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Abstract

Moving average infinity (MA(oo)) processes play an important role in modeling time se-
ries data. While a strand of literature on time series analysis emphasizes the importance of
modeling smooth changes over time and therefore is shifting its focus from parametric mod-
els to nonparametric ones, MA(0co) processes with constant parameters are often part of the
fundamental data generating mechanism. Along this line of research, an intuitive question
is how to allow the underlying data generating mechanism evolves over time. To better cap-
ture the dynamics, this paper considers a new class of time—varying vector moving average
infinity (VMA(oc0)) processes. Accordingly, we establish some new asymptotic properties,
including the law of large numbers, the uniform convergence, the central limit theory, the
bootstrap consistency, and the long—run covariance matrix estimation for the class of time—
varying VMA (co) processes. Finally, we demonstrate the empirical relevance and usefulness
of the newly proposed model and estimation theory through extensive simulated and real data

studies.
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1 Introduction

Moving average infinity (MA(oc0)) processes are possibly one of the most fundamental data gen-
erating mechanisms when studying time series (Beveridge and Nelson, 1981; Phillips and Solo,
1992; Hamilton, 1994; Liitkepohl, 2005). For example, in the field of macroeconomics, MA (c0)
representations of multivariate time series with time—invariant coefficients play a central role when
estimating impulse response functions, which trace the transmission mechanism of economic shocks
and are useful for policy analyses. Such a routine exercise has also been widely adopted in the
fields such as signal processing, climatology (e.g., Bithlmann, 1998; Friedrich et al., 2020; Paul,
2020; Plagborg-Mgller and Wolf, 2021). As pointed out by Hansen (2001), it seems that dynamic
models with time-invariant coefficients may be unnecessarily restrictive in order to accommodate
smooth changes over a period of time rather than in a static manner. To model such time—varying
behaviours, an important strand of the relevant literature assumes that the coefficients of dynamic
models evolve in a random way (e.g., Primiceri, 2005; Petrova, 2019), and estimation procedures
heavily depend on Bayesian computational algorithms.

Compared with the aforementioned literature, nonparametric methods have also been proposed
to estimate deterministically unknown time—varying parameters involved in specific autoregressive
models. Up to this point, it is worth bringing up the terminology “local stationarity”, which at least
dates back to the seminal work by Dahlhaus (1996). There have since been some other studies on
univariate autoregressive regression models (Dahlhaus and Rao, 2006; Dahlhaus, 2012; Zhang and
Wu, 2012; Richter and Dahlhaus, 2019) in recent years. To the best of our knowledge, it has had very
little success to generalize the local stationarity approach to multivariate autoregressive settings. In
specific cases where different locally stationary univariate time series may be approximated by their
stationary versions on the same segments, the local stationarity technique may be applicable to such
specific multivariate settings. However, univariate time series components of general multivariate
time series may have quite different behaviours, and therefore different locally stationary univariate
time series may not be approximated by their stationary versions on the same segments, such as
the three univariate time series plotted in Figure 1 of Section 5.3.

In order to address estimation and inferential issues for general multivariate dynamic models,
we show the versatility of an alternative approach that is designed for a wide class of time—varying
vector moving average (VMA)(co) processes associated with nonparametrically unknown time—
varying coefficients. In particular, we develop an explicit decomposition for partial sums of time—
varying VMA (oo) processes into the long—run and transitory elements, which is known as the
Beveridge-Nelson (BN) decomposition (Beveridge and Nelson, 1981; Phillips and Solo, 1992). The
long-run component of the decomposition yields a martingale approximation, which ensures the
feasibility of achieving a variety of asymptotic properties for multivariate dynamic models. The
proposed time—varying BN decomposition then facilitates the establishment of a number of new
asymptotic properties for the proposed estimators of the unknown trend functions and coefficient

matrices of the general class of VMA (0c0) models under some very mild assumptions. We also show



that the VMA(oo0) process naturally covers a class of time-varying VARX models, and further
establish several asymptotic properties of non- and semi-parametric estimators in (partially) time—
varying VARX models. In the empirical study, we apply the newly proposed framework to study
the long—run level of inflation and the natural rate of unemployment. We find that (i) the long—run
level of inflation is more anchored now and is close to the Federal Reserve’s target of two percent
after the beginning of the Great Moderation period, and (ii) the natural rate of unemployment is
less persistent and increases rapidly during “Second Oil Crisis” and “Global Financial Crisis”.

In summary, our contributions are as follows. First, we propose a new class of time—varying
VMA(o0) models, and then develop a time—varying counterpart of the conventional BN decom-
position before we are able to establish a variety of asymptotic properties for the estimation of
the unknown trends and coefficients of the general class of time-varying VMA (oco) models, such
as the law of large numbers, the uniform convergence and the central limit theory, under some
very mild assumptions. Second, we propose a dependent wild bootstrap (DWB) procedure and a
heteroscedasticity and autocorrelation consistent (HAC) covariance matrix estimation method to
ensure that the proposed estimation theory is valid for inferential purposes and empirical implemen-
tations, and the finite-sample evaluation results show that the proposed estimation and inferential
methods work well numerically. Third, after employing the time-varying BN decomposition tech-
nology, we are able to consistently estimate time—varying coefficients involved in a class of VARX
models using non— and semi-parametric kernel methods.

The paper is organised as follows. Section 2 introduces a class of time-varying VMA(co) pro-
cesses, develops a time—varying counterpart of the conventional BN decomposition, and establishes
a set of asymptotic properties. Section 3 applies the results of Section 2 to establish an inferential
theory for smooth deterministic trends of the time—varying VMA (co) model. Section 4 establishes
an estimation theory for the time-varying coefficients involved in a class of time-varying VARX
models. Section 5 evaluates the finite sample performance of the proposed methods through exten-
sive simulated and real data studies. Section 6 gives a short conclusion. The preliminary lemmas
and the proofs of the main results are given in Appendix A, while the proofs of the preliminary
lemmas are given in Appendix B.

Before proceeding further, it is convenient to introduce some notation: [|-|| denotes the Euclidean
norm of a vector or the Frobenius norm of a matrix; ® denotes the Kronecker product; I, stands
for an a x a identity matrix; 0y, stands for an a x b matrix of zeros, and we write 0, for short when
a = b; for a function g(w), let g¥)(w) be the j* derivative of g(w), where j > 0 and ¢© (w) = g(w);
Ki(-) = K(-/h)/h, where K(-) and h stand for a nonparametric kernel function and a bandwidth
respectively; let ¢, = f_ll uF K (u)du and oy, = f_llukKQ(u)du for integer k > 0; vec(-) stacks the
elements of an m X n matrix as an mn x 1 vector; tr (A) denotes the trace of A; finally, let —p

and —p denote convergence in probability and convergence in distribution, respectively.



2 The Setup with Asymptotics

Consider the following time—varying VMA (oco) model:

oo
x =+ Y B =m+B(Le, t=1,...T, (2.1)

5=0
where x; is a vector of d—dimensional observable variables, p; is a vector of d—dimensional unknown
deterministic trending functions, B;;’s are d x d unknown matrices, €, is a vector of d-dimensional
random innovations, and d is fixed. Obviously, B;(L) = Z;io B; L7, where L is the lag operator.
Throughout this paper, we impose the following necessary conditions to establish our asymptotic

properties.

Assumption 1. max;>1 ) .2, j||Bjl| < oo, limsupy, S > i1 il Byt — Bjill < oo, and

N SUPy_yoe Dorey 1Bt — pel| < 0.

Assumption 2. {€}2 _ is a martingale difference sequences (m.d.s.) adapted to the filtration
{F:}, where F; = o (€, €1, . ..) is the o—field generated by (€, €;_1,...), Ele€] | Fi_1] = I almost

surely (a.s.), and max,;>1 E ||€]]° < oo for some § > 4.

Assumption 1 regulates the matrices B;;’s, and ensures the validity of the BN decomposition
under a time-varying framework. It covers many cases, including (i) the parametric setting of
Phillips and Solo (1992), and (ii) B;; := Bj(1;), where 7, := t/T and Bj(-) satisfies Lipschitz
continuity on [0, 1] for all j. These conditions can be easily verified as they are directly related
to some commonly used data generating mechanisms, see, for example, Proposition 2.1 below.
Assumption 2 imposes conditions on the innovation error terms by replacing the commonly used
independent and identically distributed (i.i.d.) innovations (e.g., Dahlhaus and Polonik, 2009) with

a martingale difference structure.

We are now ready to comment on the usefulness of (2.1). An application of the BN decompo-

sition to (2.1) immediately yields:
Ty = [yt + ]Bt(]_)ﬁt + I’Bgt(L)Gt_l — I’Bgt(L)Gt, (22)

where By(L) = By(1) — (1 — L)By(L), B,(L) = Y7 Bj+L’, and Bj; = 5=, Bis. The decom-
position of (2.2) allows one to derive asymptotic properties associated with x,’s. For example, the

following lemma holds under Assumptions 1 and 2.
Lemma 2.1. Under Assumptions 1-2, as T — oo, for Vr € [0, 1]

L)

1 1/2
ﬁz_ (r) ; (e — ) —p W(r),

where 3(r) := im0 7 ZtLZIJ B,(1)B, (1) and W (-) is a standard multivariate Brownian motion.
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By Lemma 2.1, it is easy to see that (2.1) extends similar treatments by Phillips and Solo (1992)
for the univariate linear process case, and allows one to relax many 7(0) and I(1) related results of
the literature using a time-varying VMA (co) framework.

Below, we list several examples, of which the parametric counterparts can be found in classic
textbooks (e.g., Liitkepohl, 2005).

Example 1. Suppose that x; is a d-dimensional time-varying VAR(p) process:
ry = ALtwt_l R Ap7t23t_p + €, (23)

which has been widely studied in the literature with Bayesian framework being the dominant
approach (e.g., Benati and Surico, 2009; Paul, 2020). Similar to Hamilton (1994, p.260), model
(2.3) can be expressed as a time-—varying VMA(oo) process x; = ) ° Bj€;;, where By, = I,

B;, = JH?;& &, JT for j > 1, J = [l O4xa(p—1)] and P, is the companion matrix.

Example 2. Suppose that x; is a d-dimensional time-varying VARMA (p, ¢) process as follows:
T =AT 1+ F AT, €+ O+ Oy (2.4)

Simple algebra shows that model (2.4) can be expressed as x; = Y o, Dyi€_p with Dy, =

Z_Z;:max((],bfq) B;,0,_;, ;, in which B;; is defined similarly as in Example 1, and ©@y; = I is

independent of ¢.

Example 3. Suppose that x; is a d—dimensional time—varying VARX process of the form:
ry = Alytwt,l + ...+ Ap,twtfp + @tzt + € and Zt = Z ijtvt,j, (25)
§=0

where z; is an m—dimensional vector and @, is a d x m matrix. Then model (2.5) can be further

written as

o0
T Z B;: Dj:| |€-—;
- M
zZ¢ j=0 0 Cj,t Vi—j

where D;; = Zizo B, 0, ,Cj_+— and Bj, is defined in a way similar to that in Example 1.

The following proposition shows that each of the models listed in the above three examples may
have a time-varying VMA (co) representation.
Proposition 2.1.

1. Consider Examples 1 and 2. Suppose that the roots of I;— Ay, —---— A, = 04 all lie outside
the unit circle uniformly over t, imsup,_, ZtT;ll | A1 — Ayl < 00 form =1,....p

and Apy = Ay fort < 0 and m = 1,...,p. In addition, suppose that in Example 2,
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limsupy oo S 1©mis1 — Omyll < 0o for m = 1,...,q. Then both (2.3) and (2.4) are
time—varying VMA(oo) processes, for which the coefficients satisfy Assumption 1.

2. Suppose that lim sup;_, Zf:_ll Z]oil JC41 —Cj4|| < 00 and max;>q Zj; JIC;tl| < oo for
Ezxample 3. Moreover, let A;; and ©, satisfy the same conditions as those in the first result
of this proposition. Then (2.5) is a time—varying VMA(co), for which the coefficients satisfy

Assumption 1.

Estimation and testing issues for the coefficient matrices involved in Examples 1-3 and their
semiparametric counterparts are of significant interest in econometrics, and should be fully inves-
tigated in separate research. Section 3 of the original working paper version of this paper by Yan
et al. (2020) has discussed some estimation problems for Example 2.1. Section 4 below considers

non— and semi-parametric estimation problems for Example 3.

2.1 Asymptotic Properties of the Sample Moments

In this subsection, we present some useful asymptotic properties associated with (2.1). First, we

propose the law of large numbers for two weighted sample moments of x;.

Lemma 2.2. Let Assumptions 1 and 2 hold. In addition, suppose that {WT,t}Z;I 1S a sequence of
m x d deterministic weighting matrices satisfying (1) S, [[Wryl| = O(1), (2) maxys; |[Wiy|| =
O(dy), and (3) 215 \Wrii1 — Wiyl = O(dy), where dp = maxys; |Wry| — 0. Then, as

T — o0,

Z Wry (2 — E(x)) = Op(\/d_T) and Z W, (acta:tlp - F (a:tactT+p)) = Op(\/d—T),

t=1
where both m (> 1) and p (> 0) are fized integers.

Lemma 2.2 provides the conditions that ensure the convergence of weighted sample moments,
and can be easily applied to study weighted-least-squares type of estimators. It is worth stressing
that the conditions on {Wr,} are weak, in the sense that Lemma 2.2 covers both the parametric
rate dp = % (e.g., Wr, = %) and the nonparametric rate dp = # (e.g., Wry = %Kh(n — 1) for
VT € [0,1]).

Next, we strengthen the results of Lemma 2.2, and establish the rates of uniform convergence.

