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Abstract

Pure Nash equilibria have been used to model a variety of phenomena such as
human behaviour in social settings, evolution of a population, how bank customers
behave during various economic environments, and network usage. As such, answers
to questions regarding their existence and how to locate them are highly sought
after. This thesis presents a study of pure Nash equilibria and response dynamics
through the use of random games; instead of a deterministic line of inquiry, we aim
to answer the question of how likely existence and convergence are.

Chapter 2 addresses games in which a large number of players can pick from one
of two actions. Payoffs in this game are independent and identically distributed,
but the probability of ties between payoffs is nonzero. We provide results describing
a central limit theorem and geometric growth of the number of pure Nash equilibria
in the game as the number of players increases. Moreover, we establish a new
connection between percolation and game theory to prove a phase transition in the
probability of ties regarding where the pure Nash equilibria are located. Finally,
we demonstrate that when the probability of ties is small enough, a best-response
dynamics reaches a pure Nash equilibrium with high probability.

Chapter 3 explores games in which two players can pick from a large number
of actions. We specifically consider games in which payoffs are continuously dis-
tributed, so the probability of ties is zero. In this setting, we show that the better-
response dynamics is very likely to converge to a pure Nash equilibrium, whereas
the best-response dynamics fails to do so, and instead gets trapped in a subset of
action profiles.

Chapter 4 extends the aforementioned two-player model by making the proba-
bility of ties between payoffs nonzero. We show limiting distribution results for the
number of pure Nash equilibria when the payoff distribution is either continuous
at the top of its support or the maximal payoff value has positive probability of
being attained. When the payoff distribution decays at a speed at least as fast as a
geometric distribution, we show that the expected number of pure Nash equilibria
is bounded. Moreover, specifically for geometrically-distributed payoffs, we prove
the unintuitive result that the expected number of pure Nash equilibria oscillates
in the number of actions, with the period increasing geometrically. Finally, we pro-
vide simulation results for games in which payoffs follow power law and Poisson

distributions, and conjecture on the limiting behaviour in both of these cases.
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Introduction

In a given day, we encounter a myriad of situations in which we consciously (or even sub-
consciously) compete or co-operate with other people, other entities, and our environment
to obtain a favourable outcome for ourselves. There are obvious, artificial examples that
can easily demonstrate this—deciding on when and how much to bet in a game of poker to
maximise our winnings, or what the best choice of shot is in a table tennis rally—but there
also exist very natural, everyday occurrences which also match this description. Consider,
for example, choosing when to leave for a destination to minimise the time spent stuck
in traffic. In each of these examples, we need to consider the desires of the other actors
in the system; we cannot simply behave in our best interests and assume everything will
go according to plan. If we are holding four-of-a~kind, we will almost certainly win the
hand, but making too large a bet will likely dissuade other players from placing bets on
the same hand, thus reducing our overall winnings. Similarly, we know that other drivers
will be using the roads during peak hour, so we can try to avoid these times to minimise
our own time on the road.

This analysis of other players’ behaviours in the context of maximising some heuristic



(P1, P2) | Co-operation ~Silence (5,5) —— (1,7)
Co-operation (5, 5) (1, 7) * {
Silence (7, 1) (3, 3) (7.1) —— (3.9)

Figure 1.1: A tabular representation of the prisoners’ dilemma (left) and its corresponding

graphical representation (right).

function for ourselves is the cornerstone of game theory. More formally, each of the
above situations is an example of a game, comprised of a set of players acting to try and
maximise their individual payoff, a function of the actions each player chooses to make
at any given turn in the game. We will entirely focus on single-turn games; the canonical
example of such a game is the prisoners’ dilemma. In this game, two prisoners are isolated

in two interrogation rooms, and are told the following:

(i) if they co-operate with the investigation and the other prisoner does not, they will

receive a sentence of 1 year, and the other prisoner will receive a sentence of 7 years;

(ii) if they both co-operate (and necessarily give conflicting statements), they will both

receive a sentence of 5 years;
(iii) if neither prisoner co-operates, they will both receive a sentence of 3 years.

This is an example of a normal-form representation of a game: a representation of all
possible action profiles and their respective payoffs for each player. From the normal-form
representation, we can also generate a graphical representation of the game. Given an
action profile, if a player can change their action and improve their payoff, then we direct
an edge from that profile to the profile corresponding to their changed action. See
for a tabular representation of the prisoners’ dilemma and its corresponding graphical
representation. Importantly, it is always possible to recover the graphical representation
from the normal-form representation, but the converse is not true. In this thesis, we will
concern ourselves with games consisting of random payoffs. Chapter 2 will focus on games
with a large number of players that can choose from one of two actions, while Chapters 3
and 4 will feature games with a large number of actions from which our two players can
choose.

Consider the set of actions in which both prisoners choose to co-operate with the

investigation. If either of them changes their action, their sentence will increase from



5 to 7 years, so neither prisoner is incentivised to do so. This is an example of a pure
Nash equilibrium (PNE), an action profile such that no player can change their action
to improve their payoff. Notice that in the graphical representation in this is
depicted by an action profile with no outgoing edges.

PNEs offer a means to analyse the effects of strategic interaction between players in a
game. One method may involve comparing the action profile which attains the best payoff
for each player to the PNEs in a game. The ratio of some meaningful function (e.g., sum,
minimum) of these two payoffs for each of these profiles is known as the price of anarchy.
In a sense, the price of anarchy offers a metric describing the impact of players if they
opt to act selfishly in a game instead of working together to reach a common goal. In
the prisoner’s dilemma scenario described above, it is clear that the prisoners should both
refuse to co-operate with the investigation, as this results in the minimal total sentence
(6 years). As the PNE has a total sentence of 10 years, the price of anarchy in this case
(if we choose our function to be the sum of payoffs) is 1.66. Notice that if the sentences
for both prisoners co-operating with the investigators is increased, this will increase the
price of anarchy in our game.

Social settings such as the prisoners’ dilemma are only one example of a use case for
PNEs. Similar to predicting actions in people, a PNE can be used to model the evolution
of a population [30]. In this setting, the payoffs instead represent the probability of repro-
ductive success. If the population reaches a PNE then the population is “evolutionarily
stable”; that is, if mutations were to arise, the population would still tend to revert back
to the PNE. Moreover, multiple PNEs in a system could suggest that a population evolves
towards different evolutionarily stable states depending on the initial composition of the
population.

In the context of network design, the payoff function can instead be thought of as the
cost of any connections to which a given user has access [4]. Each user acts selfishly to
achieve the best connection possible in order to get the most out of the network; if the
network is at an NE, no users will want to deviate, and the network can be considered
stable. Furthermore, we can compare the cost of the PNE to the cost of an optimal state
which is instead centrally enforced, and obtain a measure of the cost of stability.

Because of the significance of PNEs both as one of the cornerstone objects in game
theory and due to their interpretations in other areas of study, it is important to be able

to locate them efficiently. To this end, we make use of iterative procedures that converge



to PNEs, notably better-response dynamics (bRD) and best-response dynamics (BRD).
From a given action profile, bRD allows a single player at random to change their action,
and if the resultant action profile yields a higher payoff for that player, bRD moves to
that action profile. The behaviour of BRD is almost identical, save for the fact that the
randomly chosen player must chose the action which yields the highest payoff for them,
given all other players do not deviate. Once these processes reach an action profile from
which no player is willing to deviate, they have converged to a PNE.

This raises an important question: when do these processes to reach a PNE? It
is completely possible that a game does not even admit PNEs in the first place, so of
course in this setting both processes fail to converge. However, even in the presence of
PNEs, we could see these processes encounter a set of action profiles upon which they cycle
indefinitely, which we refer to as a trap. In this thesis, we will explore this question through
the use of random games: if we pick a game at random that satisfies our assumptions,
how likely are PNEs to exist? And if they do, with what probability do the response

dynamics locate them?

1.1 Related Work

The approach we take in this thesis, in which we analyse the likelihood with which PNEs
exist and convergence of iterative procedures on a randomly drawn game, has a storied
past. Goldman [25] showed that, in the context of zero-sum games, the probability with
which a PNE exists tends to 0 as the number of strategies grows. Goldberg, Goldman, and
Newman [24] generalised this model to general two-player games with continuous payoffs,
and showed that the probability of having at least one PNE converges to 1 —e~!. Dresher
[15] then generalised this convergence result further to any number of finite players.
Since then, random games have been used to address a plethora of questions on the
existence of PNEs. Powers [38] showed that, as the number of actions in a game with at
least two players tends to infinity, the distribution of the number of PNEs converges to
a Poisson random variable with mean 1. The assumption of i.i.d. payoffs was relaxed by
Rinott and Scarsini [40], in which payoff independence was maintained between different
action profiles, but payoffs corresponding to the same action profile could be correlated.
They recovered the result from Powers [38] in the case of independence, but also showed

negative correlation forced the number of PNEs to zero, while positive correlation resulted



in divergence. Stanford [42] instead derived the distribution that describes the number
of PNEs in random games, and consequently obtained the Powers result. Stanford also
proved results regarding the asymptotic distribution of the number of PNEs in symmetric
games [45], games with vector payoffs [43], and games of common interest [44]. Kultti,
Salonen, and Vartiainen [29] take a slightly different approach and instead assign a dis-
tribution to the number of best responses to each action profile, and attain asymptotic
results on this model. Takahashi [46] conditioned on the game having nondecreasing best-
response functions, and found that this greatly increased the number of PNEs compared
to the unconditional expected number of PNEs. Further analysis on properties of PNEs
when they exist such as Pareto efficiency (i.e., the sum of payoffs is maximised) was inves-
tigated by Cohen [10]. Point rationalisable strategies—a concept introduced by Bernheim
[6]—in two-person games were studied by Pei and Takahashi |37], and were shown to be
asymptotically uncorrelated with PNEs.

As established, questions about the existence of PNEs are not the only point of interest
in games; convergence of iterative procedures like BRD is also a very active area of
research, especially considering how computationally complex the act of locating a PNE is,
as shown by Daskalakis, Goldberg, and Papadimitriou [12]. Several authors have explored
sufficient conditions on payoffs to guarantee that BRD converges to a PNE: Monderer and
Shapley [34] studied the potential game setting, while Friedman and Mezzetti [22] and
Takahashi and Yamamori [47] investigated quasi-acyclic games. Potential games—games
in which the incentive to change action can be described using a global function—have
received special attention in the realm of BRD convergence; see Coucheney, Durand,
Gaujal, and Touati [11], Durand and Gaujal [17] and Durand, Garin, and Gaujal [16].
See also Blume [7] and Young [48] for further studies on using BRD to locate PNEs.

Outside of these contexts however, convergence of BRD is not guaranteed, as iterative
procedures can end up cycling indefinitely on a subset of action profiles. These subsets
were introduced by Goemans, Mirrokni, and Vetta [23] as sink equilibria (in this thesis we
refer to them as traps) and were further studied by Mirrokni and Skopalik [33]. In generic
random games, Pangallo, Heinrich, and Farmer [35] demonstrated nonconvergence of var-
ious learning procedures through simulation. Following this, Pangallo et al. [36] explored
how playing sequences affect the convergence of BRD. Recently, Mimun, Quattropani,
and Scarsini [32] studied the impact of correlated payoffs within action profiles in a two-

player game, and showed that BRD converges to a PNE.



