MONASH
University

Latin Subrectangles

Jack Allsop
Bachelor of Science Advanced - Research (Honours), Monash University, 2021

A thesis submitted for the degree of Doctor of Philosophy at Monash University in 2025
School of Mathematics



Copyright notice

© Jack Allsop (2025)

I certify that I have made all reasonable efforts to secure copyright permissions for third-
party content included in this thesis and have not knowingly added copyright content to my
work without the owner’s permission.



Abstract

Let n and k be positive integers with £ < n. A k x n Latin rectangle is a k x n matrix of n
symbols, each of which occurs exactly once in each row and at most once in each column. A
Latin square of order n is an n X n Latin rectangle. Let L be a k x n Latin rectangle. A Latin
subrectangle of L is a submatrix of L that is itself a Latin rectangle. A proper subrectangle of
L is an ¢ x m Latin subrectangle with 1 < ¢/ < m < n. A Latin subsquare of L is a submatrix
of L that is itself a Latin square. A proper subsquare of L is a Latin subsquare of order m with
1 <m < n. In this thesis, we explore several problems regarding Latin subrectangles.

e We prove that with probability approaching 1 as n — oo, a uniformly random k£ x n Latin
rectangle contains no proper subsquare of order 4 or more. This resolves a 25 year old
conjecture of McKay and Wanless as well as a more recent conjecture of Divoux, Kelly,
Kennedy, and Sidhu. We also study the expected number of Latin subsquares of orders 2
and 3 in uniformly random Latin rectangles.

e We prove that for all positive integers n ¢ {4,6}, there exists a Latin square of order n that
does not contain any proper subsquares. This resolves a 50 year old conjecture of Hilton.

e The number of Latin squares of order at most 10 that do not contain any proper subrectangles
has been known since 1999. We enumerate the Latin squares of order 11 that are devoid of
proper subrectangles.

e Quadratic Latin squares are a special class of Latin squares that are defined over finite fields.
They are highly structured and have lots of symmetry and thus have previously been used to
construct many interesting mathematical objects. We investigate, and give at least partial
answers to, several problems regarding Latin subrectangles of quadratic Latin squares such
as: How many Latin subsquares of order 2 does a quadratic Latin square contain? When
does a quadratic Latin square contain no proper subsquares?
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Chapter 1

Introduction

The study of Latin rectangles goes back at least as far as the late 1600’s or early 1700’s,
when the Korean mathematician Choi Seok-jeong published a Latin square of order 9 (see [30,
Section 1.2]). Since then, Latin rectangles have been the subject of thousands of papers and
several books (see, e.g., [31, 32, 19, 80]). Latin rectangles have applications to, for example,
experimental design (see, e.g., [32, Chapter 10]) and error correcting codes (see, e.g., [64]). The
study of substructures of mathematical objects is a natural pursuit that has captivated math-
ematicians for centuries: Number theorists study prime factorisations, group theorists study
subgroups, and graph theorists study subgraphs. This thesis is concerned with natural sub-
structures of Latin rectangles known as Latin subrectangles. We investigate various problems
related to Latin subrectangles and in doing so we resolve several old conjectures. Along with
various combinatorial tools, we employ probabilistic, algorithmic, and algebraic methods in our
investigations.

In Chapter 2, we give some important definitions that will be used throughout the thesis
and we survey a variety of problems regarding Latin subrectangles. All undefined terms used
in this chapter will be defined in Chapter 2.

A 1999 conjecture of McKay and Wanless [90] says that with probability 1 —o(1) as n — oo,
a uniformly random Latin square of order n has no proper subsquare of order 4 or more. This
conjecture was recently generalised to Latin rectangles and was proved for ‘thin’ rectangles [39].
The main result of Chapter 3 is the resolution of these conjectures. The distributions of
subsquares of orders 2 and 3 in Latin rectangles are also studied.

A conjecture of Hilton [31] from 1974 says that for all sufficiently large n, there exists a
Latin square of order n that does not contain any proper subsquares. Though progress had
previously been made on this conjecture, it remained unresolved. In Chapter 4, we resolve
Hilton’s conjecture by determining the existence spectrum of Latin squares without proper
subsquares.

The number of perfect 1-factorisations of K, ,, for n < 10 has been known since 1999 [116].
In Chapter 5, we enumerate the perfect 1-factorisations of Ki;1; and the associated Latin
squares of order 11 that do not contain any proper subrectangles.

In Chapter 6, we study quadratic Latin squares. We consider and give at least partial
answers to various questions related to or motivated by Latin subrectangles of quadratic Latin
squares such as:

e How many subsquares of order 2 does a quadratic Latin square contain? In particular, when
is a quadratic Latin square devoid of subsquares of order 27



e When is a quadratic Latin square devoid of proper subrectangles?

e When can a quadratic Latin square be used to construct anti-perfect 1-factorisations of
complete graphs or complete bipartite graphs? When is a quadratic Latin square anti-atomic?

e What are the autotopisms of a quadratic Latin square? When are two quadratic Latin
squares isotopic?

Though we resolve some open problems in this thesis, there is an abundance of interesting
problems regarding Latin subrectangles that are yet to be solved. In Chapter 7, we discuss
some of these problems.

Concluding the thesis is a glossary of notation and a bibliography.



Chapter 2

Background

2.1 Basic definitions

We begin this chapter by giving some foundational definitions that will be used throughout
this thesis. To avoid repetition, n will be a positive integer for the entirety of this chapter.

2.1.1 Latin rectangles and Latin subrectangles

Definition 2.1.1. Let £ < n be a positive integer. A k x n Latin rectangle is a k x n matrix
of n symbols, each of which occurs exactly once in each row and at most once in each column.
A Latin square of order n is an n X n Latin rectangle.

See Figure 2.1 for an example of a Latin rectangle and a Latin square.

1 2 3 45
1 23456 2415 3
2 3 45 61 35 4 21
345 6 1 2 4 1 5 3 2
5 3 21 4

Figure 2.1: A 3 x 6 Latin rectangle and a Latin square of order 5.

Definition 2.1.2. Let k£ < n be a positive integer and let L be a k x n Latin rectangle. A
Latin subrectangle of L is a submatrix of L that is itself a Latin rectangle. A Latin subsquare
of L is a submatrix of L that is itself a Latin square.

We will generally refer to Latin subrectangles and Latin subsquares simply as subrectangles
and subsquares, respectively. Every k x n Latin rectangle has kn subsquares of order 1 and
every Latin square of order n has a single subsquare of order n. Furthermore, every k x n Latin
rectangle has exactly k(2" — 1) subrectangles of dimension 1 x m for some m < n and exactly
2% — 1 subrectangles of dimension ¢ x n for some ¢ < k. These subsquares and subrectangles
are unavoidable and somewhat uninteresting, which leads to the following definition.

Definition 2.1.3. Let £ < n be a positive integer and let L be a k x n Latin rectangle.

o A proper subrectangle of L is a £ x m subrectangle of L with 1 </ < m <n.

