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Forecast Linear Augmented Projection
(FLAP): A free lunch to reduce forecast
error variance

Abstract

We propose a novel forecast linear augmented projection (FLAP) method that can reduce the forecast

error variance of any multivariate forecast. The method first constructs new component series which

are linear combinations of the original series. Forecasts are then generated for both the original and

component series. Finally, the full vector of forecasts is projected onto a linear subspace where the

constraints implied by the combination weights hold. We show that the projection using the original

forecast error covariance matrix will result in improved forecasts. Notably, the new forecast error

variance of each series is non-increasing with the number of components, and mild conditions are

established for which it is strictly decreasing. It is also shown that the proposed method achieves

maximum forecast error variance reduction among linear projection methods. We demonstrate

our proposed method with an estimated covariance matrix using simulations and two empirical

applications based on Australian tourism and FRED-MD data. In all cases, forecasts are improved.

Notably, using FLAP with Principal Component Analysis (PCA) to construct the new series leads to

substantial forecast error variance reduction.

1 Introduction

We will show that any multivariate forecasting method can be improved through a post-processing

framework involving linear combinations of the original series. We call this FLAP: Forecast Linear

Augmented Projection. This has immediate implications for multivariate forecasting in all disciplines

including macroeconomics (Carriero et al. 2019) and finance (Tsay 2013).

Our FLAP post-processing framework: (i) augments the data by constructing new series that are linear

combinations of the original series; (ii) forecasts both the original and new series; and (iii) recovers a

new set of forecasts for the original series via projections. We prove that under projections based on

the original forecast error covariance matrix, the method reduces the forecast error variance of the

original series in a way that is agnostic both with respect to the weights of the linear combinations

used at step (i) and with respect to the model used to generate forecasts at step (ii). The model is
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Forecast Linear Augmented Projection (FLAP): A free lunch to reduce forecast error variance

inspired by the forecast reconciliation literature (Athanasopoulos et al. 2023) whereby forecasts are

adjusted to cohere with known linear constraints. In contrast to that literature, the FLAP method

focuses on multivariate forecasting where such constraints are not present. Indeed, the method need

not only be applied to forecasting problems, but multivariate predictions in general.

It may appear puzzling that forecast accuracy can be improved, not by introducing any new informa-

tion, but by simply taking linear combinations of existing time series. To give an intuition into how

this puzzle can be resolved, we consider a toy example of two series y1 and y2 that are of concern

to the forecaster, and two linear combinations or components of the series c1 = 0.5z1 + 0.5z2 and

c2 = 0.5z1 − 0.5z2. Denote by ŷ1, ŷ2, ĉ1, ĉ2 any forecasts of these original series and components,

which we collectively refer to as base forecasts. The base forecasts may be generated by univariate

methods, multivariate methods, or even based on expert judgement. When considering y1, there

is both a direct forecast ŷ1 and indirect forecast ĉ1 + ĉ2, similarly for y2 the direct forecast is ŷ2

and the indirect forecast ĉ1 − ĉ2.1 With the exception of some pathological cases, the direct and

indirect forecasts for the same variable will not, in general, be equal. Therefore forecast accuracy

can be improved by combining direct and indirect forecasts, something implicitly achieved by the

proposed FLAP method. The puzzle is thus resolved; while no new information is created at the data

augmentation step, there is new information embedded into forecasts of the augmented series, which

can be leveraged via model combination (see Wang et al. (2023) for a review of forecast combination).

Something obscured by the simple toy example is the way our FLAP method differs from the usual

forecast combination methods, in particular our combinations are potentially non-convex since they

are obtained via projections, in a way that we now elaborate upon.

More formally and more generally, the FLAP method considers a vector of original series y ∈ Rm and

a vector of components c ∈ Rp. While
�

y ′, c′
�′

is a p+m-vector, the construction of components as

linear combinations of the original series implies that
�

y ′, c′
�′

lies on a linear subspace of at most

dimension m. In general, the collection of all the corresponding vector of forecasts
�

ŷ ′, ĉ′
�′

spans the

linear space Rm+p. FLAP projects
�

ŷ ′, ĉ′
�′

onto the m-dimensional linear subspace in which
�

y ′, c′
�′

lives. The setup of this problem bears similarities to the well known problem of forecast reconciliation

where Panagiotelis et al. (2021) provide similar geometric intuition, while Wickramasuriya et al.

(2019), Athanasopoulos et al. (2017), and Di Fonzo and Girolimetto (2023) have all shown that

reconciliation can reduce forecast error variance theoretically and empirically. However, we note that

these papers establish that reconciliation improves forecast accuracy for the hierarchy as a whole. In

the general multivariate setting that we consider, this would imply improvements in forecast accuracy

1This argument, as well as the terminology direct and indirect forecasts, is inspired by Hollyman et al. (2021) who
discuss this in the forecast reconciliation setting.
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for y and c taken together. This poses a problem if improvements in forecast accuracy for c could

be offset by a deterioration in forecast accuracy for y , since the former are not of interest in and of

themselves. A key insight we make in this paper, is that reductions in forecast error variance accrue

even for single series in the bottom level of the hierarchy. It is this contribution that allows us to

propose a method that goes beyond the case where time series adhere to linear constraints, and that

instead applies to the more general setting.

While the theoretical results apply for any linear combinations of the original series, in practice we

propose to augment the data with principal components (PCs). When doing so, the FLAP method

bears a resemblance to Dynamic Factor Models (DFMs), specifically those common in macroeconomic

forecasting (Stock and Watson 2002a; b; 2012), their extensions in the machine learning literature

(De Stefani et al. 2019), as well as the factor augmented VAR (Bernanke et al. 2005). The factor

models assume that the multivariate time series possesses common components and the dynamics

of the observed series are governed by the dynamics of these unobserved factors, often assumed to

follow some parametric model. In contrast, FLAP is a post-forecasting step; indeed, forecasts can

even be made using a DFM and then further improved by implementing the FLAP method, something

we demonstrate in Section 3 and Section 4.

In the sense that forecast accuracy can be improved without any new information, FLAP has parallels

with bootstrap aggregation or “bagging” (Bergmeir et al. 2016; Breiman 1996). Bagging can reduce

prediction variance without increasing bias (Hastie et al. 2003), by mitigating model uncertainty

(Petropoulos et al. 2018), and does so without introducing any new data, but rather resampled versions

of the existing data. Our FLAP method also reduces forecast error variance without introducing new

data, but using linear combinations of the existing data, rather than bootstrapping. The FLAP method

improves forecast accuracy through forecast combination and data augmentation. Other methods that

also do this include the theta method (Assimakopoulos and Nikolopoulos 2000), temporal aggregation

(Athanasopoulos et al. 2017; Kourentzes et al. 2014), forecasting with sub-seasonal series (FOSS, Li

et al. 2022) and forecast combination with multiple starting points (Disney and Petropoulos 2015); a

review of all these methods can be found in Petropoulos and Spiliotis (2021) who refer to them as

using “the wisdom of data”. Our FLAP method is distinct in that it aims to exploit information in the

data with a focus on linear combinations of multivariate series.

The remainder of the paper is structured as follows. In Section 2, we propose the FLAP method,

and highlight its theoretical properties and associated estimation methods. In Section 3, we present

a simulation example demonstrating its performance and discuss the implications for sources of

uncertainty. Section 4 examines the performance of FLAP in two empirical applications: forecasting

Yang, Athanasopoulos, Hyndman, Panagiotelis: 3 August 2024 4
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Australian domestic tourism and forecasting macroeconomic variables in the FRED-MD data set.

Section 5 concludes with some thoughts on future research directions. The methods introduced in

this paper are implemented in the flap package for R (Yang 2024). This paper is fully reproducible

with code and documentation provided at https://github.com/FinYang/paper-forecast-projection.

2 Forecast Linear Augmented Projection (FLAP)

2.1 Method and theoretical properties

In the following, all vectors and matrices are denoted in bold font. We use In to denote the n× n

identity matrix, and On×k to denote the n× k zero matrix.

Let yt ∈ Rm be a vector of m observed time series we are interested in forecasting. The FLAP method

involves three steps:

1. Form components. Form ct = Φyt ∈ Rp, a vector of p linear combinations of yt at time t, where

Φ ∈ Rp×m. We call ct the components of yt and the component weights Φ are known in the

sense that they are chosen by the user of FLAP. Let zt =
�

y ′t , c′t
�′

be the concatenation of series

yt and components ct . We note that zt will be constrained in the sense that C zt = ct −Φyt = 0

for any t where C =
�

−Φ Ip

�

is referred to as the constraint matrix.