Convergence of bRD is not as well-studied as that of BRD. Reny [39] introduces
the concept of better-reply secure games and proves that compact, convex strategy space
games with quasiconcave payoffs in each player’s strategies admit PNEs. In this work,
Reny also made significant progress in developing requirements needed for PNEs to exist
in the presence of discontinuous payoffs. Kukushkin [28] was able to relax the assumption
of better-reply security and show that, in the presence of discontinuities in the payoff
distribution, bRD converges to a PNE in potential games, games with strategic comple-
ments, and aggregative games; Dindos and Mezzetti [14] also investigated convergence
of bRD in aggregative games. On the theme of studying games with specific properties,

convergence in acyclic games was studied by Fabrikant, Jaggard, and Schapira [21].

1.2 Background

Here we will introduce several useful concepts that are used throughout this thesis.

1.2.1 Percolation

Diffusion processes are a widely studied phenomena that we can employ to understand how
a fluid randomly flows through a medium. Conversely, a percolation graph, introduced by
Broadbent and Hammersley [9] to study fluid flow through coal, approaches the problem
from the opposite direction: instead of ascribing the randomness to the fluid, we instead
consider the medium itself as being the source of randomness in the model. This simple
change of perspective gave rise to the entire field of percolation theory, a source of deep
mathematical results and significant physical implications alike.

To answer the question of how a fluid flows through a lump of coal, we can consider
the coal as a finite subgraph of Z3. Independently for each edge inside this subgraph,
with some parameter p € [0,1], we leave the edge open with probability p, and close
it with probability 1 — p. Physically, an open edge is a tunnel through which the fluid
can propagate, whereas a closed tunnel blocks the flow of fluid. Initially, this model was
introduced in an effort to model the use of coal in gas masks [26]; in this context, we
would be interested in whether or not a path of open edges exists from one “side” of the
subgraph to the other. If such a path does exist, the coal admits gas through the mask,
rendering it useless.

The model in which edges in a subgraph are randomly closed or left open is specifically



known as bond percolation. An alternative model, site percolation, in which vertices are
randomly designated as open or closed, is also widely studied, but will not be used in this
thesis. Furthermore, many generalisations of both of these models exist, in which we can
do away with the assumption of independence, or perhaps the edges/vertices are closed
with probabilities that vary over the graph.

In this thesis, we will entirely concern ourselves with the specific case of percolation on
the N-dimensional hypercube. Formally, this is the graph with vertex set {0, 1} and edge
set defined such that an edge between two vertices exists if and only if the two vertices
differ in exactly one coordinate. In this context, we will make use of classical results
regarding monotonicity in the percolation parameter of the size of the largest connected
component by Bollobas [8] and the coincidence of the set of isolated vertices and the
set of inaccessible vertices in a graph obtained via percolation by Erdos and Spencer
[20]. These combined with more modern results in the field describing the number of
inaccessible vertices in a percolation graph as well as the number of inaccessible vertices
in a ball of fixed radius by McDiarmid, Scott, and Withers [31] will help us reach our

desired results in Chapter 2.

1.2.2 Borel-Cantelli Lemmas

The first and second Borel-Cantelli lemmas both deal with the limit supremum of a
sequence of events, which is explicitly stated as

limsup F,, = ﬂ U E,.

neN neN k>n
An intuitive interpretation of this is no matter how many event outcomes you have already
observed, there is always an event in the future with a positive outcome. An alternative
way of describing the limit supremum is that the events F,, happen infinitely often. Note
that the converse, that is, the events FE,, occur finitely often, is a stronger statement than

the complementary events E,“ occurring infinitely often.

Lemma 1.1 (First Borel-Cantelli Lemma). Let (E,)nen be a sequence of events. If the

probability of these events is summable, i.e.,

SP(E) <o
n=1

then
P (lim sup En) = 0.

n—o0



In words, if the sequence of probabilities of events is summable, then the events occur
infinitely often with probability zero. Hence, at some random point in the sequence, the

events will never occur again.

Lemma 1.2 (Second Borel-Cantelli Lemma). Let (E,)nen be a sequence of independent

events. If the probability of these events is not summable, i.e.,

ZP(En) = 00,

then
P (lim sup En) =1.

n—oo

Note that this lemma requires independence, but still completes a nice picture. For a
sequence of independent events, we can explicitly determine whether or not they happen
finitely often or infinitely often. This is not true in the case that they are dependent
events. For example, consider a uniform random variable U over the interval [0, 1], and
the sequence of events (E, )nen defined such that E, is true if U < 1/n. Once U is realised,
there exists some n such that 1/n < U (unless U = 0, which occurs with probability 0),

so the events cease to occur from this point onward in the sequence.

1.2.3 Berry-Esseen Theorem

The Berry-Esseen theorem tells us how quickly a sum of random variables converges to a
normal distribution, under certain conditions. This theorem has been refined many times
since its original statement, but we cite a version from Durrett |18] here. Let ® denote

the distribution function for a standard normal random variable.

Lemma 1.3 (Berry-Esseen theorem). Let X, Xs, ... be a sequence of i.i.d. zero-mean

random variables with E[X?] = 0? and E[|X;|?] = p < oo for all i € N. Denote by F,(z)

the distribution function of Y. | X;/(o+/n). Then there exists a constant C' such that
Cp

o3\/n’

The quest for finding a tight upper bound on the constant in the Berry-Esseen theorem

|Fn(z) — ®(2)] <

is storied. A thorough narration of the history of this constant can be found in Korolev

and Shevtsova [27]. For now, the best estimate is C' < 0.4748, owing to Shevtsova [41].



1.3 Notation

Throughout this thesis, we will concern ourselves with games of the form

I' = ([N, (Si)ieing, (9i)iein)

where [N] := {1,..., N} is the set of players and S; is the set of actions from which player
i can choose. Defining S := X;¢n)S;, we can let g; : S — R be the payoff function of
player 7. For convenience, we will write s_; to be the action profile of all players except
player i. With a slight abuse of notation, we will also write (z, s_;) to denote the action
profile agreeing with s for all players except ¢, and player ¢ adopts = as their action. If
two action profiles s and ¢ are such that s # ¢t and t = (z, s_;) for some = € S;, then we

write s ~; t.

Definition 1.4. An action profile s* is a pure Nash equilibrium (PNE) of the game I' if

for all i € [N] and for all s; € S; we have

gi(8") > gi(si,8%,). (1.1)

The set of PNEs is denoted by E.
An action profile s* is a strict pure Nash equilibrium (SPNE) if for all ¢ € [N] and for

all s; € S; we have
9i(8") > gi(si, s2;). (1.2)

The set of SPNEs is denoted by E.

If we are dealing with a sequence of games (I',,)en, we will often refer to the associated

sequence of sets of PNEs and SPNEs as (E, ),en and (E})nen, respectively.

Definition 1.5. For any i € [N] and s € S, define the sets

P.(SZ) = {t € S ot ~i Svgl(t) > gl('s)}a

Mg) = {te pgi) 2 gi(t) > gi(u) for all u ~; s}.

In words, Pgi) is the set of all profitable deviations available to player ¢ from s, while Mgi)

is the set of all mazimally profitable deviations available to player ¢ from s.

We now define the two processes on which this thesis will focus.



Definition 1.6. The better-response dynamics (bRD), denoted bRD = {bRD(n)}52,, is a
discrete-time process on S that evolves as follows. At time n+ 1, pick a player at random,
independently of the current value of the process and its past. Call this random variable

I € [N], and choose bRD(n + 1) uniformly at random from the set P

bRD(n)" If the latter

set is empty, repeat the procedure with another player selected uniformly at random. If

PSF){D(YL) = @ for all i € [N] then set bRD(n+ 1) = bRD(n); at this point, bRD has reached
a PNE, and we say that the process has converged.

The best-response dynamics (BRD), denoted BRD = {BRD(n)}>2, is defined similarly,

n=0
except it chooses its action profile at time n + 1 from the set ME;IFZD(”). Its convergence
criterion follows mutatis mutandis. Importantly, for any s € S and ¢ € [K], we have that

I\/Igi) - PS). Hence, BRD cannot consecutively jump between best responses for s_;.

These processes can behave in vastly different ways depending on the game we let
them explore. In Chapter 2, we consider games with only two actions. On these games,
bRD and BRD both behave identically, as there is at most one action that each player
can change. Conversely, in Chapter 3 and 4, we consider games with only two players.
Under the assumption that payoffs are drawn from a distribution without atoms, BRD
is actually a deterministic process once the starting action profile is fixed and the payoffs
are realised. Discontinuities, as we will see in Chapter 4, result in unintuitive behaviour.

Both BRD and bRD fail to converge in any games that do not contain PNE, but they
could also infinitely cycle on a subset of action profiles. We define such subsets of vertices

now. Denote by |A| the cardinality of set A.

Definition 1.7. Let X denote either of the two processes bRD or BRD. A nonempty subset
of action profiles 7 C S such that |7]| > 2 is called an X-trap if {X(n) € 7} C {X(n+1) € 7}
and, for all s € 7,

{X(n) € 7} C {inf{k € (n,00) NN: X(k) = s} < 00 a.s.}.

We exclude traps of size 1 so that PNE are excluded from this definition. Moreover,
it is easy to see that traps must be of at least size 4. The only way for either of our
processes to not converge is to enter a trap.

We will also make use of the following notation to describe limiting behaviour of

sequences. Given two positive-valued sequences (a,), and (b,),, we say that:

e a, = O(b,) if limsup,, a, /b, < c0;

e a, = o(b,) if lim,, o a,/b, = 0.

10



Multi-player Games with Two Actions

This chapter is based on joint work with Andrea Collevecchio, Marco Scarsini and Ziwen
Zhong titled ‘Pure Nash Equilibria and Best-Response Dynamics in Random Games’, and
has been published in Mathematics of Operations Research [3].

In this chapter, we will only consider random games consisting of N players, each of
whom can pick from two actions. To facilitate this, consider a probability space (Q2,.%,P)
upon which the following sequence of random games is defined. Let 'y be a game with N
players, S; = {0, 1} for each i € [N], and i.i.d. payoffs. In particular, for each s € S, the
payoff g;(s) is a realisation of a random variable Z7, and the random variables (Z7),c(y) ses
are i.i.d. The symbol Z denotes a generic independent copy of Z?. We will also denote
by Exy and E} the set of PNEs and SPNEs of a game with N players.

Importantly, we need to define

11—«

a=P(Z, = 7,), p:=P(Z1 < Zy) = 7

where Z; and Z, are i.i.d. copies of Z. All results in this chapter will depend on «,
whereas most of the existing literature only deals with the case a = 0. While it is true

that we could have defined only one parameter, in the larger context of the chapter, «

11



and f tend to fulfill different roles. The probability of a tie is denoted as «, and is a
more natural parameter when considering the game itself, whereas [ is better suited to
describing percolation results. We switch between these to hopefully achieve better clarity

in our statements of results throughout the chapter.

2.1 Number of Nash Equilibria in Random Games

Observe that, by virtue of payoffs being i.i.d., the probability with which an action profile
sis a PNE is (1 — 8)V, and the probability that it is an SPNE is V. As a consequence,
for any N > 1,

EEx]=2"(1—8)" and  E[Ey]=2"5"

This implies that the expected number of PNEs is always one when o = 0 and diverges
when « > 0. Moreover, when o = 0, the numbers of PNEs and SPNEs are almost surely
equal, as any two payoffs are almost surely different. The following theorems elaborate

on this theme, providing a description for the asymptotic behaviour of |Ex| and |E%|.
Theorem 2.1 (Behaviour of SPNE). Consider a sequence of random games (I'n)nen.

(a) If o« = 0 then, for all k € NU {0},
_e

A P (BN = k) = 7

(b) If a > 0 then
(o 1) -1

Fig. 2.1| shows demonstrates not only the results described in (b), but
also the geometric upper bound in « that is used in the proof of this statement.