Lemma 2.3. Let Assumptions 1 and 2 hold. In addition, let {Wm(-)}le be a sequence of m X d
matrices of deterministic weighting functions, in which m is fixed, and each functional component

is Lipschitz continuous and defined on a compact set [a,b]. Moreover, suppose that

L SUPrefoy 2oy |Wra(7)l| = O(1);

2. SUD,eiap Doty Wit (T) = Wr(7)|| = O(dr), where dp = Sup,cpq 151 ||Wr(7)|| = 0.



Then as T — o0,
1. sup ¢y | Zthl Wri(1) (2 — E(xr)) || = Op(V/drlogT) provided Ts5drlogT — 0;

2. SUD,ef |l Zthl Wi (1) (2], — E(xix],,)) | = Op(v/drlogT) for any fized integer p > 0
provided TsdplogT — 0 and max,s1 E(||€]|*|Fi_1) < oo a.s., where § > 4 is the same as

that in Assumption 2.

Lemma 2.3 corresponds to some existing uniform convergence results for nonparametric esti-
mation of a number of time series models associated with either stationarity or unit roots, such
as those in Hansen (2008), Gao et al. (2015), Li et al. (2016), and Phillips et al. (2017). As a
specific application, in Section 4 we apply this result to establish an estimation theory for a class

of nonparametric and semiparametric time-varying VARX models.

2.2 Inferences

To obtain valid inferences in practice, in what follows we establish a central limit theory in Lemma
2.4, and then propose two methods (i.e., the dependent wild bootstrap (DWB) approach and the
heteroscedasticity and autocorrelation consistent (HAC) covariance matrix estimation approach)

to estimate an asymptotic covariance matrix in Lemmas 2.5 and 2.6, respectively.

Lemma 2.4. Let Assumptions 1-2 hold. Suppose {WT,t};le is a sequence m X d determinis-
tic weighting matrices satisfying (1) Si_, |[Wr.l| = O(1), (2) max,s; [|Wry| = O(dr) and (3)
St Wrper — Wiyl
Yw = limp_,o % Z;‘FZI WT,tBt(l)]B%tT(l)WTT,t is a positive definite matriz. As T — oo, we then

have

= O(dr), where the sequence of real numbers, dr, is chosen to ensure that

\/Ld_T Z Wiy (2 — E(x:)) —p N(0, Zw),

where m (> 1) is a fized positive integer.

With Lemma 2.4 in hand, in order to infer the population mean of x;, the only missing piece
is the information of Xy, which is a type of long—run covariance matrix arising from the infinity
memory of x;. To recover Xy, we then consider two approaches: (i) the DWB approach, and (ii)
the HAC covariance matrix estimation. Both approaches date back to Shao (2010), and Newey and
West (1987), respectively.

We start with the DWB method, and suppose that {&;}L, is a sequence of [-dependent time
series satisfying E[§] = 0, E[¢%] = 1, E|§]° < oo for some § > 2, and E[¢¢] = a((t — s)/1) for
a kernel function a () and a tuning parameter [. The DWB procedure requires a tuning parameter
[, which is the “block length” (Shao, 2010) ensuing the variables further than [ units apart are

independent.



Lemma 2.5. Let | — oo and I\/dp — 0. Additionally, let a(-) be a symmetric kernel and Lipschitz
continuous on [—1,1] satisfying that a(0) =1 and

K, (z) = / a(u)e ™ du >0 forx €R.

Under the conditions of Lemma 2.4, as T — oo,

e o[

sup
weRd

> & < w] ‘ = op(1),

where &y = Wy, (2 — E(x)), and Pr* denotes the probability measure induced by the DWB pro-

cedure.

Lemma 2.5 establishes the consistency of the bootstrap version of the weighted sample mean
of @;. The condition of K,(z) ensures the semi-positive definiteness of the covariance matrix of
{&}E |, while the restrictions on a(-) are satisfied by a few commonly used kernels, such as the
Bartlett and Parzen kernels.

We now consider the HAC approach for us to deal with inferential issues. Specifically, we define

[I] )

b
Z (i/b) (B + E]), (2.6)

e T—4 . . .
where B;(1) = ﬁ Yot WT,thBLiWEtH fori >0, e, = ¢y — E(x;), ¥(-) is a kernel function, and
b is the bandwidth diverging at a relatively slow rate, in which E(x;) is assumed to be computable
at this stage. Otherwise, it will be replaced by an estimated version as in equation (3.3) below.

Under some mild conditions, we establish asymptotic properties for (2.6) in the following lemma.

Lemma 2.6. Suppose that 1(-) is Lipschitz continuous, and has a compact support on [—1,1]
with ¥ (0) = 1. Additionally, let b — oo and by/dr — 0. Under the conditions of Theorem 2.4,

iW = EW + Op(l).

The conditions on b and () are standard, and are similar to those for the DWB method.
For the case of parametric estimation (dr = 7), the condition by/dr — 0 is identical to that
of Hansen (1992), who proves the consistency of long—run covariance matrix estimator under the
mixing condition. Apart from constructing confidence intervals for weighted sample mean, the
long—run covariance estimation is also essential in model specification testing, see, for example,
Zhang and Wu (2011).

Up to this point, we have established a set of asymptotic properties for the VMA (c0) process
of (2.1). In the following section, we apply these results to study the smooth deterministic trends

of (2.1) for the purpose of estimation and inference.



3 On the Deterministic Trends

To facilitate the development, it is useful to impose the following specifications:
pe = p(r) and  Bj; = Bj(n),

where 7, = ¢/T. Thus, (2.1) can be rewritten as

Ty = [J:(Tt) + Z B]'(Tt)ﬁt,j. (31)

j=0
Below we show that the trending function p(7) and the long—run covariance matrix associated
with (3.1) can be well recovered, although we are unable to consistently estimate each individual

B;(7). The following assumptions are necessary.

Assumption 3. Each component of p(-) and B;(-)’s is second order continuously differentiable on

[0,1]. Moreover, sup,.¢ Z;ileB](-Z) (T)|l < oo for £ =0,1.

Assumption 4. Let K(-) be a symmetric and positive kernel function defined on [—1,1] with
f_llK(u)du = 1. Moreover, K(-) is Lipschitz continuous on [—1,1]. As T — oo, h — 0 and

Th — oo.

Assumption 3 imposes certain smoothness conditions on the functional coefficients, which are
easily verifiable and can be regarded as a special case of Assumption 1. Assumption 4 is standard
in the literature of nonparametric kernel estimation (cf., Li and Racine, 2007).

With these conditions in hand, we estimate p(7) by
T -1
fi(r) = [Z Ky (e — r)] > @K (- 7), (3.2)
t=1 t=1
and establish an asymptotic distribution in Theorem 3.1.

Theorem 3.1. Let Assumptions 2—/4 hold. If, in addition, Th®> — a € [0,00), then, for V1 € (0,1),

as T — oo,
VTh(i(r) — (7)) =p N (1s(7), 562 (7))

where py(1) = 2/acu® (1), B,(1) = > 2o Bi(1) Y2220 Bj (1), and & and ¥y have been defined

in Section 1.

If @ = 0, there is no bias term involved in the asymptotic distribution of Theorem 3.1, which
then falls in the usual undersmoothing scenario (Li and Racine, 2007). To establish valid inferences,

both (1) and 9o, (7) have to be estimated, and we apply both the DWB and HAC methods of



Section 2. In particular, the DWB procedure is able to handle the estimation of both p,(7) and

092, (7) simultaneously.

The DWB Method — The implementation is as follows:

1. For V7 € (0,1), let p(7) be defined in the same way as in (3.2) using an oversmoothing
bandwidth E and obtain the residuals: e; = &; — p(r) for t > 1.

2. Generate x; = p(mn) + ef with ef = £e;, in which &’s form an [-dependent time series
satisfying E[¢/] = 0, E[§%] = 1, E|&]° < oo for some 6 > 2, and E[¢€] = a ((t — s)/1) with

a kernel function a (-) and a tuning parameter [.

3. Use x;’s to construct an estimator p*(7) as in (3.2).

A

4. Repeat Steps 2-3 J times. Let g,(7) be the a—quantile of the J statistics p*(7) — p(7), and
denote the (1 — «) - 100% confidence interval of p(7) as

[A(7) = @uoaya(7), B(T) = Gupa(T)] .

Here, h is an oversmoothing bandwidth, as we shall require h/% — 0, where h is the same as

that in (3.2). The asymptotic properties for the DWB procedure are given in Theorem 3.2 below.

Theorem 3.2. Let | — 0o, max{h, h/h} — 0 and | - max{1/v/Th,h*} — 0. Additionally, let a(-)

be a symmetric kernel and Lipschitz continuous on [—1,1] satisfying that a(0) = 1 and

K. (z) = / a(u)e”™du >0 forxz € R.

o0

Under the conditions of Proposition 3.1, for V1 € (0,1)

1. SUp,,cpa

Pr (VT (i (7) = (7)) < w] = Pr VTR (f() = (7)) < w] | = op(1),
2. liminfr_ o Pr (pu(7) € [B(T) = qi_aye(7), B(T) — que(7)]) =1 — @,
where Pr* denotes the probability measure induced by the DWB procedure.

Theorem 3.2 shows that the confidence interval of p(7) can be recovered by the empirical
quantile of p*(7) — p(7). Note that there is no need to deal with the bias in the DWB procedure,
as the bootstrap draws generate a bias term identical to that in Theorem 3.1 (see (A.5) of Appendix
A for the technical details).

The HAC Method — The HAC estimator is naturally given by:

b

() = Eo(r) + Y v (i/b) (Bi(r) + E] (7)), (3:3)

i=1



~ ‘ -1 .
where Z;(7) = [ K (%)] el K (=) for i > 0, & = @ — fi(7), ¥(-) is a kernel
function, and b is the bandwidth diverging at a relatively slow rate.

Under some mild conditions, we summarize the asymptotic property of (3.3) in the following

theorem.

Theorem 3.3. Suppose that (-) is Lipschitz continuous, and has a compact support on [—1,1]
with (0) = 1. Additionally, let b — oo and b/~/Th — 0. Under the conditions of Theorem 3.1,
f)”(T) =X,(1)+op(1) for VT € (0,1).

It should be pointed out that the HAC method does not handle the bias term at all, so it only
generates valid inference when Th® — (0. To estimate the bias term in this case, one will have to
employ a higher—order local polynomial approach as in Xia (1998) and Hall and Racine (2015). We
no longer purse the latter in this study.

As a further application, in the next section we establish uniform consistency of nonparametric
kernel estimators of the time-varying coefficients in a class of time-varying VARX models. In
addition, we are able to estimate the parametric components with a v/T-convergence rate for

semiparametric time-varying VARX models.

4 Estimation of Time—Varying VARX Models

In this section we use the results in Section 2 to derive asymptotic properties for non— and semi—

parametric estimators in a class of time—varying VARX models of the form:

p q
yt == ZAj(Tt)yt_j + Z Bj(Tt).’,ct_j —+ nt = Zt—l—ﬁ<7—t) —+ nt (41)

Jj=1 j=0
where Z, = 2z, ®@ Iy, 2z = (y 1.,y 2/ 2/, ... ,x )7, and g, = w(n)e. Here, y, =
(Y145, Yae) ' is a d-dimensional vector of endogenous variables, @; = (214,...,Tpm,) " is an m-

dimensional vector of exogenous variables, and both d and m are finite integers. Accordingly,
{A,(7)} and {Bj(7)} are the d x d and d x m coefficient matrices. Also, w(7) is an unknown deter-
ministic function which has full row rank uniformly in 7 € [0, 1], and captures the heteroscedasticity

over time. Obviously, we have
B(1) = vec(A(7), B()), (4.2)

where A(7) = (Ay(7),...,A,(7)) and B(7) = (By(7), B1(7), ..., By(7)).

In what follows, we are interested to estimate {A;(7)} and {B;(7)}, and are particularly inter-
ested to adopt the nonparametric local linear approach and the semiparametric profile likelihood
estimation of Fan and Huang (2005). In the following two subsections, we consider both non- and

semi—parametric versions of time—varying VARX models.
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4.1 Nonparametric Estimation

We start with 3(+), and assume each component of 3(+) has continuous derivatives up to the second

order. When 7; is close to 7, we then have the following approximation:
yi = 2, B(7) + 2 BV (1) (r — ) + 1. (4.3)

Usually, {3(7), 3% (7)} of (4.3) can be estimated by the kernel weighted least-squares criterion:

T
(B(r),BV(7)) = azgﬁlggnz |y = 2] (8 + (. — 7)BY)||* Kn(r — 7). (4.4)
) t=1

Moreover, ,@(7’) admits a closed-form expression as follows:
B(r) = (I,0)(ZK.2,) ' Z K.y, (4.5)
where l = d?’p + (¢ + )md, y = (y/,...,y7) ",

zl z]%"
K, =diag{Ky(r1 — 7),...,Kp(tr = 7)} @ I, and Z,=
Z; Zi

Having presented the above estimators, we introduce the following assumptions for the theoret-

ical development.

Assumption 5.

1. The roots of Iy — Ay(T)L — --- — A,(T)LP = 04 all lie outside the unit circle uniformly in
T € [0,1].

2. Each element of B(T) is second—order continuously differentiable on [0,1] and B(t) = B(0)
for T < 0.

3. Suppose that

x: =g(m) + Z D;(r)v,—; for t>1,
=0

2, =g(0)+ Y D;(0)v,; for t<0,
j=0

where g(-) and D;(-) are m x 1 and m x m respectively. Each component of g(-) and Dj(-) is
second-order continuously differentiable on [0,1]. For £ = 0,1, sup,¢ Z;’;leDY)(T)H <

Q.
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4. Each component of w(t) is second-order continuously differentiable on [0,1]. Moreover,

Q(7) = w(r)w(r) " is positive definite uniformly in 7 € [0,1], and w(7) = w(0) for T < 0.