3



2.1. BASIC DEFINITIONS

e A proper subsquare of L is a subsquare of L of order m with 1 < m < n.
e An intercalate of L is a subsquare of L of order 2.

Intercalates will play a substantial role in this thesis. See Figure 2.2 for an example of a
subrectangle, a subsquare, and an intercalate.

245 3761
73145 26
1 6 72 3 435
4527613
51 36 274
6 2 45137
376 1 4 5 2

Figure 2.2: The highlighted yellow and green entries of the Latin square in this figure form a
proper subsquare of order 3, the highlighted red entries form a proper 2 x 5 subrectangle, and
the highlighted blue and green entries form an intercalate. The colour of cell (2,7) is green
since it is involved in both the highlighted subsquare of order 3 and the highlighted intercalate.

For a positive integer m, let [m] denote the set {1,2,...,m}. Let k < n be a positive integer
and let L be a k x n Latin rectangle with row index set R, column index set C', and symbol set
S. In this thesis, we will sometimes take the sets R, C', and S to consist of elements of a group,
elements of a field, or integers. However, we will always insist that R, C', and S have a total
order on them. Any matrix has a total order on its rows and columns, thus the need for the
total order on R and C'. The reason for the insistence of a total order on S will become clear
in §2.3.1. In most situations, the orders on R, C, and S will either be obvious or unimportant,
thus will not specified. Of course, we can always relabel R to be [k] and C' and S to be [n],
both of which have a natural total order. For the remainder of this chapter, unless otherwise
stated, we will assume that the row index set of a k x n Latin rectangle is [k] and that its
column index set and symbol set are [n].

2.1.2 Quasigroups

Definition 2.1.4. A quasigroup is a pair (@), *) where ) is a non-empty set and * is a binary
operation on @ such that for all (a,b) € Q? there exists a unique (x,y) € Q? such that
axxr=b=y=*a.

The operation table of any finite quasigroup forms a Latin square. Conversely, if we index
the rows and columns of a Latin square by its symbol set, then it can be interpreted as the
operation table of some finite quasigroup. So Latin squares and finite quasigroups are, in a
sense, equivalent mathematical objects.

We will often refer to a quasigroup (@, *) simply by Q. If @ is finite, then |@| is the order
of Q). See Figure 2.3 for an example of a quasigroup and its corresponding Latin square.



2.1. BASIC DEFINITIONS

* 1 2 4 - 7
0 5 v 0 0 3615 42
0/0 3 6 1 5 4 2 31402 6 5
113 1.4 0 2 6 5 64925130
216 4 2 51 3 0 10536 2 4
311 0 5 3 6 2 4 591640 3
415 2 1 6 4 0 3 163205 1
514 6 3 2 0 5 1 9504316
612 5 0 4 3 1 6 L -

Figure 2.3: Define a binary operation % on Z; by

3y —2x ify—xe{0,1,2,4},
xRy = .
3r — 2y otherwise,

where all operations are to be taken modulo 7. This figure shows the operation table of (Z7, *)
and the corresponding Latin square.

2.1.3 Symmetries of Latin squares

Let M be a matrix with row index set R, column index set C, and symbol set S. For i € R
and j € C, we will denote the symbol in row ¢ and column j of M by M; ;. For subsets I C R
and J C (', we denote the submatrix of M induced by the rows in I and the columns in J by
M|I,J]. The matrix M[I,J] has row index set I and column index set J. A cell of M is a
pair (i,j) € R x C and an entry of M is a triple (i,7,M; ;) € R x C' x S. We can identify M
with the set of its |R||C| entries. This allows us to use set notation such as (¢, j,¢) € M, which
means that M;; = ¢. For example, we can identify the 3 x 6 Latin rectangle from Figure 2.1
with the set
{(1,1,1),(1,2,2),(1,3,3),(1,4,4),(1,5,5),(1,6,6),
(2,1,2),(2,2,3),(2,3,4), (2,4,5),(2,5,6), (2,6, 1),
(3,1,3),(3,2,4),(3,3,5),(3,4,6),(3,5,1),(3,6,2)}.

Definition 2.1.5. Let L be a Latin square. A conjugate, or parastrophe, of L is a Latin square
obtained from L by uniformly permuting the elements of each of its entries.

Since there are six permutations of any set of cardinality 3, it follows that every Latin square
has six, not necessarily distinct, conjugates. Let L be a Latin square and let L’ be a conjugate
of L. We label L’ by a 1-line permutation corresponding to the permutation applied to the
entries of L to obtain L'. So the (1,2, 3)-conjugate of L is itself and the (2,1, 3)-conjugate of
L is its matrix transpose. The row-inverse of L is its (1, 3,2)-conjugate. We will generally use
the term conjugate rather than parastrophe, except when there is the possibility of confusion
with the algebraic term conjugate.

Let X be a set. We denote by Sym(X) the group of permutations of X under composition.
We denote by Idy, or just Id if X is clear, the identity permutation in Sym(X). Unless otherwise
stated, we will display permutations in disjoint cycle notation. This convention will be broken
when discussing conjugate labels.

Definition 2.1.6. Let L and L’ be Latin squares of order n.



2.1. BASIC DEFINITIONS

e Suppose that there exists § € Sym([n]) such that
L' =A{(0(r),0(c),0(s)) : (r,c,s) € L}

Then L and L' are isomorphic and 6 is an isomorphism from L to L’. Isomorphism is
an equivalence relation on the set of Latin squares and the equivalence classes are called
1somorphism classes.

e Suppose that there exists {«, 5,7} C Sym([n]) such that

L' = {(alr), B(e), 1(s)) : (r,c,s) € L}

Then L and L’ are isotopic and (o, 3,7) is an isotopism from L to L'. Isotopism is an
equivalence relation on the set of Latin squares and the equivalence classes are called isotopism
classes.

e Let ¥ be a 1-line permutation of {1,2, 3} and suppose that (a, 8,7) is an isotopism from L to
the U~'-conjugate of L. Then L and L' are paratopic and («, 3,7, ¥) is a paratopism from L
to L'. Paratopism is an equivalence relation on the set of Latin squares and the equivalence
classes are called species.

Let L and L' be paratopic Latin squares of order n. If (a, 8,7, ¥) is a paratopism from
L to L', then L’ can be obtained from L by permuting its rows according to «, permuting its
columns according to 3, permuting its symbols according to «, and then taking the W-conjugate
of the resulting square. See Figure 2.4 for an example of isotopic Latin squares.

123456 3516 2 4
246 51 3 234561
351 26 4 46 2 315
41 2 6 3 5 52 3146
5 6 4 3 21 6 1 5 4 3 2
6 3 51 4 2 146 25 3

Figure 2.4: The Latin square on the right in this figure can be obtained from the one on the
left by applying the isotopism ((1,2),1d, (1,2, 3,4,5,6)).

Definition 2.1.7. Let L be a Latin square of order n.

e An automorphism of L is an isomorphism from L to itself. The automorphism group of L,
denoted by Aut(L), is the set of automorphisms of L under composition.

e An autotopism of L is an isotopism from L to itself. The autotopism group of L, denoted by
Atp(L), is the set of autotopisms of L under composition.

e An autoparatopism of L is a paratopism from L to itself. The autoparatopism group of L,
denoted by Apar(L), is the set of autoparatopisms of L under composition.