We will need some more machinery to prove the following two theorems, so we will
return to these later in the chapter. Recall that & denotes the cumulative distribution of

a standard normal random variable.

Theorem 2.2 (CLT for PNE). Assume that o > 0. Then there exists a constant K, > 0,

dependent only on «, such that

P(Birape =) 0w

sup
T

1+a 1 N
gKaNmax< 5 ’(1+Q)N/2> .

12
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Figure 2.1: Average SPNE vs. number of players over 1000 simulations per player.

a=0.3, N=7

a=0.9, N=15

Figure 2.2: Scaled number of PNE in 1000 simulations.
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Figure 2.3: Shapiro-Wilk statistic for varying a. 1000 simulations per combination of N

and «.

See for a demonstration of the normality of the distribution of the number of
PNE. In a similar vein, displays both convergence to normality as N increases
and speed of convergence to normality as « increases, both of which are predicted by
[Theorem 2.2,

A direct consequence of the above theorem is that the number of PNEs grows expo-

nentially in N whenever o > 0. The following is a more precise statement.

Theorem 2.3. If a > 0 then
Pl lim ﬂ =1|=1
N—oo (1 + Oé)N

2.2 Best-response Dynamics

We will denote by BRD the BRD on a game with N players. For simplicity, and without
loss of generality, we will always set BRDy(0) = 0, where 0 is the N-dimensional zero
vector.

It will be helpful in this chapter to consider graphical representations of our games.
To this end, we associate with our game I'y the following graph. To each s € S, assign
a vertex v € V. Two vertices u, v are connected by an edge in Ey if and only if u; # v;
for exactly one i € [N] and u; = v; for all j # i. We then say w and v are neighbours,

denoting this relationship by w ~; v. In general, if there exists some ¢ such that u ~; v,

14



we write u ~ v. Notice that this exactly coincides with our use of ~ in the game theoretic
sense.

We will then associate to Hy a random partially oriented graph with parameter
ﬁf\, = (VN, ?@) as follows. For convenience, given a vertex u € Vy and its correspond-
ing action profile s € S, we will write Z* = Z?. For two vertices u ~; v, the oriented
edge from u to v, denoted m, is in ?Jﬁv if and only if Z* > Z?. An unoriented edge
between the two vertices, denoted [u, v], exists between them if and only if Z* = Z¥. In
the context o = 0 (or § = 1/2), every edge in the graph is oriented almost surely, as ties
occur with probability zero. Hence, ﬁ}f is a proper orientation of H where each edge
is independently oriented in one direction or the other with probability 1/2.

With an abuse of notation, we will use Ey to refer to the set of vertices in Vy corre-

sponding to action profiles that are PNEs in I'y. Note that graphically, these are vertices

adjacent to only incoming or undirected edges.

Definition 2.4. We say that v is directly accessible from w if [u,v] € £,. We say that
v is accessible from w if there exists a finite sequence uy, ..., u; such that w = ug, up = v

—
and, for all i € {0, ...,k — 1}, we have [u;, u; 1] € ?]B\,

The notion of accessibility has a natural interpretation in terms of the BRD, insofar
that a vertex u is accessible from 0 if and only if there is a positive probability that BRD
reaches u. Also of note is the fact that any vertex in a trap must be accessible from every
other vertex in the same trap.

%
On 7-[16\,, define the partition
_ B0 ) WgB0
Vy = £50 0 M5

—>
where £5° is the set of all vertices accessible from 0 and M%° is the set of all inaccessible
vertices from 0. The following theorem demonstrates a phase transition in accessibility

of vertices, dependent only on a.

Theorem 2.5. Let (I'y)nen be a sequence of random games, with probability of tie ov =
1—28.
(a) If 0 < o < 1/2 then
Sp (’ Ex N M3

N=1

>O><oo.

(b) If « =1/2 then
lim P (|Evn MG > 0) 21—,

N—o0

15



(c) If a« > 1/2 then, for any K > 0,

tim P (|Exn M°| > K) = 1.

N—o0
This theorem can be interpreted as follows:

(a) if 0 < a < 1/2, we can use the first Borel-Cantelli lemma to conclude that there
exists a finite random N* such that, for all N > N* each of the PNE in I'y is

potentially reachable by BRD y;
(b) if & = 1/2, PNE exist that are unreachable by BRDy with positive probability;

(c) if @ > 1/2, the number of PNE that are not reachable by BRDy grows to infinity

with probability approaching one.

See for graphical representations of these behaviours.
To complete this narrative, we give a result on the probability of convergence of BRD .

We use |z]| to denote the floor of z, i.e., the largest integer smaller than or equal to x.

Theorem 2.6 (Convergence of BRD). If0 < a < 23/4 _ 1 then

Z P(BRDyx does not converge to a PNE) < cc.

N=1

Using the first Borel-Cantelli lemma, we can conclude that there exists a finite random
N* such that, for all N > N*, the process BRDy converges to a PNE. Equivalently, as
entering a trap is the only way for BRDy to fail to converge, we can reinterpret this result
as BRDy only enters a trap finitely often. To prove this theorem, we will instead show the
stronger result that traps exist only finitely often. shows the number of vertices

in traps for varying values of @ and N.

2.3 Bond Percolation

Most of the proofs of the theorems stated earlier in this chapter rely on a coupling between
between random games and a bond percolation model. This coupling will be such that
the set of strategies that are accessible by BRDy coincide with the connected component
containing 0 on the hypercube. Once established, we will use results on the geometry of
the cluster, obtained by McDiarmid, Scott, and Withers [31], to infer limit theorems for
the number of PNEs and the BRD.
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Figure 2.4: Number of inaccessible PNE in 1000 simulations.
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Figure 2.5: Number of trap vertices in 1000 simulations.

Independent bond percolation on H y is defined as follows. For each edge in &y, flip an
independent coin with probability S of showing heads. If the result is heads, then declare
the edge to be open; otherwise, the edge is closed. The random subgraph obtained by
deleting the closed edges is our independent bond percolation. It includes all vertices
in Vy, but could be disconnected. Whenever we mention a connected component of
the percolation that has a certain property, we implicitly refer to the largest connected
component that satisfies that property. Moreover, we use the term giant component to
refer to the connected component with the largest number of vertices.

The next result relates ?Jﬁ\;o to a percolation on the hypercube.

Proposition 2.7. For any 8 € [0,1/2], there exists a percolation Bﬁ, such that the vertex

set of its connected component containing 0, denoted by [,ﬁ;o, coincides with 2%0.

Proof. First, define the event

u—)v::{mé?,ﬁv}.

Because each player only has two strategies, we have that » — ¢ is independent of u — v

for every u — v ¢ {r — t,t — r}. For any subset U € Vy, define

5&::{’0EVN\UZH’U,EUSUChthatu%’U},

oU -={v € Vy \U : Ju € U such that u ~ v}.

_>
Next, we construct an exploration process on H y that will act as one of the two pillars

to help establish a coupling between our game and percolation. To this end, we define

18



the process Q = (Q,)nen With Q; = {0} by the recursive relation
—
Qn+1 - Qn U 8Qn

Our second pillar requires us to construct a finite sequence of unoriented random
graphs such that each graph of the sequence is a bond percolation with parameter .
The last percolation in this finite sequence is such that the vertex set of its connected
component containing 0 is equal to ?5}\;0. Start with a bond percolation on Hy with
parameter [ that is independent of the random variables {Z? : i € [N],s € Vy}. Call the
resulting graph B;. We can now define recursively our process B = (B, )nen. For any
e € Ey, let Br{e} be the status (either open or closed) of edge e in By. We obtain B,,4
from B,, by updating edges in £y if and only if they connect a vertex from 9y to a vertex

in 0Qy. More precisely, for any pair of vertices u, v € Vy such that u ~ v,

”

open, u € Qp,v €I, u — v,

Biyi{lu,v]} = closed, u € Qk,v € 09k, {u — v}°,

\Bk{[u, v|}, otherwise.

As the status of the edges is updated independently of the original configuration and with
i.i.d. Bernoulli random variables with parameter 3, we have that By, is still a bond
percolation with parameter 3.

Notice that in the worst case scenario, each of these processes explores the entirety
of Hy in 2V iterations. That is, By, = By and Qi = Qi for all k£ > 2V, Hence, set
BY = Byx. By construction, Q,v = ﬁ,’o, but by the above procedure, we also know that
Q,n~ is exactly the set of vertices in the connected component of the percolation graph
By~ that contains 0. Recalling that E’?\;O is the set of vertices in the connected component

that contains 0 in the percolation graph BJBV, we have that £2° = Bjﬁ\;o. n

Define EJBV to be the set of vertices in the giant component of the percolation B]‘i, intro-

duced in [Proposition 2.7 We call the complement of the giant component the fragment

of the percolation, and denote it by Mjﬁv With an abuse of notation, we will also use
/\/lfv to denote the set of vertices of the fragment, i.e., Vi \ Eﬁf. We will also make use of

the following lemma.

Lemma 2.8 (McDiarmid, Scott, and Withers |31, Theorem 1(a)]). For each € > 0 and
for a fized 5 € (0,1/2), the percolation B% satisfies

5 (k|- k]| VT ) <

19



where E HM?VH — (21— B)N(1 + O(N(1 — B)NY).

Proposition 2.9. For any g € (0,1/2], we have

S p(ch £ T3 <o

N=1

Proof. We first prove the proposition for 8 € (0,1/2). In virtue of [Proposition 2.7, we

have £5° = ?%07 and in order to obtain our result it is enough to prove

3 P(L?V ¢£7¢°> < o0

N=1

By symmetry, we have

o006 ) - o
Hence,
M3
Pl # 30| |ME|) = (0 e M | [ME]) = - (2.1)
Set

(v i=E HM?VH + e/ NRA =BV,

Using |[Lemma 2.8|in conjunction with , we obtain
ip (£5 #£5°) < iIP ({5 # i} { M) <} + iﬁ” (M3 = v)
N=1 N=1

N=1
< ig—%+ip(\/\4@\ > () < oo,
N=1 N=1

To complete our result, we turn our attention to the § = 1/2 case. It is well known
that there exists a coupling such that if 5 < ' then £5 C Eﬁ; (Bollobas [8, Theorem 2.1]).
As L5 does not coincide with £3° if and only if 0 is not an element of £7, it follows that

P <£’§3V #* EJ”B\;()) is nonincreasing in 4. Thus, for any 5 € (0,1/2),

i P (ﬁ}v/z £ E}\{Z’(]) < Nip <L‘]5V ” c@“) < 0.

N=1

]

Hence, for large enough N, we have that the giant component and the component

containing 0 coincide. Combining this with [Proposition 2.7] our bond percolation’s giant

component only disagrees with the vertex set of accessible strategies from 0 finitely often.

We will make use of the following lemma several times throughout our proofs.
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Lemma 2.10 (McDiarmid, Scott, and Withers [31, Theorem 2(a)]). Fiz 5 € (0,1/2].

For any r € N and any v € Vy, call
B, (v) :=={u: h(v,u) <r}

where h is the Hamming distance. Set

Then there exists 6 > 0 such that, for any 6 < &, we have
ZP <3’U ‘B[(;N] ?B’ ‘ > m5> < 00.

We say that a vertex is isolated if it has degree zero in the graph induced by the perco-
lation. Erd6s and Spencer [20] analysed the asymptotic behaviour of le\f (the nonatomic
case, or a = 0) and showed that the random graph is connected with probability tending
to one. On further inspection of their proof, it is evident that, still with probability tend-
ing to one, the giant component of this percolation contains all the vertices in Vy with
the exception of some isolated vertices in the random graph B}V/Q. As the following result
was not explicitly stated in the aforementioned paper, we include a proof for the sake of

completeness.