2. Generate forecasts. Denote as ẑt+h the h-step-ahead base forecast of zt . The method used to

generate forecasts is again selected by the user. This can be univariate or multivariate. In the

setting where zt are not time series but cross sectional data, any prediction method can be

used. In general, the constraints that hold for zt will not hold for ẑt+h, i.e C ẑt+h ̸= 0

3. Project the base forecasts. Let z̃t+h be a set of projected forecasts such that,

z̃t+h = Mẑt+h (1)

with projection matrix

M = Im+p −WhC ′(C WhC ′)−1C , (2)

where Var(zt+h − ẑt+h) = Wh is the forecast error covariance matrix. For the proofs of this

section, we will assume that Wh is known, in practice a plug-in estimate can be used that will

be discussed in Section 2.5.

In practice we are interested in forecasts of yt and not the full vector zt . We now introduce some

notation to handle this issue. Define the selection matrix Jn,k =
�

In On×k

�

, so that Jn,kA selects the

first n rows of a matrix A. Let ŷt+h and ỹt+h denote the first m elements of ẑt+h and z̃t+h, comprising

Yang, Athanasopoulos, Hyndman, Panagiotelis: 3 August 2024 5
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the base and projected forecasts of yt respectively. Similarly, let ĉt+h and c̃t+h denote the last p

elements of ẑt+h and z̃t+h, comprising the base and projected forecasts of ct respectively. Then the

projected forecast of yt can be found by

ỹt+h = J z̃t+h = J M ẑt+h, (3)

where J = Jm,p.

We now present some theoretical results regarding the FLAP method, with proofs provided in the

Appendix. Theorem 2.1 establishes that the forecasts produced by the FLAP method, ỹt+h, dominate

the base forecasts, ŷt+h, in the sense that the difference between their forecast error variances is

always positive semi-definite. Theorem 2.2 establishes that each of the forecast error variances of ỹt+h

is non-increasing with the number of components p. The conditions needed to make the trace strictly

decreasing are discussed in Theorem 2.3. In Theorem 2.4 we prove that the projection in Equation 2

achieves the minimum forecast error variance amongst the class of all projections. Finally, while

the theoretical results imply that components could in principle continue to be added to improve

forecasts, in practice, larger values of p will make estimation of the plug-in covariance matrix Wh

unreliable. We explore this issue in a simulation setting and empirically in Section 3 and Section 4,

respectively.

2.2 Positive Semi-Definiteness of Error Variance Reduction

We first provide some intermediate results.

Lemma 2.1. Matrix M is a projection onto the space where the constraint C zt = 0 is satisfied.

Proof in Appendix, page 32.

Based on the properties of projections, we have the following corollaries.

Corollary 2.1.

1. The projected forecast z̃t+h satisfies the constraint C z̃t+h = 0.

2. For zt+h that already satisfies the constraint, the projection does not change its value, i.e., Mzt+h =

zt+h (Rao 1974, Lemma 2.4).

3. If the base forecasts are unbiased such that E(ẑt+h|It) = E(zt+h|It), then the projected forecasts

are also unbiased, i.e., E(z̃t+h|It) = E(zt+h|It).

Proof in Appendix, page 32.

The assumption of unbiasedness of the base forecasts is not unreasonable in practice, and where it

does not hold, a bias correction method can be applied. Note this is not a requirement on model

Yang, Athanasopoulos, Hyndman, Panagiotelis: 3 August 2024 6
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specification. We do not assume the model producing the base forecast is correctly specified like in

the DFM literature (e.g., Stock and Watson 2002b). In fact, the power of FLAP manifests when the

models are misspecified, as discussed in Section 3.

Lemma 2.2. The forecast error covariance matrix of the component-augmented projected h-step-ahead

forecasts z̃t+h is

Var(zt+h − z̃t+h) = MWhM ′ = MWh,

and the forecast error covariance matrix of the projected h-step-ahead forecasts ỹt+h is

Var(yt+h − ỹt+h) = J MWhJ ′.

Proof in Appendix, page 32.

Lemma 2.2 is a well-known result in the forecast reconciliation literature (e.g., Di Fonzo and

Girolimetto 2023).

Theorem 2.1 (Positive Semi-Definiteness of Error Variance Reduction). The difference between the

forecast error variances of the base and projected component-augmented forecasts,

Var(zt+h − ẑt+h)− Var(zt+h − z̃t+h) = Wh −MWh

= Wh − (I −WhC ′(C WhC ′)−1C)Wh

= WhC ′(C WhC ′)−1C Wh,

is positive semi-definite. The difference between the forecast error variances of the base and projected

forecasts of the original series,

Var(yt+h − ŷt+h)− Var(yt+h − ỹt+h) = J WhC ′(C WhC ′)−1C WhJ ′,

is therefore also positive semi-definite.

Proof in Appendix, page 32.

Theorem 2.1 is why FLAP works. Note when J WhC ′(C WhC ′)−1C WhJ ′ is semi-definite, each of its

diagonal elements, the reduction in forecast error variance for each series, is non-nagative. It implies

that the forecast error variance can be reduced by simply forecasting the components (the artificially

constructed linear combinations of the original data), and mapping the forecasts using matrix M . For

the improvement to be zero, the trace must be zero. This implies that J WhC ′(C WhC ′)−1C WhJ ′ =

Om×m, as this is a positive semi-definite matrix, something rarely observed in practice. See Theorem 2.3

Yang, Athanasopoulos, Hyndman, Panagiotelis: 3 August 2024 7
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for more discussion.

The following example illustrates the mechanism of the reduction in the forecast error variance.

Example 2.1. Suppose zt comprises m original series yt and p components ct . Let ẑt+h and z̃t+h be

h-step-ahead base and projected forecasts of zt . Assume that their corresponding forecast errors are

uncorrelated with unit variance such that Wh = Im+p. Then

Var(zt+h − ẑt+h)− Var(z̃t+h − zt+h) = C ′(CC ′)−1C

=





−Φ′

Ip



 (ΦΦ′ + Ip)
−1
h

−Φ Ip

i

,

where

C =
h

−Φ Ip

i

.

Let Φ consist of p ≤ m orthogonal unit vectors, for example, those obtained from Principal Component

Analysis (PCA, Jolliffe 2002). In this case ΦΦ′ = Ip and

Var(zt+h − ẑt+h)− Var(zt+h − z̃t+h) =
1
2





Φ′Φ −Φ′

−Φ Ip



 .

Focusing on the forecast error variance reduction of the forecasts of the original series yt , i.e.,

tr(Var(yt+h − ŷt+h)− Var(yt+h − ỹt+h)) =
1
2 tr(Φ′Φ).

• When p < m, since Φ′Φ is idempotent, tr(Φ′Φ) = rank(Φ′Φ) = p. Hence, focusing on the

original series the reduction in the total forecast error variance of the FLAP forecasts relative to

the base forecasts, is p/2.

• When p = m, where all principal components are used, Φ′Φ = Im. This implies a total reduction

in the error variance of m/2, and that for each of the m individual series the error variance is

halved.

If we keep increasing the number of components beyond m, the result in Theorem 2.1 still holds,

although Φ can no longer contain orthogonal vectors, and the example here becomes intractable. This

is an artificial example as the forecast error variance Wh can hardly be an identity matrix in practice.

It is likely that the forecast error of a linear combination of series will be correlated to the forecast

error of forecasting these series directly. Nonetheless, the aim of the example is to demonstrate

how the forecast error variance can be reduced as a result of the component forecasts bringing new

information about the original series. The forecast error variance reduction becomes larger as we

increase the number of components p. This is not a coincidence but a desirable property of FLAP, as

Yang, Athanasopoulos, Hyndman, Panagiotelis: 3 August 2024 8
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shown in the next section.

2.3 Monotonicity

In the results that follow, we break the base forecast error covariance matrix into smaller blocks.

Wh =





Wy,h Wyc,h

W ′yc,h Wc,h



 ,

where Wy,h is the forecast error covariance matrix of ŷt+h, Wc,h is the forecast error covariance matrix

of ĉt+h, and Wyc,h contains error covariances between elements of ŷt+h and ĉt+h.

