0.723
60 0.164 0.890 0.432 0.307 0.958 0.534
80 0.154 0.866 0.403 0.217 0.925 0.468
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Table 4: Estimated number of exporter factors and importer

factors.
APEC
CAN MEX USA AUS CHN HKG IDN JPN
Exporter 1 1 1 1 2 2 2 1
Importer 1 2 1 1 1 1 3 1
KOR MYS NZL SGP THA
Exporter 1 1 1 1 1
Importer 1 1 1 1 2
EU
DEU DNK ESP FIN FRA GBR IRL ITA
Exporter 1 1 1 1 1 1 2 1
Importer 2 1 1 2 1 1 1 1
NLD SWE
Exporter 1 1
Importer 2 1

Global factor

0

e & * L »
S © © &
S S S S
Year

v > \o) >
N N D @Q

F P L PP
SN N NN RS A

Y %

Figure 1: Global factor for bilateral export flows from January, 1982 to December, 2019.
The blue solid line represents the estimated global factor and the orange dashed lines
provide a 95% confidence interval.
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Figure 2: Exporter factors for 13 APEC countries/region in the sample from January,

1982 to December, 2019. The blue solid line represents the estimated global factor and

the orange dashed lines provide a 95% confidence interval.
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Figure 3: Exporter factors for 10 EU countries in the sample from January, 1982 to
December, 2019. The blue solid line represents the estimated global factor and the

orange dashed lines provide a 95% confidence interval.
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Figure 6: Global factor loadings for bilateral export flows. The corresponding figures are
rescaled to have values between 0 and 1.

DNK - . Loading

DEU- B - 10
[ |

0.5

oL u 0.0
MYS - B -05

. Iy

Importers
[%2]
(9]
vl
;

Exporter factor loadings

Figure 7: Exporter factor loadings for bilateral export flows. The corresponding figures
are rescaled to have values between —1 and 1.
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Figure 8: Importer factor loadings for bilateral export flows. The corresponding figures

are rescaled to have values between —1 and 1.
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This file includes two appendices. Appendix A presents the preliminary lemmas, and the
proofs of the main results. We relegate the secondary results and the associated proofs to
Appendix B. Specifically, Appendix A.l1 scratches the outline of the proofs, while Appendix
A.2 presents the preliminary lemmas, which facilitate the development of the main results.

Appendix A.3 summaries the proofs for each step. In Appendix B, Appendix B.1 states the

secondary lemmas, while Appendix B.2 includes all the corresponding proofs.

Appendix A

A.1 Outline of the Proofs

In this section, we provide the outline of the proofs. Lemma A.l presents the relevant results

about the eigenvalues associated with M}VTY’Y of (2.9), which yields the estimation of 74, and
thus leads to Theorem 2.1 of the main text. After establishing Theorem 2.1, we take the value
of r4 as granted and focus on the estimation of country-specific factors. Specifically, we derive
Lemma A.2 and Lemma A.3 in the same manner as Lemma A.l by making use of the newly
imposed Assumption 4, which allows us to further estimate the number of exporter factors and
importer factors, and thus establish Theorem 2.2 of the main text.

After identifying the number of factors successfully, Lemma A.4-A.6 provide the further
results in order to establish the asymptotic distributions associated with the global and country-
specific factors. Specifically, Lemma A.4 improve the convergence rate of the global factor
presented in Theorem 2.1 by making use of Assumption 4 and Assumption 5. Then we establish
the first result of Theorem 2.3 in the main text which provides the asymptotic distribution for
the global factor. Based on the results in Lemma A.4.1, Lemma A.5 updates the convergence
rate of the country-specific factors presented in Theorem 2.2 of the main text. Similar to
the development of the asymptotic distribution for the global factor, we then establish the
asymptotic distributions for the exporter and importer factors in the second and third results

of Theorem 2.3 in the main text after imposing Assumption 6.



A.2 Preliminary Lemmas

Lemma A.1. Let Assumptions 1-3 hold, and let (M, N,T) — (00, 00, 00).

At v/ In(MN At -

1. ﬁHG — GH||r = Op <mm{\/%(\/ﬁ)\ﬁ})’ where G includes the first vy columns of G

only, H = ﬁI‘T - %G’C‘j - (Vg)*1 is an rg X rg invertible matriz, V} is the rg X 1g

leading principal submatriz of V4 and ||H|p = Op(1);

~ In(MN ~ Ataal o At
2. |Pgk — p;k| = <mm{\/%(\/ﬁ)\/f}> fork=1,... 1y, where by, = G, EGy, with Gy,

being the k-th column of G, p7, = Lh,G/SGhy, £ = LA Y'Y, S = ir

and hy is the k-th column of H;

~ In(MN
3. ‘pg7k = OP (m) fOT k= Tg + ].7 . ,kmax.

Lemma A.2. Let Assumptions 1-4 hold, and let (M, N,T) — (00,00,00). For j=1,...,N,

: fHFIJ F;;H;jl|lr = Op <nm{\/l;[—(% + T‘”»J’), where f‘;j includes the first vy
columns of f‘f,j only, Hy ; = A’I .JAI o' T Fj] (V}j)_1 is an rrj X 1 invertible

matriz, V}j is the r1j X rrj leading principal submatriz of Vi ; and |[Hy;||p = Op(1);

~ In(MN . ~ st s ot
2. |p1j’kfp¥j’k| =0Op <() + T‘”d) fork=1,...,rr;, where prjj = %Flj,kzl,jFIj,k

min{vM,VN,vT}
with f‘%k being the k-th column off‘;j, /)ij = lh’ G Fr 2 Fr e, f)[j = o7(Yr,—
f‘ij@,)’(YI,j — f‘m—é,), X = FI]A’I o AL .]FI], and hyjy, is the k-th column of
H;;;

8. |prjkl = Op (% + T2a”) fork=rrj+1,... Fnax.
Lemma A.3. Let Assumptions 1-4 hold, and let (M,N,T) — (c0,00,00). Fori=1,..., M,

In(MN . =
. f|\FEZ Fr,Hgillr =0p (mm{\/ﬁ(\/ﬁ)\ﬁ} + T“Eﬂ>, where F g ; includes the first rg ;
=

columns of F; only, Hg ; = %A/E,ioAEﬂ" . %F’EJFE’Z'~(VEZ.)_1 is anrg; Xrg,; invertible

matriz, VE’i is the rg; X rg; leading principal submatriz of Vg ; and |Hg;||F = Op(1);

—~ i
2. |PEik pEi,k| =Op min{v'M,V/N,VT}
with f‘TEzk being the k-th column of f‘TEw Pik = % ,E%kalZEZFEZhEZk’ EE’i -
R ~7 ~ ~/ )
vr(Yei = TpiG)(Ypi — TpiG), Bpi = yrFpiAp i ApieFp,, and hpy, is the

k-th column of Hg ;;

3. |peixl = Op (Fﬁ%%?n + T2“E»i> fork=rg;+1,... kmax.

<ln(MN) + T“Evi) fork=1,...,rg;, wherepgir = FEI kf]EZFEZ k



Lemma A.4. Let Assumptions 1-8 and Assumption 5.1 hold. Denote that
In(MN) - (T™axiap,i 4 Tmax;ar;)
min{vM, VN, VT}
Tmax;ap,;  Max;ar; In(MN) - (T™axiap,i 4 Tmax;ar,;)
VN T T VT
+1In(MN) - (T?maxiop: 4 p2max;ar;)

Ay MNT =

* E—
and Ag,MNT =

for notational simplicity. As (M, N,T) — (00,00, 0),

=~ In(MN) 1 )
1. 77llG — GH|l» = Op <min{T,¢m,m} + m+A97MNT>f

2. GG~ GH)llr = Op (3iy + 4+ + A arvr)-
In addition, suppose that Assumption 5.2 holds. Then
5. H=1,,+O0p (gy + 4+ &) ainr )

Lemma A.5. Let Assumptions 1-5 hold. Denote that

ANt = Ag Nt + /I(MN) - TG 0B 4 T
and AEi,MNT = Ag7MNT + IH(MN) LPMaXjarg | e,

or notational simplicity, where A, prnT 18 defined in Lemma A.4. As (M, N,T) — (00,00, 00),
g7

1. forj=1,... \/—HI‘]J I‘]JG HF = Op (\/— + \f +AI],MNT); where I‘[J‘

is defined in the same way as I‘Lj;

2. f07” L= 17"'>M7 ﬁ”rE,z FEZG HF - OP (\/7 \/* +AE1, MNT) where FE,i

s defined in the same way as I‘E,i.

. = In(MN)
3. fOT] = ]-a"'aN; ﬁHFL] _FI,jHI,jHF = OP (m +AI]',MNT>;

. = In
4. fori=1,...,M, ﬁHFE,z’ —FrHgi|lr=0p <mm{\(f \}} + Ag; MNT>

Lemma A.6. Let Assumptions 1-5 and Assumption 6.1 hold, as (M, N,T) — (00,00, 0),
1. ||F(F;—F;H )| p = Op (ln(%N) + i T et At + /In(MN) - T bE“") ;

2. L|Fy,;(Fp—FpHp,)|r = Op (mu\]\{N) + + o=+ Apiunt + /In(MN) - T2 bEI’”)-

In addition, let Assumption 6.2 hold.
3. Hyj = ITI,j +Op (% + TIJN + ﬁ + AIj,MNT + /In(MN) - TmaxibEI’”);'

4- Hpj =L, +0p (% + TZN + ﬁ + AgivnT + /In(MN) - T™%5 bEI’”)'

3




A.3 Proofs

We now start presenting the proofs..