Proposition 2.11 (Erdds and Spencer [20]). Let Zy denote the set of isolated vertices in
lev/Q. Then

f: P ( MY 2 IN> . (2.2)

N=1
Moreover, for all k € N,
-1
Jim P(Zv| = k) = QM . (2.3)
Proof. Choose § as in [Lemma 2.10[ If {M1/2 # In} then there exists v such that
‘me 2“’ > 1. Combining [Lemma 2.10| (case § = 1/2) with [Proposition 2.7, we
have

il@ (3«; : ‘me(v)\?]ﬁv’o‘ > 1) < 0,
N=1

which proves |[Eq. (2.2)] To prove [Eq. (2.3), we reason as follows. The PNEs are the
%
vertices of H n that are incident to only incoming edges. When a = 0, the number of
%
PNEs has the same distribution as the number of vertices in H y that are incident only

to outgoing edges. Call ? the set of such vertices. It is well known that, when o = 0,
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the number of PNEs converges in distribution to a Poisson(1) random variable (Rinott
and Scarsini [40]). Hence, for k € N,
o1

lim P (‘?N‘ - k) _

N—oo ]{}' '

(2.4)

Now we prove that, for all N large enough, Z = ? N. If0¢ ? ~, then all the vertices

in ? N are not accessible from 0. As
SP(0eTn) =3 oy <o
N=1 N=1

we can use the first Borel-Cantelli lemma to conclude that for all N large enough, 7 N C

./\/ll/2 0 Using [Proposition 2. 7L we have that ? C VN\£1/2 0 Then, using |Proposition 2. 9|
1/2.

and the first Borel-Cantelli lemma, we have that for NV large enough, ? c My
Conversely, each isolated point v in BN/ whose neighbours are all in £ ]\? ™ satisfies v €
?N. Hence, ?N #* M%Z only if there exist two elements u, v € ./\/ljl\?2 such that h(u,v) =
1, that is, w and v are neighbours in Hy. Using [Section 2.3 we have

S P(Tan M) <.
N=1

Finally, combining this with gives
Sr (2o £ adl) <o

We once again use the first Borel-Cantelli lemma, and in conjunction with [Eq. (2.4)]
obtain our desired result in [Eq. (2.3)] O

2.4 Proofs
We begin this section with a proof of [Theorem 2.1]

Proof of (Thearerm 2.1

(a) When a = 0, convergence of the number of SPNEs to a Poisson distribution as the
number of players increases was proved by Rinott and Scarsini [40] for any fixed

number of strategies.

(b) We can write

Enl= Z ﬂ{seE}‘V}

EISS)

22



where 1,4 denotes the indicator function of the event A. Because P (s € EY) = gV
for every s € Vy, we have

E[[Ey|] = (28)",

from which Markov’s inequality implies
P([E| > 1) <E[[Ey]] = (28)".

As a >0, f < 1/2, so the upper bound converges to 0 geometrically fast. Hence,

> P(E|>1) <0
N=1

and by the first Borel-Cantelli lemma, the event {|E}| < 1} holds true for all N
large enough. As cardinality is a nonnegative integer, it must be zero for all large

N.
]

Now that we have established a connection between percolation and our random games,
we can return to the results stated earlier in this chapter. We will soon address
but first need to introduce the notion of distance between random variables.

Definition 2.12. Given two probability measures P, Q on N, their total variation distance,

denoted pry, is defined as

prv (P, Q) := sup[P(A) — Q(A)].
ACN
Definition 2.13. Given two probability measures P, Q on R, their Kolmogorov distance,
denoted k, is defined as
(P, Q) := sup|P((—o00, 2]) — Q((—o00, 2])].
xe
Remark. Notice that Kolmogorov distance is a supremum over a collection of sets [0, k] for
k € N when dealing with integer-valued distributions, whereas total variation distance is a

supremum over a richer collection of sets. It immediately follows that, for two probability
measures P, Q on N,

#(P,Q) < prv(P, Q). (2.5)

With an abuse of language and notation, we will often speak of total variation distance

and Kolmogorov distance of two random variables to indicate the total variation distance

of their laws.

In order to prove we will need the following lemma.
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Lemma 2.14 (McDiarmid, Scott, and Withers [31, Theorem 4(c)]). Call C; the number
of connected components with exactly j vertices in the percolation Bjﬁ\,, and let j1; = E[Cj].

Then for B € (0,1/2),
prv(C;, Poisson(p;)) = O(N/(1 — B)’N).

Proof of [Theorem 2.3, Consider the random partially oriented hypercube ﬁfv and invert
the orientation of each edge, while leaving the unoriented edges unchanged. The new ran-
dom partially oriented hypercube %ﬁ, has the same law as ﬁ]ﬁv by symmetry. Moreover,
a vertex in ﬁjﬂv is a PNE if and only if it is an isolated point in 7—-2]5\,

Consider the percolation associated with %f\, In virtue of our precious reasoning, it is
enough to establish a limit theorem for the number of isolated vertices of this percolation.

By applying with j = 1, we obtain that there exists a constant K ,, which
depends on « but not on N, such that

pTv(|EN|, Poisson(?N(l — B)N)) < KI’Q(N(l — B)N),

which by gives
r(|En|, Poisson (2" (1 — B)V)) < K1 o(N(1 - B)V). (2.6)

Notice that a Poisson(?N (1—-p)» ) random variable can be expressed as the sum of
|2V(1— )" | independent Poisson(1) random variables plus a small remainder. Consider
a sequence of ii.d. random variables (X, ),en where X,, = Poisson(1) — 1. Clearly
E[X,) =0, E[X,?] =1 and E[|X,|*] =1+ 2¢~'. Hence, we can use the Berry-Esseen
theorem and obtain

. <P0isson(2N(1 —B)N) =2V (1 - )N
2N (1 — BN

Ko
,Normal(O,l)) < 2

ERVEACEEINE
Note that we follow the convention that a Normal(yu, 0?) random variable has mean p and

variance 2. Call F,, the distribution function of Poisson (2 (1 — 8))/1/2¥(1 — B)N.
Note that

Fo(z) = P (Poisson(QN(l - B)N) =2N(1 - )~ - x)
2V(1 = BN

=P (Poisson(2N(1 —B)N) < V2N - BNz +2V(1 - ﬂ)N) :

24



Meanwhile,

o) = [ exp<_“_2)du

B 2N (1-B)N 2N (1-8)N 1 - (u _ 2N(1 _ B)N)Q ;
B /_oo V2m2N (1 = BN P 202V(1 = B)N) !

which is the distribution function of a Normal(2N (1= BN, 2N(1 - )N ) random variable

evaluated at \/2V(1 — 8)Nx + 2V(1 — )V, Hence,

) (Poisson(QN(l —B)N) 2N (1 - )N
2N (1 = BN

, Normal(0, 1)>

= /i(Poisson(QN(l - B)N),Normal(QN(l — ﬁ)N, 2N<1 - 5)N))
Ko (2.7)

Using the triangular inequality with [Egs. (2.6)| and |(2.7)| yields

/<;(|EN|,Normal(2N(1 — BN, 2M(1 - 5)N>)
< k(|En|, Poisson(2V (1 — 8)V))

+ r(Poisson (2V(1 — 8)~,Normal (2" (1 — 8)", 2V (1 — B)V)))
K2,a

SKLJNQ—6W)+—EWTTEV

After making the substitution 1+ a = 2(1 — ) and some slight rearranging, we obtain

our desired result. OJ

Proof of [Theorem 2.5 We first want to show that, for any € > 0 small enough,
D P(En < (1+a)N = (1+a)M(14)V) < o (2.8)
N=1

Choosing ¢ < v/1 4+ a — 1 gives
1+ )" =1+ a)"?(1+)V = 1+ )V (1 +0(1)).

Therefore by establishing [Eq. (2.8)} we would prove that the number of PNEs grows at
least as fast as (1 + a)”™. Recall the standard inequality ®(—x) < ¢(x)/x where ¢ is the

density function of a standard normal random variable. We then have that

1 M)< 1

‘I’<‘““)N>Smexp(‘ 2 ek
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S P(En < 1+ )N = (1+a)M*(14+)Y)
=S (p(Bgve = -1e9) —e(a +e>N)) £y B(-(142))
N

N=1
= 1+«
<2Ka max< 5 (1—|—aN/2> —l—Z 1+8

To complete the proof, we also need to show that

iP(|EN| >(1+a)N+(1+a)"? (1 +e)) < o,

as this would show that the number of PNEs grows no faster than (1 + «). However,

notice that

P(Ev|> (1 +a)N+(1+a)?1+e)N)=1-P <|EJ\E|1;<;)]+V/(;) < (1+5)N) .

Hence,

i P(IEx| > 1+ )N + (1 4+ )21 +¢)V)

-3 r (B <) -usea)

+ 2(1 —o((1+2)V))

14+« =
< KaN )
Nzl max( 2 (1—1—aN/2) +Z 1—1—5 =0

1

the last line coming from the fact that ®(z) =1 — &(—z).

U

We now turn our attention to results regarding the BRD.

Proof of [Theorem 23

(a) We first deal with the case o = 0. Here, 8 = 1/2, so mz = 1. In this case, there are
no unoriented edges in 7—[’3 If a PNE belongs to Ml/ 20 , then all of its neighbours
must also belong to M N 20 ; if a neighbour was in fact accessible from 0, then so too

would be the PNE. This means there exists a ball of radius 1 with N 4+ 1 vertices

in M1/2 Hence, by [Lemma 2.10},
oo _> oo
SP (EN N M0 2 (2)) <Y P (Elv : ’me (v)\ £ Y20

N=1 N=1

>1><oo
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Now consider the case 0 < a < 1/2, and suppose that v both is a PNE and belongs

%
to M3%°. Either of the two following conditions must then hold:

(i) v is adjacent to more than mg oriented edges, which implies that the size of

the connected component of M%® containing v is larger than mg; or

(ii) v is adjacent to at most mg oriented edges.

Clearly, (i) can be treated by [Lemma 2.10] To resolve (ii), let Yy be the number

of vertices that are incident to at least N — mg unoriented edges. The number of
unoriented edges a given vertex is adjacent to is binomially distributed, as each edge
is oriented independently of one another. Markov’s inequality yields
YN
P(yy>1) <2V ) (k)ak(l — a)NF < Ky (NN oNms
k=N-—mg

for some constant K3,. As a < 1/2,

Y P(Yy>1) < oo
N=1

Hence, by a union bound,
- —
ZP(ENmM%" #@)
N=1
- . 2‘1/2,0 -
<Y P(3v: [Bn(@)\ L0 >mg) + > P(Yy > 1) < oo
N=1 N=1

For the case a = 1/2, we introduce a new percolation on ‘H y, denoted by B, N, defined
% ~
such that an edge is open if and only if it is oriented in H%Z. Call LY the connected
~ ~ —
component of By that contains 0. Any isolated vertex in By is a PNE in 7—[]1\;2,

as it is incident to nonoriented edges only. Notice also that the parameter of this

percolation is 1/2, so we can apply [Proposition 2.11} and obtain that the number of

PNEs outside of E?\, asymptotically follows a Poisson distribution with parameter

1. Owing to the fact that any edge that is open in BJIV/2 is also open in gN, we have

that 5%2’0 c E?v Finally, using |Proposition 2.7|, we have that ?%2’0 c Z?V, and

it immediately follows that the number of PNEs outside of ?}V/?’O is stochastically

larger than a Poisson random variable with parameter 1.