Definition 2.1.5, Definition 2.1.6, and Definition 2.1.7 all have natural analogs for quasi-
groups. These will be used in Chapter 6.



2.2, SUBSQUARES

If L and L' are paratopic Latin squares, then Apar(L) and Apar(L’) are isomorphic. Thus,
we will say that a species X has autoparatopism group G if Apar(L) is isomorphic to G for
some L € X. Similarly, Atp(L) and Atp(L’) are isomorphic and so we will say that X has
autotopism group G if Atp(L) is isomorphic to G for some L € X.

2.1.4 Asymptotic and probabilistic notation

Throughout this thesis we will use standard asymptotic notation. Let f : N — R and let
g: N — R. We say that f = O(g) if there is a positive constant C' such that |f(n)| < Clg(n)|
for all sufficiently large n. We say that f = Q(g) if there is a positive constant K such that
|f(n)] = K|g(n)| for all sufficiently large n. We say that f = O(g) if f = O(g) and f = Q(g).
We say that f = o(g) if f(n)/g(n) — 0 as n — co.

All probability distributions will be discrete and uniform with Pr(-) denoting probability.
Random objects will be printed in bold.

2.2 Subsquares

In this section, we survey two problems related to subsquares in Latin rectangles. In §2.2.1,
we discuss subsquares in random Latin rectangles, and in §2.2.2, we discuss Latin squares that
have no proper subsquares.

2.2.1 Subsquares in random Latin rectangles

Throughout this subsection, k and m will be positive integers with k& < n and m < min{k, n/2}.
All asymptotics are as n — oo with & and m being functions of n. We say that an event happens
‘asymptotically almost surely’ if the probability of it happening tends to 1 as n — oc.

Definition 2.2.1. Let E,,(k,n) denote the expected number of subsquares of order m in a
random k& X n Latin rectangle.

This subsection is devoted to surveying what is known about E,,(k,n).

Definition 2.2.2. A k x n partial Latin rectangle is a k x n matrix such that each cell is either
empty or contains one of n symbols, such that no symbol appears more than once in any row
or column.

Adopting a similar convention as for Latin rectangles, we will assume, unless otherwise
stated, that the row index set of a k x n partial Latin rectangle is [k] and the column index
set and symbol set are [n]. Let P be a k x n partial Latin rectangle. The entries of P are
the triples (7, ¢, P..) where cell (r,¢) is non-empty. As for Latin rectangles, we can identify a
partial Latin rectangle with the set of its entries. Let |P| denote the number of entries of P.
Say that a k x n Latin rectangle L contains P, denoted L O P, if L contains each entry of P.

Godsil and McKay wrote a seminal paper [55] regarding subsquares in random Latin rect-
angles. One of their most important results is the following theorem.



2.2, SUBSQUARES

Theorem 2.2.3. Let P be a k x n partial Latin rectangle and let L be a random k x n Latin
rectangle. Let r denote the mazimum number of non-empty entries that occur in any row of P.

If r < n— 5k, then
_ k|P|
Pr(L2 P)=n"" :
r(LD>DP)=n eXp<O(n—2k+1—r)>

Suppose, temporarily, that k < n/6. Let L be a random k x n Latin rectangle, let R C [k]

be of cardinality m, let C' and S be subsets of [n] of cardinality m, and let M be a Latin square
of order m with row indices R, column indices C', and symbol set S. Let P be the k x n partial
Latin rectangle such that P[R,C] = M and every cell of P outside of R x C' is empty. Then
Theorem 2.2.3 implies that

km?
Pr(L D P)=n"
HL2P)=n oXP O(n—2k+1—m>

There are ( :1 ) (;)2 < (en/m)* ways to choose the sets R, C, and S and trivially at most m™

choices for M. Hence,

B (kn) <m™ (©) (" o esp | 0 fm” (2.1)
B X .
A m) \m P n—2k+1—m

<exp | (m? —3m)log (%) +O0(m)+ 0O (m—%)

n

In particular, E,,(k,n) = o(n=(4=9) for any ¢ > 0 when m > 4. Combining this with Markov’s
inequality proves that L asymptotically almost surely contains no proper subsquare of order 4
or more. Similar arguments as used to derive (2.1) combined with the fact that there are two
Latin squares of order 2 can be used to obtain

s =a(3) (3)ren (0 (1)) 1) (0(2))

Similarly, since there are 12 Latin squares of order 3,

By, n) — % (’;) exp (o (%)) |

So Theorem 2.2.3 tells us a lot about subsquares in k x n Latin rectangles with & < n/6. Of
course, we would also like to know about subsquares in ‘thicker’ Latin rectangles, including
Latin squares.

The first researchers to study subsquares of random Latin squares were McKay and Wan-
less [90]. They made the following conjectures.

Conjecture 2.2.4.

(i) Asymptotically almost surely a random Latin square of order n contains no proper sub-

8



2.2, SUBSQUARES

square of order 4 or more.
(i1) Ez(n,n) =1/18 + o(1).

They also provided estimates for the number of intercalates in random Latin squares and
conjectured that Ey(n,n) = (1+o0(1))n?/4. Their estimates were subsequently improved in [27,
76, 77, 78], leading to the following result.

Theorem 2.2.5. Let N denote the number of intercalates in a random Latin square of order
n.

o The expected value of N is Eq(n,n) = (14 o(1))n?/4.
o Pr(N < (1 —0)n?/4) = exp(—0(n?)) for every § € (0,1].
e Pr(N > (1 +0)n?/4) = exp(—O(n*?logn)) for every § > 0.

After two decades of no progress on Conjecture 2.2.4, two research groups were able to prove
a relaxation of Conjecture 2.2.4() for large subsquares. Divoux, Kelly, Kennedy and Sidhu [39]
proved the following theorem.

Theorem 2.2.6. There is a constant K > 0 such that asymptotically almost surely a random

1/2

Latin square of order n contains no proper subsquare of order K(nlogn)'/* or more.

Independently, Gill, Mammoliti, and Wanless [53] proved the following theorem, which is
slightly weaker than Theorem 2.2.6.

Theorem 2.2.7. For any € > 0, asymptotically almost surely a random Latin square of order
n contains no proper subsquare of order n'/? log1/2+6n 0T More.

Gill, Mammoliti, and Wanless [53] used Theorem 2.2.7 to prove that testing whether two
random Latin squares are isotopic can be done in average-case polynomial time. A canonical
labelling of a Latin square L of order n is a triple (o, 8,7) € Sym([n])? such that the Latin square
L’ obtained from L by applying the isotopism («, 5,7) depends only on the isotopism class of
L. The Latin square L' is the canonical representative of L. Let L; and Lo be Latin squares.
One way to test whether L; and L, are isotopic is to construct the canonical representatives
L} and L}, of Ly and L, respectively, and check whether L} = L}. Gill, Mammoliti, and
Wanless designed an algorithm which, given a Latin square L, builds a canonical labelling of
L. An obstruction to efficiently producing this labelling is the presence of large subsquares in
L. Theorem 2.2.7 allowed them to prove that a canonical labelling of a Latin square can be
produced in average-case polynomial time, thus, testing whether two random Latin squares are
isotopic can be done in average-case polynomial time.