5. Let e, = (€] ,v),)" and {e;}3°_., form a sequence of martingale differences such that
T Id Pev
E (e Fi—1) =0, where Fy = o{ey, €;_1,...}. Also, suppose that E(ee, |Fy—1) =
-
pe'v Im

almost surely (a.s.), and max,1 E ||le;||° < oo for some § > 4.

Assumptions 5.2 is pretty standard in the literature (Li and Racine, 2007), so the discussions are
omitted. Assumption 5.5 is also standard by assuming that the innovation errors follow a martingale
difference structure, which is identical to those used in Phillips and Lee (2013) for example.

We now comment on the rest conditions of Assumption 5. Assumption 5.1 ensures that y;
in model (4.1) is neither a unit-root process nor an explosive process, and can be regarded as an
extension of those used for the classical multivariate dynamic models (e.g., Hamilton, 1994, p. 259).
Assumption 5.3 formulates a time-varying VMA (oco) process which nests many different processes
as special cases as shown in Examples 1-3. Assumption 5.4 imposes the heteroscedasticity on the
structure using an unknown function, and the assumptions are in the same spirit of those for 3(-).

The following theorem establishes the asymptotic properties associated with the estimation

procedure of (4.5).
Theorem 4.1. Let Assumptions 4 and 5 hold. If T — oo, then

1. V1 € (0,1) we have
VIRB(r) ~ B(r) — 3 15B7() + 0p()) —+p N (0,5 (7))

where V(1) = X;1(7) @ Q(7) and (1) = limp_,o % 23:1 E(ziz Ky(1: — 7);

If, in addition, max;>, E [Het|]4 | Fio1] < o0 a.s. and T;T?h — 00, then we have

2. sup,cppy [1B(r) — B(7)|| = Op(h? + /log T/(TH));

o)

3. ‘7(7') —p V(1) for Y7 € [0,1], where ‘A/'(T) = §;1<T) ® Q(1), f]z(T) = (% Zthl Ky(m —
)7 L 2z Kl =), Q) = (7 0 Klme = 7)™ Xy ) K= 7) and 1, =
Yy — ZtT/B(Tt)'

4.2 Semiparametric Estimation

In this subsection, we consider a semiparametric version of model (4.1), assuming that some of 3(+)
are not time—varying. Let C be a s x [ selection matrix with 1 < s < [ such that C3(-) = ¢. In
addition, let C be a selection matrix collecting the elements of 3(7) left out by C. Thus, (4.1) can

be rewritten as

12



Yo = X+ XE5,0(7) +m, (4.6)

where X¢y = CZ;, Xg, = CZ,, and 0(r) = CB(r). The right hand side of (4.6) reduces to
a semiparametric time-varying model. Using the profile likelihood estimation therein, ¢ can be

estimated by
= (XETr — 8) (Lir — 8)X¢) ™ X&(Lir — )T (L — S)y, (4.7)

where S = (s(n)" Xg,,...,8(mr) " Xg )", 8(1) = (L5, 0,5) (XS K, Xg,) ' X] K, and

T T 11—7
Xc,l C1 h
X&, =
XI T T7r—T

c,T C,T h

Finally, 6(7) of (4.6) can be estimated by
0(r) = (I, 01-) (X5 K, Xg,) ' X5 K. (y — Xc€), (4.8)

where X¢ = (Xc1,...,Xor) '
Having proposed the above estimators, we introduce following assumption for the establishment

of a semiparametric estimation theory.

. 1_4
Assumption 6. Let max,1 E[||e;||" | Fi—1] < oo a.s., Th® — 0, % — 00, Tiog;h

— 00, and

0 > 4, where § is the same as that of Assumption 5.5.

Assumption 6 imposes more restrictive conditions on the bandwidth, and the conditional mo-
ments of the error terms. These assumptions are commonly used in the literature of semiparametric
kernel estimation (e.g., Fan and Huang, 2005).

With Assumptions 5 and 6 in hand, the next theorem establishes the asymptotic distributions

associated with the estimation procedure of (4.7) and (4.8).
Theorem 4.2. Let Assumptions 4 and 6 hold, and T — oo.

1. For (4.7),
VT (@-¢)—p N(0,27'AX™),

where = [/ (x4 (7) —z:xcﬁé(f)z;gé(f)z;aé<T))d7, A = [ Po(7) (2.(1) @ Q(7)) P (1)dr,
Sxo(r) = CEz(r)CT, Bx, (1) = C2z(1)CT, Bx (1) = CEz(r)C" and Po(r) = C —
EXC,@(T)EE(E,(T)C‘;

2. For (4.8), VT € (0,1)
VTh(8(r) — 6(7) — %h2620(2) (1) +op(h?)) —p N(0,TA(T)),
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where Ag(T) = T3 (1)C (Z2(7) ® Q(7)) éTE}lé (7).

C

Similar to Theorem 4.1 (3), both X'AX~! and Agy(7) can be easily estimated by replacing the
unknown quantities with their estimators. In the following section, we conduct numerical studies

to evaluate the finite-sample performance of the proposed estimation and inferential methods.

5 Numerical Studies

In this section, we first present the details of the numerical implement in Section 5.1, and then
conduct extensive simulations in Section 5.2. Since the simulation results show that the DWB
approach works better numerically than the HAC method, we therefore only apply the DWB

approach for our empirical analysis in Section 5.3.

5.1 Numerical Implementation

We provide some details for practical implementation when applying the results in Section 3.
The Epanechnikov kernel K(u) = 0.75(1 — u®)I(Ju| < 1) is adopted throughout the numerical
studies. For bandwidth selection, since the error innovations, e; = Z;io Bj(1;)€;—;, involved in
the time-varying VMA(oco) model are serially correlated, we use the modified cross—validation
criterion proposed by Chu and Marron (1991). Specifically, it is a “leave—(2k+1)—out” version of

cross—validation, and Emm, is selected by the following minimization procedure.

T
Bimew = arg m}}nz (@) = Ben(n) " (@ — Bra(m), (5.1)

t=1

-1
where fin(7) = | D4y rpsr I (%)] > gi—rrisn T (F57) and k= 5.

We then comment on the HAC and DWB methods, of which both require a bandwidth and a
kernel function. For the HAC procedure, we use the Bartlett kernel ¢(z) = (1 — |z])I(|z] < 1)
(e.g., Newey and West, 1987) and the rule of thumb bandwidth b = 0.75 - (Thpe)/®. For the
DWB method, we follow the suggestions of Bithlmann (1998), Shao (2010) and Palm et al. (2011)
by choosing h = ¢ - B9, with co =2, a(xr) = f‘lzl(?ﬁ(&;z\)du with w(u) = g% (u € [0,0.43)) +

I'(u€[0.43,0.57)) + ¢35 (u € (0.57,1]), and [ = 1.75 - (Thmes )3 respectively.

5.2 Simulation Results

We first evaluate the finite sample performance of the DWB and HAC procedures presented in

Section 3. Consider a multivariate time series with the following data generating process (DGP)

Iy = IJ’(Tt) —+ €y, €e; = A(Tt>6t_1 + €, t = 1, 2, ...,T, (52)
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where €;’s are i.i.d. draws from N(Ogx1, I5), p(7) = [sin(77), cos(77)]", and

0.3exp(—0.5+7) (1—10.5)3

A(r) =
(r—0.5)3 0.3 + 0.3sin(77)

In addition, let sample size be T € {200,400, 800} and conduct 1000 replications for each choice of
T.

In order to evaluate the finite sample performance, we calculate the point—wise coverage rate
associated with p(-) based on the HAC estimation method and the DWB procedure with J = 1000
bootstrap replications, respectively. Specifically, we consider the coverage at 7 = 0.1,...,0.9, and
use the nominal coverage 95%. For each given 7, the coverage probability is first calculated for
each component of p(-) over 1000 replications, and then we take average across the elements of
p(+). These probabilities are reported in Table 1. It can be seen that the DWB method yields
better coverage probabilities, which approach 95% faster than those from the HAC method. For
this reason, we will use the DWB method in the empirical study below. In addition, we conjecture
that the performance of HAC method can be improved by using a bias corrected trending estimator
as explained above. Since our simulation results show that the DWB approach works better than

the HAC method numerically, we therefore apply the DWB approach in our empirical analysis.

Table 1: Point-wise coverage probabilities for p(-)

Mean Median
T DWB HAC DWB HAC
200 0.901 0.818 0.895 0.815
400 0.901 0.833 0.896 0.829
800 0.930 0.868 0.925 0.864

We next evaluate the performance of the semiparametric profile likelihood method for the fol-
lowing DGP:
Yy = A1y1 + Bi(T)Ti-1 + 11, (5.3)

where n,’s are i.i.d. draws from N(0ax1, I5),

04 —0.1
—-0.1 04

Bi(1)=[2exp(tr —1) = 1,2exp(r — 1) — 1],

in which z; is an AR(1) process such that z;, = 0.4z, 1 + v, with v; ~ N(0,1). We set T to be
200, 400, 800 and conduct 1000 replications for each choice of T. For bandwidth selection, here we
use the rule of thumb bandwidth i = 2.34,/1/127/% for simplicity.

We evaluate the estimates of A; and By (7). For each parameter of interest, we report the finite
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sample coverage probabilities of the confidence intervals. The nominal level is 95%. Specifically,
for By(7), the coverage probability is first calculated for each functional component over the grid
points {7, : t = 1,2,..., T}, and then we further take an average across the elements of B;(7). After
1000 replications, we present the averaged value of these coverage probabilities in Table 2.

As shown in Table 2, the finite sample coverage probability of B (-) is smaller than their nominal
level when T' = 200, but are fairly close to 95% as T' = 800. In addition, the empirical coverage
probability of A; is very close to the nominal level even when the sample size is relatively small.
This result is expected since the rate of convergence on the time-invariant components can be

improved to reach a parametric rate.

Table 2: Empirical coverage probabilities for A; and Bj(-)

T A;  Bi()
200 0.952 0.908
400 0.954 0.924
800 0.950 0.939

5.3 A Real Data Example

In this subsection, we infer the long—run level of inflation (i.e., trend inflation) and the natural rate
of unemployment (NAIRU, which measures the frictional and structural unemployment) based on
model (3.1). The trend inflation and NAIRU are of central position in setting monetary policy
since the Federal Reserve Bank aims to mitigate deviations of inflation and unemployment from
their long—run targets (Primiceri, 2006; Stock and Watson, 2016). The estimation is conducted in
exactly the same way as in Section 5.1, so we will no longer repeat the details unless necessary.
Specifically, we estimate the time—varying VMA (oc0) model (3.1) using three commonly adopted
macroeconomic variables of the literature (Primiceri, 2005; Cogley et al., 2010), which are the
inflation rate (measured by the 100 times the year—over—year log change in the GDP deflator), the
unemployment rate and the interest rate (measured by the average value for the Federal funds rates
over the quarter). Although we are not interested in the trend of interest rates, we include this
variable within the system in order to capture more dynamics and be consistent with the literature.
The data are quarterly observations measured at an annual rate from 1954:QQ3 to 2020:Q1, which
are collected from the Federal Reserve Bank of St. Louis economic database. Figure 1 plots the

three variables.
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Figure 1: Plots of the inflation (left), the unemployment rate (middle) and the interest rate (right)

We investigate the trend inflation and the NAIRU. Petrova (2019) considers a Bayesian time-
varying VAR(2) model, and induces the long—run mean of @; by

Mt = lim Et(wt+p) == (IQ - Alt — A2t)_1at, (54)

p—o0

where a; is the intercept term, and A;; and As; are the coeflicient matrices. The main difference
between our method and the Petrova’s method is that we explicitly estimate the underlying trends
of inflation and unemployment using the model (3.1).

Figure 2 plots the estimates of the trend inflation and the NAIRU (i.e., p(7)), as well as the
95% bootstrap confidence intervals. It is obvious that the underlying trend of inflation is high in
the 1970s, but decreases in the subsequent period. After the Great Moderation, the long—run level
of inflation is below, but quite close to the Federal Reserve’s target of 2%, which indicates that
the inflation is more anchored now than in the 1970s. However, the NAIRU is less persistent and
fluctuates over time. In particular, the NAIRU increases rapidly during “Second Oil Crisis” and

“Global Financial Crisis”.

10

Trend Inflation

1960 1970 1980 1990 2000 2010 2020 1960 1970 1980 1990 2000 2010 2020

Figure 2: The estimated trends (i.e., pu(-)) of inflation and unemployment as well as the associated 95%
bootstrap confidence intervals

17



6 Conclusion

In this paper, we introduce a class of time—varying VMA (oc0) processes, and derive a set of asymp-
totic properties accordingly. Our investigation starts with decomposing the weighted sum of time—
varying VMA (co) processes into the long—run and transitory elements, that is known as the BN
decomposition (Beveridge and Nelson, 1981; Phillips and Solo, 1992). As the long-run component
of the decomposition yields a martingale approximation, it ensures the feasibility of achieving a
variety of asymptotics for the multivariate case, e.g., the law of large numbers, the uniform con-
vergence, the central limit theory, the bootstrap consistency, and the long—run covariance matrix
estimation. Further we show that these results can be readily applied, when establishing the infer-
ences for many dynamic time-varying models. In the empirical study, we apply the newly proposed
framework to study the long—run level of inflation and the natural rate of unemployment. We find
that (1) the long—run level of inflation is more anchored now and is close to the Federal Reserve’s
target of two percent after the beginning of the Great Moderation period and (2) the natural rate
of unemployment is less persistent and increases rapidly during “Second Oil Crisis” and “Global

Financial Crisis”.
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Appendix A

In this Appendix, we first present several preliminary lemmas in Appendix A.1, which are helpful to the
development of the main results. We then prove the main results on the time—varying VMA (oco) process
from Sections 2-3 in Appendix A.2. In what follows, M and O(1) always stand for bounded constants,

and may be different at each appearance.