A.3.1 On Consistency

Proof of Lemma A.1:
(1). Expanding (2.9), we write

~ 1
GV, =

(TG’ + ApFl, + A[F; + U) (LG’ + AgFy + AF; + U)G

MNT
= (A +--+A;)G
where
A= Ay = ;FEA’ AgF, A3 = ;FIA’ AF),
MNT MNT MNT
Ad= MNT U, As= MNT Ao = MNT ’
A; = MNT MNTFEA’EI‘G’, Ay = ﬁFEAjEAIF’,
A = M}VTFEA U, A= ﬁFIA’ TG/, A= WF[A’IAEF’E,
Az = M}VTF]A U, Ay= WU TG, A= 3 UALF),
Ao = MNT

Thus, the following equality holds immediately.

GV, G- LT —GG As+ -+ A)G
N (Ag+ -+ A6)G,
in which
n(MN)
Ay +--- 4+ A <[ Azll2 + -+ JA =0
| Ao 16]]2 < [|Azll2 | A1s]l2 P(min{ﬁ,ﬁ,ﬁ})
by Lemma B.2.

We left multiply (A.1) by +G’ to yield

1 A N
TG’G-VQ —GG WPF —GG_—G’(A2+ -+ A)G = op(1),

(A1)

because ﬁHGHF = O0p(1), ||[A2+ -+ Asgll2 = op(1) and %H@HF = Op(1). Furthermore,

%G/G . ﬁl"’l" = XgXr +op(1l) by Assumptions 1 and 2. It follows that

1 a1 4
SeSr- ;GG = GGV, +op(l).

(A.2)



Note that %G' G is of rank rg, which then further indicates that V, has at least r, non-
zero elements on the main diagonal which converge to the eigenvalues of 3XgXr. We now can
conclude that V is of rank r4 in the limit.

We are now ready to investigate pg with & < ry. Because here k < ry, we then focus on
(A}T and Vj}, which are defined in this Lemma. In particular, by the argument under (A.2), we
can conclude that V; —p Vog, where Vo, = diag{pg 1,...,pgr,} consisting of the eigenvalues

of XgXp. By (A.1), we can write

1 1 1 oAt T
GVIi-G ——I'T -GG =(Ay+-+A5)G . A.
Left multiplying (A.3) by %GT’ and using the fact that %(A}T/éT =1,,, we have
1 At 1 1 At 14w ~ 1
T = . T'T-ZG'G' == =
V! TG G NL T TG G TG (Ag+ -+ A1g)G = op(1), (A.4)

because | G'[r = O(1) and Ay + - + Aglls = op(1) by Lemma B.2. By (A4) and
VI —p Vg, it follows that
Loty 1 oy 1 ai
— - —I'T - = Vog- A.
TG G TN TGG —p Vg (A.5)
Hence, %(A}T/G . ﬁl’" r. %G/GT is invertible with probability approaching one (w.p.a.1), which
implies that 1G’ G is invertible w.p.a.l.
Right multiplying (%G’(A}T)_l(ﬁl"’l")_1 on each side of (A.3) yields that

—1 —1
atvt (Laa! 1 W _
Gvg< GG) <MN1"1"> G

— (Aot + ARG (Laa! (e} (A.6)
T MN

By examining each term on the right hand side of (A.6), we obtain that
4 1 ANl -1
GV (=G —T —

(lea) " () o

F

1ot (1 a1 )\
—G | =G'G —I'T
7 (796 (i

n(MN)
min{vM,VN,VT} )’

1

VT

<O(1) - ([Azll2 +-- -+ [|Asell2) -

F

<O0p(1) - (|Az]l2 + -+ [[As6ll2) = Op (

where the first inequality follows from (A.6) and ||Q||p < /rank(€2)-||2||2, the second inequality
follows from —L[|G'||p = Op(1) and [|(G'G)) ! (4 I'D) ! » = Op(1), and the equality
follows from Lemma B.2.

Moreover, we have ||t I'T|| z = Op(1) by Assumption 2. We have shown that ||(Vj])_1 lr =

Op(1) since V;f] converges to a full rank matrix, and

bt



1 ~t 1 1 At
—IG'G < —|G|lF- —=||G = 0p(1).
FIGG I < —=lGlr - —=IGllr = Op(1)

Thus, it follows that

1 1 ~ _
[Hr < o IDTlr - S IGE |- [(VE) ™ i = Op(1):

(2). Let us now consider p,; — p, ;. By construction of pyj and py ., write
- 1 atraat 1
Pok = Py = 7GLEGy — h . G'SGhy

1 ~ ~ ~ ].
- T(GL _ Ghy, + Ghy)(2 — =+ 2)(Gl — Ghy, + Ghy) — —h,G'EGhy

1 < .
= T(Gk — Gh)'(¥ - 2)(Gj, — Ghy)
2 N
+T(GL ~ Gh)(£ - £)Ghy,
1 ~ .
+7(G — Ghy)'S(Gy — Ghy)

2
+T(GL — Gh,)'SGhy

1 ~
+5h,G'(8 — 2)Ghy

=N 42+ J3+2J4+ J5

Start our analysis from Jj, and write
1, ~t ~ ~ 1
/1] = 7(Gi = Ghy) (% = 2)(Gi — Ghy)|
1, At S A
< T”Gk = Ghgllp- |2 =22 |Gy, — Ghy|p

= 0p(|Z — =2) = op(|J5)).

Similarly, we have |Ja| = op(|J5|) and |J3| = op(|J4]). It remains to consider the orders of J4
and J5.

For |Jy|, write

L At 1t
|Ja| = T‘(Gk — Ghy)'2Ghy| < flle — Ghyl|r - [|[2Ghy||F

_ 1 ~1 1 , ,
= THGk Ghy| r MNTHGF I'G'Ghy|r
1, ~1 1 , ,
< = _ i i ) )
< THGk Gh;||r MNTHGHF ITT([F- |G'GlF - |hlr

_ 0 In(MN)
~ P\ min{ VM, VN, VT} )

where the last equality follows from Lemma A.1.
For |J5|, write

< ||Azll2 + -+ ||Aig]|2
2

1 1
— Y'Y - GI'TG’
’ MNT MNT

IS =]

6



- or (min{\/l%(,]\j%,)ﬁQ ’

where Ao, ..., A have been defined in the proof of Lemma A.1.
Thus,

1 o 1 -
[J5] = ZI0iG' (2 = 2)Ghy| < b7 [GE - [Z = 2]

- or (min{\/;\%sﬂj%,)ﬁ})

Hence, based on the above development,

R In(MN
[Pk — Pyil = Op ( (MN) > ,

min{v'M, VN, VT}

which completes the proof of the first result.

(3). This proof is based on Lemma B.1. Let us denote G as a T X (kmax — ) matrix such
that +(G*, GR)'(G*, GR) = diag{Iy,..—r,, I, }, where R is an r, x ry rotation matrix. The
matrices ﬁGL, %GR, Sand - % correspond to Q;, Q,, A and E of Lemma B.1. The

counterpart of the matrix Q) of Lemma B.1 is given by

~1 1

G =—(G'+GRP)(I4..._, +P'P) V2
\/T( )( kmax g )

where

[Pl < 2%~ 2,
~ sep(0, 7G'EG)

SOMDW§—2M20p< In(MN) ).

min{vM, VN, vVT}

~ L ~

Since G is an orthonormal basis for a subspace that is invariant for 3, we have p,. 1, =
~Lranl ~ 1 ~ 1 ~ 1
G, XG;,, where k = 1,...,kmax — 7, and Gy, is the k-th column of G . Consider |G —

L G*|5, and write

VT
~L 1 1
G - —=G'| =—=|[G"*+GRP-G*(1,..., + P'P)(L;,..., + P'P)"/2
\/T 5 \/TH[ =+ G ( Kmax g + ) ]( kmax Tg =+ ) H2
1 _
S ﬁHGJ—(Ikmax*Tg - (Ikmaxfrg -+ P/P)l/z)(lkmaxfrg + P/P) 1/2”2
1
| GRP (X, + PP)

<N Wby = Than—ry + PP Ty r, + PP) 5
+[|P (Tpai—r, + P'P) 2

< | Wk—ry = Tha—ry + PP)[|2 + P2

In(MN) )

<2[[P[2 =0p (min{\/ﬂ, VN T



where the second and third inequalities follow from Exercise 1 on page 231 and Magnus and

Neudecker (2019). Thus, for k =1,..., knax — g,
N ~ Lol
pr+i| = |Gy, TGy |
1 ~ ~1
= (G, —T'V2GE+T7V2GH (2 -2+ )G, —T7V2G}H +T7V2GY)|

~1 _ ~
<Gy = TG |F- 12— 2s
1

~ 1 .
26y~ TG 1D B

[ferali2
Gy — TG B
k kIIF 2
_0p ( In(MN) >
min{M, N, T} )’
where Gi is the k-th column of Gt and the last equality follows from (A.7) and the proof of

the first result of this lemma. The proof is complete. |

Proof of Theorem 2.1:

(1). First, consider the case where r4 = 0. By Lemma A.1.3, we have py . = Op (%)
for k =1,..., kmnax, which are less than wpy;y7 w.p.a.l for k = 1,..., knax. In connection with

the fact that py o = 1 which is larger than wy/n7 and pg1/pg0 = Op (%) which is less

than 1 w.p.a.1, it follows that when r, = 0, we have P(7; = 0) — 1.

Next, we consider the case where 0 < ry < kpax. Note that for k =1,...,rg,
P = lh’ G'XGhy = lh’ G'G - LI"I‘ . lG’Grh
gk = Tk A MN =T g
1 A 1 o, 1 At
=—-G. G- —I'T- =G'G; - (1 1) =<1

where hg, ¥ and CA;Z have been defined in the proof of Lemma B.1, the third equality follows
from Lemma A.1.1, and the last step follows from (A.5).