Divoux et al. [39] made the following generalisation of Conjecture 2.2.4.

Conjecture 2.2.8.

(i) Asymptotically almost surely a random k xn Latin rectangle contains no proper subsquare
of order 4 or more.

(ii) Es(k,n) = (1+0(1))(5)/(3n%).
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Conjecture 2.2.8 is implied by a more general conjecture that appeared in the same pa-
per [39]. Let € > 0 and let P be a k x n partial Latin rectangle. If every row and column of
P contains at most en non-empty entries and every symbol appears in at most en cells of P,
then P is called e-dense.

Conjecture 2.2.9. Let 6 € (0,1) and let L be a random k x n Latin rectangle. There is an
€ > 0 such that if P is an e-dense k x n partial Latin rectangle then

(1—5)|P| < Pr(L 2 P) < (1+5>|P

n n

for sufficiently large n.

Divoux et al. [39] proved Conjecture 2.2.9 for k < (1/2 —o(1))n. This implies that for these

values of k, Conjecture 2.2.8 is true and Ey(k,n) = (1/2 4 o(1)) ().

In Chapter 3, we prove Conjecture 2.2.8(i) and thus also Conjecture 2.2.4(7). We also make
the first progress on Conjecture 2.2.8(ii) for k > (1/2—o0(1))n and give asymptotics for Eq(k, n)
for all £ < n.

2.2.2 Latin squares without proper subsquares

Definition 2.2.10.
e An N, Latin square is a Latin square with no intercalates.
e An N, Latin square is a Latin square with no proper subsquares.

Kotzig, Lindner, and Rosa [74] defined Ny Latin squares in 1975. They proved that an Ny
Latin square of order n exists whenever n is not a power of 2 and they asked whether the only
orders for which an N, Latin square does not exist are 2 and 4. In that same year, McLeish [93]
proved the existence of an N, Latin square of order 2¢ for all @ > 6. Later, Regener found an
N, Latin square of order 8, which was published in a 1976 paper by Kotzig and Turgeon [75].
In that same paper, Kotzig and Turgeon gave a construction of Ny Latin squares of various
orders including 16 and 32. Thus, the existence problem for N, Latin squares was resolved.

Theorem 2.2.11. There exists an Ny Latin square of order n for all n & {2,4}.

Recently, Kwan, Sah, Sawhney, and Simkin [77] proved a strong asymptotic lower bound
on the number of Ny Latin squares.

Theorem 2.2.12. There are at least

2

<e’9/4n - o(n)) !

Ny Latin squares of order n.

Comparatively much less was known about N, Latin squares. In 1974, Hilton made the
following conjecture.

Conjecture 2.2.13. There exists an N, Latin square of order n for all sufficiently large n.

10
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Conjecture 2.2.13 was first stated (incorrectly) in [31]. The first progress on Conjec-
ture 2.2.13 came from Heinrich in 1980 [60]. She constructed N, Latin squares of orders
pq for all distinct primes p and ¢ with pg # 6. Two years later, Andersen and Mendelsohn [§]
generalised Heinrich’s construction to build N, Latin squares of all orders not of the form 243
with a and b non-negative integers. A third infinite family of N, Latin squares was constructed
by Maenhaut, Wanless, and Webb [85] in 2007. They constructed N, squares of all orders 3m
where m is an odd integer. In particular, they resolved the existence problem for N, squares
of orders that are a power of 3. There has also been work done on constructing N, Latin
squares of small orders [47, 52, 115, 117]. Combining all of these results we obtain the following
existence theorem for N, Latin squares.

Theorem 2.2.14. There exists an N Latin square of order n for all positive integers n not
of the form 2%3° > 256 where a is a positive integer and b is a non-negative integer.

In Chapter 4, we resolve the existence problem for N, Latin squares, proving Conjec-
ture 2.2.13.

2.3 Subrectangles

In this section, we survey some problems related to subrectangles of Latin squares. In §2.3.1,
we discuss the relationship between Latin squares and 1-factorisations of complete bipartite
graphs. In §2.3.2, §2.3.3, and §2.3.4, we discuss various problems regarding subrectangles of
Latin squares and we consider the corresponding problems for 1-factorisations of complete
bipartite graphs.

2.3.1 Latin squares and 1-factorisations

Let I" be a graph. We denote by V(I') the vertex set of I' and by E(I") the edge set of I'. The
order of I is |V/(I')|. A 1-factor, or perfect matching, of I' is a subset M C E(I") such that
every vertex in V(I') is incident to exactly one edge in M.

Definition 2.3.1. A 1-factorisation of a graph T is a partition of E(T") into 1-factors.

For a graph I" to have a 1-factorisation, it is necessary that I is regular and |V (I")] is even.
However, these conditions are not sufficient. For example, the Petersen graph is a 3-regular
graph on 10 vertices and it does not have a 1-factorisation.

Let T" be a graph and suppose that JF is a 1-factorisation of I'. Let ¢ be a permutation
of V(I'). For f € F, by ¢(f) we mean {{¢p(x),o(y)} : {z,y} € f}. By ¢(F) we mean
{6(f): f € F}.

Definition 2.3.2. Let I' be a graph and suppose that F; and F, are 1-factorisations of I'.

e If there is a permutation 6 of V(I') such that 0(F,) = F, then F; and Fy are isomorphic
and 6 is an isomorphism from F; to Fy. Isomorphism is an equivalence relation on the set
of 1-factorisations of I' and the equivalence classes are called isomorphism classes.

e An automorphism of Fy is an isomorphism from JF; to itself. The automorphism group of Fy,
denoted by Aut(JF;), is the set of all automorphisms of F; under composition.

11
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Isomorphic 1-factorisations have isomorphic automorphism groups.

In this section, we are mostly concerned with 1-factorisations of complete bipartite graphs.
The following definition will be convenient for us to describe the relationship between Latin
squares and 1-factorisations of complete bipartite graphs.

Definition 2.3.3. Let I' be a bipartite graph. Let V(I') = U U W with bipartition (U, W).
An ordered 1-factorisation of I' is a 1-factorisation of I' together with: a designation of U or
W being the first part of I', a total order on U, a total order on W, and a total order on the
1-factors in &.

Let T' be a bipartite graph with vertex set U U W with bipartition (U, W). We use
[f1, f2y- -, fa] to denote an ordered 1-factorisation of T' with 1-factors fi, fa,..., f,. Tech-
nically, to form an ordered 1-factorisation of I' we also require a designation of U or W being
the first part, a total order on U, and a total order on V. However, in many situations these
requirements are unimportant and will not be specified.