Theorem 2.2 (Monotonicity). The forecast error variance reductions for each series, i.e., the diagonal

elements in the matrix

Var(yt+h − ŷt+h)− Var(yt+h − ỹt+h) = J WhC ′(C WhC ′)−1C WhJ ′

are non-decreasing as p increases. In particular, the sum of forecast error variance reductions

tr(Var(yt+h − ŷt+h)− Var(yt+h − ỹt+h)) = tr(J WhC ′(C WhC ′)−1C WhJ ′) (4)

is non-decreasing as p increases.

Proof in Appendix, page 33.

Theorem 2.2 is the key result that demonstrates the usefulness of FLAP. It means that we can keep

increasing the number of components to reduce forecast error variance, even when the number of

components exceeds the number of original series. It requires C to be
�

−Φ Ip

�

or
�

−Φ L
�

where L

is a lower triangular matrix. This implies that the components can also be constructed from existing

components, not only from the original series. This has little significance since a linear combination

of components of the original series, is just a linear combination of the original series. This of course

assumes that the forecast error covariances are known, something we explore in Section 2.5 and

Section 3.

Extending the proof of Theorem 2.2, we can state the condition required for the reduction sum of fore-

cast error variances to be strictly positive. Denote φi as the row vector containing the weights associ-

ated with the ith component, so that with p components, the weights matrix isΦ =
�

φ′1 φ
′
2 . . . φ′p
�′

.

Let W (i−1)
ỹ ,h denote the error covariance matrix of the projected forecasts of the original series based

on the first i − 1 components, wc1 ŷ ,h denote a vector of covariances of the first component and the

Yang, Athanasopoulos, Hyndman, Panagiotelis: 3 August 2024 9
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base forecasts of the original series, and w (i−1)
ci ỹ ,h denote a vector of covariances of the projected ith

component and the projected forecasts of the original series, based on the first i − 1 components.

Theorem 2.3 (Positive Forecast Error Variance Reduction Condition). For the first component to

achieve a guaranteed reduction of forecast error variance (for the matrix in Theorem 2.1 to have strictly

positive trace),

φ1Wy,h ̸= wc1 y,h. (5)

For the ith component to have a positive reduction on forecast error variance of the original series,

φi W
(i−1)
ỹ ,h ̸= w (i−1)

ci ỹ ,h . (6)

Proof in Appendix, page 36.

The condition of Equation 5 demonstrates that for a new component to be beneficial, the information

introduced by this new component, reflected in the error covariance, cannot be a linear combination

of already existing information.

Theorem 2.3 can potentially provide insights into the selection of component weights and forecast

models to satisfy the conditions. Heuristically, we want the components to be introducing new

information, and this is more likely when they are uncorrelated, which motivates out choice of

principal components which are uncorrelated by constructions. Optimal choices of weights we leave

to future research, but note that practically speaking, the conditions in Theorem 2.3 are either almost

always satisfied if the weights are simulated randomly on a continuous scale, or the loss associated

with the rare occasions where the conditions are not satisfied is negligible compared to the estimation

error imposed by the limited sample size as the number of components increases, as discussed in

Section 3 and Section 4.

2.4 Optimality of the projection

Equation 1 can be seen as a solution to the optimisation problem,

arg min
žT+h

(ẑT+h − žT+h)
′W−1

h (ẑT+h − žT+h) s.t. C žT+h = 0.

If we consider the transformed space where all the vectors are first transformed via pre-multiplying by

W−1/2
h , where W−1

h = (W−1/2
h )′W−1/2

h , then this optimisation problem can be interpreted as finding

the set of forecasts that are closest to the base forecasts on the transformed space, while satisfying

the linear constraints imposed by the components.

Yang, Athanasopoulos, Hyndman, Panagiotelis: 3 August 2024 10
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An alternative way of characterising the same constraints is

Φ y̌T+h = čT+h,

where čT+h is the vector of the last p elements of žT+h, corresponding to the forecast of the components

as part of the solution. This equivalence is discussed in Wickramasuriya et al. (2019), where the

authors find the solution by minimising the sum of forecast error variance of all series (See Ando and

Narita (2024) for an alternative proof). The result is

z̃t+h = SGẑt+h, (7)

where S =





Im

Φ



 contains the constraints, so that zt = Syt , and

G = (S′W−1
h S)−1S′W−1

h . (8)

In Equation 7, Gẑt+h can be viewed as mapping all of the series to a selected few. In the forecast

reconciliation context, this is a mapping of all series to the “bottom level”. In our multivariate

forecasting context, this is a mapping of all series including the components, to the space of the

original series. This leads to the solution

ỹt+h = Gẑt+h, (9)

as equivalent to Equation 3. Recognising that Equation 7 is equivalent to Equation 1, it is the solution

that minimises the sum of forecast error variances of the original series and all the components.

We go further in Theorem 2.4, and show that Equation 7 is also the solution to minimise each

individual forecast error variance of the original series, and their sum. This can be viewed as a

special case of Theorem 3.3 in Panagiotelis et al. (2021) applied in a forecast projection context,

by taking W = S(S′S)−1(S′S)−1S′ in Panagiotelis et al. (2021, Thm. 3.3), as illustrated by Ando

and Narita (2024). The earliest work we can find that noted this interpretation in a non-forecasting

context is Luenberger (1969,p. 85). We establish a few basic results leading to the optimality of this

solution first, also to check that Lemma 2.1, Corollary 2.1 and Lemma 2.2 hold under this alternative

representation.

Lemma 2.3. The matrix SG is a projection onto the space where the constraint C zt = 0 is satisfied,

provided that GS = I .

Yang, Athanasopoulos, Hyndman, Panagiotelis: 3 August 2024 11
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Proof in Appendix, page 37.

Corollary 2.2. Provided that GS = I , the following results hold.

1. The projected forecast in Equation 9 satisfies the constraint C z̃t+h = CSỹt+h = 0.

2. For zt+h that already satisfies the constraint, the mapping does not change its value, i.e., Gzt+h =

yt+h.

3. If the base forecasts are unbiased such that E(ẑt+h|It) = E(zt+h|It), then the projected forecasts

in Equation 9 are also unbiased: E( ỹt+h|It) = E(yt+h|It).

Proof in Appendix, page 37.

Lemma 2.4. The covariance matrix of the projected forecasts from Equation 9 is given by

Var(yt+h − ỹt+h) = GWhG′.

Proof in Appendix, page 38.

We are now ready to present the following theorem.

Theorem 2.4 (Minimum Variance Unbiased Projected Forecast). The solution to

argmin
G

tr(GWhG′) s.t. GS = I (10)

is Equation 8. This problem can be effectively split into independent subproblems such that G =
�

g1 g2 . . . gm

�′
, where gi is the solution to the subproblem of the ith series

argmin
gi

g ′i Whgi s.t. g ′i s j = δi j , j = 1, 2, . . . . , m, (11)

where s j is the jth column of S, and δi j is the Kronecker delta function taking value 1 if i = j and 0

otherwise.

Proof in Appendix, page 38.

In other words, the forecast projection method gives optimal projected forecast for a given set of

components, in the sense that the unbiased forecast of each series has minimum variance.

2.5 Estimation of Wh

In practice, the base forecast error variance Wh is unknown and needs to be estimated. Denote

êt,h = zt − ẑt|t−h as the h-step-ahead base forecast in-sample residual. The conventional forecast error

Yang, Athanasopoulos, Hyndman, Panagiotelis: 3 August 2024 12
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variance matrix estimator

cWh =
1

T − h− 1

T
∑

t=h+1

êt,hê′t,h,

albeit unbiased, is not considered a good approximation to the true forecast error variance in a

finite sample when (m+ p) ≈ T − h. It is even singular when (m+ p) > T − h, which makes the

quantities discussed in the previous sections impossible to calculate. For this reason, while other

shrinkage estimators can be considered, we adopt the covariance shrinkage method of Schäfer and

Strimmer (2005) and the variance shrinkage method of Opgen-Rhein and Strimmer (2007). Then,

the estimated forecast error variance matrix is guaranteed to be positive definite with no numerical

problems when computing their inverse. This estimator is denoted as cW shr
h = (ŵshr

i j,h)1≤i, j≤m+p with

the element in row i and column j

ŵshr
i j,h = r̂shr

i j,h

q

v̂i,h v̂ j,h,

where r̂shr
i j,h = (1− λ̂cor)r̂i j,h and v̂i,h = λ̂var ŵh,median + (1− λ̂var)ŵi,h, with λ̂cor being the shrinkage

intensity parameter for the correlation

λ̂cor =min

�

1,

∑

i ̸= jÓvar(r̂i j,h)
∑

i ̸= j r̂2
i j,h

�

,

and λ̂var being the shrinkage intensity parameter for the variance

λ̂var =min

�

1,

∑m+p
i=1 Óvar(ŵi,h)
∑m+p

i=1 (ŵi,h − ŵh,median)2

�

,

r̂i j,h the sample correlation of the h-step-ahead forecast error between the ith and the jth series

(component) in zt , ŵi,h the h-step-ahead sample base forecast error variance associated with the ith

series (the ith diagonal element of cWh), and ŵh,median the median of the h-step-ahead sample forecast

error variance of the series and components (the median of the diagonal elements of cWh). The

estimation of cW shr
h in the following sections are implemented using the package corpcor (Schafer et

al. 2021) in R (R Core Team 2023).