Note that pg0 = 1 which is larger than wy/n7. Furthermore, by Lemma A.1.2, p, ;< p;k
for k =1,...,74, which are larger than wy/ny7 W.p.a.1. Moreover, for k =0,...,7, — 1 we can
conclude that

Pg,k+1

2 =1
Pg.k

since pgo =1, Py < py; and py, < 1for k=1,...,rg.
For k = ry 4+ 1,..., kmax, by Lemma A.1.3, p, 1, = Op (%), which are less than

wpsyt W.p.a.l. Thus, in connection with the fact that ﬁg,rg = 1, we obtain that

Punin _ . ( n(IN)
min{M,N,T} )’

pgyTg

which is less than 1 w.p.a.l.



Based on the above and (2.10), we are readily to conclude that P(7y; = ry) — 1. The first

result then follows.

(2). Having establishing the first result, the second step follows from almost an identical

procedure of the proof for Lemma B.1. Thus, omitted. The proof is complete. |

Proof of Lemma A.2:
Before proceeding further, we denote a few notations for simplicity. Let I'; ; be denoted in
the same way as f[,j, Uoje = {wijt}mxr-

By expanding (2.11), we obtain that

~ 1 ~ A /
FiiVij = 37 (P1G' = T1yG + ding{Aly.oj} Fly + ArasFi + Usa )
. (I‘I,jG, _ f‘[’jé, i diag{AlE,.j}/F/E + AI,OjF/I,j + U.j.) f‘[’j
=(Bi+ -+ Big)Fy, (A.8)
where
1 ~ 1,
Bl MTF],j [ .]AI o Lj’ B2 MT (I‘I,jG/ F[,jG )/ dlag{AlE,oj}/FlEa
1 ~ o~ 1 ~ o~
By = (G = TG ) AreFr . Ba= (TG = TrG) U,
. 1 .
B; = 27 Bs = WFE dlag{A o]}dlag{AlE',oj} E> B7 = WFE dlag{AlE,oj}AL°j IIj
1
B8 - MT Edlag{AE .J}U.J., Bg = g, B10 = B/7,
1 ~ ~/ ~ -~/ 1
By = MT(FI,]G/ r;;G) ;G-I ;G )7 Bz = MTFIJ 7,0jUsjo:
Bis=B),, Bu=Bj By;;=B|, Bi= U’,],U.j..
We can then immediately obtain that
N 1 ~ ~
FrjVij=Frj- 1AL ejALej - 7F1F1; = (Ba+ -+ Big)Fp . (A.9)
By Lemma B.5, we obtain that
In(MN) .
B,+---+B <|Bal2+---+|B =0 + T ).
B2 16/[2 < [ Ball2 [Bisll2 = Op <min{\/M, VN VT )

Then left multiplying (A.9) by %F’I] immediately yields that

1., 1 1 1 -
HT 1 F13Vr; = FF1 P 37 AL e A ej - 71 F L
F
1 1 =~ m(MN) |
SOliF, . B++B . ——||F7 :O +Ta[_’] ,
¥l 1Ba o Buoll GpllEalle = Or | e a7 N, )



where the first inequality follows from (A.9) and ||Q||r < /rank(€2) - [|Q]|2.
Furthermore, 7 7 Fr;- ﬁAII,.jAI,-j = Xp,,;3A;,; +op(1) by Assumptions 4. It follows
that

1, o 1., =
B, BAr., 7P = FFF L Vi +op(1).

Then the first result follows in a manner similar to the first result of Lemma A.1.

(2)-(3). The second and third results follow the proofs similar to the second and third results

of Lemma A.1, so the details are omitted. The proof is now complete. |

Proof of Lemma A.3:

The proofs for the results of Lemma A.3 are identical to those for Lemma A.2. Thus,
omitted. |
Proof of Theorem 2.2:

(1). Having established Lemma A.2, the proof for the first result of this theorem is identical
to the proof of Theorem 2.1

(2). The proof for the second result of this theorem can be achieved in a manner similar to

the first result, so omitted as well. |

A.3.2 On Asymptotic Distribution

Proof of Lemma A.4:

(1). The proof is largely the same as Lemma A.l, but we improve the rates of conver-
gence on the following terms. We first improve the convergence rates of the terms %HA{,GHQ,
J=l1A6Gl2, S/ A5Gl and
Assumption 5.1.

ﬁHAHéHz of Lemma A.1 using both Assumption 4.1.(a) and

1 ~ 1 —~

ARGl < ——— |IGIl¢ - IITVA (IF-(G — GH + ||IF.GH

T IAsGl < Gl T A (I )2 + | FEGHI|r )

1 ~

<O0p(1)———— T -VMN - (VM VVT)- |G = GH||p + TV M - T™%ia5,i
< Or()r o ( )| I )

(1) |G~ GH||; + 0 (Tm>
:0 - —_— p— - ,

where the second inequality follows from Assumption 1, Assumption 4.1.(a), Assumption 5.1.

and |H|r = Op(1).

1 ~ 1 ~
ﬁHAﬁG\b < WHGHF T A (HF}(G — GH)|2 + HF/IGH”F>

1 ~
<O0p(1)———= VT -VMN - (VNVVT)-||G - GH||p + TVN - T™ a1
< Op(1) o (« )| I )

1 ~ Tmax]'al’j
—on(1): G - GHle + 0p (T 2.

10



where the second inequality follows from Assumption 1, Assumption 4.1.(a), Assumption 5.1

and |H|r = Op(1).

|AsG|2 < IFgll - |ALT]F - [|[G'GlF

1
ﬁ' MNTVT |

< op(l)W<mv VT) VN - T

= Op(1) ( = + ! >
PONVNT T VN )
where the second inequality follows from Assumption 1 and Assumption 5.1.

1 ~ 1 N
ﬁHAHG’b < WHF1H2 AT F - |G'G| F

< Op(l)W(\/Nv VT)-vVMN - T

—OP(1)<\/]\IW+\/ﬁ>,

where the second inequality follows from Assumption 1 and Assumption 5.1.
Next, we improve the convergence rates of the terms %HAQGHQ, %HAgéHQ, %HAQ@HQ,
% ”Algéug, % HA15(A;H2 and % HA16(A;H2 of Lemma A.1 by making use of Assumption 4.1.(a).
1

~ 1 ~
TGl < e[ ApIB - (IFE(G — G| + [P GHlr)

MNT\T

! Op(1)(VM V VT) - NIn(MN)

< -
- MNTVT
(VM VVT)- |G~ GHI|p + TVM - 7051 )
1 | Tmaxi aR. i )
VT VM ANT)’
where the second inequality follows from Assumption 1, Assumption 4.1.(a) and the facts that

IH[r = Op(1) and ||Ag[3 = Op(N In(MN)).

:Op(l) ’a—GH“F—Fln(MN)Op(

1 S 1 ~
143Gl < R AR (I — GEDl: + [P GH] )

1
< Wop(l)(\/ﬁ VVT) - MIn(MN)
- ((\/Nv VT) |G — GH||p + TVN - T aw‘)
1 R Tmax; ag,;
=op(1)- ﬁHG — GH||p +In(MN) - Op (W) ;

where the second inequality follows from Assumption 1, Assumption 4.1.(a) and the facts that

IH[r = Op(1) and [|A[]5 = Op(M In(MN)).

1 ~ 1 ~
149Gl < IR EAGA s - (JF(G - GH)J + ¥/ GH )

1
< WO}D(U(\/M VVT) - /MIn(MN) - /NIn(MN)

11



(YN VVT) |G = GHp + TVN - T 015)

1 - Tmax; ag ;
=op(1) - —=[|G — GH||r + In(MN) - O ( >

VT VM AVT
where the second inequality follows from Assumption 1, Assumption 4.1.(a) and the facts that

|H[|r = Op(1), |[AEgll2 = Op(y/NIn(MN)) and [[Af|l2 = Op(y/M In(MN)).

1 .

— A2 G

ﬁ“ 12Gl2 <
1

MNT\F

(VM VVT) |G = GH|p + TVM - T 0
pmax; ap

VN A \/T)

where the second inequality follows from Assumption 1, Assumption 4.1.(a) and the facts that

[AEll2 = Op(y/NIn(MN)), [[Af]lz = Op(y/M In(MN)) and [H| p = Op(1).

F/ATA F7»(G — GH)||; + |[FGH
o FrAAs - (I )l + | GH|r)

Op(1)(VN VVT) - /NIn(MN) - /M In(MN)

=op(1)- \/1T”é — GH||p +In(MN) - Op (

TG < T [UAg o - (F5(G — GH) o + [FLGH )
1
MNT\F p()(VMN VVT)-/NIn(MN)

(VM VVT) |G~ GHp+ TVM - T 05

1 ~ TmaxiaEyi
=op(1)- —=||G — GH||p + vVIn(MN) - Op | ——u——~ ),

where the second inequality follows from Assumption 1, Assumption 4.1.(a) and the facts that

[Ull2 = Op(VMN v VT), |Agll2 = Op(/NIn(MN)) and [HI|r = Op(1).

I A1C <~ [UA - ([ F}(G — GH)a + [F/GH] )
1
< UNTTT Op(1)(VMN VVT)-/MIn(MN)

: ((\Fv VT) |G = GH|[p + TVN - ™51 )

max; ag,;
IG — GH||p + /I -Op () :

=op(1)- T AN AT

where the second inequality follows from Assumption 4.1.(a) and the facts that ||Aj|s =
Op(x/MIn(MN)), |Ullz = Op(vVMN V VT) and |H|r = Op(1).
Then we improve the convergence rates of the terms %||A4G||27 %||A7G||27 %||A10G”2

and %HABGHQ of Lemma A.1 by bounding ||Ax G|y directly for k = 4,7,10 and 13.