In this section, various properties of 1-factorisations are defined. These properties will be
extended to ordered 1-factorisations of bipartite graphs in a natural way: We will say that an
ordered 1-factorisation has such a property if the corresponding unordered 1-factorisation has
that property.

We will need the notions of isomorphisms and automorphisms for ordered 1-factorisations
of bipartite graphs.

Definition 2.3.4. Let I be a bipartite graph and let & = [f1, fa, ..., fu]land F' = [f], f5, ..., f}]
be ordered 1-factorisations of I.

o If there is a permutation 6 of V(I') and a permutation ¢ of [n] such that 0(f;) = f,; for all
i € [n], then F and F’ are ordered isomorphic and (6,v) is an ordered isomorphism from F
to F'. In this case we write F' = F(#,v). Ordered isomorphism is an equivalence relation
on the set of ordered 1-factorisations of I' and the equivalence classes are called isomorphism
classes.

e An ordered automorphism of F is an ordered isomorphism from F to itself. The ordered
automorphism group of F, denoted by OAut(F), is the set of all ordered automorphisms of
J under composition.

Let F = [f1, fo, ..., fa) and F' = [f], f},..., f!] be ordered 1-factorisations of a bipartite
graph I'. Then F and F’ are ordered isomorphic if and only if the unordered 1-factorisations

{fi, fas -  fa} and {f1, f4, ..., f.} of I are isomorphic.

There is a nice equivalence between Latin squares of order n and ordered 1-factorisations of
K, n, which we now briefly discuss. For a more detailed description, see, for example, [121]. Let
JF be an ordered 1-factorisation of K, , and let the vertex set of K, , be U UW with bipartition
(U,W). Since ¥ is ordered, there is a designation of one of U or W as the first part of K, .
Without loss of generality, U is the first part. There is also a total order on U and a total order
on W. Hence, we may relabel U to be [n] x {1} and we may relabel W to be [n] x {2}. For the
remainder of this section, unless otherwise stated, we will assume that the vertex set of I, ,, is
([n] x {1}) U ([n] x {2}) with bipartition ([n] x {1}, [n] x {2}). We will always use the natural
total order on [n] x {1} and [n] x {2}, and [n] x {1} will be designated as the first part.

12
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Let L be a Latin square of order n. For each r € [n], define a set f, of edges of K, by
fr = {{(c,1),(L¢,2)} : ¢ € [n]}. Since no symbol appears more than once in row r of L,
it follows that f,. is a 1-factor of K, ,. Define F = [fi, fa,..., fn]. The fact that no symbol
appears more than once in any column of L implies that if r # 7/, then f, and f,» are disjoint.
Thus, JF is an ordered 1-factorisation of K, ,. Let the ordered 1-factorisation J obtained from
L in this way be denoted by .#(L).

Conversely, let F = [f1, f2,. .., fu] be an ordered 1-factorisation of K, ,. We will define a
matrix L of order n with row index set, column index set, and symbol set [n], by letting L, .
be the unique element s € [n] such that (s,2) is adjacent to (¢, 1) in f,. The definition of a
1-factor implies that no symbol is repeated in any row of L, and the fact that f. and f,.. are
disjoint for any r # 7’ implies that no symbol is repeated in any column of L. Hence, L is a
Latin square. Let the Latin square obtained from J in this way be denoted by Z(F). Note
that if ¢ is a permutation of [n] and F' = F(Id, 1)), then Z(F') and L (F) are isotopic and
(v,1d,1d) € Sym([n])? is an isotopism from Z(F’) to Z(F). Also note that F(ZL(F)) = F.

Of course, if L is a Latin square of order n with general row indices R, column indices C,
and symbols S, then we can still define an ordered 1-factorisation .% (L) of K, ,, by relabelling
R, C, and S. The order of the 1-factors in .%# (L) comes from the order on R and the orders
on the parts of K, ,, come from the orders on C' and S. This is the reason for the insistence in
§2.1.1 of a total order on the symbol set of a Latin rectangle. Similarly, we can of course define
Z(F) for any ordered 1-factorisation F of a complete bipartite graph by relabelling vertices
and 1-factors.

See Figure 2.5 for an example of a Latin square L and its associated ordered 1-factorisation

Z(L).

L = Ut DN
— Ot =N W
= NN W o= Ot
Ot = N W =
N W — O

Figure 2.5: A Latin square L of order 5 and its associated ordered 1-factorisation .# (L) of Kj 5.
In this figure, a 1-factor is a maximal set of edges of the same colour.

Let F be an ordered 1-factorisation of K, , and let (0,¢) € OAut(F). Let U = [n] x {1}
and let W = [n] x {2}. Then either §(U) = U or §(U) = W. In the former case we say
that (0,v) is part-preserving and in the latter case we say that (0,1) is part-reversing. We
denote the set of part-preserving ordered automorphisms of F by OAut,(F). Let L = Z(F).
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Permuting the vertices in U corresponds to a permutation of the columns of L, permuting the
vertices in W corresponds to a permutation of the symbols of L, and permuting the 1-factors
in F corresponds to a permutation of the rows of L. We thus have the following theorem [121].

Theorem 2.3.5. Let F and F' be ordered 1-factorisations of K,,. Let L = Z(F) and let
L'=2(3").

o OAut,(F) is isomorphic to Atp(L).
e F and F' are ordered isomorphic if and only if L is isotopic to L' or the row-inverse of L.

We now relate subrectangles of Latin squares to properties of 1-factorisations of complete
bipartite graphs.

Definition 2.3.6. Let L be a Latin square of order n. A row cycle of length £ in L is a 2 x /
subrectangle of L that does not have any proper subrectangles.

The following simple lemma is due to Wanless [116].

Lemma 2.3.7. Let L and L' be Latin squares. Let X and X' be the set of lengths of row
cycles of L and L', respectively. If there is a paratopism («, 3,7, V) from L to L' with ¥ €
{(1,2,3),(1,3,2)}, then X = X'.

Let T be a graph and let M C E(T'). Denote by I'[M] the subgraph of I" with vertex set
V(I') and edge set M. Suppose that F is a 1-factorisation of I'. Let {f, g} C F with f # g. It
is simple to see that I'[f U g] is a union of cycles of even length. We will say that F contains a
cycle of length 27 if there are distinct 1-factors f and ¢ in F such that I'[f U g] has a cycle of
length 2¢. The following lemma [121] relates the row cycles of a Latin square L to the cycles
that .# (L) contains.

Lemma 2.3.8. Let F = [fi, fa, ..., fu] be an ordered 1-factorisation of K, ,, and let L = £ (F).
Let {i, 7} C [n] with i # j. The Latin square L contains a row cycle of length ¢ involving rows
i and j if and only if the graph K, ,[f; U f;] contains a cycle of length 2¢.

2.3.2 Row-Hamiltonian Latin squares and perfect 1-factorisations

Definition 2.3.9. A Latin square is row-Hamiltonian if it does not contain any proper sub-
rectangles.

The row-Hamiltonian property is much stronger than the N, property. The following
is a characterisation of row-Hamiltonian Latin squares: A Latin square of order n is row-
Hamiltonian if and only if all of its row cycles are of dimension 2 x n. Thus, Lemma 2.3.7
implies that the row-Hamiltonian property is an isotopism class invariant.