A.1 Preliminary Lemmas

Lemma A.l. Suppose {Z;, Fi} is a martingale difference sequence, St = Ethl Zy, Up = Zg‘rzl Z2% and
sh=E(U2) = E(S2). Ifs;°U} —p 1 and Y,_| E[Z3,,1(|Zr

then as T — oo, s3'St —p N(0,1).

> v)] = 0 for anyv > 0 with Zy; = s;th,

Lemma A.1 is Corollary 3.1 of Hall and Heyde (1980).
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Lemma A.2. Let {Z;, Fi} be a martingale difference sequence. Suppose that |Z;| < M for a constant M,
t=1,...,T. Let Vpr = Zthl Var (Zy|Fi—1) <V for some V> 0. Then for any given v > 0,

(S ) <o)

Lemma A.2 is Proposition 2.1 of Freedman (1975).

T
27

t=1

Lemma A.3. The following algebraic decompositions hold true.

1. By(L) = > 3%, B;j L7 can be decomposed as By(L) = B;(1)—(1—L)B4(L), where B;(L) = >0 Bj L
and Ej,t = Z;O:j—i—l Bk:,t-

2. Bi(L) = Z;’io(Bj+r,t®Bj7t)Lj can be decomposed as Bi (L) = B (1) — (1 — L)BY (L), where BI (L) =
Z?io E;,tLj and E;,t = ZZO:jH(Bk‘Jrr,t ® Byy)-

In addition, let Assumption 1 hold, then

3. max;>1 352 || Byl < oo;

4o tmsupr o0 YT (Bt (1) — By(1)| < o

5. max>1 252 [|Bf, || < oo

6. maxs>1 372, [[Bf (1)] < oo;

7. limsupy_ o ST T2 By (1) — BE(1)] < oo

Lemma A.4. Let Assumptions 1 and 2 hold, and let {WT¢(-)}Z:1 be a sequence of m x d matrices of
functions, where m > 1 is fized, and each functional component is Lipschitz continuous and defined on a
compact set [a,b]. Moreover, suppose that (1) sSup;cpqp) S Wari ()| = O(1), and (2) T3dr logT — 0,
where dr = sup ¢ ) >1 [|Wre(7)||. As T — 00, sup ¢ HZle WT,t(T)Bt(l)EtH = Op (VdrlogT).

Lemma A.5. Let the conditions of Lemma A.J hold. Suppose T'sdylogT — 0, max;>1 B €]|*|Fi-1] < oo
a.s. and Sup,cq ) ZtT:_ll (W1 (1) = Wr(7)|| = O(dr). As T — o0

1. SUpP;cfq ) HZtT:l (I ® Wry(7)) BY (1) (vec[ese/ ] — vec[Iy)) H =Op (VdrlogT);
2. SUP;¢[ah] HZtT:l (Ig @ Wry(1)) CtetH =Op (\/dT log T) ;
where § = 001 > o o{ Bsirt€t—r} ® Bgy.

Lemma A.6. Under Assumption 5, there erxists a time-varying VMA (o0o) process

g = p(n) + Y DS(r)erj+ > DY (m)vij
=0 =0
such that max;>1{E ||ly; — 9:)|° Y% = O(TY), where
© q '
p(r) =2 > ¥(n)Bi(r)g(7), ®;(r) =T (7)J",

7=0 1=0
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I, 04 04
@(T) = . . . . , J= [Idvodxd(p—l)] )
04 1, 04
J
D§(r) = ¥j(rjw(r), Dj(r)= > Dy (r),
b=max(0,5—q)

i
DYy(7) =Y Wi(7)Bi(7)Cj k(7).
k=0

Moreover, y; and x; admit the following expression

gt €t
— + Z D Tt ! )
Ty a(m) Vit1—j

D5(r) D7 (7)

where Dj(T) = , and D7 (1) =0 and Cj(1) =0 for j < 0. Here, D;(-)’s satisfy the

0 Ci_1(1)

same conditions as those in Assumption 3.

Lemma A.7. Suppose Assumptions 4—6 hold. As T — oo,

1. SUp e H X1 K. X5, —Sx,(7) ®A1H—Op <h2+ 1(’gT),where Ay = diag(¢o, &);

2. SUPrcn,1-n H%Xg K Xc, -3 _(1)® A2H =Op <h2 + 10gT>, where Ay = [¢,0]";

3. sup, e ||+ Z- K|l = Op < l‘ighT) where n = (N,...,nr)".

Lemma A.8. Suppose Assumptions 4—6 hold. As T — oo,

1. 2 XLETar — 8) " (Lar — S) X = = + op(1),

where ¥ = fol Yx(r)dr — fol EXc,é(T)E;(la (T)E}C (r)dr;

2. Xoar = 8)" (Lur — $)X = op(VT), where X = (X5 0(n)]",.... (XL 0(rr)]))T.

A.2 Proofs of the Main Results

Proof of Lemma 2.1.

By the BN decomposition in Lemma A.3, we have

|Tr] |Tr]
1 1 ~ 1 ~
— —F By ( + —B4(L — —B7,. (L -
f g( (x1)) \f Z (L)€ /T 1(L)eo T \7r) (L)€|17)
LT?"J 1
Z (Bt—H (L)) € 1= IT,l + IT72 + IT’g + IT74.



By the usual functional central limit theory for martingale difference sequences, we have
E_I/Q(T)ITJ —D W(T)

< oo by Lemma A.3.

In addition, we have I3 —p 0 uniformly over r € [0,1] as E HIEﬂL)eO
For It 3, we need to show that

sup —p0

rel0,1]

1 ~
ﬁBLTﬂ (L)GLTTJ

which holds if max;<;<7 T—YB;(L)e;||2 —p 0. This is equivalent to show for any v > 0

— ZE (1B D)erl2I(IBi(L)er]|? > Tv)| — 0.
Similar to the proofs of Lemma 2.4, this is satisfied due to

{E|Bi(L)e)’}/* < M || Bjul| < .
j=1

Finally, for It4, as E [ZtT:_ll H (EtH(L) - ]@t(L)) etH] < o0 by Lemma A.3, we have

|Tr]—1

sup ||Tral < sup —— | (Bea(m)-Bu(n)
rel0,1] 7‘601]\/7 Z

S

IN

S Bty 8a02) o] =0rcE)

HM

The proof is now completed.

Proof of Proposition 2.1.

(1). Start from Example 1. Let p denote the largest eigenvalue of ®; uniformly over ¢t. Then, p < 1 by
the condition in Proposition 2.1. Similar to the proof of Proposition 2.4 in Dahlhaus and Polonik (2009),
we have max;>1 || g;& ®, ;|| < Mp/, which yields that

0o 00 7j—1
; - ; T
max > j |1 Bjill =maxd j|J[] @i
7=1 j=1 =0

<MD jp =0(1).
j=1

In addition, for any conformable matrices {A;} and {B;}, since

T

T T j—l r
41123 (ITac) -5 11 2.
i=1 i=1 j=1 \k=1 k=j+1

we then obtain that

T—1 oo

lim sup Z Z]

T—oo 347 54

j—1 j—1
(H @i — [ ] qm) g
=0 1=0
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T—1 oo

= hmsupZZ]

Tootljl

J m—1 J
Z (H Do k) (Pry2—m — Pry1-m) (H ¢’t+lk> J
k=1 k=m

m=1

T—
<M P 1hmsupzu<1>t+1 &, = 0(1)

j=1
given the condition in Proposition 2.1.

Consider Example 2. Similar to Example 1,

mabeHDth<Mmabe Z ||B]t|]<Mpr =

_bljbq

In addition,

T—

1 o
l1msupZZbHDbt+1 Dy
T—oo 471 p—1

T—-1 oo
< lim sup Y>3 > Bt — Byl 1811l
t=1 b=1 j=max(0,b—q)
T—-1 oo b
+ lim sup Zb Z | By,
x(0
T—

T=%0 =1 b=1 j—max(0,b—q)
1

1 b
1

1©p—jt+1-5 — Op—jit—ll

o0

<maxH(-3th q- hmsupZZbHBbt_H Byl
T—oo 427 p—

oo b T-1
+ | max » b Z 1Bl | - (mathsupz 1@ 141 — G)m7t\|> =0(1).

t>1
T b=1 j=max(0,b—q) Tmeo 4=

(2). By part (1) and the condition of Proposition 2.1, it suffices to show that max;>1> 72, j || Djl < o0

t>1

00 () J
3 21Dl < M 253 1Bl 16

—MmaXZZJHBktH 1Cj.t—l —MmaXZIIBktIIZ (k+ ) Cj el

T k= 0] k 7=0
_MmaXZJHBJtHZHth J||+MmaXZHBktHZ]HCJt Kl = O(1).
> =
In addition,
T—1 oo T—1 oo 7
limsup Y > " j[[Dji1 — Dyl <11H15UP i N[Okl - [|Cj—kt1-k — Cj—tt—l|
T—oo 347 50 t=1 j=1 k=0
T—-1 oo 7
+limsup > > i |Biill - €041k — Ol - |C)k i1kl
T=oo 41 j=1 k=0
T—1 oo J
+limsup > Y "5 " |Brisr — Bigll - 1®ea—kll - 1Cjrasa—rll = Ity + Ira + Ins.

22



We only show that I7; is bounded below, as the proofs of I and It 3 can be established similarly.

T—-1 oo 7

Iry < max |[©] - hmsup DD i Bl ICkir1-k — Cippill
t=1 j=1 k=0
T—-1 oo o0

= max [|©¢| - lim sup ZZJ [Brtll - |Cj—kt+1-k — Cj—p—kll
t21 T—=00 42 k=0 j=—

—1 o0
—T?QXH@tH hmsupZleBktHZ J+E)Cjtr1-k — Cje—kll

t=1 k=0
] T—-1 oo
< I?zalx H@tH . I?Zalxz HBk,tH . h;n_f;l)p ; Z] ||Cj7t+1_]€ — Cj,t—k”
— = ]:

+max [|© - maXZkHBmH hmsupZZHCgm k= Gkl = O(1).

T—oo 31 j—0
The proof is now completed.

Proof of Lemma 2.2.
By Lemma A.3, we have

Ty = Mt + Bt(l)et + @t(L)thl — ﬁt(L)Gt,
which yields

T T
> Wri (@ — E(m) = Y WrBi(1)e + Wr1B1(L)eg — WrrBr(L)er
=1 =1
T-1 B B
+ Z (WT,t+1Bt+1(L) - WTﬂBt(L)) € = It +Irp+ Itz + I 4.
=1

For I7;, by Assumption 2, we have

2

T
= tr (Z Wi B:(1)E (e, )B, (1)W{t>
t=1

T T

<MY |[Wr? <MmaX||WTtHZIIWTtH— O(dr).
t=1 t=1

Hence, |Ir;[| = Op(vdr).

A]SO, ||IT72” = Op(dT) and HIT,3H = OP(dT), since mathl HWT,tH = O(dT), EH@l(L)Eo” < 0 and

E|Br(L)e| < 0o by Lemma A.3.

For It g4,
T-1 N N
(Wi 1B (L) - Wi Bi(L) ) €
t=1
T-1 N T-1 N N
(Wris1 — Wry) Bipi(L)es + Z Wry <Bt+1<L) - Bt(L)) €.
t=1 t=1
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Note that for the first term on the right hand side of (A.1),

T-1 T—1
E ; (WT,t+1 - WT,t) Bt+1(L)€t < I?ZE%IXE HBtH(L)GtH : ; HWT,t+1 - WT,tH = O(dT)

by Lemma A.3 and the conditions on Wr,. For the second term on the right hand side of (A.1), write

T-1

T-1
B> Wiy (Bra(L) - B(L)) e < mox B e - —~By(v)]
t=1 t=1
T-1 o o0
<MmaX||WTtH > > IBju1— Bidl
t=1 j=0 k=j+1
T-1 o
= M [Wrdl| Y 3 1Byt = Byl = Odr).
t=1 j=1

Thus, we have proved that || Y1, Wry (@ — E(x)) || = Op(v/dr).

We now prove || ZtT:1 Wry (azt:c;:_p - FE (azt:ct+p)) || = Op(v/dr). Start from p = 0 and write

Tx, = pupy +thet iB; t+ZB]t€t jH +ZBJt€t j€t— ]BT
J=0 Jj=0 j=0

+ZZBJt€t jE- —j—rB;j +rt+ZZB]+rt6t —j—r€t— ]Bthv

r=1 j=0 r=1j=0

which yields

vec [WT,t (:Bt:ctT - F <wtw:>>]

[e. 9]

o
= (I; @ Wry) (Bt @ i) €—j + (Ig @ Wry) ZMt®B]t €t—j
j=0 3=0
o0
+(Ig® Wry) Y (Bji @ Bjy) vecle,—je/_; — 1]
§=0

oo o0

+ (Ig @ Wry) Z Z(Bj+r,t & Bj,t)vec[et—jetzjfr]
J

\3
—
Il

o

NE

+ (I Wry) >

(Bjt ® Bjirg)vecler—j—re/ ;).

J

5
—
I

o

Consequently, we obtain

i Wy (a:t:c;r - F <mtm:))

T o]
< 2 Z(Id®WTt Z e ® Bj) €
t=1 7=0

t=1
T 00
+ Z Id®WTt Z jt®Bjt VeC[Gt 362—] Id]
t=1 7=0

T oo 00
+2 Z Id®WTt ZZ J+7~t®BJt)VeC[€t ]etTj Al = Irs+Ire + I77.
=1 r=1 j=0

By the development of S 7, Wy (@ — E(x)), it is easy to know that I75 is Op(v/dr).
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For I7¢, by Lemma A.3, write

It <

T
3 (I © Wr) BY(1) (Vec(etetT ) — vec(Id)) H
t=1

+ H(Id © Wr) BY(L)vec(eoe] )H + H(Id © Wrr) IEOT(L)Vec(GTe;)H
T—1 |

Z ( I, @ Wryi1) ?+1(L) — (Ig @ Wry) I@?(L)) vec (ete:)

= Ire1 + Ire2 + IT63 + IT64-

Let Z; = Vec(ete,;r — I;) for notational simplicity. For Ir g, write

T 2
Z I, @ Wr,)BY(1)Z,

2

H <M1’I1aXHWTtHZHWTtH_ O(dr),

o0
<M max§ [:0lE
t>1
= j=0 t=1 t=1

which implies that I761 = Op(v/dr). Similar to the proof of I79 and Ir3, we can prove that Ir g and

[T763 are Op(dT). For IT,647 we have

I7pq <

T-1
Z I, @ (Wrps1 — W) BY, | (L)vec (.stej ) H
Z (Ig @ Wry) (IB%?H(L) - IB%?(L)) vec (ete;r) H .

t=1

_l’_

Similar to the proof of I74, by Lemma A.3, we can prove that I764 is Op(dyr). Then we can conclude
that IT,G = Op(\/ dT).