For v € Vy, let 6, be the event in which v is incident to only unoriented edges in

ﬁ]ﬂv, and define

On = > 1y,

veEVN
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Note that H% can be decomposed as

Vy = Vv,

even| __

where v € V{" if and only if h(v, 0) is even. By symmetry, we know that |V
[Vedd| = 2V=1 Edges only connect vertices from V§' to V3 or vice versa, so no

two vertices belonging to exactly one of the sets can be neighbours.

Our first goal is to prove that {6, : v € V§®"} is a collection of independent events.
We will proceed inductively, as if we can show that for any &/ C V" and any uw € U
that

P<ﬂ6u>:P(0u)P M 6], (2.9)

veld veld\{u}

then it is easy to conclude that
P (ﬂ ev) =] P©).
vel vel
For each i € [N], denote by u(¥ the unique vertex satisfying u ~; u”. Not only is
the orientation of [u, u(")} determined exclusively by the random variables Z* and
7" but neither of these random variables are used in determining the orientation

for any other edges in our graph. Furthermore, as each of these random variables

are independent, we immediately obtain our desired result in |Eq. (2.9)]

Now that {6, : v € V§*"} has been proven to be a collection of independent events,
we know that Zvevﬁrvcn 1y, is a Binomial(QN *1,04) random variable. Moreover,
Oy > Zvevjevven 1y,, so Oy is stochastically larger than a Binomial (2", &) ran-
dom variable. Finally, as any vertex (excluding 0) that is incident to only unoriented

—>
edges is both a PNE and in M?V’O, we have that for any fixed K > 0,

tim P (|Exn MZ°| > K) = 1.

N—oo

]

Recall the definition of a trap from [Definition 1.7, Notice that a trap cannot contain

a PNE as every vertex must be accessible from every other vertex in a trap.

Proof of [Theorem 2.6, As BRDy fails to converge if and only if it enters a trap, it is

enough to prove the stronger result

o0
_>
Z P <a trap exists in ’Hﬁ,) < 00.

N=1
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Figure 2.6: A trap of size 4 (left) and the corresponding subgraph after reversing the
orientation on the edges (right). Notice that, after reversing the edges, there is no way

for the process to enter the cycle from the outside.

In order to obtain this result, we need to investigate how traps behave under orientation
%
reversal. To this end, invert the orientation of "Hﬁ, while leaving the unoriented edges

unchanged to obtain W?\,, and consider the partition
8.0,
_ B0 8,0
Vn = Ly UMY

where f?\;o is the set of all vertices that are accessible from 0 in the oriented graph %]ﬁv
Conversely, all vertices that are not accessible from 0 are contained within /<\_/ljﬁ\;0.

Fix a trap ? C ﬁ]ﬁv, noting that each edge connecting ? to its boundary a? is
either unoriented or points toward 7‘) Let ? be the subgraph in %f\, corresponding to
?. More precisely:

+ v(7) =v(7);
o if [u,v] € ?JBV then [u,v] € ?]ﬁv, and
o if [u,v] € ?Jﬁv then [u,v] € ?]B\,

We call % a reversed trap. All edges connecting 8% and % are either unoriented or
oriented away from % (see |[Fig. 2.6)). Hence, we have the following behaviours:

() it 0 ¢ V(T) then v(T) € M50 or
(ii) if 0 v(%) then v(?) —cee.
To treat (i), we will show that

= —
Z P <a reversed trap ? exists such that V(?) - M’]B\,’0> . (2.10)
N=1
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Notice that any trap (and thus, reverse trap) must have at least four vertices. Moreover,

— —
./\/l’]g\,’0 and M”]BV’O are identically distributed. We can apply |[Lemma 2.10| in this setting.

Due to our restriction on «, we have that

" Llog;l —B)J - Lloggu/lzw/z)J =7

Hence,

o0

<_
Z P (a connected component of at least size 4 exists in M’]B\,’O) < 00,
N=1

which implies [Eq. (2.10)}

We now focus on (ii) and prove that
Z P (??\;0 Is a trap) < 00.
N=1

Since a subgraph is a trap if and only if it contains no PNEs, this is equivalent to showing

that
S P (L3 nEv=0) <o
N=1
To prove this, we will find an upper bound for the terms in the above sum via a union

bound. If we define, for ¢ < /14 a — 1,
Iv=004+a)N =1 +e)N1+a)V?
then we can write
P (??f NEv =0) <P(Ex| <ly)+P ({?]%0 NEx =0} N{[Ex| > ix}).  (211)
By using [Eq. (2.8) we immediately get that
iIP’ ([En| < In) < o0, (2.12)
N=1

so we turn our attention to the remaining probability above.

Let H, be the event in which v is incident to three or more directed edges, and write

P({£3nEx=0} n{Ex| > Ix})
_P({?%“mEsz}ﬂ{IEN| le}ﬂ{ U Hv}) (2.13)

veEN

P ({?@0 NEy = @} A {|Ex| > ix} N { N ]—Lf}) .

veEEN
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The event

{Z@O NEv =0} N{Enl > v} N { g Hv}
veEyn
implies that there exists a PNE in the fragment, say v, that is adjacent to at least three

directed edges. However, owing to v being a PNE, all of these adjacent edges must be

directed towards v, so v must be part of a connected component in the fragment of size

larger than mg. Following the proof for (i) by way of [Lemma 2.10}, we know that

ip({?gv,omENzw}m{yEm le}m{ U H}) < 0. (2.14)

’UGEN

In words,

{7%" NEy = (7)} N{|Ex| > Ix} N { N ch}
vEEN
is the event that every PNE, of which there are at least [y, exists in the fragment and

is adjacent to at most two directed edges. This event implies that there are at least [y
vertices that are adjacent to at most two directed edges, so we have

P ({?ff NEy = @)} N{|Ex| > Iy} m{ N H,,C}) <P (Z 1y, > ZN> . (215)

veEN vEVN

To deal with this final probability, we can employ Markov’s inequality and obtain, for

some u € Vy,

In In

P (Z 1y > lN) < E[>,cvy Ho _ QNP(Hu)'

veEVN

By direct calculation,

N
Pt =3 ()0 - e < KNt
k=0

for some constant K, ,. It follows that

= =\ Ky oN2(20)N
P Ly, >y | <) /2 7 : 2.1
NX:I (Z Hy, 2 N) < szl Iy < 0 (2.16)

veEVN

Combining [Egs. (2.11)} |(2.13)] and |(2.15)] and then using the results from [Eqgs. (2.12)]
[(2.14)| and |(2.16)| finally gives

o0

Se(ene-

N=1

P(|Ex| < ly)+P ({2@0 NEy = (z)} N {Ex| > Ix} N { U Hv}>
+—P’(ﬁ§: 1H5;21N>] < 0.

veEVN
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Multi-action Games with Two Players

This chapter is based on joint work with Andrea Collevecchio and Kais Hamza titled
‘When “Better” is better than “Best”’, and has been published in Operations Research
Letters. We will expand on the best-response dynamics result included in that paper, as
well as provide further clarity for the calculations included in the appendix.

Contrasting to the previous chapter, we now consider games consisting of two players,
each of whom can choose from one of K actions. Again denote by [K] the set of integers
{1, ..., K}; we will also write [k, K] to denote the set of integers {k,k+1,..., K}. As there
are only two players in this model, the set of all action profiles in our game is S := [K]%.
For a action profile s := (s1,s2) € S, the payoff of player i is Z? = Z7"* and we will
assume for each i € {1,2} and s € S that the payoffs are independent and follow a
continuous distribution. Recall that the set of all PNE is denoted E, and that P (I\/Ig))
is the set of all (maximally) profitable deviations available to player i from s. Due to
our assumption that payoffs are drawn independently from a continuous distribution, Mg)
will contain at most one action profile almost surely (and is an empty set if there are no

profitable deviations for player ¢ from s).
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The question we will address in this chapter is: with what likelihood do both bRD
and BRD converge to a PNE?

3.1 Best Response Dynamics

Theorem 3.1. For a two-player, K-action game where payoffs are drawn independently

from a continuous distribution,

1 ™
P (BRD to a PNE) < — + 4/ —.
( converges to a ) < % + e

Proof. For aesthetic purposes, in what follows, we implicitly condition on the event in
which BRD(0) is a best response for exactly one player. If it is instead not a best
response for either player, after one step it will arrive at a best response for the action
which remained constant, and the process behaves as if it were under our implied condition
from then on. Finally, the probability that the starting vertex is a best response for both

players — i.e., a PNE — is 1/K?, and does not influence our final result.

. . >e< . . . . . . .
Y Y Y
° [ o . (4 . >3< . o (3
A A A
Y
o ° ° . . . . . : >0«
. . . . . >e< . o o L]

° ° . .

° ° . .
>6< ° . .

L >0« L] L]

° ° . .

Y

& o . o >9< . . . . L]

Figure 3.1: Two BRD paths, one enters a trap (peach), the other reaches a PNE (maroon).

First we note that, because the payoffs follow a continuous distribution, with proba-
bility one there exists exactly one best response for each action either player chooses. It
follows that BRD is trapped if and only if it visits a row or column it has visited previ-
ously. Moreover, BRD can only visit at most two action profiles along any given row or
column: the action profile from which it enters a row or column; and the corresponding
best response. As such, the maximum number of steps BRD can make before revisiting a
row or column is at most 2K — 2. Hence, BRD is trapped if and only if it has not reached

a PNE by this time.
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Due to the fact that there is exactly one best response for each action, BRD must
alternate moving along rows or columns at each step (see for an example of
this behaviour). It follows that, at time ¢, BRD must avoid [t/2] rows or columns. As
each step is to a best response, each new action profile that BRD reaches is a PNE with
probability 1/K. Letting R(¢) be the set of all action profiles in the rows and columns
that BRD has visited by time ¢, we have

P (BRD(t + 1) € E)
K—1-1t/2] 1

=P (BRD(f) € ) + P (BRD(t) ¢ EUR(t — 1)) =~ .

(3.1)

In order for BRD to not be in a trap or a PNE by time ¢ 4 1, it must: not be in a trap or
PNE at time t; avoid all previously visited rows and columns; and not step to a PNE. It
follows that

K—1-[t/2] K -1

P (BRD(t +1) ¢ EUR(t)) = P(BRD(t) ¢ EUR(t — 1)) ——— %

(3.2)

Applying [Egs. (3.1)] and |(3.2) repeatedly, we obtain

P (BRD converges to a PNE)
=P (BRD(2K —2) € E)

— P(BRD(1) € E)

+P(BRD(1) ¢ EUR(0 ( _12§:3ﬁK—1— LJ/2J>

t=1 j=1

2K-3 t

K—l— 2
ZH ]/J

t=1 j=1

To find an upper bound for the above sum, we make use of the inequality e* > 1+ x,

giving

Z HK—l— /2] _ Zexp (__Z J/2J) <2Zexp(_ﬁ)

t=1 j=1

Finally, we can bound this quantity above by making use of a Riemann sum:

K-2

1 t2 ee 2 \/Kﬂ'

VK ——exp <——> gvK/ e dr = .
tzl VK K 0 2

This in turn yields

1 T
P (BRD toa PNE) < — —.
( converges to a ) < © TV E
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The computations to find a lower bound are quite involved, and exponential inequal-
ities like the one used above are only able to achieve loose lower bounds. Fortunately,
Pangallo et al. [36] were able to prove a lower bound for this probability which is also

asymptotically y/7/K using different methods.