Estimating cW shr
h for each forecast horizon h is desirable but computationally intensive. It involves

the calculation of multi-step-ahead in-sample residuals of the forecast models, which is especially

challenging for iterative forecasts. Because of this, in practice it is not unreasonable to assume the

h-step forecast error variance is proportional to the 1-step forecast error variance by a constant ηh, as

do Wickramasuriya et al. (2019):

cW shr
h = ηhcW

shr
1 .

Under this assumption, when cW shr
h is used in Equation 2, the proportionality constant ηh cancels
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out regardless of the value of h. We can effectively use only the one-step forecast error variance in

forecast projection, if we only need point forecasts. We calculate cW shr
h for each h for the simulation

example in Section 3, but assume this proportionality for the application in Section 4.

3 Simulation

In this section, we illustrate the performance of FLAP in a simulation setting. We generate time series

of length T = 400 from a m= 70 variable VAR(3) data generating process (DGP). The coefficients

for the VAR DGP are estimated from the first 70 series in the Australian tourism data set used in

Section 4.1. The innovations are simulated from a multivariate normal distribution with an identity

covariance matrix. The estimation and simulation is performed using the tsDyn package (Fabio Di

Narzo et al. 2009).

For each simulated sample we generate h = 1 to 12-step-ahead base forecasts from benchmark

models. We implement FLAP with a varying number of components and component construction

methods. This process is repeated 220 times. The improvements of FLAP forecasts over base forecasts

is assessed, and the statistical significance of these improvements is evaluated.

3.1 Generating base and FLAP forecasts

We generate base forecasts from two benchmarks. The first benchmark is the univariate ARIMA

model. For each series, we generate base forecasts from an ARIMA model using the auto.arima()

function from the forecast package (Hyndman et al. 2023) with the default settings.

The second benchmark is the dynamic factor model (DFM). Following Stock and Watson (2002a),

base forecasts

ŷT+h = α̂h +
n
∑

j=1

β̂ ′h j F̂T− j+1 +
s
∑

j=1

γ̂h j yT− j+1,

where F̂t is the vector of k estimated factors, and ŷt is the target series to forecast. The factors are

estimated using PCA on demeaned and scaled data. The optimal model is selected for each series

based on the Bayesian information criterion (BIC) from models fitted using different combinations of

meta-parameters in their corresponding range: 1≤ k ≤ 6, 1≤ n≤ 3 and 1≤ s ≤ 3. We note that the

DFM produces direct forecasts in the sense that a different model is fitted for each forecast horizon h,

in contrast to indirect or iterative forecasts generated by the ARIMA models.

We use several sets of weights to construct linear components for the FLAP method. The types of

components are listed in Table 1. Principal components from PCA are established using the prcomp()

function in the stats package (R Core Team 2023). We generate random components using weights
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simulated from a standard normal (Norm) distribution and a uniform (Unif) distribution with range

(−1, 1). We normalise the weights of all randomly generated components into unit vectors to ensure

numerically stable computation, with φi/
Ç

∑

j(φ
2
i j) where φi j is the jth value in the weight vector

of the ith component. The total number of components p is selected to be either m= 70 or 300.

Table 1: Component construction methods for FLAP

Component Description

PCA Principal components from PCA.

Norm The weights of all components are simulated from a standard normal distribution.

Unif The weights of all components are simulated from a uniform distribution

PCA+Norm m principal components from PCA are complemented with random components

whose weights are simulated from a standard normal distribution.

PCA+Unif m principal components from PCA are complemented with random components

whose weights are simulated from a uniform distribution.

Ortho A random orthonormal matrix is generated using package pracma (Borchers

2023) as the weight matrix.

Ortho+Norm A random orthonormal matrix is generated using package pracma, forming the

weights of the first m components. Weights of the additional components are

simulated from a standard normal distribution.

3.2 Forecast evaluation

We employ the Friedman test (Friedman 1937, 1939) along with post-hoc Nemenyi tests (Hollander

et al. 2013; Nemenyi 1963) using the tsutils package (Kourentzes 2023) to compare forecast

performance between different methods. The analysis involves the use of Multiple Comparisons with

the Best (MCB) plot introduced by Koning et al. (2005) to visualise the comparison. The MSE of each

series over different samples is calculated, and the MSEs of all the series are treated as observations

in the Nemenyi test. The average ranks are plotted in Figure 1 for forecast horizons 1, 6 and 12.

The methods using FLAP are labelled “Model – Component Weights – Number of Components”. The

benchmarks are labelled “Model – Benchmark”. These points are marked with triangles. The shaded

region is the confidence interval of the best-performing method. Methods outside the shaded region

are significantly worse than the best model.

In Figure 2, we plot the out-of-sample MSE values as a function of the number of components p

included in the FLAP method. Here we also include the performance of the DGP VAR model (VAR

– DGP), and an estimated VAR model with the correct specification (VAR – Est.), as well as their
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corresponding FLAP generated forecasts. We have not presented the FLAP forecasts using components

generated from a uniform distribution or random orthonormal matrices, as these are visually identical

to the methods with random weights generated from a standard normal distribution. The vertical

black line indicates when p = m= 70, the number of original series.
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Figure 1: Average ranks of 1-, 6- and 12-step-ahead MSE of different model and component specifications
in the simulation. The methods using FLAP are labelled as “Model – Component Weights –
Number of Components”. The two benchmark models generating base forecasts are labelled
“Model – Benchmark”. Their MSEs are marked with triangles. The shaded region is the
confidence interval of the best performing method. Methods outside the shaded region are
significantly worse than the best method.

Evaluating base forecasts

Having simulated data from a VAR DGP, we expect the DFM to capture the correlations between series,

something not possible with univariate ARIMA models. Hence, we expect the DFM benchmark to
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Figure 2: Out-of-sample MSE for base and FLAP forecasts as the number of components p increases,
for forecast horizons 1, 6 and 12. “VAR – DGP” indicates the performance of the true data
generating VAR model. “VAR – Est.” indicates the performance of the VAR model with the same
structure as the true model but with estimated parameters. The solid horizontal lines show
the MSE for the base forecasts (with no projection) while the dashed lines show the MSEs of
the FLAP forecasts. The vertical black line indicates the location of p = m = 70, the number of
series.

perform better than the ARIMA benchmark. This is indeed the case. Figure 1 shows that the base

DFM forecasts are significantly better than base ARIMA forecasts, with the exception for h = 1, where

the difference in rank is statistically insignificant but only marginally.

This is also observed in Figure 2. The solid horizontal line representing the MSE of the base DFM

forecasts is always much lower than the horizontal solid line of the base ARIMA forecasts.

Evaluating FLAP forecasts

The most important observation from Figure 1 are the statistically significant improvements of the

FLAP forecasts over their corresponding benchmark base forecasts. Note that we are referring here to
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forecasts corresponding to the same model, i.e., FLAP ARIMA forecasts, compared to base ARIMA

forecasts and FLAP DFM forecasts, compared to base DFM forecasts. The average ranks of the FLAP

forecasts are better than the corresponding base forecasts for all forecast horizons, and the differences

are all statistically significant. The only exception is for ARIMA base forecasts with FLAP using only

the p = m= 70 principal components, where the difference in rank is statistically insignificant.