1 ~ 1 ~
el < - - . . —
\/T!’A4G!!2_MNT\f|!U|!2 (I0ll2- G -~ GHllr + [UGH] )

<Op(1) f(\/ NV VT) <(\/MN\/\/T)~H(A}—GHHF+\/MNT>

12



1
|G~ GH||p + Op < )

=op(1)- T T AT

where the second inequality follows from |U||zs = Op(vV' M N V V/T) and the fact that

M N

1 IT1/112 1
M2N2T2EHG U HF = M2N2T?2 ZZE
i=1 j=1

M N T
MQNQT ZZ Z Eluijiuijsgi9s)
i=1 j=1t,s=1

T 2

Z GiUij

t=1

F

T
1
<0W s 3 1Bl =0 (577)

in which the last equality follows from the mixing condition of Assumption 3.1.

|A7G|> < |G| r|T'UG||F

MNT\/T|
|Gl|F - (IIF’UHF |G = GH||f + |[T'UG||p - ||HHF>

VMNT - |G — GH| + V)INT)

|

VT
<L
= MNTVT

= Or(l )MNT(

=op(1)- ﬁHG — GHHF + Op(1) <]\41]\7T> )

where the first equality follows from [|[IVU||r = Op(VMNT), |H||r = Op(1) and the fact that

1 M N T 2

17712 /

M2N2T2EHG UF”F M2N2T2E Zzzgt“iﬁ%‘
i=1 j=1 t=1

1
M2N2T2 Z Z Z | Eluijetmns]| :O<MNT>’

i,m=1j,n=1t,s=1

F

where the last equality follows from the mixing condition of Assumption 3.1.

1 S 1 ~
—||A10G FpA Ull2 - |G — GH||r + [|[UGH
JlANGl < L AL (U2 | I+ [UGH]| )
1
<———Op()(VM VVT)-/NIn(MN
< vl ) V/NI(MN)

: ((\/MN VVT) - ||G — GH||r + \/MNT>

1
— op(1).- qu GH|; + /(3N - op( ﬁ)

where the second inequality follows from Assumption 1 and the facts that | Ag|l2 = /N In(MN),

IUG|p = Op(VMNT) and |H||r = Op(1).
1 ~ 1 ~
JlAGls < o R (U G - GHIr + [UGH] )

1
MNT\F Op(1)(VN VVT)-/MIn(MN)

13



. ((\/MN VVT) - |G - GH|r + \/MNT)

G — GH||p + /(M) - op( ! )

= op(1): =G N

where the second inequality follows from Assumption 1 and the facts that ||Af]|2 = /M In(MN),
|UG|r = Op(VMNT) and |H||r = Op(1).
Finally, given %||A14é”2 =Op (%) from Lemma A.1, we have

1 pnd 1 A~ o~
_ < L
\FHG GH|r < Op(1) o= <||A2G||2 T HA16GH2>
(M N) 1
- — |G- GH||p+0 n T A :
=or(l)- \/ | Ir+ O <min{T, VMT,VNT} ' MN Q’MNT>

where Ay ynr is defined in the body of this lemma. The first result then follows.

(2). Denote 6g vt = Op (min{Tv ?%N}W} + \/ﬁ + Ag,MNT) for notational simplicity.
Note that

HG (G - GH)||r < (HG AsGlz+ -+ |G'AGl2) - [V, |,

where H = (ﬂﬁ)(G}G )V;l. Below, we reconsider the terms on the right hand side, and provide

an improved rate under extra conditions of Assumption 5.1. Note that |]Vg_1|| r = 0p(1), so we

focus on %||G,A2a’”2, ey %HG/A.lﬁéHQ.

1 —~ 1 1 —~
—IG'ALG, < — G'F A2 (IFR(G — GH Fr-GH
T” 2 ||2_T_MNT|| ellr-|AEl3 (H E( Mz + |Fg HF)
1 1
< max; ag.;
< Op(1) o TVM T . NIn(MN)

. <(\/7 v f)\/» 5g,MNT + TV M - Tmaxi aE,i)

'T 1B, 2
max; ag ;
+T v o s

09, MNT
=In(MN)-Op | 2
(MN) - Op < VM AVT
where the second inequality follows from Assumption 4.1.(a) and the facts that ||Ag|3 =
NIn(MN), J=[|G - GH||p = §; mnr and [H||r = Op(1).

- O /
FIG'AGs < |G - A3 - (IF5(G — GH) + |7 G

11
< Or( TNt

(YN VVTWT - dypinr + TVN - T3 )

Tmax; ag,;
2max; ay ;
+1 AR I

“TVN - T™5 905 . M In(MN)

dg, MNT *

VN ANVT

= In(MN) - Op (

where the second inequality follows from Assumption 4.1.(a) and the facts that |A[|3 =
MIn(MN), J=||G — GH||r = §gmnr and [H||r = Op(1).

14



1
MNT

CTVM - T 98 n(MN)VMN

1 ~ 1
F1G'A0G2 <
1 1

TMNT

(YN VVTWT - dypinr + TVN - T3 )

L max; ag
= ]n(MN) . OP <69’M$j];v T\/T F | Tmax; ap,;+max; a]’j> ,
A

where the second inequality follows from Assumption 4.1.(a) and the facts that ||Az]2 =
VMIn(MN), [[Ag|2 = /NIn(MN), ﬁ”é — GH||p = g N7 and ||H||r = Op(1).

IG'Fellr - |1AALz - (IFH(G — GH)l> + ||F; GH] £

< Op(1)

1 ~ 1 1 ~
FIGALGe € = IG'Fi |5 - A7 AL - (IF5(G - GH)|s + |FLGH] r )
1

1
<OPWFvivT TVN - T™¥5 %5 . In(MN)VMN

: ((\/M VVTWT - 6g pnr + TVM - T aE)

. max; ag j

where the second inequality follows from Assumption 4.1.(a) and the facts that ||Az]2 =

VMIn(MN), [|[Ag|2 = /N In(MN), ﬁ”é — GH||r = g unT and ||H||p = Op(1).

Tmaxi ap ;+max; a17j>
)

1 ~ 1 1 N
G AwGe < 7 |G Filr - [Aglls - (IU]2- |G - GH|lr + [UGH]r)
1 1
< Op(V) iy TVM - T80 /N In(MN)

((VMN VVTWT -y pnr + VMNT)

5 MNT - Tmax; ag,; Tmax; ag,; >
= In(MN)-Op [ 2 + ,
(MN)-Or ( VMN AT VT

where the second inequality follows from Assumption 4.1.(a) and the facts that ||Ag|2 =
VNI(IN), 1[G - GH|l = 8,anr, U]l = Op(VAN v VT), [UG|r = Op(VINT)

1 ~ 1 1 ~
~IG'ALGI> < 7 lIGFi]lr - A2~ (I1U]2- |G — GH r + |UGH]| )

1 1
S OP(l)TW . T\/N . Tman arj . Mln(MN)

: ((\/MN\/ \/T)\/T'(Sg,MNT + \/MNT)

5 7MNT . Tman arg.j Tl’l’laX]' ag, j
- VIH(MN)'OP( v v )

where the second inequality follows from Assumption 4.1.(a) and the facts that ||Az]2 =

MW(MN), J=||G — GH|r = 6y un7, U2 = Op(VMN vV VT), [[UG|r = Op(VMNT)
and |H||p = Op(1).

For k = 5 and 6, we apply the inequality %HG/A]{;@HQ < 2|G|r- |AxG||2 and then use the

results in Lemma A.4.1. For £ = 8 and 11, we bound %HG/Aka'HQ directly and use Assumption

15



4.1.(a) and Assumption 5.1.

1
H2—TMNT

AT P - |GG e
aEz \/ T

—HG AsG

1
SOP()TMNT

Tmax; ag,
=or (m) ’

where the second inequality follows from Assumption 4.1.(a) and Assumption 5.1.

JAST|F - |G'Gllr

jar,; . / .T

1 . 1
—IG'A1 Gy < =
TH 1Gl2 < T

1
—OA)TMNT

max; ar,j
= OP < /7M ) )

where the second inequality follows from Assumption 4.1.(a) and Assumption 5.1.

MNT

Next, for k = 4,7,14,15 and 16, we bound %HG/AkaHz directly and use the convergence
rate of ﬁ”@ — GH]| achieved in the first result of this lemma.

]_ ~
IGAGs < |G- (U] | - GHIp + [UGH] )
VMNT
< 0p(1) s ((VMN VVT) - VT 8,y + VMNT)
0g, MNT 1)
—Op [ LeMNT__ )
P(TAMMNT T

where the second inequality follows from the facts that |[UG|r = Op(VMNT), ||U|l2 =
Op(VMN v VT), =G = GH||r = 6y prnr and [[H|[r = Op(1).
Consider the term involving Ay, write

1

— A I’
HG 7GHz_TMNTHGGHFH UG|r

1 ~
< — ! X _ / )
< aelGIE - (ITU)p - |@ - GHlp + [ T'UG 5 - K1) )
< TT
_OP( )MNT (\/7 5gMNT+\/7>
=0 (69,MNT 1 >
=Up + ,

VMN  VMNT

where the third inequality follows from the facts that |[I'U||p = Op(VMNT), |G'UT|r =
CMQUWNTLiﬁK}—GHMW:%MNTMMHHMW:OPO)SmMMm

1 ~ 1
—|IG’ALG|2=0p [ —— ) .
HIEAGl = 0p (o)

For the terms involving A5 and Aig, write

1
*HG A5G < T

e+ IAgll - (IFR(G — GH)| + |FpGHI|r)

MNT
16



1 1
<
~“TMNT

. ((\/M vV ﬁ) . \/f . 5g,MNT + T\/M . max; aE,i)

5 MNT Tmaxqj R
=+/In(MN) -0 = + ) ,
(MN) - Op (T AT VT

where the second inequality follows from Assumption 1, Assumption 4.1.(a), and the facts
that [UG|r = Op(VMNT), ||Agl2 = Op(v/NIn(MN)), J=|G — GH||r = d4anr and
[H[|p = Op(1).