3.2 Better Response Dynamics

While there are clear-cut conditions that indicate when BRD has entered a trap, that
luxury unfortunately does not extend to the domain of bRD. To determine when a bRD
has entered a trap based solely on its past, it must exhaust all movement options from
every action profile in the suspected trap. This definition of a trap is unwieldy at best,
so we require a different approach to address the question of convergence for bRD. Our

main goal in this section is to prove that
P(bRD converges to a PNE) =1 —e ™' + dg (3.3)

where the sequence df is non-negative and dx = O (1/K). Powers |38] proved that, in a
strictly ordinal normal-form game with i.i.d. payoffs, when the number of actions of both
players is sent to infinity, the number of PNE present in the game approaches a Poisson(1)

distribution. This, in conjunction with our result, gives that

P (bRD converges to a PNE | Ex # @) =1 —o(1).

3.2.1 Combinatorial bounds

For the vector ¢ = (¢, ..., cx), we set {(c) = Zle c,. For intuitive purposes, consider ¢
to be the vector describing the number of action profiles in each column belonging to a

given trap; ¢(c) is then the number of vertices in said trap.

Proposition 3.2. Let m € [K]. For fized c € [0, m],

K
[T (K = co)! < () ml (K — pylae)/m] geyseLeter/m),

i=1
Proof. Fix indices j, k such that ¢; > ¢, > 1 and define ¢ € [0,m|X by ¢; = ¢; + 1,
Gk =c,— 1,and ¢ = ¢ for all [ ¢ {j,k}. We have that
K

[l _ o+ D0 (1)

= 1.
(K —c)! (K —¢;) ~

i=1
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Hence, moving weight from a column to one with equal or larger weight increases the
desired value. If each column has an upper bound of m and a lower bound of 0, then this
weight-shifting device leads to an optimized ¢ made up of 0’s, [£(¢)/m]| m’s and possibly
one column in (0,m). Since (K — ¢)l¢! < K! for all ¢ € [K], the “remainder” column can

be bounded by K!. The result follows. O

Proposition 3.3. Let j € [K]. For fized ¢ € [0, K™ with ((c) < K and ezactly j nonzero
elements,

H WK —e) < (Ule) —j+ DK — () +j —1)(K — 1)V L1,

=1

Proof. As with [Proposition 3.2 we know that the maximal value for this product is

obtained when we can no longer shift weight from a smaller column to a larger column. If
{(c) < K and j elements of ¢ are nonzero, then this arrangement is obtained when j — 1

elements of ¢ are 1 and there is a unique element equal to ¢(c) — (j — 1). O

Proposition 3.4. Fiz m € [K]. For any c € [0, m]"¥ with {(c) < K,

70”) mn e
E> <(%) "

Proof. Fix indices j, k such that ¢; > ¢, > 1, and define ¢ € [0, m]® as in the proof of

[Proposition 3.2l We have that

@) (K =) K = &) m—c)l(m—c)!  (m—c;)(K —c,+1)

el (16 C(m =)l (m =) (K —c)((K —ck)!  (m—cp+1)(K —¢;)

As the function z/(z + n) increases in x for any n > 0, the ratio above is less than 1.
Hence, moving weight from one column to another with equal or larger weight decreases
the product in question, and the maximum value is obtained when all columns have equal
weighting. As ¢(c) < K, this means that ¢(c) elements of ¢ have a value of 1, and all

other elements are 0. O

3.2.2 Convergence of better response dynamics

We return our focus to the main task at hand. For a bRD-trap 7, denote by R(7) (resp.
C(7)) the K-dimensional vector whose j-th entry is the number of action profiles in 7

for which the first player (resp. second player) may choose action j. The length of a
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trap is the number of action profiles that it contains. We denote by T,, the collection of

bRD-traps of length n; further, let T = UnK; T,. For action ¢ € [K], let
M, ., = {k: Zé’k is among the largest u payoffs in row i},

and define A7 = J, ; ﬂkeMi‘KU{Z;’k > 77}, In words, A7 is the event in which there
exists two rows, ¢ and j, such that the K7 action profiles in ¢+ with the largest payoffs are
all profitable deviations from their neighbouring profiles in j.

)"

Lemma 3.5. Fiz a parameter o € (0,1). We have P(A]) < K2(3

Proof. A union bound allows us to compare two fixed distinct rows, say ¢ and j, which
gives rise to the K? factor. For the remaining part of the upper bound, notice that for

fixed k € [K], the events {Z2" > ZJ*}, for k € M, k-, are independent and share the
same probability of 1/2. O

Instead of proving [Eq. (3.3), we will aim to instead prove a stronger result, that traps
only exist for finitely many K. Clearly, the nonexistence of traps implies that bRD will

converge. Set Jyx := {Ex # @}, i.e., the event in which no PNE exists, and let Jx be its

complement. We have
P(bRD does not converge to a PNE) < P({T # @} N Jk) +P(Jk ).

It thus suffices to prove the following theorem.

Theorem 3.6. For any a € (0,1), we have that there exists a positive constant, denoted
by cnst, such that for all large enough K,

Ke/2
PH{T # 2} N Jg) < cnst K372 + K? <§> + K7K°,

Proof. In what follows, cnst denotes a generic constant that may change from line to line.

We have that

K2 K] K2
P({UTHA@}mJK>§P UT.#e|+P U To#opnic]. (34)

n=4 n=4 n=|K*|+1

For a given subset of action profiles V, let F(V) be the projection of V on the second
coordinate (i.e., i € F(V) if and only if V contains action profiles from the i*" row).
Observe that for V to be a trap, in every row and column intersecting with V, there must

not exist action profiles that are better responses than those in V. If there are v vertices
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of V in a given row or column, the probability that these v vertices attain the highest v
payoffs is (1@( ) Moreover, this event is independent from the payoffs in every other row

and column. Hence, if V has length n, then

vera= ({1 ()

The inequality arises from the fact that certain orderings may not produce a trap, e.g., a
row and column may have their best responses on the same action profile, resulting in a
PNE.

Recall that ¢(c) represents the number of vertices in a vertex set represented by the

vector ¢. To bound the first term in [Eq. (3.4), we apply a union bound:

LKQJ LKO‘J n—2
Pl JT.#2]| < P(3V C [K]?:V € T, [F(V)| =)
n=4 n=4 j=2
[K£] n—2
K 1
< (.) > > e
n=4 j=2 j 'I’E[[LK]K: VC[j]K: Hi:l (RZIFV)) (CZI((V))

£(r)=n,max(r;)<j R(V)=r,F(V)=[j]

(K] n—2
K 1 1
/ re[0,K]": Hi:l (7") vclg¥: 5:1 (c )
£(r)=n,max(r;)<j R(V)=r,F(V)=[j]

We use [Proposition 3.3 to obtain the upper bound

J
H(K — GV < (U(C(V)) —j+ DK —£(C(V)) +5 — DK — 1)V,
i=1
Moreover, for a given vector r with each element being at most j, there are Hfil ( j) sets

of action profiles V satisfying R(V) = r. This gives

(K] [K*] n—2 . . K (]
(K—=n+j—Dl(n—7j+1) ()
R D S e D It
n=1 n=4 j=2 TG[O,K]K: i=1 \r;

L(r)=n,max(r;)<j

[Proposition 3.4| allows us to bound the product above, and a loose bound for the number

of vectors 7 with £(r) = nis ("*5'). Hence,
LK) LK) n—2 . : N
(K—n+j-—Dn—g+ ) (n+K-1 J
P U1 T, 42| < z; ) R TI ) " =) . 35
n—= n= 1=

We will use Stirling’s approximation to upper bound this sum. To this end, let ¢(x) =

2% = ™) after using the approximation the term inside the sum becomes
(K—n+j—-1n—j+1)n+K-1)¢(K—n+j—1)opn—j+1p(n+ K —1)
2mj (K — j)K(n —1) KEamti=1jing(K — j)é(n — 1)
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Now, let
d(K—n+j—1)pn—j+1p(n+ K —1)
REem 15200 — J)o{n — 1)

Differentiating with respect to n yields

G(K,n,j) =

oG

S0, = ()

m—j+1)(n+K—-1)j
(K—n+j—-1)(n-1)K)’
and as j+2 <n < | K%|, it is easily seen that, for large enough K, G is decreasing in n,

SO
‘ , _ 2TH(K — 3)o(j + k +1)53
G0, .) < G +2.0) = e ey

With a minor rearrangement, and using the bound (1 + a/x)*** < exp(a + a?/x), we see

that
oK — ) KR
—— ~ < cnst — — ~.
KI¢(j + 1)o(K —j) (+ 1)~ o(K =)
Let H(K,j) =In(G(K,j + 2,7)); differentiating with respect to j gives
JO+U)< 2

K—j )~ j+1

G(K,j+2,j) < cnst

oOH 2
<K,j>=.——ln(j+1+ (4 1)

8_j Jj+1
which is negative for j > 2. Hence, H is decreasing and is thus maximised at j = 2; it
immediately follows that G(K,j + 2, ) < cnst K—3. Turning our attention to the square
root term that arises from Stirling’s approximation, we can see that

(K—n+j—-1)n—-j5j+1)n+ K —-1)

J(K = j)K(n—1)
:(K—n+j—1)(n—j+1) (K—n+j—1)(n—-j5+1)

JE =K J(E = j)(n—1)
cn—j+h) (K-n+tj-1)
J(K =) J(K =17)
-
G =35~

so the entire summand is upper bounded by cnst K—3. Hence, for large enough K,

LK LK) n—2

Pl Tu#o| <
n=1

cnst
K3

< cnst K32, (3.6)

[l
W~
I|
[\

n=4 j

To bound the remaining term in [Eq. (3.4), we make use of the fact that for a trap 7
to be larger than K¢, either: there must exist a row r or a column ¢ containing at least
K%/ action profiles of 7; or no such row/column exists and the trap spans more than

K°/? rows and columns. These events will be denoted as A; and A, respectively. Note

that any action profile neighbouring a PNE cannot be part of a trap; hence, if s and ¢t are
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such that s ~; t, s neighbours a PNE, and ¢ is in a trap, then Z# < Z!. Under event A,
we can find at least K®/? such pairs of action profiles: t chosen from row r and s chosen
from any row containing a PNE. Hence, we are in the framework of [Lemma 3.5 and by
a union bound on rows and columns we have

K2 1 Ko/2
P U Tu#opniknA | <2K? (5) : (3.7)
n=|K|+1

We turn our attention to event A,. By taking a union bound over all trap sizes larger

than K¢, and applying |Proposition 3.2, we get

K2
P U T.#opnikna Z Z G Hcl ¢)!
n=|K*|+1 n—LKaJ V:|V|=n Hz 1 Z(V =1

(K — |K5])! )Ln/LK"”JJK!K— [/ 222 ]
?; KD TS, (o)

(3.8)

For any = € [0, K]* with ¢(r) = n, there are [ (K ) action profile sets V of size n which

satisfy R(V) = r; moreover, there are ("J“f(( ") such vectors. Hence the right hand side of

becomes o o]
3 (n +§ - 1) (LKI;ZJ) . (3.9)

n=|K|
With some careful manipulation of the many floor functions present and by making use

of the bound

we can see that

—|n/| Ko/2
n + K—-1 K |~ /L JJ < n -+ K -1 K(l—a/2)(KQ/Q—I)(I—nK_a/Q)'
K | K2 ] = K

Denote by G(K,n) the rightmost side of the above equation; for large enough values of

K, this function is decreasing in n, since

G(K,n+1) _ (1 + 5) F—(—a/2)(K/2 1)Ko/
n

G(K.n)
K*C!/Q ]_ ].
S K (Kl—a/2 + Ka/2> <1
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By Stirling’s approximation and the above result,

f (n +[I§ - 1) (LK;;ZJ)L"/LK“”JJ

n=|K|
K2
< Y G(K K*-1)

n=| K]

< cnst K* Ko+ K —-2¢(K* + K —2) F(1-a/2) (K2 =1)(1-K*/2—K~2/?)
B K(K* =2) ¢(K)p(K* - 2)

- K +K ) a/2_ a/2_ a/2
cnst K2~o/4 il J(1—a/2)(K D(1-K K—o/2)
P(K)p(K~ —2)

<

< KPRS

for any choice of 8 < a/2. This result, in conjunction with [Eqgs. (3.4)} [(3.6) and |(3.7)]

concludes the proof. O

Remark. Notice that the upper bound gives a better rate when o gets closer

to zero. A “best rate” in the upper bound is never achieved.
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Multi-action Games with Ties

The preceding two chapters present a pleasant duality in the structures of games that they
address while still offering interesting differences in the hurdles they encounter. However,
they also leave some obvious holes in the content explored, and this thesis would not be
complete without at least beginning to address them.