For I 7, using Lemma A.3, we have

T o) o0
Itz < Z(Id @ Wry) ZB:(I)Vec (etetT_r) (Ig@ Wr)) ZB’{ (L)vec (eoef,n) ‘

t=1 r=1 r=1

(I @ Wrr) Z IE%TT(L)VeC (eTe;_,,)
r=1
T—-1 oo » "
> (10 Wirp)Bi (L) — (L Wr)Bi(D)) vee (e, ) |

t=1 r=1

= It + Irqgo + Irs + I7 74,

For I7 71, by Lemma A.3, we further write
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2

T
Z I, Wry) ZBT vec <etetT T)

T
= FEtr ZZ I, Wry) Z B} (1)vec <€t€tT T) vec (es €, k) BT (1 )(Id@WTT,s)
t=1 s=1 k=1

T

O(dr).

T 00 2
2 r 2 T
<Y Wil 3 B ) SM(rggfcz_ymt(l)u) e

t=1 r=1

In addition, similar to the proof of Ity to I 4, we can show that I o to I7 74 are Op(dr).
Combining the above results, we have proved the case of p = 0.
Similar to the development of p = 0, we can consider the case with p > 1 given p is a fixed number.

The details are omitted due to similarity. The proof is now completed. ]

Proof of Lemma 2.5.

(1). By Lemma A.3, we have
Ty = Mt + Bt(l)ﬁt + @t(L)thl — I’ét(L)Gt.

We are then able to write

sup Z Wi (1) (2 — E(xt))
T€ab] || =1
< sup (|3 Wru(r)B,(Ver| + sup HWT1 By (L eOH + sup HWT,T(T)ET(L)GTH
T€[a,b] || =1 T€[a,b] T€[a,b]
T—1 _ _
+ sup (WT,t+1(7')Bt+1(L) - WT,t(T)Bt(L)) €| = Iry + Ir2 + Ir3 + I 4,
T€[ab] || =1
where the definitions of I7; for j = 1,...,4 are obvious.

By Lemma A.4, we have I7; = Op (\/dT logT). Also, it’s easy to see that I7o = Op(dr) and
It3 = Op(dr), because E||By(L)eo|| < oo and E|By(L)er|| < oo in view of the fact that

o
<oo and [Br(1)| <> Bl < oo
§=0

o
IBi(D)II < ) 1I1Bja
=0

by Lemma A.3. Thus, we need only to consider I 4 below. Note that

(1). Y73 [Bras (1) - By(1)] = O(1) by Lemma A.3;

(2). T?/%dplogT — 0 and SUDP;¢[q,5] ST W1 (1) — Wi (7)|| = O (dy) by the conditions in the
body of this lemma,;

(3). maxi<ier—1 [Beri(L)er]| = Op(T%) by B|[Brsr(L)e] < o and

1/
max [|Byy1 (L)e]| < (Z Bes1 (L)edl| ) = Op(T'?).

1<t<T—-1
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Hence, write

T-1

sup, Z(Wm( Bri1 (L) — Wra(r)Bi(L)) €
T€a,b 1
1 o~ ~ ~
= Sl[lp Z Wri1(1) — Wr(7))Bey1 (L)€ + Wr (1) (Bia (L) — Bi(L)) e
TEab] || =1
N T-1
< max |Be(De - Til[lapb}tzl Wr1(7) = Wr(7)]]
+  osup  [[Wry(r Z I(Ber1(L) — Bi(L))ed|

T7€[a,b],1<t<T
= Op(T"° - dr) + Op(dr) = op(y/drlog T).
The first result then follows.

(2). Below, we consider p = 0 only. The cases with fixed p > 1 can be verified in a similar manner, so

omitted.
T T 00
sup Zvec (WTyt(T)(wtth - E(a:t:ntT))) <2 sup Z(Id @ Wry(r Z it @ ) €r—j
T€[a,b] T€lab] || =1 =0
T 0o
+ sup Z(Id @ Wr (T Z it @ Bjt) (vec <et,jetT_j) — vec (Id))
T€a,b] i—1 =0
T 0o 00
+2 sup Z(Id & WTt Z Z G4t & -Bjt vece (et j€t—j— 1") = 2IT,I + IT,Q + 2IT,3,
T€[ab] || =1 r—1 j=0

wherein I7; = Op(v/drlogT) by a proof similar to the first result of this lemma.

Consider IT». Using Lemma A.3, write

Iro < sup
T€[a,b]

XT:(Id @ Wi (r)BY(1) (vee (ere] ) = vee (1)) H
t=1

+ sup H(Id ® WTJ(T))E?(L)VGC <eoeo ) ’ + sup H(Id ® WT,T(T))@%<L)V6C (ET6;> H
T€[a,b] T€[a,b]

+ sup
T€[a,b]

T—
Z (T2 Wi (1) B () = (1o @ Wi ()BY(L) ) - vee (€] ) H
= Iro1 + Ir20 + IT 23 + IT24.

By Lemma A.5, we have It = Op (\/dT logT). Also, I792 = Op(dr) and Ir23 = Op(dr), because
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IBY(1)]| < oo and HI@OT(I)H < 0o by Lemma A.3. Similar to the proof of the first result, for I7.94, we write

sup
T€[a,b]

<Vd sup W1 (T Z H <Bt+1 (L)) vee <ete:) H

T€a,b],1<t<T

Tz(mwml( B (L) — (L © Wy (r)E(L) ) vee (ere] )H

+ \/gmtax H@?(L)Vec (ete;r) ‘ :

sup Z||WTt+1( ) = Wr(r)| = op (\dr1ogT),

T€[a,b] =1

where we have used the following facts:

(1). T*%dplogT — 0;
. B0 ()| —0rtr

T-1
(3). sx[lpb]anm() Wr(7)l| = Odr);
TE|Q t=1
(4). ZHBH BY(1)| = o).

Then we can conclude that I 24 = Op (\/ drlog T).

We now consider I 3. Using Lemma A.3, we have

T 0o 00
sup Z(Id®WTt ZZ it @ Bj)vec (€,—j€—j—r)
T€lab] ||1=1 r=1 j=0
T 00
< sup Z(Id @ Wr(7))Ceer|| + sup ||(Lg @ W (T Z L)vec (eoel—r) |
T€la,b] || 1= T€a,b] r—1
+ sup ||(Iqg® Wr (T Z B (L)vec (ETG;,T)
T€[a,b]
T-1 _ _
+ sup 13037 ((Fa© W ()Ba (L) — (1@ Wrdm)BL(D) veo (el ‘
T€la,b =1 r=1

= It 31 + It 39 + IT 33 + I 34,

where (; is defined in Lemma A.5.

By Lemma A.5, IT31 = Op (\/dT logT). Moreover, I732 = Op(dr) and I733 = Op(dr), because
> B (1)|| < oo and > ||IE%TT(1)H < 00 by Lemma A.3. For I7 34, we write

T—-1 oo

Z Z ((Id ® WT,Hl(T))@;H(L) — (I ® WT,:(T))IEZQ(L)> vec (ete;r_r)

t=1 r=1
i ( i+1(L M(D) vec (etelr)
—1

sup
T€[a,b]

T—

<Vd sup W (m Z

T€[a,b],1<t<T 1

00 T—1
+Vdmax |3 By (L)vec (ete;r) : s?p]z [Wrs1(7) — Wra(r)| = op(y/drlog T),
r=1 T€la,b] y—
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where we have used the following results:
(1). T*%dplogT — 0;

ZIB% )vec (etet T)

T—-1 oo

(3). D> IBr (1) —Bi(1)] = O(1);

t=1 r=

. max

‘ = Op(T*%);

1
T-1
(4). sup D [Wrri(r) = Wry(r)l| = O(dr).

T€la,b]

Based on the above development, the proof of the case with p = 0 is done. The proof is now completed.
O

Proof of Lemma 2.4.

Similar to the proof of Lemma 2.2, we have

T
1
— E WTt $t*
Vir =

T
Z Wr:B(1)e: + op(1)

ﬁ\

as dr = o(1).

Since

we then use the Cramér-Wold device to prove its asymptotic normality. That is to show that for any

conformable vector [,

T

1

= S U WrBi(De —p N (0, lTEWl> .
T =1

Let Z; = LZTWTjt]B%t(l)et. By the law of large numbers for martingale differences and the assumption

Vdr
E (ete;—]]:t_l) = I; a.s., we have Zthl Z(1) —»p Sw.

Furthermore, for any v > 0, by both Hélder’s and Markov’s inequalities, we have

ST E(ZH0)I(1Zi(r)] > v))

/s <E||Bt<1>etu6>“5‘””

T
1 5\ 2
< 30 Wl (BIBed’) ™ (= 55

t=1
5-2)/2
dT( )/ ) =o(1)

Qe
—

since Zle |Wr+|| = O(1) and max>; |Wr4|| = O(dr). By Lemma A.1, the proof is now completed.
O
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Proof of Lemma 2.5.

Let e, = ¢y — E(x); and Z5 = ﬁ Zle dTWTﬂgetff for any conformable unit vector d. Then, it suffices

to show that
Z;: —> D* N (0, Zw) .

In the following, we first show that

Var*(Z}(T))2 =Xw +op(1)

and then prove its normality by blocking techniques.

Conditioning on the original sample, we have

E*(Z5)? sz Wriere] Wi dE*(§€})

d
LA —

T-1T—1

1
Zd Wrere] WTtd+ o YN dTWree! W, da(i)l)
i=1 t=1

T—1T—:

1 .
+o SN d Wryiieryie] Wiida(i/l). (A.2)

(A —

For the first term on the right hand side of (A.2), similar to the proof of Lemma 2.2, it is straightforward
to obtain that
1 « 1 «
—> d'Wryee/ Wi d= = > d"WrE(ee] YW7 d + op(1).
-1 t=1

For the second and third terms on the right hand side of (A.2), as a(i/l) =0 for i > [, we have

Tzl Z Wr; (etet+z - (etetJrz)) WTtJrz a(i/l)

T-1
< a(i/l)E
i=1

@z = of1)

1
- Z W, <etetT+i - E(et6t+z)> W, i
=1

o~

= O(y/dr) by using similar arguments to those

as we have £ H é i1 Wry (erels; — Elere/) ;) Wy, A+
used in the proof of Lemma 2.2.
We now need only to focus on % ZZ-T:? Z:f WT,tE(ete;r+i)W£t+ia(i/l). Note that

T—-1T—2

1 .

7 > WiiE(eel )Wy, alifl),
=1 t=1

T-1T- T—1T—i
1 1 .
dr Z Wi E( etet+z)WTt+z dr Z ZWTtE etetJrl)WTtJrz( a(i/l) —1). (A.3)

7
i=1 t=1 i=1 t=1
It is then sufficient to show that the second term of the above equation is o(1) since
T T

T
1 1
— WriE(eie YW, =Var | — ) Wre | = X
LSS Wil Wy (ﬁz ) w

t=1 s=1
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by the proof of Lemma 2.2.
Let st satisfy é + # — 0. The second term of (A.3) is then bounded by

| 11T
> WrE(eel,)Wiyyi(alifl) = 1)

d
Tiltl

<MZH1&X HE ee) ;) la(i/l) — 1]

la(i/l) — 1|+ M Z maXHE (ere) ;)

i=dp+

<MZ (I —a(i/l))+ M Z maXHE eel,;)
i=dr+1

= o(1),

since | >°5T (1 —a(i/l))| < M YT, i/l < Ms2/l = o(1) by Lipschitz continuity of a(-) and

=o0(1) as sp — oc.

o0
T
Z max HE(etet+i)
’i:ST+1
Conditioning on the original sample, we now use standard arguments for using a block technique to

show the asymptotic normality. Now let Z}.(1) = Z§:1 X74(m)+ Zle Y7 (1), where

Bj+r Bj+ri+rs

* * 1 *
Z dTWTtetfm YTj() Z dTWT,tetfm

1
X74(1) = —=—= : NG
dr t=B,+1 T 4=Bj+ri+1

with Bj = (j — 1)(r1 +72) and k = [T/(r1 + r2)].
Let 11 = r1(T') and ro = ro(T) satisfying k- ro-dp — 0, r1 -dp +1/(r1) — 0 and ro/r1 + /12 — 0.
We first show that Z?Zl Y7 ;(7) = op(1). Since r1 > 1 for large enough T and the blocks Y7 ; are mutual

independent conditionally on the original data, then we have

2

k k
Soviin) | =E DD E(Y7,(0)?
j=1 i=1
1 ro—1 k Bj+T1+7‘2—i
< Y ali/max|[Bleel )| Y D IWrl - W
T j=1 t=B;+r1+1
k Bj+rit+ra—i
< dTWW DX Wl Wil < Miradr = o(1)

j=1 t=Bj+ri1+1

We employ Lindeberg CLT to establish the asymptotic normality of Z§=1 X7.;(7) as the blocks X7. ()
are independent when ro > [ for large enough 7. As discussed before, we have already shown that the

asymptotic variance is equal to 3. We then need to verify that for every v > 0,

3 >v :Op(l).

k X3 (7)2 X;.(1)?
E* = 1 -
Z1 E* (Zle X’ik“,j(T)>2 10 (25:1 X%J(T))

Conditioning on the original sample, {e;£;} is an Ls-mixingale sequence. By Holder’s inequality,
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Chebyshev’s inequality and Lemma 2 in Hansen (1991), we have

b X;,j(T)Q X%,j(T)Q

I
o\ (Sl xm) B (S x5, 0)

2>1/

6—2
B

; N E< X3,0)° )
< Z o ( X%,j(T)Q ) : E*(E?:;X%,j(T))Q
- * k *
E (Zj:l XT,j(T))2

V2

— Bi+r 2 6/2
s AP S (4T Wger)|
gy SV 2 Z 5

j=1

H(S Xp, (1)) (B (s X7,)

k —6/2 §/2—1 ~Bj+r T )
2-6 Mdp"ry t:JBjJrl (@' Wre)
<ty 6

=1 (E*(Zf:l X%,]'(T)P) 2

—6/2, /21 151 <~T g
d d '
o Mg PR S Wl el s )

(B*(hoy X7,1)))

E(X7,(7))°

=

Combining the above results, we have
Z;: —px N (Oa ZW) :

The proof is now completed. O

Proof of Lemma 2.6.