Op()VMNT - \/NIn(MN)

1 / ~ 1 1 77/ e /
~IG/A < - A (F _GH F,.GH )
THG 16G|!2_TMNTHGUHF [Afll2 - (IF7(G — GH)||2 + [|[F;GH||
1 1

= TWOP(U\/MNT- V/MIn(MN)

: <(\/N\/ \/T) . ﬁ-ég,MNT +T\/N'Tmaxja1’j)

5 MNT Tman ag. j
=+/In(MN) -0 El + ) ,
(MN)-Op <T/\\/NT VT

where the second inequality follows from Assumption 1, Assumption 4.1.(a), and the facts
that |[UG|r = Op(VMNT), ||[Afllz = Op(y/MIn(MN)), %Hé — GH|r = 6, mnr and
[H| = Op(1).

Based on the above development, we obtain that

1 ~ 1 1 .
GG~ GEle = Op (37 + 7+ s ).

where A; unt is defined in the body of this lemma. The second result then follows.

(3). By the second result of this lemma and the condition +G'G = I, , we immediately

obtain that

1 ., A 1 1

Left multiplying both sides of (A.10) by H and using |H||r = Op(1), we have

1 ~ 1 1
TH/G/G —~-HH=0p (MN + T A;MNT> . (A.11)

Furthermore, (B.3) of Lemma B.3 becomes

1~y 1 1~/ 1 1 "
Summing up (A.11) and (A.12),
11,

(A.13) shows that H is an orthogonal matrix w.p.a.1 and hence its eigenvalues are either 1 or

—1. By the definition of H, we have

17



H-V,= r'r H+0O ! +1+A* (A.14)
97 \MN PA\MN "1 T TeMNT ) ‘
which implies that H is a matrix consisting of eigenvectors of ﬁl’"l" in the limit. By
Assumption 5.2, I''T" is diagonal with distinct eigenvalues. It follows that each eigenvalue
is associated with a unique unitary eigenvector (up to a sign change) and each eigenvector
has a single non-zero element. This implies that H is a diagonal matrix up to the order
Op (ﬁ + % + A;MNT>. In connection with the fact that the eigenvalues of H are 1 or —1,
H is a diagonal matrix with 1 or —1 as its elements. Without loss of generality, we assume all

elements are 1. This implies that
1 1 N
H:Irg‘f'OP m—i_f—i_Ag,MNT .

Moreover, in connection with (A.14), we have V, = % + op(1). The proof is now complete.

|
Proof of Lemma A.5:
(1). Based on Assumptions 1-5 and Lemma A.4, we provide faster rates for Mg (G —
GH™)I}, ;. Dy, Dy, and D3 below.
First consider Mg (G — éHfl)I"Lj and write
1 ~ 1 ~
WHMQ(G -GH™) Tillr <0O() - ﬁHMé(i’h + o+ Ag)Gll2 - [|[K[F - [Tr4lF,
1 n(MN)
<O0p(l)———= VT +A VM
< Or() A7 <min{T, VMT,yNT}  VMN oMY T)
m(MN) 1
=0 + + A ,
r <min{T, VMT,YNT}y = MN = MY T)

where the first inequality follows from ||2||r < /rank(92) - ||2||2, the second inequality follows
from Lemma A4, |G|z = O(VT) and ||[T7 ;]| = Op(v/M). Ayurnt is defined in the body of
Lemma A 4.

Consider D¢, and write

1 1 . 1 .
\/ﬁHDlnF = ﬁ” dlag{A/E,.j},F/EPaHF < O(Um” dlag{A/E,oj}/ EP(A;||2
1 . ~ ~
< O() | ding{Alp o}z [FEGllr - |Gl
1 . ~ ~
< 0(1) || ding{ Ay} - (IF(G — GHD |+ [FEGH| ) - |Gl

B In(MN) In(MN) 1 pmax; agp g
= 0p <\/T/\\/M> (min{T, TN TN +Ag,MNT> +0p (\/ln(MN) T )

where the first inequality follows from ||2||p < /rank(92) - [|€2||2, the second inequality follows

18



from Pg = %(A}(A},, and the last equality follows from Lemma A.4 and Assumption 4.1.(a).

Next, consider Do, and write

1 1 1 ~ ~
—||D P — A .,F/ P~ < - A .‘F, G‘ . G
\/WH 2HF \/m” 1,05 1.5 GHF >~ \/WTH I,ej 1.5 HF || ||F
1 ~ ~ 1 ~
< = 1AL (G = GE)lp - [Gllr + ——— 114 F 7, GHl 7 - |Gl
Note that
! & = n(MN) 1
7A.-F’-G—GH G =0 + LA ’
\/WT” fe7 I’]( e -1Glr P (min{T, VMT, \/]W} JMN g, MNT
1

/ o .
WHAL-J'FLJ'GHHF |GlF = Op(T"),

where we have used Assumption 2, Assumption 4.1.(a), Lemma A.4, and ||F; | r = Op(VT).

Then we consider D3 and write

1 1 1
———|ID3||r = ——=||U.;ePg|lr < O(1)———||U,;o P4
\/m” 3HF \/m” ] GHF ()\/WH J G”2
1 ~ ~ 1 ~ R
<01 U.ie G| - ||G||lF < O(1 U.ie(G — GH)||2 + ||Usje GH |G

B 1 1 In(MN) 1 1
=0Op(1) <\/M Y, \/T> <min{T, VAT /NT} + NI + Ag,MNT> +Op <\/T> ’

where the first inequality follows from ||2||p < /rank(Q2) - [|€2||2, the second inequality follows
from Pg = %éé’, and the last equality follows from ||U,;eG||r = Op(vVMT), which is similar
to the result of ||G'U’||r in the proof of Lemma A.4(i).

Based on the above development, we obtain that

1 PPN 1 1

—||ry6 - T GH —Op——— =+ Ap

= H I,j 1) - P ~ + JT + Arj MNT | 5

where Ajy; vt is defined in the body of this lemma. This completes the proof of the first

result.

(2). The second result can be proved in exactly the same way as the first result. Thus,

omitted.

(3). Consider (1) in Lemma B.5. Write

1 PN
TllT G~ TG ding (Al F

1 ~ o~ .
< G By G | ding Al [Pl

1 ;s A 5
= 316 = F1i€le - [ 1Al - [Pl

1>1
1 1 1
=0Op(1) MT ( MN+\/T+AI]’MNT> . ln(MN)(ﬁ\/ \/M)
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In(MN) ) < 1 + 1 —|—A]j7MNT> )
VM AVT \VMN VT

where the second equality follows from the first result of this lemma, Assumption 1 and As-

= Op(1)

sumption 2.

Consider (2) in Lemma B.5. Write
1 1

m”(rl,jG, — TG ) A1o;F7 2
1 T
< WHI‘IJG TG 2 [[Arejll2 - [F1 llF
1 1 1
— Op(1)— . L, )mﬁ
P AT <¢m JT T ALMNT
1 1
P(m JT ”7”””)

where the first equality follows from the first result of this lemma.

Consider (3) in Lemma B.5. Write

1 ~ o~
17711 G = T1,G ) Usjell2
1 ;s A
< WHFIJG —T7;G [l2- [|[Usjell2
1 1 1
— Op(1 : L 1A (WM VNT
PO A (m VT “’MNT> ( )

— Op(1) < N SN >
where the first equality follows from the first result of this lemma.

Consider (7) in Lemma B.5. Write

1 ~ ~/ ~ ~/
1771 TriG — TG ) (TG =T ;G <

1 1
=Op (MN T A%j,MNT> ;

where the first equality follows from the first result of this lemma.

1 L
27T G — TG I3

The results for other terms are the same as those in Lemma B.5. The rest of the proofs are

in the same spirit as Lemma A.2. Thus, omitted.

(4). The result can be proved in exactly the same way as in the third result. The proof is

now complete. n
Proof of Lemma A.6:
(1). We left and right multiply (A.9) by %F'IJ and V;} respectively to obtain that

1
T

1

F;;(F;—FrHp ) = T

F/I,j(BZ +-o Blﬁ)f‘jdvl_’}, (A.15)
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where Hy j = L N

IR -1
T.ejATej - FIJ-FIJ -V ;. Therefore,

1 - 1 - - -
FlF7;(Frj = FrHp)lle < O(1) - (HFII,jBQFLj”Q +ot HF/I,jBlfiFLjH?) AIVEile,

where the first inequality follows from (A.15) and ||| F < y/rank(Q) - [|2]]2.
Note that HVI_JIHF = Op(1), so we focus on %HF’MBﬂ?‘LjHQ,...,%HF’I’ijf‘]JHg For
k =6—28,10,12,14 — 16, we carefully investigate HF/I,jBkFI,j

2 in order to achieve sharper
bounds. For other terms, we apply the inequality %HF’IJka‘LjHQ < H|F1llF||Bkll2- ||f‘1,j]|p,
and use the updated results for By in the proof of Lemma A.5.