Before we explore these new games, we can reduce our workload by noticing the
following: if a bRD-trap exists, then so too does a BRD-trap. This fact is very easy to
see—the BRD-trap in question is simply a subset of maximal payoff strategies in the bRD-
trap. Thus, BRD traces out a path contained entirely within the bRD-trap, and since no
PNE exist in the bRD-trap, this path must too be a trap. See[Fig. 4.1]for a depiction of this
behaviour. Because most of our convergence results will instead be stated in terms of the
existence (or nonexistence) of traps, we can now just show that, for example, BRD-traps
do not exist and immediately get that bRD-traps also do not exist.

In this thesis, we only deal with normal-form representations of games. For any two
strategies s and t with s ~; ¢, player ¢ either prefers s to t, prefers ¢ to s, or (in the case

of a tie in payoffs) is indifferent to the two. This behaviour is invariant to any strictly
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Figure 4.1: Graphical representations of bRD (left) and BRD (right) with the same
payoffs. The bRD-trap strategies are depicted in peach, while BRD-trap strategies are

depicted in maroon.

increasing transformations applied to the payoffs, but also implies that regardless of the
underlying payoff distribution, whenever we are only comparing two payoffs at a time,
the behaviour of the set of PNEs remains the same given the probability of ties between
payoffs remains constant. In Chapter 2, this allowed us to only consider the probability
of ties between payoff distributions, and disregard the underlying distribution governing
these payoffs. Conversely, in Chapter 3, as we strictly concerned ourselves with continuous
i.i.d. payoff distributions, we always had symmetry in our dependent payoffs allowing an
even stronger abstraction than we use in Chapter 2.

Complications arise when we introduce atoms into the payoffs of a game with more
than two actions and consider BRD on this game. A significant reason that calculations
are simplified in the two-action model is that the direction of edges is calculated using
only two payoffs. If we consider two games in which the payoffs are distributed following
either a geometric distribution with mean 3/2 or a Bernoulli distribution with parameter
1/2, the probability of ties in both cases is 1/2. When we change the model to consider
K actions and we try to calculate the probability of the top two payoffs being tied, things
change considerably. For the aforementioned Bernoulli distribution, to not have a tie we
need exactly one player to have a payoff of 1, and every other player to have a payoff
of 0, giving a probability of 1/2% so immediately we see that the probability of a tie is
a function of the number of actions. The geometric distribution on the other hand has

probability of no ties given by the expression

[e.9]

Interestingly, not only does this sum not have a closed form expression, but it also fails

to converge |19].
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This section will explicitly look at two-player, K-action games. Continuing with the
notation from Chapter 3, we will denote by Z a generic independent copy of the payoff
random variables. We will also introduce Fyz(z) = P(Z < z), as well as fz(z) = FJ(z)
wherever Fy is differentiable. Finally, define z,, := inf{z : Fz(z) = 1} and f, :=
P(Z = z)-

4.1 Continuity at the Top

We will first prove that the limiting distribution of the number of PNEs in this setting is

Poisson with mean 1. In order to do this, we need the following lemma.

Lemma 4.1 (Arratia, Goldstein, and Gordon [5]). For some index set I and eachn € I,
let X,, ~ Bernoulli(p,,) where p, = P (X,, = 1), and define X = _; X,, with A = E [X].
Furthermore, for eachn € I, define B, C I such that, for allm € I\B,,, X,, is independent
of all X,,. Finally, set

by = Z Z DmPn and by 1= Z Z E [ X, X,].

nel meBy, nel meBy\{n}

Then, letting L (-) denote the law of a random variable and recalling |[Definition 2.1,

2by +bo)(1 =)

prv(L(X) — L (Poisson()))) < 3

Remark. The requirement that all random variables outside of B,, need to be independent
of X, is not necessary, and Arratia, Goldstein, and Gordon [5] relax this requirement in
the original result statement. We do not need this generalisation however, and it has been

omitted for brevity.

Theorem 4.2. Let € > 0 such that the distribution of Z is continuous for all z € (200 —

£, 2c0). Then the limiting distribution of the number of PNEs is Poisson(1).

Proof. Let q be such that 1 — g = Fz(z5 — €), define

Q1= {Vt, € [K],3ty € [K] : Z}'"* > 2z, — ¢},

Q2 = {\V/tg S [K],Htl S [K] : Z;m > Zoo —E},

and let ) = Q1N Q5. Note that when conditioning on (), by symmetry every action profile

has probability 1/K? of being a PNE as we cannot observe ties. Moreover, neighbouring
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vertices cannot both be PNEs. Hence,

P(s €E) <P(s € E| Q) +P(Q) < 73 +2K(1 ), -
P(s€EtcE)<P(sc€EtcE|Q)+P(Q°)<2K(1-q".

We can also see that P (s € E) > 1/K? by symmetry: if the maximal payoff in Ni(s) is
unique, s achieves that maximal payoff with probability 1/K; otherwise if a tie exists,
this probability increases. As this is the same when we consider No(s) and the two events

are independent, we obtain our lower bound.

We can now use with index set S, X = Lyscgy and B, = N(s) U {s}. We

can upper bound b; and by as
1 2
b < K*(2K — 1) <ﬁ +2K(1 - q)K) :
by < K*(2K —2)2K(1 — ¢)*.

Hence,

prv (L (|E]) — £ (Poisson(K*P (s € E)))) < % + 4K3¢5

Since P(s € E) > 1/K?, we can use a more general version of an upper bound on the

total variation distance between two Poisson random variables by Adell and Jodrd |1, Eq.

2.2] in conjunction with and get
,oTV(E (Poisson(KQ]P’ (s € E))) —L (Poisson(l))) < K’P(s € E) — 1 < 2K?%¢".
Finally, by the triangular inequality,

prv(L (|E|) — £ (Poisson(1)))
< prv (L ([E]) — £ (Poisson(K*P (s € E))))
+ prv (L (Poisson(K2IP’ (s € E))) - L (POiSSOH(l)))

E 3 2\ K
§K+(4K +2K%)¢".

4.2 Atom at the Top

In this section we consider when the payoff distribution has a positive probability of achiev-

ing the maximum. Recall the definition of the Kolmogorov distance from [Definition 2.13],

and that ® denotes the standard normal distribution function.
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Theorem 4.3. If f, > 0 then the following hold.
(a) Both BRD and bRD fail to converge to a PNE only finitely often.

or a € N and for some constant ependent only on feo,
b) For all K € N and Cy. d d [

B - K2 c,.
K(\/Kfoo(l—on)’q)) T AR

Proof. We begin with part (a). For action profile s € S and for i € {1, 2}, let Q°(s) be

the number of action profiles ¢ € N;(s) with payoff vector (zs, 25 ). Clearly,

P(QF(s) +QX(s) = 0) = (1— f2)"

If an action profile has payoff (2., 200 ), it must necessarily be a PNE. Moreover, if an
action profile is adjacent to a PNE, it cannot be part of a trap. We can upper bound the

probability that there exists an action profile that is not adjacent to a PNE by

(U{@ +@2<>—0}><K2( N

s€S
Hence by the first Borel-Cantelli Lemma, both bRD-traps and BRD-traps exist finitely
often, so they can only fail to converge to a PNE finitely often.
Moving our attention to part (b), we will define Q> to be the number of action
profiles with payoff vector (2., 24). Because action profiles achieve this payoff vector

independently of each other, Q> follows a Binomial(K?, f2) distribution. Clearly,

R(|E|,QOO):/-€< ‘E‘_K2fgo QOO_K2f30 )

VE 21— f2) VK2 21— f2)

and then by the triangular inequality,

B - K2 ) 00— K2
(x/KQfQ f&)’@)“('E"Q ”"(M?f&(l—f&)’q))' 42)

Since the indicator function of the event in which an action profile has payoff vector

(200, Zoo) 18 @ Bernoulli random variable with parameter f2 | we can view Q> — K2 f2 as

the sum of K? zero-mean random variables. We can then use the Berry-Esseen Theorem

Qoo K2f2 Cfoo
(x/KQfQ f&)’q)) =K 4

to obtain

for some constant Cf__.
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If an action profile has payoff vector (24, 25 ) then it is a PNE, so
P(E|<2) <P(Q* <1).

Let H be the event in which there exists a PNE in the game that does not have payoff
vector (Zeo, 200). For such a PNE to exist, we also need a row or column to exist along

which no action profile attains a payoff of z,,. Hence,
Finally, conditional on H¢, we know that |E| = Q>°, so we can write

P(E|<z)=P{|E| <x}NH)+P{|E| <z} N H)

{Q>* <z} N HY)

Vv
'ﬁ'ﬁ'ﬁ'ﬁ

v

(
(
(Q* <x)—P(H)
(Q* <) —2K(1 - fx)®

Therefore,

KB, Q%) < 2K (1 — fx)",

and in conjunction with [Egs. (4.2) and |(4.3)], we obtain our desired result. O

4.3 Infinite Sequence of Atoms

The final type of payoff distribution we will investigate is those with an infinite sequence
of atoms at the top of the distribution (e.g., Poisson and geometric). We will assume our
payoff distribution has support NU {0}; let f, = P(Z =n) and F,, = P(Z <n). Note
that f,, = 0.

The difficulty in working with these distributions lies in the probability of the maximal
sample from K observations not being unique, i.e., a tie exists at the top of our sample.
Letting T be the event in which we observe a tie at the top of a sample of size K, we

can easily see that

1-P(Tx) = innHFf‘l. (4.4)

Interestingly, the behaviour of this series varies wildly based on the rate at which the

distribution decays to 0. To describe this behaviour, we need the following definition.
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Definition 4.4. For a sequence (a,)nen to converge in logarithmic mean to some value

[, we require

m
P
m—00 ln n N

lim
n:l
In this case, we write a,, —g (.

In some sense, convergence in logarithmic mean to [ is akin to converging “on average”
to [. The following lemma is a collection of several results from Eisenberg, Stengle, and

Strang [19] that details these differences.
Lemma 4.5 (Eisenberg, Stengle, and Strang [19]).
a) If fi1/f; =q (i.e., Z ~ Geometric(1 — q)) then the following hold.

(1) img o P (Tk) does not exist, but

l—q

1-— P(TK) _>log n (1/q)

(i) Fizz € R. If K(m) = |¢" ™| then

nliirgol —IP(TK( (1—9q) Z q- eXp ) =: L,(x).

t=—00
L, is non-constant, infinitely differentiable, and I1-periodic in x. Moreover,

there exist x,y € [0, 1] such that

b) [f fj-l—l/fj — 1 then th_mo]P’(TK) =0.
¢) If fi+1/f; — 0 then limsupg_, P (Tk) =1 but liminfx ,( o P(Tx) =1—¢*

These results suggest some interesting behaviours in our games. Firstly, in regards to

geometric payoffs, we obtain the following result.