—_ 1 ~T—i T T . 00 .
Define E; = i Yovd WrE (etet_H) Wr o with e, = ijo B;j 1e;. Write

Swo=Eo+ z’b<5+5)+§—5
w 0 ;VJJ(/) i ; 0 0
= It
It
b o~ o~
+3 "4 (i/b) (EZ—ElJrEJ—EJ)
=1
It

We next prove ﬁw —p Xw by showing that I — Zw, IT2 = op(1) and I3 = op(1) one by one.
Consider 3°_ 4 (i/b) E;. By the fact that max; > i1 J 1Bl
¥(0) = 1, we have

< 00, Lipschitz continuity of ¢(-), and

b

S (1= (i/b)Es

i=1

T e%]
1
<M- max Wl - dr E Wl E :HBJ‘J
1 =0

t=

b .
1
1> 1 Biigeill
=1
— O(1/b) = o(1).

Hence, we have It — Zw.
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For Ity and Irg3, since Z;’:l 1(i/b)| = O(b), by/dr — 0 and E||B; — Bi|| = O(v/dr) (using similar

arguments to those used in the proofs of Lemma 2.2), we have

< g — = =
E|[Irs| <2 max E|E; le i/b)| = O(b\/dr) = of

The proof is now completed. ]

Proof of Theorem 3.1.

Since 7 Zt L\ Kp(r—7) =140 (), we have

T
() = B () = 3 Sl = w() K (= 1)+ Op (7).
t:l

which follows that VT (i(r) — B (fi(1))) = = 331 (20 — p(m) K (257) + op(1).

As %Zle Kp(r—7) = O(1), max, TKh(Tt— 7)=0(1/(Th)) and 4 Zt 1 (Kh(TtH— )—Kp(ri—7)) =
O(1/(Th)), by Lemma 2.4, we have

T Tt — T
f?’”f i (%57)
ZZ: Ve K <Tth7> + \/%hlﬁlél(L)eoK <Tlh7> - \/%LIET( )eTK< ThT>

n 1Th S (Be(DK (Tt“h_ T) ~By(L)K <Tt ]; T>> &

For the bias term, we have for any 7 € (0,1)

T
2 Ll (") = o) + S )+ o)+ 0 (7).
t=1

The proof is now completed. ]

Proof of Theorem 3.2.

Note that =} = p(m) + €}, so we can write

T
p(r) — p(r) = <Z W () (T ) + ZWTt T)ef == Ity + Iy,
=1

where W () = K(757)/ S K(757).

We start our investigation from I, and write
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\/1T—h (ZZ: (Tt;7> Zr(m) — Zp(7 )) +Op <I}h>

1
=T I
711 +Ir12 +Op <Th>

where the definitions of I, and Ir;2 should be obvious, Z7(r) =

ﬁlTi Y ek (TtiT) and e; =
> i<oBj(7)€r—;. Similar to the development of Lemma 2.2, we can show that || Ir12] = Op((Th)~1/2),
which, along with the conditions of Theorem 3.2, yields

VTh|| I 2]l = Op((h/h)Y?) = op(1).

For I 11, by the definition of Riemann integral, we have

-1 -1

frar= [ K@ [ K (st o+ ah) = -+ o8 ) dodu+0 (1)
_ %h?gzu@)(f) + O3 (h + 1)) + O <Tlh>

Thus, we need only to focus on I and then show that

1 r T
- KX
Tk

oo (o.9]

-7\ )

. >et —p+ N | 0,09 ZB]'(T) ZB]T(T)
=0 =0

Using the Cramér-Wold device, this is enough to show for any conformable unit vector d,

T 0 >
. T )dTef —»p- N [0,50d" { S Bj(7) Bj (1)
Fg < > P P> Zo ’

J=0

For V7 € [h+ h,1 — h — k], we write

T T
L Tt T> T 1 T — T T~
Sor (M) aes = zitn ¢ Sk (T ) dT @ et
VTh = Th i
= Z7(1) 4+ op=(1), (A.4)
where Z5(1) = F ST K (%) d" e}, and the second equality follows from

2

t=1

T T
e 1 Z Z =T Ts — T
< E — 2 E* * =k
=~ LT(T—h)JrngSXfT(T-&-h)] Het etH <Th — = < ) ( h > (ét gs))

-0 (%4 + 1/(TE)) o) = o(1),

) (@ — e

=

where EE*[-] stands for taking the expectation of the variables with respect to the bootstrap draws, and

then taking the exception with respect to the original sample.
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By Lemma 2.5, we already have

Zi(t) =p« N (o,aodT {i Bj(f)} {iB]T(T)} d) :
j=0 J=0

Combining the above results, we have
VTh(p™(7) — (7)) =+ N ((7), 00X u(7)) .- (A.5)

The proof is now completed.

Proof of Theorem 3.3.

Define Z;(7) = ¢ STE (ere) ;) K (757) with e; = > 5o Bj(mt)er. Write

b

S(r) = Eo(r) + 3w i/0) (8i(r) + 2] (7)) + Bolr) ~ Bo(r)

It ,
b
+3° 0 /) (Bilr) - 8i(r) + & (1) - 5] (1))

We next prove EM(T) —p X, (1) by showing that It — 3,(7), It2 = op(1) and I3 = op(1) one by
one.
2
First, consider Ir;. For Ey(7), since Z;‘;OHBJ'(T)BJT(T)H < (Z;’iOHBJ(T)H) < 00, Bo(r) :=
> %0 Bj(T)BJT(T) converges uniformly over [0,1] and is second-order continuously differentiable with
00 1 1), T
BO(r) = X%, (B§ )(r)B] (r) + B;(r)B{" (T)) and

J

BO)( :i
Jj=

(B (1B () + 2B (1B () + Bi(1) BT (7))

Hence,

Ei:f:: (r)B <Tt;7> :/1 B(r + uh)K (u)du + O(1/(Th))

Consider 2?21 ¥ (i/b) (7). By the fact that sup i1y ;2 7 [|B;(7)|| < oo, the Lipschitz continuity
of 1(-), and ¥(0) = 1, we have

b

Y (1= (i/b) Eilr)

=1

(Th ZZ”B Ti HZ IBj1i(7isi HK<

t=1 j=0

= 0(1/b) = o(1).
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Hence, Y20_, ¥ (i/b) Ei(1) = S.0_; Ei(r) + o(1).

Since

2
EbZZH BJL.(n)] < (ZBM) < o0,
, 2

By(7) := ZZ 1 2_jeo Bj(1)B; () converges uniformly over [0, 1] and is second-order continuously differ-
entiable with B () = S-0_, 5% (B{" (1) BJL(7) + B;(1)BLY;' (7)) and

b o
=33 (BY (1B + 2B (0B (1) + Bi(nBP (7).

=1 5=0

In addition, since

b o b o
> ) Bij(m)B (40| < DD B () - I1Bjsa(7) — Biyi(rera) |

i=1 j=0 i=1 j=0
<MY Bi(m)l- Y || 7B ()| = 0/1),
7=0 i=1
we have
b b 1 T—i oo - r
— t—
ZEZ(T) = Z Th ZBj(Tt)Bj+z(Tt+l)K < h >
i=1 i=1 t=1 j=0

1 o)
_/ By(r + uh)K (u)du+ O(1/(Th) = 35 Bj(r)BL,.(r) + o(1).
=0

=17
Hence, as b — oo, It — 3,(7).

For Ir, by Lemma 2.2 and - f VK (7)) =1+ O(1/(Th)), we have Ity = op(1).
Next, consider Ir 3. Since 21:1 |4(i/b)| = O(b) and bmax{h* 1/v/Th} — 0, we have

b
Bl <2 max B |&i(r)  8i(r)|| - 3 [0(i/)| = O + 1/VTh) - b= o(1)
=1

<i<b

if

) — Ei(r H_ <h4+1/¢ﬁ>. (A.6)

1<i<b

Thus, we need only to complete the proof by proving (A.6). Thus, we write

T—1
= 1 T T — T
Ei(r) —Ei(r)| < . ,
1<i<b i(7) Z(T)H = f%?;%E Th ; (etem <etet+z>) K ( . > |
L -
5 ST T t—
+ max B Th; (€l — eeli) K ( . ) +O(1/(Th))

= Ir4+ Ir5+ O(1/(Th)),

where the definitions of I7 4 and Ir s should be obvious. By Lemma 2.2, we have It4 = O(1/VTh).
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For Ity, write

1] I T —T
L —
| (257
t=1
1 T—1 T, 1 = T T
R T t— L
=F th:1(et—et)(et+i—et+i) K( 3 > sz:: e —e) et—l-z < h >H

1Tz

T —T
Th 2= e 6t+z—6t+z)TK< th )

= Ir51 + It 50 + I753.

For It51, by Cauchy-Schwarz inequality and Theorem 3.1,

Tt — T

h

1 T—1
It < max Ele; — etH K <

= O(h* + 1/(Th)).
[T(r—h)]<t<[T(r+h)] h ) ( /(Th))

For I7 52, again using 77 Ly ZK( T) =14 O (1/(Th)), we have

I7 50 <

ITZ Ty — T

L —
hE:MHTtet—l—z ( h )H
t=1

T—1
T — Ts T T —T
h >> et-i—iK < h )

ﬂlz@zK(

+O(1/(Th))

= It 521 + IT 522,

where M, (1) = p(r) — 77 le p(rs)K (=) is a twice-differential function matrix satisfying that
M, (1) = O(h?). Hence, by Lemma 2.2, we have It 501 = O(h?/\/Th). For I7 592, by Cauchy-Schwarz

inequality, we have

| T L I 2\ 1/2
Tt — Ts 211/2 Tt — T
1 < — E|— K E i K| ———
v < g S B g ek (M5 )| ey ()
T V2
<max{ Bl ek (1T Z{Euemu [
t Th p h Th h
=0(1/VTh).
Putting the above results together, the proof is now completed. O

Proof of Theorem 4.1.

(1). For notational simplicity, let Z;; be the transpose of the tt" row of Z,. Also, we define

k
S (T Zztzt (T> Kp(ry—7) for 0 < k < 3,

M(n) = B(n) - B(r) — BV ()7 — ) = 58O () — 7,

Sto(r) Sra(r)
ST,l(T) ST’Q (T)

Sr(r) =
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Since

we can write
B(r) — B(7)
L I -1 L I
= [Il, Ol] <T Z ZT,tZ,I7tKh(Tt — 7')) T Z Z7'7tytKh(Tt — T) — ,8(7')
t=1 t=1

ST’2(7—)

T
— (1,05 (r) L0280 (r) 1 (1,008 (7) - = 3" 2,0 2] M(7)En(ri — 7)
2 T prt

S1,3(7)

L T

+[11,01)S7. " (7) - T Z Zr g Ky (1o — 1) = Ity + I12 + I73,
t=1

where the definitions of I7; to I3 should be obvious.

By Lemma A.6 and Lemma 2.2, we have

1 5. —
Iri = §h2025(2) (1) +Op (h2(h2 + (Th) 1/2)> ,
IT72 = Op(hz).

Thus, we focus on It 3 below. For any 7 € (0,1), as {Z;n,} is a sequence of martingale differences, by

Lemma 2.2 and the martingale central limit theory, we have

T
\/Tihljjg = (2;1(7') & Id) (\/ﬂ Z Zt’l’]tKh(Tt — 7')) + OP(l) —p N (0,50‘/(7')) .
t=1

T f—

The proof of the first result of this theorem is now completed.
(2). The uniform convergence rate for B(T) follows directly from Lemmas 2.3 and A.7.3.

(3). By Lemma 2.2, we have
[827) = =.(0)]| = 0r (1)
Then we need only to focus on the rate associated with ﬁ(T) For notational simplicity, we ignore the

+ ST Ku(r¢ — 7), because of T S Ku(re —7) =1+ 0((Th)™Y).
Write

Q(r) =

|-
E

/\/\T Tt_'T
K
up ( h >

N ~ T — T
(m+m—mﬂm+m—me<th>

“
Il
—

Il
-
E

~~
Il
—

T

T T — T 1 - - T Tt — T
77t77tK< A >+Th;(nt_"7t)(nt—"7t) K(h)

I
3)-
N

W
Il
—
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IIMH

1 & — 1
T
g 2 T (T >T

=1Ir1+Irp+ Itz + Ira4.

Tt — T
— M) 77t h

Consider Ir,1. Since {mn, — E (qn, )} is a sequence of martingale differences, we have

=op(1).