That said, we now start the investigation. For the term involving Bg, write

1 = 11 . . =
FIFrBeFrlle = 17m5 [ Fr e diag{Ap .} diag{Ap o} FpF 12
1 1 . -~
< o B Fallp - | diag{Ap o} 3 - (IFp(Fr, — Fr Hig)lle + [FpFrHlr)
1
< Op(1)—=VM - T™eXiberi  In(MN
< 0p(1) g7V - In(MN)

(T (L ) 1 7o),

where the second inequality follows from Assumption 6.1, Lemma A.5.3, ||Fg|ls = Op(vVM Vv
VT), |Hyllr = Op(1) and || diag{A% ,;}[|l2 = Op(y/In(MN)).

For the term involving B, write

1 =~ 1 1
= F’ B7Fr;
1 1

< MTTIIFIJFEHF | diag{A’ o}l [|Arejllr - [Frjlle - 1Fr e
< Op(l)m\/M Spmaxiberi o in(MN) VM - T

= OP(l) ln(MN) . Tmax; bEI,ij’

—|IF} Fpdiag{Al ;A1 o;F] F 1o

where the second inequality follows from Assumption 6.1, || diag{A% ,;}2 = Op(y/In(MN)),
IALejllF = Op(VM), [E1;]r = Op(VT) and |Fp ] r = Op(VT).

Consider the term involving Bg, first write

T 2
1 1
M2T2EHU°J°FLJHF TETE ZE > frjeui
=1 t=1 F
1 MoT 1 T )
VIR > > Eluijiuijsf1 o frjs) < OM) 773 3 [Eluijeus)) = O <MT> '
i=1t,s=1 P

Thus, 17| UejeFrllr = Op (\/7) It follows that

1 1

1 ~
—||F} .BsFr;
TH I1,;P8Y 1y MTT

||FI]FE dlag{Al QJ}UOJQFI]HQ
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11 _
< 377 FriFellr - || diag{A% o}z - (HU.J-.(F],J- —Fr;Hp )2 + HU-J'-FLjHLjHF>
1 P
< . . max; Ogr,ij .
< Op(1) VM - T i . /In(MN)
In(MN)
(VM VVT)VT ~ \/—+AIJMNT +VMT |,

where the second inequality follows from Assumption 6.1, Lemma A.5.3, |Uqjell2 = Op(VM V
VT), |Hyllr = Op(1) and || diag{A% ,;}[|l2 = Op(y/In(MN)).
For the term involving B, write
1 - 11
—||IF, BioFy
7l 13 10F 72 = 377 7]
1

< TT HFIJ||2F |[ALellF - || diag{ A o; } |2 - (IIF'E(FI,j —Fr;Hp )l + IIF’EFI,J‘HI,J’HF>
1
S OP(I)W vV M - \V IH(MN)

: ((\/M\/ ﬁ)ﬁ( in(MN) + Apj, MNT) + TV M - T bEMJ‘)

F) Fr A7, diag{AL Y FEFr 2

VM AT
=Op (l)yl—nj\w\]/\[— (\\?l—nj\w\]/\[— AIj,MNT>+OP(1) 1n(MN),TmaXibEI,ij

where the second inequality follows from Lemma A.5.3 and Assumption 6.1.
For the terms involving B1o and Bi5, write

2
1

MQTQEHAI OJUOJOFI] HF

M T
§ : E : Ijtulﬂt)‘f Jij
=1 t=1

M T
1 1
= T2 >N ElALi 101,55 Nr mjtiigettmgsl| 2 = O <MT) :

i,m=1t,s5=1

]\42T2
F

where the last equality follows from the mixing condition of Assumption 3.1. Thus,

ﬁHAII,.onjoFI,jHF Op (\/—> It follows that

1 - 11
T FrBiaFrjle = 7o o IFTFr 7.0 UsioF L2
1
SFTIIFIJIIF [7:V o oy
11 .
< M—THFI,JHF (IAT o Usjallr - [Fry = B Hg o + |G o UsjuF 1 Hi I )
MN
<Op () <v f(f( \F) A]j,MNT)-i-vMT)
In(MN In(MN Ar;
—Op(l) \/n( )+ \/n( ) +OP< I]:MNT)’
M VMT VM

where the last inequality follows from [[A}, Uejellr = Op(VMT) and ||A], UejeFyjllr =
Op (\/ ) Similarly,
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1 ~ 1 1
*||F'1jBlsF1,j||2 MTT”F U, A1e;F; Frjlla
1 1 1
SMTTHFIJ vjeArejllF - [F1]lF- ||FI,JHF—OP N

where the first inequality follows from [|A] . UejeFy jl|p = Op <\/ MT).

For the term involving B4, write

1 1 1 ~
THFI B14FI,JH2 MTTHF/ ogodlag{A 0]}/F,13‘F1,j||2
1 1 ~
SMTTHF Ugjollr - || diag{A% o;}l2 - (IIFE(FLJ—FLJ'HI,J')||2+IIF?;FI,J'HLJHF)
< 1 MT -\/In(MN)
< Op( )MTT\/ \/n

((F VVTWT ( \AM f) AL, MNT> VT T b) ,

where the second inequality follows from Assumption 6.1, Lemma A.5.3, |Uqjell2 = Op(VM V
VT), [Hpjllr = Op(1), || diag{A% ,;}l2 = Op(/I(MN)) and |UejFr || = Op(vVMT).

For the term involving Big, write

1., - 11,
THF[]'BIGFI,]'HQ MTTHF O].U.]‘FL]HQ
1 ~
< P Ul (IUaja(Fry = FrsHi) o + [UuuFrsHi )
< Op()—— L varT . (Va1 v vIWT [ Y2RUN) | +VMT
= OUryrr VM AT Ij,MNT

_op (VIRMN) 1 At
MVT T TAVMT

where the second inequality follows from Lemma A.5.3, || Usje|l2 = Op(VMVVT), H; ; = Op(1)
and ||U.j.F[,j’ F = Op(\/m)

Based on the above development, we obtain that

1 ~ In(MN 1
THFII,j(FI,j —Fr;Hr )|l =0p < (M ) \/— f + Arjunt + VIn - Tmaxi be1, ”) .

(2). The second result can be proved in exactly the same way as the first result. Thus,
omitted.

(3)-(4). Given the first result of this lemma, the proof can be done in exactly the same way

as in Lemma A.4, thus omitted. |

Proof of Theorem 2.3:
(1). Let vy = )\b,ijfE,it + A} ;i f1,jt + uije. In matrix notation, we have Y = ApF; +

AF;+U. Then Y =TG' + Y. If Y2¥ — 0, we have
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GG 1
T VMN %

re\' 1 L
= H oy 1
(MN) WZZ%JU”HFOP( )

i=1 j=1

~/ M
~ ! _ -1
VMN(g:—H'g)) =V,
=1

N
Z%‘jvz‘jt +op(1)
i=1

rr\ ' 1 XL&
- (MN) TR 2 2 e+ op(1)

i=1 j=1

where the second equality follows from the fact that

- G'a oy GG\ /rT\ /TT Ty
o\ o \"17 )\~ )\ MN MN)

and the third equality follows from Lemma A.4.

Note that

VMN (g —g¢) = VMN(g, —H'g;) + VMNH - 1,)g

N 1 1 "
= \/m(gt — H/gt) + \/m -Op <W + T + Ag,MNT)

ey s
= Yijvijt + op(1),
MN MN =75
if 7@?1\7 —0and vVMN - A;’MNT — 0. Then by Assumption 2.1 and Assumption 5.3, the result
follows immediately.

(2). Let vrije = ’Yz{jgt—ﬁfj§t+)\/E7ijfE,it+Uijt fori=1,..., M. In matrix notation, we have
Y1, =T1;G —T1;G + diag{Al,}'Fs + Usje. Then Yy ; = ApojF) + Yp . I 0,

we have

1

~/ M
~ F; Fr.;
VM(.f]jt_HII'f]'):V_1'< LJ ’]> Z)\ 015t +op(1)
, gd 1.t I, — 1,35V ,15t P
T M =1

Af A1 1 &
= /I,j ( I,;W J) \/M;)‘Lijv[vijt—i_of)(l)

j 1
;97 )
ALijvrijt +op(1
M > \/M; I,ijY1,igt p(1)

-1
1

M
NGTi Z A1ij(Vij9t — ¥iiG + Nigij e + wije) + op(1)
=1

AII ojAL'j 1 al / / o0
’ > AL Np i Fie + wige) + > Arig (V90 — 31;90) | + op(1)

VM =1 i=1

M

1

VM Z Al,ij(XE,ijfE,it + wijt)
i=1
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1
A oAl 1 1 1
+< I’]]w J) m(M'OP (m+ﬁ+AIj,MNT)>+0P(1)7

where the second equality follows from the fact that

~/ ~/ —1 —1
V-1 FI,jFI,j —y-! FI,jFI,j Al],-jAL-j A/I,-jAI,-j _H A/I,.jAI,Oj
Lj T R T M M i M ’

the third equality follows from Hy j = I, . 4+ 0p(1), and the last equality follows from Lemma
A.5.1. Thus,

VM (f1je— frj0) = VM(f1 0 — HY ; f1ji) + VM ( T — Lo ) F1jt
= \/M(J?I,jt - H/I,jfl,jt)

In(MN) 1 1 _ )
+VM -0 + +—=+Ay + VIn(MN) - T CELij
P ( i N VT Ij,MNT ( )

AT oiALej oM /
N | M VM ZZ; ALij( N i FE it + wije) + op(1),

if L%) -0, % — 0 and VM (AU,MNT + In(MN) - Tmax CE””) — 0. Then by Assump-

tion 4.1(c) and Assumption 6.4(a), the result follows immediately.