Hence, the number of components seems to be important. The best-performing models all comprise

the maximum p = 300 components. For h = 1-step-ahead forecasts, the differences between the

methods with p = 300 components are not significantly significant, regardless of the model that

generated the base forecasts or the method used to construct the components.

Indeed, Figure 2 shows that the MSEs for the FLAP ARIMA and DFM forecasts, represented by the

dashed lines, decrease monotonically relative to the base forecasts, as the number of components

increases. This supports Theorem 2.2, demonstrating that increasing the number of components in

FLAP reduces the forecast error variance. Of course this is only feasible in this ideal setting where each

time series has 400 observations and we use no more than 300 components in FLAP. The relatively

large number of observations coupled with the relatively simple VAR DGP, has potentially eased the

challenge of estimation. This continuous reduction in forecast error variance is not always achievable

with real data, as demonstrated in the empirical applications in Section 4, especially with FRED-MD

dataset in Section 4.2.

Worth noting from Figure 2 is the performance of the FLAP ARIMA forecasts relative to DFM forecasts

as the number of components p increases. The MSE of the FLAP ARIMA forecasts becomes lower

than the DFM base forecasts for p < 70 for h= 1, for 70< p < 100 for h= 6 and for a larger p for

h = 12. Hence, FLAP is able to enhance univariate ARIMA forecasts with shared information between

series by capturing and projecting these cross-correlations with the components.

Interestingly, for h = 1, the MSEs of FLAP ARIMA and FLAP DFM forecasts converge to the same value

as p reaches 300, no matter how the components are constructed. For the longer forecast horizons,

the MSEs again converge; they do not reach the same value for p = 300, although they are closer for

h= 6 than h= 12. The reason for this is not the contribution of FLAP, but the starting point of the

two sets of base forecasts. As the forecast horizon increases from h= 1 to 6 and 12 the ARIMA base

forecasts MSE increases. In contrast the MSEs for DFM base forecasts remains at a relatively constant

level. Thus, it seems that the direct forecasts from the DFM model, particularly fitting a different

model for each forecast horizon h, is advantageous for the longer forecast horizons, in this setting

of forecasting data generated from a simple VAR DGP. This is in contrast to the iterative nature of

ARIMA generated forecasts.
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Note that the same forecasts of the components, generated from univariate ARIMA models, are

used for both the FLAP ARIMA and the FLAP DFM methods. It is the increase in the number of the

components, that leads to the dominant performance of the FLAP forecasts. Hence, there is valuable

information in the series that is not captured by either the ARIMA model or the DFM, but is captured

by the components. Once again, this emphasises the importance of the components and FLAP. In this

extreme case, a simple model after FLAP, performs as well as a more complicated model, while the

forecast model itself is not as important as FLAP.

3.3 Forming components for FLAP

The construction of components is obviously a primary element in the proposed FLAP method.

However, the simulation results show that the method of generating the components may not be as

important as one may have expected.

The most important feature in Figure 1, as discussed in the previous section, is the number of

components used in this simulation setting. The results clearly show that the FLAP forecasts using the

maximum considered p = 300 components outrank the FLAP forecasts using p = m = 70 components,

no matter how the components are generated. The only exception seems to be for h = 12 and for

the DFM base forecasts when using all p = m= 70 PCA components or complementing these with

randomly generated components from normal weights. Our conjecture, as also stated above, is that the

key difference here lies in the quality of the direct DFM base forecasts for the longer forecast horizons,

rather than in the component generating mechanism itself. Furthermore, between the methods using

the maximum considered p = 300, there seems to be no evidence that the component generating

mechanism makes any difference to the ranks, and especially there seems to be no difference between

the distribution used to generate the random components.

Hence, in Figure 2, we present only the results for principal components and randomly generated

components from a standard normal distribution. The results from using components generated from

a uniform distribution or random orthonormal matrices are omitted, as these are visually identical to

the latter.

Focusing on the ARIMA base forecasts it seems that for a relatively small p, the MSE decreases at a

faster rate when principal components are used compared to random components. However, FLAP

with random components seems to achieve a lower MSE than PCA as p increases. The gap between

the two diminishes for large p. We conjecture that the initial favourable performance of PCA stems

from the construction of the orthogonal components aimed at capturing the maximum variance in the

data. These components are then ranked from largest to smallest variance, which likely contributes

to the method’s effectiveness for smaller p compared to random components. We comment more on
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PCA when analysing the results in Section 4.

The results show that the performance of FLAP using orthonormal weights is almost identical to

FLAP using weights simulated from a normal distribution. This leads us to infer that it is not the

orthogonality of the principal components that leads to the strong performance of FLAP using PCA. It

may also suggest using simple random weights if one is prepared to include a relatively large number

of components in FLAP; and using PCA when the intention is to use a small number of components.

However, as we will see in Section 4, this is not the case with real data. In this case, PCA seems to be

the preferred approach even when the number of components is large.

3.4 Sources of uncertainty

The MSEs of the true VAR data generating process, VAR-DGP, and the correctly specified but estimated

VAR, VAR-Est, are plotted at the bottom of each panel in Figure 2. As expected, this confirms that they

are the best performing models. As the forecast horizon increases so does the MSE difference between

these, with estimation error for the VAR-Est accumulating as forecasts are iteratively generated for

the longer forecast horizons.

For both these models, FLAP cannot improve on the base forecasts. More importantly, in the case of

VAR-Est, FLAP does not seem to be able to reduce the estimation error or the parameter uncertainty. On

the other hand, FLAP shows significant improvements over base forecasts generated from misspecified

models, such as the two benchmarks. This implies that the uncertainty which FLAP can account

for and reduce, is mainly due to model misspecification. It seems that FLAP operates similarly to

bagging, as bagging also reduces variance by controlling model uncertainty (Petropoulos et al. 2018).

The uncertainty in how the components are constructed, unique in FLAP problems, is discussed in

Section 3.3 and awaits future research.

4 Empirical applications

In this section, we apply the FLAP method in an empirical setting using two diverse datasets. The

analysis confirms many of the results and conclusions drawn from the simulation setting, but it also

identifies a few key differences.

4.1 Australian domestic tourism

The Australian Tourism Data Set compiled from the National Visitor Survey by Tourism Research

Australia contains the total number of nights spent by Australians away from home. We refer to

these as visitor nights. The monthly visitor nights are recorded for m= 77 regions around Australia,

covering the period January 1998 to December 2019. To evaluate the forecast performance, we
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conduct am expanding window time series cross-validation (Hyndman and Athanasopoulos 2021).

More specifically, the first T = 84 observations are used as the first training set and the following

12 months are used as the test set for evaluation. We repeat the evaluation for the rest of the data,

by expanding each training sample by one observation at a time. This generates 169 forecasts for

evaluation, for each of the forecast horizons, h= 1 to 12. Base forecasts for each series and for the

components are generated using univariate ETS models selected and fitted using the ets() function

in the forecast package (Hyndman et al. 2023; Hyndman and Khandakar 2008). See Hyndman

and Athanasopoulos (2018,chap. 7) for more details.

MCB and MSE plots for h = 1, 6 and 12 (as described in Section 3.2) are presented in Figure 3

and Figure 4, respectively. The FLAP forecasts in general outperform the base forecasts, which is

consistent with the findings in Section 3. In Figure 3, the base forecasts are always ranked last.

Interestingly, FLAP forecasts improve over base forecasts, even when FLAP is using either one or at
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Figure 3: Average ranks of 1-, 6- and 12-step-ahead cross-validation MSE of different model and
component specifications on the visitor nights data. The methods using forecast projection
are named as “Model – Component Weights – Number of Components”. The base models are
named as “Model – Benchmark” and these points are marked with triangles. The shaded
region is the confidence interval of the best performing model. Methods outside the shaded
region are significantly worse than the best model.
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Figure 4: Out-of-sample MSE of base and FLAP forecasts as the number of components p increases, for
forecast horizons 1, 6 and 12, using the visitor nights data. The solid horizontal lines show
the MSE for the base forecasts while the dashed lines show the MSEs of the FLAP forecasts. The
vertical black line indicates the location of p = m, the number of series.

most two principal components. These improvements are statistically significant across all forecast

horizons.

We highlight two findings that diverge from those observed in Section 3.