'ﬂ \

L el — 8 (nl )] it

Next, consider I 3. By the second result of this theorem

[ I72]| < s%pumm B(r)|?- antn Kp(r —7) =op(1).
7€|0, t 1

Similarly, for I73 and I74, we have

T
zsll < sup [|Br) B 7 2 12 K —7) = o (1)
T7€[0,1] —1

The proof is now completed. O

Proof of Theorem 4.2.

(1). By Lemma A.8,

VT (é—c)
) Xg,le(Tl)
= (X&(Lar = 9) (Lar = $)Xc)  X&(Lar = 8)" (Lar - S) . |+
X(—%TO(TT)
1
=2 X — S) (Lar — S)m + op(1).
ﬁC(dT ) (Lar — S)n +op(1)
Hence, it suffices to show that
L XL — 8) (L — S)n —p N (0,A).
VT ° ’
By using the same argument as in the proof of Lemma A.8,
1 1 &
ﬁXg(IdT —8) Iy — S)n = 7F ; (th ~Ex, ()= (Tt)Xéyt) n + op(1).

Since { (th -3 Xc’é(Tt)Eél(Tt)X é. t) ﬂt} is a sequence of martingale differences, the result follows by
the central limit theorem for martingale differences. Note that the convergence of conditional variance can

be proved by Lemma 2.2.
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(2). Let ©(7) = [0(7)",h0W(7)T]T. Note that

0(r) — 6(r) = [, 0, (X K. X5 )X} K; (y - Xt~ Xg,0(7))
= [I,_s, OZ_S}(ngTKTXaT)*lXCI,JKTXC(c )
Xg’la(Tl)
I, 0 (XS KX )7 XS K, : — X5.0(7)
T
Xé,TO(TT)
s, 0| (X g K- X )7 X5 K
i=1I71 + Irs + Ir3.

By part (1), we have I7; = O p(T~1/2). By using standard arguments of the local linear kernel method,
we have I7o = %h2520(2) (7) + op(h?). Then, it suffices to show that

Vh
VT

The above result follows by the central limit theorem for martingale differences.

Ts 00 Y2 XL Km0 N (0,56C (S2(r) 0 9(r) €T

Appendix B

This appendix gives the proofs of the preliminary lemmas of Section A.1.

Proof of Lemma A.3.

(1). The first result follows from the standard BN decomposition (e.g., Phillips and Solo, 1992), so the

details are omitted. (2). For the second decomposition, write

[o¢] [o¢] o0
(1=DBj(L) =Y (L Y (Biprt®@Bry) =L/ > (Biyrs ® Biy)
=0\ kit h=j+1
o0 ) [o¢] ) o0 o0
=> (L7 > (Brart @ Biy) = L Y (Bigrt ® Biy) | + ) (Birt @ Biy)
j=0 k=j+2 k=j+1 k=1

o0 o0
=— Z L (B4t ® Bjpg) + Z(BkJrr,t ® Bit)
j=0 k=1

==Y L(Bjri @ Bjt) + Y (Brirs ® Byy) = By (1) — B (L).
=0 k=0

(3). By Assumption 1,

oo " oo oo [e.e]
o Smaxd > =} Byl < oo
max Y~ [ Byel| Smaxd D 1Bl =max D" j1Byll < oo
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(4). By Assumption 1,

T-1 _ _ T—1 oo 00 T—-1 oo
S B () =B < 3250 S IBriss = Bl = 3.5 i 1By — Bl < .
t=1 t=1 j=0 k=j+1 t=1 j=1

(5). By Assumption 1,

oo
?5520\\35,4]51?;52 S IBurns® Bl = max 3" S [Buensl Bl
J:

j— k=j+1 — j=0k=j+1

= Y 1B, ol Byl < Mr{lglej 1By < oc.
= J:

(6). Write

e 2 [B)] <30 3 1Bl

r=1j=0 k=j+1

o0 [o¢] o0 o0
“3 3 1l () < (1) (S0 | <o
- r=1 7=1

=0 k=j+1
(7). Write
T-1 c0o o© _ T-1 oo o )
ZZ i1 ( B;(UH < ZZ Z Bytri41 @ By t1 — Bty @ By
t=1 r=0 j=0 t=1 r=0 j=0 ||k=j+1
T—-1 c0o o0
<N Z (I Brtrt+1 = N Bkl + (| Bregrill - | Br,t41 — Brll)
t=1 r=0 j=0 k=541
T-1 oo 00 00 00
=> > > (HBk,t—HH Y N Brgritr — — Bl ||Bk+r,t||>
t=1 j=0 k=j+1 r=0 r=0
T-1 oo o0
< (Z 3180 - 5] (e
t=1 r=1 = k=1
T—-1 o]
+ ( Zk’ [ Brt+1 — Bk,tH) : (I?Zafiz B, ) < oo
t=1 k=1 r=1
The proof is now completed. O

Proof of Lemma A.J.

In the following proof, we cover the interval [a, b] by a finite number of subintervals {.S;}, which are centered

at s; with the length denoted by d7. Denoting the number of these intervals by Np, then Np = 0(6;1).
In addition, let o7 = O(T~'yr) with y7 = /drlogT.
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Write

< max

su
D T 1<I<Np

T€la,b]

ZWTt )B:(1)er ZWTt s1)By(1)es

T

> (Wru(r) = Wry(s1) Be(1)e
t=1

+ max sup

= JT71 + JT72.
1<I<NT ¢85,

For Jr2, since Wr(-) is Lipschitz continuous and max;>1 || B¢(1)|| < oo by Assumption 1, we have

£(7) = Wr(s1)|| E[[Br (e

1<I<Np TES

< MTdér I}fl;if(E”Bt(l)etH = O0(7).

For Jr;, we apply the truncation method. Define €, = €:I(|| €] < T%) and €/ = € — €}, where ¢ is

defined in Assumption 2, and I(+) is the indicator function. Write

T
Jri = Dax ; Wri(s1)Bi(1) (€, + €/ — E (€ + €| Fi—1)) H
T T
< Jax ;WT7t(sl)Bt(l) (€, — E(e;|Fe—1)) || + | fax ZWTt s1)B:(1)ef
T
+ Dax Z Wr(s1)Be(1)E(ef | Fe-1) | == Jr1 + Jraz + Jras.

Start from Jr12. By Holder’s inequality and Markov’s inequality,

T T
ElJras| < 0W)dr Y E|ef|| = 0(V)dr Y Elled ([le]| > T5))|

t=1 t=1
<oy (B} {1l = TH} ©
t=1
— 0w Y. {Blet?}’ {prited 2 74}
t=1
owiry: (st} {Z5} T < owtan o Vrwet).
t=1

where the second inequality follows from Holder’s inequality, and the third inequality follows from Markov’s
inequality. Similarly, Jr i3 = OP(T%dT) =op (W)

We now turn to Jr11. For notational simplicity, let Y; = Wy (s;)B(1) (€} — E(€j|Fi—1)) for 1 <t < T
and Ap = 2T5dy max;>1 ||B(1)||. Simple algebra shows that ||Y:|| < Ar uniformly in ¢ and s;. By

Assumption 2 and the first condition in the body of this lemma,

T

T
o, 2 E(HYtH Fi1) SMdTlgg;@T;HWT,t(Sz)HE(HGtHQU’t—l)—Oa.s.(dT)-
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By Lemma A.2 and T%dT logT — 0, choose some 3 > 0 (such as = 4), and write

Pr (JT,H >/ 5M7T)
<JT 11 > v/ BMAr, maX

1<I<

T
Z (Y2, | Fia)

< MdT>

T
<JT11>\/ My,  max Z VLY, | Fio1) >MdT>
li=
(JT11>\/ My, | max. Y EWY,|Fi) SMdT>

ZE V.Y, | Fio1)

+Pr| max
1<I<Np

> MdT)
BM’YT B —I\—
< — < —_— =
N exp( (M + 172A7) Nt exp 5 log T O(0;)T

Based on the above development, the proof is now completed. O

Proof of Lemma A.5.

(1). Similar to the proof of Lemma A.4, we use a finite number of subintervals {S;} to cover the interval
[a,b], which are centered at s; with the length d7. Denote the number of these intervals by Np then
Ny = O(671). In addition, let o7 = O(T~'yr) with y7 = /drlog T.

Sl[lpb] ET:(Id @ Wr(7))B 0(1) (VGC (ete,;r) - Vec(Id)> H
relab] ||
< é?gaj)\(& ET: (Ig @ Wr(s)) )Bo(l) <Vec <ete:> — Vec(Id)> H

+ max sup
1<ISNr r¢5,

ZT: I;® (Wr(1) — Wra(s))) BY (1 )(Vec (etetT) —Vec(Id)>H

= JTJ + JT’Q.

Start from Jro. Similar to the proof of Lemma A.4, since

< 0

187 (1) Z IB;,

o0
< | ) IBjl
j=0

by Assumption 1, we have

E|Jra| < MTér I?Zale HIB%g(l) (vec (eysj) — Vec(Id)> H = O(v7).

2

We then apply the truncation method. Define u; = B{(1) (vec (&€, ) — vec (Iy)), u) = uel (||w]| < T'5)

and u; = u; — u;. For Jp 1, write

Jr1 = max
1<I<Nr

T
Z I, @ Wra(s1)) (up +uf — E(uy + uf|Fi—1)) H
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T T
< - N F
| nax ;(Id ® Wra(si)) (up — E(ug|Fe-1))|| +  fax Z_: (Lo ® Wr(s1))uy
T
I = .
+ | max Z:( a4 ® Wr(s))E(uy | Fi—1) Jran + Jrae + Jras

As in the proof of Lemma A.4, we can show that Jr 12 = op(v/drlogT) and Jr 13 = op(\/drlogT)
respectively. We focus on Jr 11 below.
For any 1 <1 < Np, let Y; = (Iy @ Wr(s)))(u; — E(u}|Fi—1)). We then have E (Y;|F;—1) = 0 and

Y] < 27%0dy max; ||BY(1)|. Since max;s1 E (Het||4 ]]—“t_l) < 00 a.s., We can write

T
<MdTmaxE(||utH |fH) max > [|[Wr(sy)l| = Ous. (dr).
> T

T
> EWY,|Fi)

max
1<I<Np

Similar to Lemma A.2, choose 8 > 0 (such as § = 4). In view of the fact that T%dT logT — 0, we write

Pr (JT,n >/ 5M7T) = (JT 1>V WT,lgng Y, |Fo1)| < MdT)
T
+ Pr (JT 11>/ Moz, max. ZE(Y;}QT\}}_Q > MdT>
=1

| A

(JT 11 >/ BMAr, Jax

< MdT)

T
Z (YY,|Fi1)
=1

T
> EMWY,|Fi)
t=1

+ Pr ( max > MdT>
1<I<N7p

2(Mdr + M~rT5 dr)

N |

< Npexp <— logT> — NpT™% = o(1).

The first result then follows.

(2). Let {S;} be a finite number of subintervals covering the interval [a, b], which are centered at s; with the

length d7. Denote the number of these intervals by Np then Ny = 0(5771). In addition, let o7 = O(T~1yr)
with yvp = v/drlogT". Then

T
Z I, ® Wry(7)) Cree

< max

su
P 1<I<Np

T
Z (Ig @ Wri(s1)) Cre
T€[a,b] =

T

D (Ia® (Wra(r) — Wry(s)) Geer
t=1

4+ max sup = Jrz+Jra4.

1<I<Np TES]

Consider Jr 4. By the fact that |tr(A)| < d||A]| for any d x d matrix A and Assumption 1,

E|Cresll =

r=1 =

Z (Z Byt @ Bs t) vec (etetT r)
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- o\ 1/2
>

r=1

2

T‘

(i By, ® B t) vec (etetT r)

I
/
=

1/2

IA
t+
~

T
<Z Bs—f—rt & Bs t) (Id & Id <Z Bs-I—rt X Bs t)

s=0

00 00 2\ 1/2 0o 0 00 1/2
<MY I Beri ® By <M (Z <Z \|BS+T¢]2> : (Z \|Bs7t\|2>>
r=1|ls=0 r=1 \s=0 s=0

1/2

w((Som) () < (Sim) (S1m)) o

Similarly, we have E|Jp4| < MTor max;>1 E||Cre|| = O(yr).

Before investigating Jr 3, we first show that

T

I, 2 (Wil B (el Fimr) = Or(1) B1)

Note that

T
max, 3 IWe(s)| £ (leel? 1 7i+)

1<I<Np

Z”W“ I (2 (16 17i) —Euctetu?)'

2
+omax ; Wi (s)|| E |||

and max<j<n; Sor_y |Wri(s)|| E ||Ceet]|* = O(1). Thus, to prove (B.1), it is sufficient to show

max
1<I<N7p

> Wt (2 (Iced? 1Femr) = E Hctetn?)' = op(1).
t=1

In order to do so, we write

T
2 2
o, | 1Wreteol (B (el 7 ) - EllGed”)

T 0o
o r* T rT
= | max. ;yWT,t(sl)uu > BI(1)(€r—rel - ® I)B ZIB%T 1)B)

rr*=1

N

< d?- 13121}\{@ ; |Wr(s1)| ; (B} (1) ® Bj (1)) (vec <€t—r€lr & Id> — vec(Idz)) ‘

T oo 00
2t e 1MW)l 323 (B (1) @ B (1)) vee (er-vel oy @ ) | = s+ i
SUINT =1 1 j=1
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Let Fr(L) = 32724 B; /(1) @ B/(1)L?. Similar to the second result of Lemma A.3, we have

Fr4(L) = Fpu(1) — (1 — L)Fpy(L) (B.2)

)

where Iﬁ‘m(L) = Z‘;‘;l ﬂlf‘thj and Frj’t = Ezijﬂ Bg*k(l) ® Bf(l). For notational simplicity, denote

Xat =) (B‘Z(l) ® IB%{(D) vec (Et—jej—j ® Id) )

j—l

Xy = ZZ ( By ( ®IB%J( )) vec (et_jetT_T,_j ® Id> )

r=1 j=1

Applying (B.2) to Xo and X yields that

Xat = Fot(1)vec (etetT ® Id) —(1- L)ﬁo,t(L)vec (ete: ® Id) ,

oo [e.9]
Xy =3 Fro(l)vec (ete;r_,, ® Id) — (1= 1)) Fr(L)vec (etej_r ® Id> .
r=1 r=1
For Jr 5, summing up )Zat over t yields

max
1<I<Np

ET: W (1)l i (B; (1) @B} (1) (vee (er—rel, @ Is) — vee(Ip) ) H

ZHWTt s || For(1 )(Vec (etet ®Id> — vec (I2) H

+ max )||WT71(SZ)||IFQ71(L)veC (eoeo ®Id>‘ + sup H||WT7T(SZ)||]PA;O,T(L)V6(: (eTe}@@Id)H
1<I<Nrp 0<r<1

Similar to the proof of Lemma A.5.1, we can show that Jr 51 = Op (\/dT log T), since

T—
Z (W1 (50 B (£) = [Wao(s0) | Foua (L) ) vee (ere] @ L)

4+ max
1<I<Np

= Jrs1 + Jrs2 + Jr53 + Jr 54

(e 9]
< maxz (Z |Bk+j,t||2> (Z ||Bk,t||2>
k=0 k=0
00 [ee]
< B 2 i B.:
< max (;;)H el ) 2 I 1B
= Jj=

max [Fo,(1)

< Q.