(3). The second result can be proved in exactly the same way as the first result. Thus,

omitted. ]

Appendix B

In this Appendix, we provide the secondary lemmas and the corresponding proofs.

B.1 Preliminary Lemmas

Lemma B.1. Suppose that A and A+E are n xn symmetric matrices and that Q = (Qq, Qs),
where Qp is n X r and Qy is n X (n — r), is an orthogonal matriz such that span(Q,) is an
invariant subspace for A; that is, A x span(Q;) C span(Q,). Decompose Q' AQ and Q'EQ as
Q'AQ = diag(Dy,D3) and

E;; E:
Ez1 Eog
Let
sep(Dl,Dg) = mi |)\1 — )\2|,

m
M END1), A2eX(D2)
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where \(B) denotes the set of eigenvalues of the matriz B. If sep(D1,D2) > 0 and [|Elj2 <
sep(D1,D29)/5, then there exists a (n—1) xr matriz P with |P||2 < 4[/E21||2/sep(D1, D2), such
that the columns of Q) = (Q; + QoP)(I, +P'P)~1/2 define an orthonormal basis for a subspace
that is invariant for A + E.

Lemma B.2. Under Assumptions 1-3, as (M, N,T) — (00, 00, 00),
1. 557 [FEARAEF ]2 = Op (In(MN) - (M=t v T™1),
2. 557 IFIAJA[FY|l2 = Op (In(MN) - (N~1 v T71)),
5. sl UVl = Op (1712 v (MN)1/2),
4 3rr|GTAEF|l = Op (VIn(MN) - (12 v T-1/2)),
5. 3| GTAFS |l = Op (/In(MN) - (N-1/2 v T-1/2))

6. | GTVU|, = op( )

7. 3wt [FEARALF |2 = Op ((\er) Mﬁvf) 1H<MN)>

VTVVM)-(VTVVMN
8. MINT||FEA’EU||2:OP<( TVvvVM)-(VTV )\/7>

MvVNT

VTVVN)-(VTVVMN)-A/In(MN
0. g BN Ul = Op (/T i)

Having established Theorem 2.1, we suppose that the number of global factors has been suc-
cessfully identified. In order to keep the notation simple, for the following lemmas we suppress

the dagger superscript in éT and V;.
Lemma B.3. Under Assumptions 1-3, as (M, N,T) — (oo, 00,00),

C In(MN)
1 HIGHG - GHle = 0p (L VB ),

Hle In(MN
2 HIG(@ - GH)le = 0p (i),

3. |[Pg —PallF =Op (W %), where H has been defined in Lemma A.1.

Lemma B.4. Under Assumptions 1-4, as (M, N,T) — (oo, 00, 00),
. =5 A VIn(MN) .
1. fOT’] = 1,...,N, 7,]\147THI‘IJGI—I‘[JG ”F = OP <W+Talﬂ), where F[’j

is denoted in the same way as Ty ;;

2. fori=1,...,M, G — f‘Eza/HF =Op ( /(M) + TaE,i), where T'g ;

vrllTe

be denoted in the same way as f‘E’i.

min{v/M,v/N~T}
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Lemma B.5. Under Assumptions 1-4, as (M,N,T) —

(m7 OO’ OO)}

= A In(MN ar
2 TG~ 1Y ArasFy e = O (i o0 ).

In(MN)

3. A |(T1,G — TG Usjallz = Op(1) (L 4T
© MT Ij 1,j ojel|2 P TIINTT V3T VN VT ,

4. whlF g diag{ A, } diag{ A% ., Fiplls = Op (5142),

In(MN
5 ol (A A1 2~ O (Y20,

. MN
6. wirl[Fediag{A}, Y Ussllz = Op <M<AT)>

~ o~ ~ o~
7. 57llT1;G' =Tr;G) (PG = T1;G)[l2 = Op (7-1‘1“‘”) r+ TQ‘”J),

min{M,N,T

8. MTHFL]A/] Ky oj.HQ = Op <ﬁ>,

J)

B.2 Proofs of Lemma B.2 to Lemma B.5

a\~

9. MT”UOJO 'J"H? =0Op (f

Proof of Lemma B.1:
This is Lemma 3 of Lam et al. (2011). The proof is therefore omitted.

Proof of Lemma B.2:

s MN In(MN ar i
ﬁH(FIJG/_FIJG) dlag{Aon},F ”2 - OP( ) \/7(/\\/;) (mln{\/ﬂ(,\/ﬁ?ﬁ} +T 17])7

(1). Write
P EARALF e < —Fg]3 - [Ag]3
MNT " ERERERENZ = 3 I B2 IR
1 1 il
= MNTHFEH% Amax {ABAE} = WHFEH% * Amax Zdiag{A/E,oj}diag{A/E,oj}/
j=1
1 N
= MNTHFEHQ Z max {dla‘g{AE og}dlag{Al o]}}
]:
1 N
= MNTHFE”Q'Z 312)1(\4 max { AE,ij\) ZJ} MNTHFEHQ Z max, Amax {)\E”}\EU}
=1 ==
1 N 1
_ . - 2, 2
= sivg IFel3 Zm INe il < 7 Pold - max Xe]E
]:
1 o
= 377 Op(TV M) - Op(In(MN)) = In(MN) - Op (M~tvTh),
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where the second equality follows from the definitions under (2.5), and the last equality follows

from Assumption 1.2 and Assumption 2.2.

(2). Write
LB A < F A2
MNT MNT
:MjlvTHFI||%~)\max{A’IA1} MNT”FIHQ Amax {diag{A} g Ase1, ..., AT ovALen}}
:MjlvTHFIH%-lr%ax Amax{AI.]AI.j} M]l\fTH 7]3 - max )\max{z:)\“] I,z‘j}
M 1 M
SMNT '13}% M XA iy} = T F I3 - max D Amax {X7 1520}

i=1 == =1
1
— ——  _|F,I?.
T Frlz 1SN &

1
F 12
< yplFills - max Al

=In(MN) - Op (N'vT~ ) :

where the second equality follows from the definitions under (2.5), and the last equality follows

from Assumption 1.2 and Assumption 2.2.

(3) Write
1 ] T M N
7M2N2T2EHU/U”% = VENT? Z Z Z E [ jtUmntijsUmns)

t,s=1im=1jn=1

T M N
1
~ s o (L L Bt 3 Bl = o) it = 7))

hs=l ni=lg=1 (i:5)#(msn)
1 2
TIEN2 > Thimn
(’J)#(m n)
M2N2T2 Z <Z Z E z]t Z E[(uijtumnt - Uijmn)2]>
=1 ti=lj=1 ( J)#(m,n)
M2N2T2 Z <Z Z E Z]tuljs Z E[(uijtumnt - Uijmn)(uijsumns - Uijmn)])
i=1j=1 (4,5)#(m,n)
1 2
TIEN2 Z Tijmn
(4,5)#(m,n)

1 1
=0
(7+3%):
where the last equality follows from Assumption 3.

(4). Recall that in the first result of this lemma we have shown that | Ag||3 = Op(N In(MN)).

Then write

v IGllE - [T - Azl - [FEel2

MNT MNT
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= MJVT -0p(VT)-Op(¥MN) - Op(v/NIn(MN)) - Op(~NT v VM)

= Op ( n(MN) - (M2 T_1/2)> ,

where the first equality uses the following facts that |G|r = Op(vV/T), ||T||r = Op(V'MN),
and HFE”2 = Op(\/f\/ V M)

(5). Similar to the fourth result of this lemma, we write

" < o Gllp - ITlle - Az - [Fls
- SNT OPWT )- Op(VMN) - Op(yMIn(MN)) - Op(VT v VN)

= Op ( n(MN) - (N~1/2y T’I/Q)) ,

where the first equality uses the following facts that |G|r = Op(vV/T), ||T||r = Op(VMN),
”A]H2 = Op( MIH(MN)) and ||F[H2 = OP(\/T\/ \/N)

(6). Write
1 1 M N 2
M2N2T2E||FU||F M2N2T2 ZE Zz7zjuz]t
i=1 j=1 o

N T
M2N2T2 Z Z ZE[uijtumntﬁ)’z{jﬁ)’mn} < O( )MQNQT Z Z |O—z]mn‘

i,m=1jn=1 t=1
1
=0 —
<MNT>’

where the last line follows from Assumption 3. Thus, we further write

1
Uy = O ( ) .
-|IT"Ullr = Op AN

i,m=1j,n=1

MNT

(7). Recall that in the first two results of this lemma we have shown that ||[Ag|3 =
Op(NIn(MN)) and ||A;]|3 = Op(M In(MN)). Write

1
MNTHFEA ArF7||z < MNTHFEH2 IAEl2 - [[Arll2 - [|Frll2
= Op(1 )MNT (VT Vv VM) -/NIn(MN) - /MIn(MN) - (VT vV VN)

o (WTVVID - (VT V V) - ()
o VMNT ’

where the first equality follows from Assumption 1 and Assumption 2.

(8). Similar to the seventh result, we have

1
MNT

[FpAEU; <

A i
sl [A£] - [T
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= Op(l)MjVT -(VTVvVM)-\/NIn(MN) - (VT VVMN)

_ o, (T Vv VM) (VT v VMN) - /In(MN)
- MVNT ’

where the first equality follows from Assumption 1, Assumption 2 and the development in the

third result of this lemma.

(9) The proof is similar to the eighth result of this lemma. Thus, omitted. |

Proof of Lemma B.3:
(1). We have

1 ~
HIG/(G — GH)|lp < —= |G-

~ In(MN
]G—GHHF:Op( ( ) );

1 1
Gl ! min{v/A, VN, T}
where the equality follows from Assumption 1 and Lemma A.1.