First, in contrast to the results from Section 3, the method implemented to construct components

matters. Using principal components in FLAP improves base forecasts more compared to using

random components with normal weights. Figure 3 shows that the best ranked forecasts are the

FLAP forecasts using either the p = m = 77 principal components, or complementing these with

random components so that p = 200. These improve on FLAP forecasts using only p = 200 random

components and the improvements are statistically significant.

This is also clearly reflected in Figure 4, where the reduction in terms of MSE from using PCA is

always lower, even after the p = m principal components are exhausted and random components

with weights generated from a normal distribution are added.
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PCA aims to find components along the direction where the data varies the most. The first principal

components accounts for the maximum variance in the data. Subsequent principal components

are orthogonal to the previous ones and capture the maximum remaining variance. Based on this

variance maximisation and ranking of PCA, we propose two potential explanations for its superior

performance.

1. Optimality: By maximising and ranking the variance of PCs from largest to smallest, we ensure

that the projection utilises components containing significantly more information (as measured

by variance) compared to randomly weighted components.

2. Diversity: Actively seeking principal components with the highest variance, results in the

incorporation of a more diverse set of components into the projection.

Second, consistent with the results in Section 3, the MSEs of FLAP forecasts shown in Figure 4

decrease as the number of components increases. However, this decreases ceases, especially for h = 1,

approximately for p > 150. This is also reflected in the results presented in Figure 3, where the

difference in ranking of the two best methods is not statistically significant, even though they use

very different numbers of components (p = m= 77 and p = 200).

Choosing the number of components is a trade-off between the increasing estimation error as the

dimension of forecast error variance Wh increases, and the additional benefit brought by the informa-

tion embedded in the new components. Of course this all depends on the complexity of the DGP. For

the visitor nights data, the benefit of components over and above the estimation error, diminishes

after the number of components reaches p = m= 77.

4.2 FRED-MD

The FRED-MD (McCracken and Ng 2016) is a popular monthly data set of macroeconomic variables,

and shares similar properties with the Stock and Watson (2002b) data. We downloaded and trans-

formed the data using the fbi package (Chen et al. 2023). The period we use for this exercise is

from January 1959 to September 2023, containing 777 observations. Following McCracken and Ng

(2016), we replace observations that deviate from the sample median by more than 10 interquartile

ranges (which are recognised as outliers), with missing values. We then drop any series with more

than 5% observations missing. This results in m= 122 series. We fill in the missing values using the

expectation-maximization (EM) algorithm described in Stock and Watson (2002a) with 8 factors.

The number 8 is identified by McCracken and Ng (2016), albeit with a different time span.

In order to relate to the theoretical forecast error variance reduction, we use MSE as the error measure,

instead of other scaled or percentage error measures. To reliably calculate MSE over series with
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different scales, we demean the series and scale them to have variance 1. The MSEs are calculated

on this standardised scale without back-transformation.

We evaluate the performance of forecasts using time series cross-validation. We start with 300

observations in the first training set and the following 12 observations as the test set. We repeat the

exercise by expanding the training set increasing by 1 observation at a time. This provides us with

466 forecasts for each of the forecast horizons from h= 1 to 12 for evaluation.

We generate base forecasts from ARIMA models using auto.arima() function from the forecast

package (Hyndman et al. 2023) with the default settings, and DFMs. The ranges of the meta-

parameters in the DFMs are 1≤ k ≤ 8 (since 8 factors are identified and used to fill in the missing

values), 1≤ n≤ 3 and 0≤ s ≤ 6. For more details see Section 3.1. The MCB and MSE plots for h = 1,

6 and 12 are presented in Figure 5 and Figure 6, respectively.
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Figure 5: Average ranks of 1-, 6- and 12-step-ahead cross-validation MSE of different model and
component specifications on the FRED-MD data. The methods using forecast projection are
named as “Model – Component Weights – Number of Components”. The base models are
named as “Model – Benchmark” and these points are marked with triangles. The shaded
region is the confidence interval of the best performing model. Methods outside the shaded
region are significantly worse than the best model.

The results presented in Figure 5 show that the ARIMA base forecasts rank better that the DFM base
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Figure 6: Out-of-sample MSE for base and FLAP forecasts as the number of components p increases, for
forecast horizons 1, 6 and 12, using the FRED-MD data. The solid horizontal lines show the
MSE for the base forecasts while the dashed lines show the MSEs of the FLAP forecasts. The
vertical black line indicates the location of p = m the number of series.

forecasts. This difference is statistically significant for h = 6. Likewise, ARIMA base forecasts return a

lower MSE compared to DFM as shown in Figure 6 across all forecast horizons.

The best ranked forecasts across all forecast horizons are once again FLAP forecasts generated using

principal components. The improvements over the ARIMA base forecasts are significantly significant

for h = 1 and 6. Furthermore, FLAP forecasts using PCA rank better than FLAP forecasts using

components with random weights, and these differences are statistically significant. This is also

observed in terms of MSE in Figure 6, reaffirming our findings based on the tourism data set discussed

in Section 4.1. Figure 6 shows that both FLAP ARIMA and FLAP DFM forecasts, seem to be worse

than the base forecasts when using a small number of components p for h = 6 and 12. However,

this improves as p increases and FLAP forecasts outperform the base forecasts gradually. The trade-

off between the benefit of including more components and the loss in degrees of freedom due to

estimation in a large dimension is once again observed. However in this case it seems to be more

extreme, compared to the tourism example, with MSEs starting to increase for p > m.

Yang, Athanasopoulos, Hyndman, Panagiotelis: 3 August 2024 25



Forecast Linear Augmented Projection (FLAP): A free lunch to reduce forecast error variance

As we have seen in Section 3 and Section 4.1, m is not always a clear cut-off point in determining

the number of components to use. The performance of FLAP is jointly determined by the number

of series m, the sample size T , the component construction method, and the DGP. The example of

FRED-MD shows the importance of PCA, as m is the point that the component changes from PCA to

random normal weighted linear combinations, implying that PCA can exploit the information in the

data while random weights cannot. This is more obvious for h= 1 and h= 6, as PCA works when

p < m, but random normal weights do not seem to work from the beginning.

5 Conclusion

The proposed forecast linear augmented projection (FLAP) method has been shown to be a simple

but effective way to reduce forecast error variance of any multivariate forecasting problem. It simply

involves augmenting the data with linear combinations, forecasting these and then projecting the

augmented vector of forecasts. We have shown theoretically that FLAP will continue to reduce

forecast error covariance as more components are added, assuming that the forecast error covariance

matrix is known. In practice, a plug-in estimate of this covariance matrix can be used, and in both

simulated and empirical data we demonstrate that a simple shrinkage estimator does indeed lead

to improvements in forecast accuracy. Regarding the construction of components, we find that PCA

in practice achieves significant improvements in forecast accuracy. Another appealing property of

FLAP is that the projection step can even compensate for a poor choice of base forecasting model.

This is particularly attractive since it makes FLAP robust against model misspecification in the base

forecasting step.

One outstanding issue is to find alternatives to PCA to select component weights. For example, Goerg

(2013) proposed “forecastable components” that are optimal in the sense of minimising the forecast

error variance of the components, while Matteson and Tsay (2011) proposed “dynamic orthogonal

components” that reduce a multivariate time series to a set of uncorrelated univariate time series. It

would be interesting to explore whether these components (or other similar suggestions) can be used

effectively in FLAP. Another route to improving FLAP may be found by optimizing Equation 10 over Φ

and G rather than just G.

Component construction should be studied together with the selection of the forecast model since both

the weight matrixΦ and the base forecast error variance Wh can affect the projection simultaneously in

Equation 2. This is likely to be related to forecast combination methods, focusing on the properties of

the base forecasts, and the diversity and robustness of the forecast model and components. Examples
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of studies on this issue in the forecast combination literature include Batchelor and Dua (1995), Kang

et al. (2022) and Lichtendahl and Winkler (2020).

Finally, while FLAP is motivated by the forecast reconciliation literature, our focus here is very

much on multivariate time series with no constraints. However, it would be possible to use both

forecast reconciliation and forecast projection together. This may be particularly useful when there

are relationships between series that are not captured in the known hierarchical structure.
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A Appendix

Proof of Lemma 2.1

We have
MM = Im+p − 2WhC ′(C WhC ′)−1C

+WhC ′(C WhC ′)−1C WhC ′(C WhC ′)−1C

= Im+p −WhC ′(C WhC ′)−1C

= M ,

so M is a projection matrix. For any z such that Mz = y for some y , we have

C y = C Mz = C z −C WhC ′(C WhC ′)−1C z = 0.