Definition 2.3.10. Let I' be a graph. A perfect 1-factorisation of I' is a 1-factorisation F of T’
such that I'[f U ¢ is a Hamiltonian cycle in I' for any distinct f and g in .

It is a simple fact that the perfect property of a 1-factorisation is an isomorphism class
invariant.

Combining Lemma 2.3.8 with the characterisation of row-Hamiltonian Latin squares given
after Definition 2.3.9, we obtain the following theorem (see, e.g., [121]).
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Theorem 2.3.11. Let F be an ordered 1-factorisation of K, ,, and let L = £ (F). Then L is
row-Hamiltonian if and only if F is perfect.

The Latin square depicted in Figure 2.5 is row-Hamiltonian, thus the ordered 1-factorisation
depicted in Figure 2.5 is perfect.

The main point of this subsection is to discuss what is known about row-Hamiltonian Latin
squares and perfect 1-factorisations of complete bipartite graphs. Before doing this, we take a
slight detour to discuss perfect 1-factorisations of complete graphs.

In 1964, Kotzig made the following famous conjecture [73].

Conjecture 2.3.12. There exists a perfect 1-factorisation of the complete graph K, for every
even integer n.

Despite attracting lots of attention, Conjecture 2.3.12 remains far from resolved. There are
three known infinite families of perfect 1-factorisations of complete graphs. In 1964, Kotzig [73]
proved, for every odd prime p, the existence of a perfect 1-factorisation of K,;;, denoted by
GKpt1. For each odd prime p, there is a well known 1-factorisation of Ks,, denoted by G As,.
Kotzig also claimed to know that G Aj, is perfect for every odd prime p. This fact was proved
by Anderson [9] in 1973. The third known infinite family was not constructed until 2006,
when Bryant, Maenhaut, and Wanless [22] constructed, for every prime p > 11, a perfect
1-factorisation of K, that is not isomorphic to GK,;;. Denote this perfect 1-factorisation
by GB,1. There has also been plenty of work done on constructing perfect 1-factorisations of
complete graphs of small order [10, 11, 12, 14, 38,66, 70, 71, 102, 109, 110, 120, 123]. Combining
all of the results discussed above gives rise to the following existence theorem:.

Theorem 2.3.13. There exists a perfect 1-factorisation of K, if n € {p + 1,2p} for an odd
prime p or if n is an element of

{16, 28, 36, 40, 50, 52, 56, 126, 170, 244, 344, 530, 730, 1332, 1370, 1850, 2198, 2810, 3126,
4490, 6860, 6890, 11 450, 11 882,12 168, 15 626, 16 808, 22 202, 24 390, 24 650, 26 570, 29 792,
29930, 32042, 38 810, 44 522, 50 654, 51 530, 52 442, 63 002, 72 362, 76 730, 78 126, 79 508,
103824, 148 878,161 052, 205 380, 226 982, 300 764, 357912, 371 294, 493 040, 571 788,
1030302,1092728,1225044,1295 030, 2048 384, 2248 092, 2476 100, 2 685 620, 3 307 950,
3442952,4 330 748,4 657464, 5735 340, 6 436 344, 6 967 872, 7 880 600, 9 393 932, 11 089 568,
11697084, 13651920, 15813 252,18 191 448,19902 512, 22 665 188}.

It is unknown whether there exists a perfect 1-factorisation of Kg4. This represents the
smallest unresolved case of Conjecture 2.3.12.

There has also been work done on enumerating perfect 1-factorisations of complete graphs
of small order. The number of 1-factorisations of K, up to isomorphism and the number of
those that are perfect are given in Table 2.1 for some small relevant values of n.

The number of isomorphism classes of 1-factorisations of K, was determined by: Dickson
and Safford [33] for n = 8; Gelling and Odeh [51] for n = 10; Dinitz, Garnick, and McKay [37]
for n = 12; and Kaski and Ostergard [67] for n = 14. The number of isomorphism classes of 1-
factorisations of K¢ is unknown. The number of isomorphism classes of perfect 1-factorisations
of K, was determined by: Gelling and Odeh [51] for n = 10; Petrenyuk and Petrenyuk [101]
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n 1-factorisations perfect 1-factorisations
2 1 1

4 1 1

6 1 1

8 6 1

10 396 1

12 526 915 620 )

14 | 1132835421602 062 347 23

16 3155

Table 2.1: The number of 1-factorisations and perfect 1-factorisations up to isomorphism of K,
for small values of n.

for n = 12; Dinitz and Garnick [36] for n = 14; and Gill and Wanless [54], and independently
Meszka [95], for n = 16.
For more details about perfect 1-factorisations of complete graphs, see the surveys [104, 108].

We now give a brief description of the relationship between perfect 1-factorisations of com-
plete graphs and perfect 1-factorisations of complete bipartite graphs. For a more detailed
description, see [121].

Definition 2.3.14. Suppose that n is odd and let the vertex set of K, 1 be V. An ordered
1-factorisation of K, is a 1-factorisation F of K, 1 together with a total order on V and a
total order on the 1-factors in F. A rooted 1-factorisation of K, is a pair (F,v) where JF is
an ordered 1-factorisation of K, and v € V is a vertex called the root.

As we did for bipartite graphs, we will use [fi, fo, ..., f.] to denote an ordered 1-factorisation
of K, 1 with 1-factors fi, fa,..., fn. Technically, to form an ordered 1-factorisation we also
need to specify an order on V(K,.;). However, in many situations this information will be
unimportant and thus omitted. We will also extend properties of 1-factorisations to ordered
1-factorisations of complete graphs in the same way as we extended those properties to ordered
1-factorisations of complete bipartite graphs.

There is a known method of building an ordered 1-factorisation of K, , from a rooted
1-factorisation (F,v) of K, 1, called the K-construction. Let V = V(K,.;). Define U =
(V\{v}) x {1} and W = (V' \ {v}) x {2}. Let the vertex set of K, ,, be UUW with bipartition
(U,W). Designate U to be the first part of K,,,. The total order on V' induces a total order on
U and a total order on W. Let F = [f1, fa, ..., fu]. For each 1-factor f; € &F, build a 1-factor
fi of K, as follows. Let € V be the unique vertex such that {z,v} € f;. Add the edge
{(z,1),(x,2)} to fF. For all edges {a,b} € f; with v ¢ {a,b}, add the edges {(a,1),(b,2)}
and {(a,2),(b,1)} to f*. It is routine to check that f; is a 1-factor and [f}, f3,..., f}] is an
ordered 1-factorisation of K, ,. Denote this ordered 1-factorisation by K(F,v). For the rest of
this subsection, if f is a 1-factor of K41, then f* will denote the 1-factor of K, ,, built from f
as described above. See Figure 2.6 for an example of the K-construction.