Corollary 4.6. Consider a sequence of games (I'x)x>o with payoffs distributed as a

Geometric(l — q) random variable.

(i) limg o E[|Ek]|] does not exist, but

E [|Ex[) —1og (ﬁy
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(i) Fizx € R. If K(m) = |¢~™*®)| then

i B [[xcf] = (447

m—o0 q

(i11) There exist x,y € [0, 1] such that

1—gq 2
i B o < (s ) < m 2 [
where F(m) = Lq*(m”)J and K(m) = Lq*(ery)J‘

Proof. Observe that

E[Ex| = (Z ful )

< K(1—q)q (l—q”H) )
1,

— (1= P (Tx))

Q

The results immediately follow. O]

It is possible to numerically solve for when L,(x) attains a maximum or minimum
(see for the behaviour of L,(x) over a single period). Hence, we can choose a
subsequence of games to ensure a higher or lower expected number of PNE than if we
were to simply observe the entire sequence as a whole. also seems to suggest that
if the maximum of L, occurs at x, the minimum occurs at = 4+ 1/2. It follows that if we
simulated a game and obtained an average number of PNEs less than (1 — ¢)/In(1/q),
we could in fact reduce the number of actions by a factor of ¢~/? and the resulting game
would have a higher expected number of PNEs while also being computationally much
more efficient. Finally, the amplitude of the oscillations L, exhibits drastically decreases
as ¢ increases. It follows that for particularly small ¢, this optimisation technique may
result in much larger increases (or decreases) in expected PNEs while also significantly
cutting down the required computation time.

See for simulation results regarding average number of PNEs for various values
of ¢. Note that ((1 — ¢)/(¢qIn(1/g))? is roughly 16.98, 2.08 and 1.11 for ¢ at 0.1, 0.5 and 0.9
respectively, which seems to match the midpoints in each of the respective line plots. For
large values of ¢, we know from Eisenberg, Stengle, and Strang [19] that the magnitude

of oscillations is remarkably small. But for ¢ small, these oscillations become increasingly

49



7=0.15 7=0.30

0.47
0.5830

0.46 0.5825

0.5820

T 045 = 05815
IS ~
05810
0.44
0.5805

0.43 0.5800

0.5795
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.2: Behaviour of the function L, over [0, 1].

large. This behaviour can be seen in these plots; for the plots corresponding to ¢ = 0.5
and ¢ = 0.9, we see roughly constant expected value, whereas ¢ = 0.1 displays the
oscillatory behaviour predicts. Moreover, the period of oscillation seems to
be multiplicatively increasing, which aligns with how predicts the minimal
and maximal subsequences should be constructed.

A nice parallel to is the following result.

Proposition 4.7. Consider a game with K actions and payoff distribution satisfying

Jo/fns1 < c. Then E|E|] < .

Proof. This proof is inspired by Eisenberg, Stengle, and Strang |19, Lemma 2]. Begin by

writing

E[|E] = (ZKanfl) :

We turn our attention to the sum inside the brackets. By our assumption, f, < c¢f,i1.

We can then substitute f,11 = F,,.1 — F,, and get
S K{FSTT<eY Kfuu B =¢) K(F — F)FS
n=0 n=0 n=0
This last sum is a lower Riemann sum for fol Kaf~1dx, so
¢Y K(Fy—F)FS ! <c
n=0

and the result immediately follows. O

Remark. From [Lemma 4.5 distributions satisfying the assumption in [Proposition 4.7]

(distributions with tails at least as heavy as a geometric distribution) also have that
limsupy_, . P (Tk) is bounded away from 1. In other words, there exists no subsequence

of games such that the probability of ties converges to 1.
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Figure 4.3: Average number of PNEs in 1500 simulations of games with geometrically

distributed payoffs of parameter 1 — q.

An example of a heavy-tailed discrete distribution is the distribution of the form

1 1
Ph=9=0"Grp

for v > 0. We refer to this as the discretised Pareto distribution. [Figs. 4.4al and 4.4b|show

simulation results for when payoffs follow a discretised Pareto distribution and a Poisson

distribution with varying parameters, respectively. The number of PNEs when payoffs

follow a discretised Pareto distribution are bounded as predicted by |Proposition 4.7 while

they appear unbounded when the payoffs follow a Poisson distribution, and look to grow
logarithmically.

The discretised Pareto plot suggests a stronger result than just a bounded number of
PNEs however. If BRD remains untrapped, it means it must visit a new row or column
at every step. It stands to reason that if the probability of ties is sufficiently small, BRD
may fail to encounter a tie and simply behave as if the distributions were continuous.
Moreover, if ties exist finitely often for sufficiently heavy-tailed distributions, choosing
a large enough K will result in games that behave identically to those with continuous

payoffs.
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Conclusions

5.1 Summary

This thesis has explored the frequency with which PNEs exist in various types of random
games. We have also investigated the difference between BRD and bRD, and identified
situations in which each should be the preferred choice of iterative procedure to locate
PNEs.

Chapter 2 focused on games in which N players could pick from two actions. A
key extension in this model to the standard literature was allowing the existence of ties
between payoffs. Graphically, this game could be represented as a hypercube where
every edge was directed (or in the case of a tie, undirected) independently of every other
edge. Owing to this, we were able to introduce a percolation model that would help
answer questions about which action profiles were accessible by BRD. We were able to
prove a central limit theorem result concerning the number of PNEs in the game, as
well as the fact that the number of PNEs grows geometrically as the number of players

increases. Furthermore, we showed that regarding the number of PNEs inaccessible by
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BRD, there exists a phase transition in the probability of ties in payoffs: when ties occur
with probability less than 1/2, PNEs are accessible by BRD in large games; when the
probability of ties is 1/2, inaccessible PNEs occur with positive probability; and when ties
occur with probability greater than 1/2, the number of inaccessible PNEs is unbounded.
Finally, we showed that traps, the structures that prevent BRD from reaching a PNE,
fail to exist in large games when the probability of ties is less than 23/4 — 1.

Chapter 3 focused on games in which two players could choose from K actions. Graph-
ically, we were instead investigating games on a grid (in which each row and column is a
complete graph of K vertices) rather than a hypercube. As the edges on this grid were
no longer independently oriented, we had to discard the independent bond percolation
approach. The first key result in this chapter was identifying that BRD fails to converge
to a PNE as the number of actions grows, and was obtained via analysing the path of
BRD in these games. We then showed that, in the presence of PNEs, structures that can
trap bRD fail to exist in games with a large number of actions.

Finally, Chapter 4 extended the models we looked at in Chapter 3 to include a positive
probability of ties occurring between payoffs. Initially, this was just a natural extension
of the model in Chapter 3 when considered in context with the model from Chapter 2,
but this simple tweak gave rise to a very interesting problem with unintuitive conclusions.
The first section investigated payoff distributions that were continuous at the top of the
support, and showed that the behaviour of the set of PNEs is the same as the case in which
the entire distribution is continuous. The second section addressed payoff distributions
with an achievable upper bound. In this context, both bRD and BRD converge to a
PNE for large enough games. Moreover, we were able to show a central limit theorem
result for the number of PNEs in these games. To conclude, we also investigated when the
payoff distribution consisted of an infinite sequence of atoms and the support did not have
a maximum, such as a geometric or Poisson distribution. Thanks to the contributions
made by Eisenberg, Stengle, and Strang [19], under these assumptions we showed that
the number of PNEs is bounded for distributions with sufficiently heavy tails. Moreover,
specifically for geomterically distributed payoffs, we showed that the number of PNEs fails
to converge, and that there exist subsequences of games that maximise and minimise the

number of expected PNEs.
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5.2 Current and Future Work

Describing the existence of PNEs and methods of finding them are both significant topics
in the fields of game theory and economics. The 2023 Sveriges Riksbank Prize in Economic
Sciences in Memory of Alfred Nobel was awarded to Ben Bernanke, Douglas Diamond
and Philip Dybvig for improving our understanding of the role banks play in society,
especially in the context of financial crises. Diamond and Dybvig specifically used PNEs
to describe how the behaviour of bank customers varies between ordinary circumstances
and in a situation in which a bank run is feared [13]. Being able to locate these PNEs
in complex games with certainty, as well as knowing under what circumstances they
exist, may uncover further meaning in the Diamond-Dybvig model and help us further
understand financial instability in the future.

Currently, describing the existence of and locating PNEs is an active research topic.
One such line of investigation by Mimun, Quattropani, and Scarsini [32] studies two-
player, multi-action games when, for a given action profile, player 2 has probability p of
attaining the same payoff as player 1. This model begins to bridge the gap between the
games we have investigated in this thesis and random potential games. Another recent
body of work by Pangallo et al. [36] extends into the realm of multi-player, multi-action
games with no ties. However, instead of just looking at BRD as we have here, they
analyse how different playing sequences impact convergence results. Specifically, they
look at random playing sequences (our model), fixed cyclic order playing sequences, and

even letting all players update their action at the same time.

5.2.1 Increasing the Number of Actions or Players

The most natural extensions from this thesis are investigating multi-player games with
three or more actions, or multi-action games with three or more players with positive
probability of ties. As soon as we introduce this generalisation to our games however, the

bulk of the approaches we used in previous chapters become effectively useless:

e In the case of three-player, K-action games, we can no longer rely on independent
bond percolation to obtain results, as the directed edges in the graph lose indepen-

dence.

e In the case of three-action, N-player games, the BRD is no longer deterministic

once the game is realised, so we cannot explicitly calculate the path probabilities.
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5.2.2 Beyond Better and Best

So far we have only looked at two search algorithms to find PNEs in our games. Accord-
ingly, BRD chooses out of only the best adjacent payoffs and moves to the corresponding
action profile, while bRD picks from any payoff that yields an improvement and moves
to that action profile. In Chapter 3, we saw that in two-player, K-action games with
continuous payoffs, BRD fails to converge to a PNE whereas bRD will find them. An
interesting line of inquisition is to investigate how we can relax the rules BRD follows (or
tighten them for bRD) such that it successfully locates PNE in these games. For exam-
ple, we could investigate a response process that could change action to achieve either the
highest or second-highest payoff, and investigate the existence of traps in this setting.
An avenue that has remained unaddressed in this thesis is the question of speed of
convergence. What is the expected number of steps required for either BRD, bRD or some
other iterative process to reach a PNE? We can actually adapt the proof of
to show that BRD has an expected path length of v/ K before it either reaches a PNE
or enters a trap. Results on BRD convergence speed in the two-player game, as well
as bRD convergence in any of our settings, would nicely complement the probability of

convergence results detailed in this thesis.

5.2.3 Optimal Subsequences of Games

We have only scratched the surface of the games detailed in Chapter 4.3. The ramifications
of subsequences of games achieving a higher expected number of PNEs have yet to be
explored, and is an exciting avenue of research from a practical standpoint. Moreover,
we predict there exist multiple phase transitions with respect to game behaviour in how
quickly payoff distributions decay to 0. For sufficiently fast decay, we predict that games
will exhibit the same behaviour that we see in finite payoff distributions. For sufficiently
slow decay, we expect them to behave more like games with continuous payoffs. We also
do not think that games with geometrically distributed payoffs are the only class of games
that fail to converge in some sense to either of these extremes, as suggested by [Fig. 4.4a]
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