Thus, M projects any vector onto the space where the constraint C y = 0 is satisfied.

Proof of Corollary 2.1

Items 1 and 2 are trivial application of Lemma 2.1. To prove 3, we have

E(z̃t+h|It) = E(Mẑt+h|It) = M E(ẑt+h|It) = M E(zt+h|It) = E(Mzt+h|It) = E(zt+h|It).

Proof of Lemma 2.2

Var(zt+h − z̃t+h) = Var(Mzt+h −Mẑt+h) = M Var(zt+h − ẑt+h)M
′ = MWhM ′.

If we simplify it further, we have

MWhM ′ = (I −WhC ′(C WhC ′)−1C)Wh(I −WhC ′(C WhC ′)−1C)′

= Wh −WhC ′(C WhC ′)−1C Wh −WhC ′(C WhC ′)−1C Wh

+WhC ′(C WhC ′)−1C WhC ′(C WhC ′)−1C Wh

= Wh −WhC ′(C WhC ′)−1C Wh

= MWh.

To get Var(yt+h− ỹt+h), we just need to recognise that it is the first m×m leading principal submatrix

of Var(z̃t+h − zt+h).

Proof of Theorem 2.1

Trivially, WhC ′(C WhC ′)−1C Wh and J WhC ′(C WhC ′)−1C WhJ ′ are positive semi-definite. Note that

Var(yt+h − ŷt+h)− Var(yt+h − ỹt+h) is the leading principal submatrix of WhC ′(C WhC ′)−1C Wh, and
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the leading principal submatrix of a positive semi-definite matrix is positive semi-definite.

Proof of Theorem 2.2

Suppose now that we want to include q more components c∗t = Φ
∗yt in the projection. We define

z∗t =





zt

c∗t



, the constraint matrix

C ∗ =





C 0
p×q

−Φ∗
q×m

0
q×p

Iq



=





− Φ
p×m

Ip 0
p×q

−Φ∗
q×m

0
q×p

Iq,



=





C

C



 (12)

where C contains the first p rows of C ∗ and C contains the remaining q rows of C ∗, the forecast error

variance matrix

Var(z∗t+h − ẑ∗t+h) = W ∗h =





Wh W ∗yc,h

W ∗c y,h W ∗c,h



 .

where ẑ∗t+h is the h-step-ahead base forecasts of z∗t :

ẑ∗t+h =





ẑt+h

ĉ∗t+h



 ,

and the corresponding

M∗ = I −W ∗h C ∗′(C ∗W ∗h C ∗′)−1C ∗.

Proving Theorem 2.2 requires proving the following two items.

1. Including additional components in the mapping without including corresponding component

constraints is equivalent to not including these additional components at all.

2. For a fixed set of components to be included in the mapping, adding constraints will reduce

forecast error variance.

We start by proving the first statement. Consider the case where we include the additional series c∗t

without using the additional constraint Φ∗. Defining M+ only with C :

M+ = Im+p+q −W ∗h C
′
(C W ∗h C

′
)−1C , (13)

we have z̃+t+h = M+ ẑ∗t+h. Further, we obtain

W ∗h C
′
=





Wh W ∗yc,h

W ∗c y,h W ∗c,h









C ′

O
q×p



 =





WhC ′

W ∗c y,hC ′




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and

C W ∗h C
′
=
�

C O
p×q

�





WhC ′

W ∗c y,hC ′



 = C WhC ′,

which gives

M+ = Im+p+q −





WhC ′

W ∗c y,hC ′



 (C WhC ′)−1
�

C O
p×q

�

= Im+p+q −





WhC ′(C WhC ′)−1C O

W ∗c y,hC ′(C WhC ′)−1C O



 ,

and
z̃+t+h = M+ ẑ∗t+h

=



Im+p+q −





WhC ′(C WhC ′)−1C 0

W ∗c y,hC ′(C WhC ′)−1C 0













ẑt+h

ĉ∗t+h





=





(Im+p −WhC ′(C WhC ′)−1C)ẑt+h

ĉ∗t+h −W ∗c y,hC ′(C WhC ′)−1C ẑt+h





=





Mẑt+h

ĉ∗t+h −W ∗c y,hC ′(C WhC ′)−1C ẑt+h





=





z̃t+h

ĉ∗t+h −W ∗c y,hC ′(C WhC ′)−1C ẑt+h



 .

If we only consider the forecast performance relevant to yt+h, and define J∗ = Jm,p+q =
h

Im 0m×(p+q)

i

, we have

ỹ+t+h = J∗ z̃+t+h = J z̃t+h = ỹt+h.

This means adding additional components without imposing the corresponding constraints will yield

the same projected forecasts as if these additional components are not added, which implies that the

forecast error variance stays the same:

Var(yt+h − ỹ+t+h) = Var(yt+h − ỹt+h) = J MWhJ ′. (14)

This finishes the proof of the first statement. Now we move on to proving the second statement. We

have the forecast error variance matrices

Var(z∗t+h − z̃+t+h) = M+W ∗h = (Im+p+q −W ∗h C
′
(C W ∗h C

′
)−1C)W ∗h

and Var(z∗t+h − z̃∗t+h) = M∗W ∗h = (Im+p+q −W ∗h C ∗′(C ∗W ∗h C ∗′)−1C ∗)W ∗h .
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Taking the difference, we have

Var(z∗t+h − z̃+t+h)− Var(z∗t+h − z̃∗t+h) = (W
∗
h C ∗′(C ∗W ∗h C ∗′)−1C ∗ −W ∗h C

′
(C W ∗h C

′
)−1C)W ∗h

= W ∗h (C
∗′(C ∗W ∗h C ∗′)−1C ∗ −C

′
(C W ∗h C

′
)−1C)W ∗h .

Using block matrix inversion, we have

C ∗′(C ∗W ∗h C ∗′)−1C ∗ =
h

C
′

C ′
i





C W ∗h C
′

C W ∗h C ′

C W ∗h C
′

C W ∗h C ′





−1



C

C





=
h

C
′

C ′
i





a b

c d









C

C





= C
′
aC +C

′
bC +C ′cC +C ′dC ,

where
a = (C W ∗h C

′
)−1 + (C W ∗h C

′
)−1C W ∗h C ′

(C W ∗h C ′ −C W ∗h C
′
(C W ∗h C

′
)−1C W ∗h C ′)−1C W ∗h C

′
(C W ∗h C

′
)−1

= (C W ∗h C
′
)−1 + (C W ∗h C

′
)−1C W ∗h C ′(C M+W ∗h C ′)−1C W ∗h C

′
(C W ∗h C

′
)−1,

b = −(C W ∗h C
′
)−1C W ∗h C ′(C W ∗h C ′ −C W ∗h C

′
(C W ∗h C

′
)−1C W ∗h C ′)−1

= −(C W ∗h C
′
)−1C W ∗h C ′(C M+W ∗h C ′)−1,

c = −(C M+W ∗h C ′)−1C W ∗h C
′
(C W ∗h C

′
)−1,

d = (C M+W ∗h C ′)−1.