Let (F,v) be a rooted 1-factorisation of K, 1. Let X = K(F,v) and let f and g be distinct
1-factors in F. Suppose that (z1,z2,...,2;) is a cycle in K, 11[f U g] that does not contain
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*

1

*

2

*

3

*
4

*

5

Figure 2.6: This figure shows an ordered 1-factorisation F of Kg and the ordered 1-factorisation
:K:(&r', U) of K575.

vertex v. Note that j must be even. Then K, ,[f* U g*] contains the cycles

((l’l, ].), (ZEQ,Q), ey (ZL'j_l, ]_), (Ij, 2)) and ((Il, 2), (l’z, ].), ey (I’j_l, 2), (I’j, 1))

Now suppose that (v, z1,xs, ..., z;) is a cycle in K, 41[fUg] and note that j must be odd. Then
K,n[f* U g*] contains the cycle

((21,1),(29,2),...,(xj-1,2), (x,1),(x,2), (xj_1,1),..., (22,1), (21,2)).

We thus have the following theorem [121].

Theorem 2.3.15. Let (F,v) be a rooted 1-factorisation of K1 and let K = K(F,v). Then
K is perfect if and only if F is perfect.

An immediate corollary of Theorem 2.3.15 is the following.

Corollary 2.3.16. If there exists a perfect 1-factorisation of K, 11, then there exists a perfect
1-factorisation of K, .

Corollary 2.3.16 was first proved by Laufer [79]. The converse to Corollary 2.3.16 is not
known to hold in general, but there is a known partial converse, which we discuss now.

Let L be a Latin square of order n. If L;; =i for all ¢ € [n], then L is idempotent. If L is
equal to its row-inverse, then L is involutory.

If n is odd, then given a rooted 1-factorisation (F,v) of K,;; we can construct a 1-
factorisation K(J,v) of K,,, and then a Latin square .Z(X(F,v)) of order n. For simplicity,
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we will denote .Z(X(F,v)) by Z(F,v). If we start with an idempotent and involutory Latin
square, then we can reverse this construction to obtain an ordered 1-factorisation of K, ;. Note
that an idempotent, involutory Latin square of order n can exist only if n is odd.

Suppose that n is odd and let L be an idempotent, involutory Latin square of order n. Let
the vertex set of K41 be [n+ 1]. For each r € [n], build a set g, of edges of K, as follows.
Add the edge {r,n + 1} to g,, and for each ¢ € [n] \ {r}, add the edge {c, L, .} to g,. Then
g, is well-defined because L is idempotent and involutory. Furthermore, the fact that every
symbol in [n| appears exactly once in each row and column of L implies that [g1, g2, ..., gn] is
an ordered 1-factorisation of K, 1, which we denote by ¢(L). Here we are using the natural
total order on [n + 1] = V(K,41). Note that L = Z(4(L),n + 1). The following lemma [2]
relates the row cycles of L to the cycles in 4(L).

Lemma 2.3.17. Suppose that n is odd. Let L be an idempotent, involutory Latin square of
ordern and let F =9 (L) = [g1, 92, - -, gn|. Let {i,5} C [n] with i # j and let D be a row cycle
of length ¢ in L involving rows i and j.

e If D hits column i, then there is a cycle in K,11]g:,g;] of length ¢ + 1.
o If D does not hit column i, then { < n/2 and there is a cycle in K,1(gi, g;] of length 2¢.
We can now state a partial converse to Corollary 2.3.16, which was also stated in [121].

Corollary 2.3.18. If there exists an idempotent, involutory, row-Hamiltonian Latin square of
order n, then there exists a perfect 1-factorisation of K.

Let F be an ordered 1-factorisation of K, 1 and let v € V(K,11). A natural question to ask
is whether the choice of v can affect the isomorphism class of K(F,v) or the species of Z(F,v).
This is answered by the following theorem [121].

Theorem 2.3.19. Let F = [fi, fo,. .., fn] be an ordered 1-factorisation of K, 11 and let {u,v} C
V(Kpy1). Let F' ={f1, fa, ..., fu} denote the unordered 1-factorisation of K, 1 corresponding
to &F.

o K(F,u) and K(F,v) are isomorphic if and only if there is an automorphism of F' that maps
u towv.

o Z(F,u) and L (F,v) are paratopic if and only if there is an automorphism of F' that maps

u tov.

We now return to what is known about row-Hamiltonian Latin squares and perfect 1-
factorisations of complete bipartite graphs.
A simple parity argument can be used to prove the following lemma [116].

Lemma 2.3.20. If a row-Hamiltonian Latin square of order n exists, then n = 2 or n s odd.

Combining Conjecture 2.3.12 with Corollary 2.3.16, we obtain the following conjecture (see,
e.g., [116]).

Conjecture 2.3.21. There exists a perfect 1-factorisation of K, ,, for every odd integer n.
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There has been more progress on Conjecture 2.3.21 than on Conjecture 2.3.12. However,
Conjecture 2.3.21 is still very far from being resolved. Theorem 2.3.13 and Corollary 2.3.16
together imply the existence of perfect 1-factorisations of K, , for various values of n. Let
p = 11 be prime. Applying the K-construction to the 1-factorisations GKp,y1 and GBp,1,
we obtain several non-isomorphic perfect 1-factorisations of K, ,. Explicitly, if 2 is primitive
modulo p, then there are 11 non-isomorphic perfect 1-factorisations of K, , obtained in this way,
and if 2 is not primitive modulo p, then there are five non-isomorphic perfect 1-factorisations
of K,, obtained in this way. These facts were proved by Bryant, Maenhaut, and Wanless [22].
Corollary 2.3.16 tells us that there are perfect 1-factorisations of Ky, 9,1 for each odd prime
p found by applying the K-construction to GAs,. In Chapter 5, we will prove that only one
isomorphism class of perfect 1-factorisations of K, 12,-1 can be obtained in this way. There
are two known infinite families of perfect 1-factorisations of complete bipartite graphs that do
not come from the K-construction. Bryant, Maenhaut, and Wanless [21] constructed (p —1)/2
non-isomorphic perfect 1-factorisations of K2 2 for each odd prime p. Allsop and Wanless [5]
constructed a perfect 1-factorisation of K, for each prime p such that p = 1 mod 8 or p =
3 mod 8. We thus have the following existence result for perfect 1-factorisations of complete
bipartite graphs.

Theorem 2.3.22. There exists a perfect 1-factorisation of K, if n € {p,2p — 1,p*} for an
odd prime p or n is an element of

{15,27,35,39,49, 51, 55,125, 169, 243, 343, 529, 729, 1331, 1369, 1849, 2197, 2809, 3125,
4489, 6859, 6889, 11 449,11 881,12167, 15625, 16 807, 22 201, 24 389, 24 649, 26 569, 29 791,
29929, 32041, 38 809, 44 521, 50 653, 51 529, 52 441, 63 001, 72 361, 76 729, 78 125, 79 507,
103823, 148 877,161 051, 205 379, 226 981, 300 763, 357911, 371 293,493 039, 571 787,
1030301,1092727,1225043,1295 029, 2048 383, 2248 091, 2476 099, 2 685 619, 3 307 949,
3442951,4330747,4657463,5 735339, 6436 343,6 967 871, 7880 599, 9 393 931, 11 089 567,
11697083,13651919, 15813251, 18191 447,19902 511, 22 665 187}.