(2). We have
HIG(@ - GH)|l» = (G - GH + GHY(G — GH)||»
= (G ~ GHY(G - GH) + (GH) (G ~ GH)||»
< 71~ GHJ} + [H]p - 1|G/(G - GH)|

_0 In(MN)
~ P\ min{ VM, VN VT} )

where the third equality follows from the first result of this lemma and the fact that |H||p =
Op(1).

(3). By the first result of this lemma, we obtain that

ISP I In(MN)
5G'G— ZG'GH=0p <min{m,\/ﬁ,ﬁ}>’ (B.1)

which in connection with ||H||z = Op(1) implies

NP R In(MN)
FHGG - “H'G'GH = 0p <min{m,\/ﬁ,ﬁ}>' (B.2)

By the second result of this lemma, we obtain that

1 ~r~ 1~ 1~ In(MN)

min{vM, VN, VT}

Summing up (B.2) and (B.3) yields

1 In(MN)
I, - H'G'GH=0p ( ( ) . (B.4)

min{vM, VN, VT}
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Furthermore, write
IPg —Pelf = tr {(Pg — Pc)'(Pg —Pa)}
=tr {PA — PAPG — PgPA +Pg}
= { GG - Pg aPa —PePg + G(G'G)” 1G’}
~ ~/
= tr {TGG } —-2-tr {PgPg} + tr {G(G'G)"'G'}
1 ~rn 1 A~ -1
= tr {TG G} — 2. tr {TGG PG} +tr {G'G(G'G)™'}
1A A 1~ o
—tr{L,,} —2-tr {TG’PGG} tir{I,} =2-tr {Irg - TG’PGG} .

Using the results in (B.1), it can be shown that

1 ~ ~
TG PcG = —G 'G(G'G)"'G'G

- (8°c) (TG'> (75¢)

;HGGH—FOp(

mm{ff\f})

which in connection with (B.4) yields

1~
TGPgG:ITg—i—Op(

It follows that

In(MN
|Pa,—PGH%=op( n(MN) )

min{v'M, VN, VT}

The proof is now complete. |
It is worth noting that we do not impose any orthogonality conditions between global and

local factors (loadings) in proving the above results.

Proof of Lemma B.4:
(1). First, using f‘[J' = %YIJCA-}, we note that

1 ~ A 1
T HFLJ‘G/ -G = T 71,6 = Y1,Pg|
1 .
= W HI‘IJG — (F[JG/ =+ dlag{A/E".j}/F/E + AL'jF/I,j + U.j.) PGHF

1 .
= WMI‘MG’MG— (diag{A% +;}'Fs + ArojF7; + Usje) Pgll

1 ~
— |P1s(G — GH'YMg — (diag{Alp o} Fr + AroiFr + Usia) P
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For the first term on the right hand side above, we have

Mg(G — GH™)I}; = ~Mg(As + -+ A5)G (TG’G> (MNFT> Tj» (B.5)

where Ao, ..., Ajg are defined in Lemma A.1 already. In addition, for notational simplicity, let

N\ 1 _
K= (%G’G) (775 I'T) "in what follows. It is easy to know that | K| r = Op(1).

Write
1 ~Nr1—1\1 1 ~ /
WHMG:(G —GH )I'7;llr <0(1)- WHMGQM + 0+ A1) GKTY |2
1 ~
<0(1)- WHM@(AQ + -+ A)Gl2 - |[K|F- |Tr e,
1 In(MN
< 0p(1) VIRMN) 7

VMT min{v/M,VN,VT}

_0 In(MN)
~ P\ min{V/M, VN VT} )’

where the first inequality follows from (B.5) and ||Q||r < /rank(€2)-||Q]|2, the third inequality
follows from Lemma B.2 and the facts that |G|z = O(vT) and ITrllF =Op(VM).

Next, we consider the second expansion.

(diag{Abv,j}’ 35 + A[’.j IIJ + U.j.)Pé = diag{Ah.j}' IEP@ + AI,'jFlePé + U.j.Pé

:=D; + D5 + Ds.
For D1, write
— Dyl = ——— | diag{ Al Y FPg ¢
VMT VMT Eejl TET G
1 1
< O(1)——— || diag{Al .. VFP a2 < O(1)———|| diag{A5 . }|2 - |F
= ()\/m” g{ E,]} E G||2— ()\/m” g{ E,]}HQ H E||2
1 In(MN)
< Op(1)——— - /In(MN) - (WM VVT)=0p | YL )
< Op( )\/W ( ) ( ) P(\/M/\\/T>

where the first inequality follows from ||2||p < /rank(Q2) - [|2||2, the second inequality follows
from [|[Pgll2 = 1, and the last inequality follows from Assumption 1 and Assumption 2.

Consider Do, and write

1 1 1 ~ ~
\/ﬁ”Dﬂ\F = \/WHAL-J‘F}JP@HF < W’\AI,-jFir,jG\\F |Gl F

1 ~ N
< —||A1.;F7 (G- GH+ GH |G
= \/WTH I,ej I,]( )HF ” ”F
1 ~ ~ 1 ~
< —||A1.4.;F7 (G — GH |GllF + Aro;F; .GH|r - |G F.
—\/WTH I,ej I,]( )HF || ||F \/WTH Iejt I ||F || ||F

Note that
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1 ~ ~
S AT (G — GH)le - |Gl

. m(MN) B In(MN)
=Or0 o3 M v v Ty " <mm{m, VA, ﬁ}>

where the inequality follows from Assumption 2, Lemma A.1, and the fact that |Fy ||r =
Op(V/T). Note further that

ﬁTnAm 1 GHIlr - |G

HAI'JHF I¥s,Glle - [H] - Gl

| /\

F
Op(1)—~

VM T = Op(T5),

where the second inequality follows from Assumption 4.1.(a).

Consider D3 and write

1 1 1
\/ﬁHDBHF = ﬁHU-j-PGHF < O(l)ﬁHU-J-P(;Hz

1 1 1
< 0(1)\/%“}-1-”2 =0p <\/M v ﬁ> )

where the first inequality follows from ||2||p < /rank(Q2) - [|2||2, the second inequality follows

from [|[Pgll2 = 1, and the last equality follows from a development similar to Lemma B.2.3
using Assumption 4.

Based on the above development, we obtain that

1 ~ o~
arz [T T

_0 In(MN) L0 In(MN) L0 In(MN)
P\ min{v/M, VN, VT} PA\VM AVT P\ min{v/M, VN, VT}

+O0p(T%9) + Op <\ﬁ v \;)

B In(MN) ar
=0Op <mm{\/ﬂ’\/ﬁ’ﬁ}+T )

The proof of the first result is then complete.

(2). The second result can be proved in exactly the same way as the first result. Thus,
omitted.

[ |
Proof of Lemma B.5:
(1). Write
1 PN A
Sl G~ B @) diag{ Al ) Pl
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1 ~ o~ .
< TG TG o | ding Al - [Pl

1 ;o A 5
= 316 = F1s€le - [ Al - [Pl

min{v'M, VN, VT}

Wm(MN) n(ON) o,
VM AVT \ min{v/M,VN,VT} ’

= 0p(1) L. ( In(MN) +T%‘> -/In(MN) - (VT VVM)

= Op(1)

where the second equality follows from Lemma B.4, Assumption 1 and Assumption 2.

(2). Write
1 B Al ’
yr TG = T13G Y AreiFy il
1 ,oa A
< WHI‘LJG — TG 2 [[Arejll2 - [[F1 2

B 1 In(MN) o\
=0p(1) <min{m,\/ﬁ,ﬁ}+T ) VM - VT

_ OP ( IH(MN) _i_Ta[’j) ,

min{v M, \/ﬁ, \/T}
where the first equality follows from Lemma B.4.

(3). The proof is similar to the second result of this lemma, the result follows from ||U4je|2 =

OP(\/ MV \/T)
(4). Write
1 . .
WHFE dlag{A/E,oj} dlag{AlE,oj}, /EH?

]. 2 . / ! 7- /
< WHFEﬂz “Amax{diag{Afp ,;} diag{Ap ;}}

1 2 2
< qppFellz - max el
1 In(MN)

where the first equality follows from Assumption 1 and Assumption 2.
(5). Write
1 . / /
MT IFe dlag{AE,.j}AL-jFl,j ll2

1 .
< lFallz - || diag{A%L o}l - [[Arejllz - [IF7 2

- MT
1
i 12, Ao - || FY,
< grplFele [ IAeol Asesl - 1F5,

_ oamﬁ (VT V) - /In(MN) - VM - VT
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In(MN)
—op [ Y22,
VM AT
where the second inequality follows from a procedure similar to the third result of this lemma,

and the first equality follows from Assumption 1 and Assumption 2.
(6). Similar to the proof of the fifth result, the result follows from ||Usjell2 = Op(VM VVT).
(7). Write

1 ~ o~ ~ o~ 1 N
2771 (TG = TG ) (TG = T1,;G 2 < = Tr;G' = T, G 13

In(MN) -
— Y g
or (min{M, N.T} ) ’

where the first equality follows from Lemma B.4.

(8). Write

1 1
77 1 F1iALe Usjellz < 7 [Frjll2 - [|AreiUsjoll e

1 1
= Op(1) 17 VT - VMT = Op (W)

where the first equality follows from a development similar to Lemma B.2.6 using Assumption

3 and Assumption 4.

(9). Write

1 11
3171 0se Vel = 0p (v ).

where the result follows from a development similar to Lemma B.2.3 using Assumption 3. H
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