Thus,

C ∗′(C ∗W ∗h C ∗′)−1C ∗ = C
′
(C W ∗h C

′
)−1C

+C
′
(C W ∗h C

′
)−1C W ∗h C ′(C M+W ∗h C ′)−1C W ∗h C

′
(C W ∗h C

′
)−1C

−C(C W ∗h C
′
)−1C W ∗h C ′(C M+W ∗h C ′)−1C

−C ′(C M+W ∗h C ′)−1C ′W ∗h C
′
(C W ∗h C

′
)−1C

+C ′(C M+W ∗h C ′)−1C

= C
′
(C W ∗h C

′
)−1C

−C(C W ∗h C
′
)−1C W ∗h C ′(C M+W ∗h C ′)−1C M+

+C ′(C M+W ∗h C ′)−1C M+

= C
′
(C W ∗h C

′
)−1C +M+′C ′(C M+W ∗h C ′)−1C M+.
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Therefore,

Var(z∗t+h − z̃+t+h)− Var(z∗t+h − z̃∗t+h)

= W ∗h (C
′
(C W ∗h C

′
)−1C +M+′C ′(C M+W ∗h C ′)−1C M+ −C

′
(C W ∗h C

′
)−1C)W ∗h

= W ∗h (M
+′C ′(C M+W ∗h C ′)−1C M+)W ∗h

is positive semi-definite. This concludes the proof of the second statement. Combining the results

above, we have

Var(yt+h − ỹt+h)− Var(yt+h − ỹ∗t+h) = Var(yt+h − ỹ+t+h)− Var(yt+h − ỹ∗t+h)

= J∗ Var(z∗t+h − z̃+t+h)J
∗′ − J∗ Var(z∗t+h − z̃∗t+h)J

∗′

= J∗W ∗h M+′C ′(C M+W ∗h C ′)−1C M+W ∗h J∗′

(15)

being positive semi-definite. Finally, we have

(Var(yt+h − ŷt+h)− Var(yt+h − ỹ∗t+h))− (Var(yt+h − ŷt+h)− Var(yt+h − ỹt+h))

= Var(yt+h − ỹt+h)− Var(yt+h − ỹ∗t+h)

being a positive semi-definite matrix where the diagonal terms are non-negative, whose trace, there-

fore, is non-negative. This means using a larger number of components in the mapping achieves

lower or equal forecast error variances. In other words, the reduction in forecast error variance of

each series is non-decreasing as more components are added, giving Theorem 2.2.

Proof of Theorem 2.3

Denoteψi =
h

−φi 01×(i−1) 1
i

and W (i)
h to be the base forecast error variance of the original series

and the first i components. Starting with the first component, Equation 4 becomes

tr(Jm,1W (1)
h ψ′1(ψ1W (1)

h ψ′1)
−1ψ1W (1)

h J ′m,1) = (ψ1W (1)
h ψ′1)

−1ψ1W (1)
h J ′m,1Jm,1W (1)

h ψ′1, (16)

where ψ1W (1)
h J ′m,1 =
h

−φ1 1
i





Wy,h w ′c1 y,h

wc1 y,h Wc1,h









Im

0





=−φ1Wy,h + wc1 y,h.

Equation 16 is obviously non-negative. For it to be larger than 0, we need ψ1W (1)
h J ′m,1 ≠ 0, which

gives φ1Wy,h ̸= wc1 y,h.
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When it comes to adding the ith component on top of the first i − 1 components, we define

C i =

















ψ1 01×i

ψ2 01×(i−1)
...

...

ψi 0

















and

M+
i = Im+i −W (i)

h C
′
i−1(C i−1W (i)

h C
′
i−1)
−1C i−1

analogously to Equation 12 and Equation 13. Following Equation 15, the additional reduction of

forecast error variance when adding the ith component becomes

Jm,i W
(i)
h M+′

i ψ
′
i(ψi M

+
i W (i)

h ψ
′
i)
−1ψi M

+
i W (i)

h J ′m,i = (ψi M
+
i W (i)

h ψ
′
i)
−1ψi M

+
i W (i)

h J ′m,i Jm,i W
(i)
h M+′

i ψ
′
i .

Similar to before, we would want ψi M
+
i W (i)

h J ′m,i ≠ 0. Note that ψi concerns the first m rows

and the last row of M+
i W (i)

h , and J ′m,i concerns the first m columns. Combined with the implica-

tion from Equation 14 that the m×m leading principal submatrix in equation Jm,i M
+
i W (i)

h J ′m,i =

Jm,i−1Mi−1W (i−1)
h J ′m,i−1 is the same, we suppress the straightforward yet tiresome details, and obtain

φi W
(i−1)
ỹ ,h ̸=
�

01×m+i−1 1
�

M+
i W (i)

h J ′m,i ,

where W (i−1)
ỹ ,h = Jm,i−1Mi−1W (i−1)

h J ′m,i−1 is the projected forecast error variance of the original series

using the first i − 1 components, and the right hand side of the inequality is simply a one-row matrix

consisting of the first m elements in the last row of M+
i W (i)

h , which can be denoted as w (i−1)
c̃i ỹ ,h and

interpreted as the covariance between the projected forecast of the original series using the first i − 1

components, and the projected forecast of the ith component using the first i − 1 components.

Proof of Lemma 2.3

If GS = I , SG is a projection matrix: SGSG = SG.

For any z such that SGz = y for some y , we have C y = CSGz = 0 because CS =
�

−Φ I
��

I Φ′
�′
= 0.

Similarly to M , SG projects a vector to the same space where C is satisfied.

Proof of Corollary 2.2

Item 1 is an direct application of Lemma 2.3. From Lemma 2.3 and Lemma 2.4 in Rao (1974), we

have

SGzt+h = zt+h = Syt+h.
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Left multiplying by G on both sides, we have Gzt+h = yt+h and item 2 is proven. To prove Item 3, we

have

E( ỹt+h|It) = E(Gẑt+h|It) = G E(ẑt+h|It) = G E(zt+h|It) = E(Gzt+h|It) = E(yt+h|It).

Proof of Lemma 2.4

Let the base and projected forecast errors be given as

êy,t+h = yt+h − ŷt+h,

êz,t+h = zt+h − ẑt+h,

ẽy,t+h = yt+h − ỹt+h,

and ẽz,t+h = zt+h − z̃t+h = Syt+h − Sỹt+h = Sẽy,t+h.

Then we have ẽz,t+h = êz,t+h + ẑt+h − z̃t+h

= êz,t+h + ẑt+h − SGẑt+h

= êz,t+h + (I − SG)(zt+h − êz,t+h)

and = SGêz,t+h + (I − SG)Syt+h

Sẽy,t+h = SGêz,t+h,

where the last line comes from GS = I . Left multiplying by G on both sides, we have

GSẽy,t+h = GSGêz,t+h and ẽy,t+h = Gêz,t+h,

and therefore

Var( ỹt+h − yt+h) = Var(ẽy,t+h) = Var(Gêz,t+h) = G Var(êz,t+h)G
′ = GWhG′.

Proof of Theorem 2.4

This can be proved in a few different ways. We adopt the approach of Ando and Narita (2024) to

obtain the solution to Equation 10, but the procedure from Luenberger (1969,p. 85) can also be used,

where the problem is divided to Equation 11 and reconstructed to find the solution to Equation 10.

There exists a Lagrange multiplier Λ such that

L(G) = tr(GWhG′) + tr(Λ′(I −GS))

is stationary at an extremum G (Luenberger 1969,p. 243, Theorem 1). We find the numerator of the
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Gateaux differential (Luenberger 1969,p. 171)

lim
α→0

L(G +αH)− L(G)
α

to be

L(G +αH)− L(G) = tr((G +αH)Wh(G +αH)′) + tr(Λ′(I − (G +αH)S))− tr(GWhG′)− tr(Λ′(I −GS))

= tr(GWhG′) + tr(α2HWhH ′) + tr(αGWhH ′) + tr(αHWhG′) + tr(Λ′(I −GS))− tr(αΛ′HS)

− tr(GWhG′)− tr(Λ′(I −GS))

=α2 tr(HWhH ′) +α tr(GWhH ′) +α tr(HWhG′)−α tr(Λ′HS).

Thus, the Gateaux differential becomes

lim
α→0

L(G +αH)− L(G)
α

= lim
α→0
α tr(HWhH ′) + tr(GWhH ′) + tr(HWhG′)− tr(Λ′HS)

= tr(GWhH ′) + tr(HWhG′)− tr(Λ′(HS))

= tr(2HWhG′ −Λ′HS)

= tr(H(2WhG′ − SΛ′)),

which we set to zero with a value of G∗

tr(H(2WhG∗′ − SΛ′)) = 0

2WhG∗ = SΛ′

G∗′ =
1
2

W−1
h SΛ′.

Multiplying S′ to the left of both sides. we have

S′G∗′ = I =
1
2

S′W−1
h SΛ′ and Λ′ = 2(S′W−1

h S)−1

because G∗S = I . Putting it back in, we have

G∗′ = W−1
h S(S′W−1

h S)−1 and G∗ = (S′W−1
h S)−1S′W−1

h .

To see how Equation 10 can be split into separate problems, recognise

tr(GWhG′) =
m
∑

i=1

g ′i Whgi ,
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where Wh is a positive definite variance covariance matrix, which makes each g ′i Whgi positive.

Additionally, the element in the ith row and jth column of GS is g ′i s j , and the element in the ith row

and jth column of an identity matrix is δi j. Therefore, the problem in Equation 10 is m separate

problems.
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