Also, we can show that Jr 52 = Op(dr) and Jrs3 = Op(dr), since

o oo o oo
[P <> 3 B <me X S (1B’ | (18,
= =" j=1k=j+ T r=lk=r+1 \j=0 J=0
[o.¢]
2
< max > Bl <Z > (k- HBktH>
- j7=0 r=1k=r+1
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(o] (o]
2
<o | ) (305 1
o0

o0
<max | DBl | [ 35 1Bl | < oo
= j=0 J=1

We can easily show Jr 54 = op (1), since

T-1
sup (Z W1 ()] = [[Wr(r )H) < sup 3 [Wrsi (1) — Wiy(7)]| = o(1)
r€[a,b] T€la,b]
and
T—1 T-1 oo
[Foer 0 ~Foe) < 30 3 [Bha) @ B (1) - BE 0 B (1)
t=1 t=1 r=1 k=r+1
T—1 oo 0o
<300 2 Bk - B - (B0 + [BE0)])
t=1 r=1 k=r+1
T—1 oo o) [e’s)
<M> > > IBjski+t @ Bjay1 — Bjpwe ® By
t=1 r=1 k=r+1 j=0
T—1

o0 o0 oo
<MY DD > (IBjrkast = Bjgkal - 1Bjasall + IBjers — Bjall - [|Bjyaell)

T—-1 oo 0o 0o 00
<MY SN | IBrats — Brall- Y I1Bjsall + [1Bisll - D 1 Bjirs — Bl
t=1 r=1 k=r+1 7=0 7=0
T—1
ST S 3 SUTLRERNG B PP ST

T-1

> IBjir1 — Byl | = 0(1).

t=1 5=0

o0
M kBl | -
+ (rggf; [ mll)

Based on the above development, we conclude that Jr5 = op(1). Next, we focus on Jrg, and write

1512‘]}\{% Z [Wr(si)ll ; X;BTJFJ ® B} (1)vec (Et_re:_r_j ® Id)
J

< max Z||WT,t(sl)||ZFr,t(1)vec(ete;@Id)
- t=1 r=1

+ max HWT’l(Sl)HZfFJTJ(L)VeC (eoe ®Id)

1<I<N7p -
r=

o
w T
+ max | [Wrr(s)l| Y Frr(Lyvee (e, © 1)

/N

Et(f;rfr (9 Id)

T—1 oo
+ max Z Z (W51 (50) | Fra (L) = [ Wora(s) | Fr (1)) vee
=1 r=

= Jre1 + Jre2 + J163 + JT64-
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We can show that Jr g2 and Jrgz are Op(dr), since

max
t>1

> Fra(1)
r=1

o0 oo o0 o0 o0
™ . r+k k
<max > |[Frsel| <max D03 3 B [BE)]
r=1 j=1 r=1 j=1 k=j+1

o0 oo o0 o0
< r | g7 H ; ,
< max (Z ||Bt<1>||> S iE] ) < Mmax > 1Bl 1Bl
r=1 j=1 j=1 k=0
oo o
<M || B; B .
< Mmax Z;JH il (kzol k,t!)<oo
]: =

T—1 oo T—1 o0 oo 00

S [Freen 0 -Fa]| <5303 S [t @Bl () - BE) @ BEQ)|
t=1 r=1 t=1 r=1 j=1 k=j+1
T-1

Byt (1) - By )| B )| + |[BE ) - BEQ) |

]BTJrk’ H)

t>1

T-1 o
< (X St -m0ol) (s 2]

Now consider term Jrgi. Define uy = > 02, F,4(1)vec (etetT_T®Id), w, = wl (||ug|| < T%) and

u} = u; — u;. Then we have

o= 2% (i = B + | Fir)) H
SUINT
< — BE(u\F_ "
=182, (il Fien) || + max | > [Wora(s)l|
T
E " _ = .
+ 12Ny tz_; Wi (s0)ll E(wg | Fi-1) Jre11 + Jrei2 + Jreis

Using the same argument as that used in the proof of Jr 12 in Lemma A.4, we can show that Jr 612 and
Jre13 are Op (T%dT). Next, consider Jrg11. For any 1 <1 < Ny, let Y} = ||[Wr(s1)]| (up — E(uy|Fi—1))
We then have E (Y;|F;_1) = 0 and ||Y;|| < 27%/°dyp. In addition, we have

T T
T 2 2
ey, |2 EORYTIF)| <4 mae 3 IWra(s) I E (1)
< M-dr max ZHWTtSz IS (DI e 17 < M - dTmaxZuFm P e

r=1
2
o

[e's) T
k) 2
< M -dp Y max[Fr (1)) (Z leor ) — 0p (ar7%).
r=1 = t=1
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Therefore, we have maxi<j<n,

ST E(nnTm_l)H — Op(drT3). By Lemma A.2, and choosing

B =4, we have

Pr (JT,611 > \/,BM\/ dTT% log T)

T
=Pr (JT,611 > \/W dTT§ logT', max ZE(YtYiTlﬂ_l) < MdTT§>
1<isNr t=1
2 T ,
o (JT’GH > VBM\drTs logT, max |5 E(YY,|Fi))| > MdTT5>
==
2 T ,
<Pr (JT,GH > \/W drT's5 logT, max ZE(YthT!}Ll) < MdTTa)
1sisNr t=1
- 2
—l— =
P (152@ ZE(YtYZ | Fi1)|| > MdTTs>

2
MdrTs logT
< Nrexp | — fMdrT? log +0(1) < Nrexp (—g logT> = NTT*Q =o(1)

2MdrT5 + M\/drT5 log TTsdr)

given dTT% logT" — 0. Hence, we have Jrgi1 = Op({dTT§ log T}1/2). Combining the above results, we
have proved that sup, e, |1y IWr(0)l| B (Gl 1 Fimt ) | = Op (1),

Finally, we turn to Jr 3, and apply the truncation method. Let u; = (rer, uy = uil <||utH < Tg) and

u} = u; — u;. Then we have

T
T3 = max ; (Ia @ Wry(s1)) (uy + uf — E(uy + uf|Fe—1)) ‘
T T
< | ax ; (Ig @ Wr(s1)) (wp — E(ug| Fio1))|| + | Jax ; (I, ® Wra(s) ul!
T
+ 1512])\(& ; (Lo ® Wry(s1)) E(uy|[Fi-1)|| = Jrs1 + Jrz2 + J133-

It’s easy to show that Jr 3y = Op(T%dT) and Jr 33 = Op(T%dT). Thus, we focus on Jr 3.
For any 1 <1 < Np, let Y; = (I; ® Wry(s1))(u; — E(uj|Fi—1)), then we have E (Y;|Fi—1) = 0 and
|Yi|| < 27%%dy. Also,

T
2 —
(3%, 2 Wl E (Il Fica) = Op(),
which yields
T T
T 2 .
oy, | 2 BORYTI7i)| < Mdr mae 3 IWra(s)| E (el | Fies) = Op ().

Therefore, we have maxj <<y, Zle E(YthTl}},l)H = Op(dr). By Lemma A.2 and choosing = 4,
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we have

(JT31 > \/7’YT) = Pr (JT31 > FWT,lgaX Y, |F)| < MdT>
T
<JT31 > FVT,Iglax Y EWY,T|F)| > MdT)
T
< Pr (JT731 > \/W’YT,IEI;;%T ;E(Y}Y;TLFt—l) < MdT)

BM~3.

ZE YiY; | Fi—1) 5 +o(1)
Q(MdT + M’YTngT)

+Pr| max
1<I<Nt

> MdT> < Nrexp (—

< Nrexp <—§ logT> = NTT_5 =o0(1)

given dTT% logT"— 0.

We now have completed the proof of the second result. ]

Proof of Lemma A.6.

Let W,(7) = J®I(7)J T, where

Ay(7) Ap1(1)  Ap(7)
I 0 0
<I>(T) _ d d d
04 I, 04

and J = [Id; ded(pfl)]'

To proceed, we write y; as a time—varying VMA (c0):

o0 q
Yt = Z W,y (Z By(1i—j)xs— 15 + 77t—j> me + ZDJ 1€1—j + Z ZDJ 1,tVt—1—j>
j=0 1=0 =0 j=0
where pp = 2720300 ¥, Bi(ri-j)g(Ti-1-j), Wi = Tt ®(riem)J T, Df, = ¥;w(ri—j), and
DY), =30 Yt Bi(Ti—k)Cjk (Ti—1-1)-

Let p denote the largest eigenvalue of ®(7) uniformly over 7 € [0,1]. Then we have p < 1 by
Assumption 1.1. In addition, similar to the proof of Proposition 2.4 in Dahlhaus and Polonik (2009), we
have max;>1 || [ )20 ®(re—m)|| < Mp?.

Next, we will show that y; can be approximated by a time-varying MA(co) process y; satisfying
{E|ly: — 9:]|°}'/% = O(T~'), where 3; has been defined in the body of this lemma. It follows that

o0
{Ellys — 5P} < M | pe — u(r)| + S ||DS, — DS () | +ZZH (7))
j=0 1=0 j=0

=0()-(Iry + Ir2 + I13),

where the definitions of I, I72, and I3 are obvious.
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Consider I7;. Note that for any conformable matrices {A;} and {B;}, since

r r r 7—1 r
[Ta-T12-3 (T1a) 4, ( I Bk),
=1 =1 j=1 \k=1

k=j+1

we obtain

T e(n-m)J " —J® ()T "
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Jj—1
<My
=1

@ — ()| =

(1) (P (1) — H ®(Ti—m)
m=i+1

<MZ p] L

Hence, we have

0 q
Iy <> %5, — ()l - D> 1B )g(riij)|
j=0 1=0

+ Z 1 (72)]] - Z 1Bi(7t-7)9(Te-1-5) — Bi(1)g (7 )|

oo g—1 .
SMZ }pjl—i-MZp]— -1,

7=0 i=1
where we have used the facts that ||®;(7)|| < Mp’ and
1Bi(7e-5)9(7i-1-5) — Bi(1)g(0) |

= | Bi(7t—5)9(7t—1-5) — Bi(1)g(7t—1-5) + Bi(1t)g(Te-1-5) — Bi(7t)g (1)l

< IBi(n-3) ~ Bl gl + |BuGro)l - lg(miy) — g(m)ll < ML

Similarly, we have I75 = O(T~1).

For IT,3,
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+ S e (supchk |r+supZHc >H>=
j=0

T€[0, 1]

In addition, it is straightforward to verify that

sup Z]H T)|| < oo and sup Z]HDN (7)]] < o0
e0,1] =g re0,1) 55

for k = 0,1 (see, the proof of Propositions 2.1, for example.)

The proof is now completed. O

Proof of Lemma A.7.

(1)-(2). To prove parts (1) and (2), it suffices to show that

sup
T€[0,1]

'ﬂ \

ZZ: (z:2] - B(z:2])) (Tt - T)kKh(Tt —7)

logT
=0
for k = 0,1,2. Since Z; can be approximated by a time-varying VMA(co) process by Lemma A.6, then

the uniform convergence results follows directly from Lemma 2.3.

(3). Part (3) follows directly from Lemma B.8 (1) in Yan et al. (2020).

Proof of Lemma A.S8.

(1). By Lemma A.7,

(X—CE',I’ OdX(Z*S))(Xgm I(T1 Xé,ﬁ)_lxg'ﬂ'l Kﬁ XC
SXc = :
(Xg’Tvde(l—s))(X K XC TT) 1Xgﬂ_TKTTXC
X§ Zx_(M)Zk, ()

- s (1 +0p(1),

X & Dx () 2k, (7r)

which follows that

lX{,(IdT ~8) (I — S)Xc
**Z<X0t XL S 02k, () (XE, - XD B3 )5k, (7)) +op(1).

Note that each element of ¥ x_(7) and Xx_, ,(7) is Lipschitz continuous. Thus, by Lemmas 2.2 and
A.6, the result holds.

(2). Let pr = h? + /logT/(Th). By Lemma A.7.1, we have

XD O o)(XS Ko Xg,) ' X[ KX =X 6(n)(1+0p(pr))
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uniformly over 1 <t <T. Hence, we have

XETyr - S) (Iar — $)X

> (XeuX, ~ Bxg o (R (1) X5, X5 (14 Op(pr)) ) 6(m) - Op(pr) = Op(T4}),
t=1

where the last equality follows from Lemma 2.2. Finally, the result holds since Op(Tp%) = op(VT) by
Assumption 6. 0
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