By Theorem 2.3.11, the integers n for which it is known that a row-Hamiltonian Latin
square of order n exists are the same integers n for which Theorem 2.3.22 tells us that a perfect
1-factorisation of K, , exists. The row-Hamiltonian Latin squares that are obtained from the
known infinite families of perfect 1-factorisations of complete bipartite graphs will be discussed
in §2.3.4.

There has been work done on enumerating perfect 1-factorisations of complete bipartite
graphs, as well as row-Hamiltonian Latin squares, of small orders. For n € {2,3,...,11}:
Table 2.2 shows the number of 1-factorisations of K, , up to isomorphism and the number
of those that are perfect, Table 2.3 shows the number of species of Latin squares of order n
and the number of those containing row-Hamiltonian Latin squares, and Table 2.4 shows the
number of isotopism classes of Latin squares of order n and the number of those containing
row-Hamiltonian Latin squares.

The number of species and isotopism classes of Latin squares of orders up to 6 were deter-
mined by Schénhardt [107]. The number of isomorphism classes of 1-factorisations of Kgg was
known to Tarry [111] and also apparently to Clausen (see [98]). The number of species of Latin
squares of order 7 was determined independently by Sade [105] and Saxena [106]. Sade [105]
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n 1-factorisations perfect 1-factorisations
2 1 1

3 1 1

4 2 —

5 2 1

6 17 —

7 324 2

8 842227 —

9 57810418543 37
10 104 452 188 344901 572 —
11 | 6108088657 705958 932 053 657 687121

Table 2.2: The number of 1-factorisations and perfect 1-factorisations up to isomorphism of
K, , for small values of n.

n species row-Hamiltonian species
2 1 1

3 1 1

4 2 —

) 2 1

6 12 —

7 147 2

8 283657 —

9 19270853 541 37
10 34817397894 749 939 —
11 | 2036029552 582 883 134 196 099 687115

Table 2.3: The number of species and species containing row-Hamiltonian Latin squares of
order n for small values of n.

also determined the number of isotopism classes of Latin squares of order 7 (see also [103]). The
number of species and isotopism classes of Latin squares of order 8 were determined by Kolesova,
Lam, and Thiel [72]. The number of isomorphism classes of 1-factorisations of K77 and Kgg
were determined by McKay, Meynert, and Myrvold [88]. They also determined the number of
species and isotopism classes of Latin squares of order n and the number of isomorphism classes
of 1-factorisations of K, , for n € {9,10}. The number of species and isotopism classes of Latin
squares of order 11 and the number of isomorphism classes of 1-factorisations of Ki;1; were
determined by Hulpke, Kaski, and Ostergard [65]. For positive integers n < 9, the number of
species containing row-Hamiltonian Latin squares of order n and the number of isomorphism
classes of perfect 1-factorisations of K, ,, were determined by Wanless [116]. From his results, it
is easy to determine the number of isotopism classes containing row-Hamiltonian Latin squares
of order n. The number of species and isotopism classes containing row-Hamiltonian Latin
squares of order 11 and the number of isomorphism classes of perfect 1-factorisations of K1y 13
are the main topics of Chapter 5.
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n isotopism classes row-Hamiltonian isotopism classes
2 1

3 1

4 2 —

5 2 1

6 22 —

7 564 2

8 1676267 —

9 115618721 533 64

10 208904 371 354 363 006 —

11 | 12216 177 315 369 229 261 482 540 1374132

Table 2.4: The number of isotopism classes and isotopism classes containing row-Hamiltonian
Latin squares of order n for small values of n.

2.3.3 1-factorisations avoiding cycles of certain lengths

Recall that if F is a 1-factorisation of a graph I' and F contains a cycle of length x, then x is
even and satisfies 4 < o < |V/(I)].

Definition 2.3.23. Let I' be a graph and let = be an even integer satisfying 4 < = < |V(T')].
An z-cycle free 1-factorisation of I' is a 1-factorisation of I' that does not contain any cycle of
length z.

Meszka [94] studied z-cycle free 1-factorisations of complete graphs. One of his main results
is the following.

Theorem 2.3.24. Suppose that n is even and let © be an even integer satisfying 4 < x < n.
There exists an x-cycle free 1-factorisation of K,.

Thus, the only integer x for which it is unknown whether an z-cycle free 1-factorisation of
K, existsis x = n.

Definition 2.3.25. Let I be a graph. An anti-perfect 1-factorisation of T' is a |V (I')|-cycle
free 1-factorisation of I'.

By Theorem 2.3.24, to resolve the existence problem for x-cycle free 1-factorisations of
complete graphs, it remains to resolve the existence problem for anti-perfect 1-factorisations
of complete graphs. There has been some work done in this direction, which will be discussed
later in this subsection. Before doing this, we will consider 1-factorisations of graphs that do
not contain any long cycles.

Let T' be a graph and let x be an even integer satisfying 4 < = < |V(T')|. An z”-cycle
free 1-factorisation of I' is a 1-factorisation of I' that is y-cycle free for every even integer y
satisfying « < y < |V/(I')|. In 1976, Haggkvist [56] asked the following question. For a graph I'
that has a 1-factorisation, what is the smallest even integer x with 4 < = < |[V/(I")| such that
there is an z~-cycle free 1-factorisation of I'? This question has been studied mostly for the
case where T is a complete bipartite graph [17, 23, 45, 46, 97, 124], but some attention has also
been given to the case where I' is a complete graph [23, 46]. Dukes and Ling [45] posed the
following conjecture.
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Conjecture 2.3.26. There exists a 6”-cycle free 1-factorisation of K, , for all sufficiently
large n.

Every 1-factorisation of K35 5 has a cycle of length 10, thus the condition in Conjecture 2.3.26
that n must be ‘sufficiently large’ is necessary. Conjecture 2.3.26 is known to hold when n is a
power of 2 or a power of 3 [23, 96, 124]. Nincdk and Owens [97] proved that the minimum z
such that there is an x~-cycle free 1-factorisation of K, , is at most 2n—2if n ¢ {2,3,5}. That
is, they proved that there exists an anti-perfect 1-factorisation of K, if n & {2,3,5}. Dukes
and Ling [45] improved the bound on z to a polylogarithmic function of n. In a subsequent
paper, they improved the bound on z to a constant [16], which was further improved by Benson
and Dukes [17].

Theorem 2.3.27. There exists a 1827 -cycle free 1-factorisation of K, ,, for all positive integers
n.

The best known corresponding result for complete graphs is due to Dukes and Ling [46].

Theorem 2.3.28. There exists a 17207 -cycle free 1-factorisation of K, for all even integers
n.

We can now return to anti-perfect 1-factorisations of complete graphs. Meszka [94] gave
some existence results for anti-perfect 1-factorisations of complete graphs, but did not resolve
the existence problem completely. Combining his results with Theorem 2.3.28 we obtain the
following theorem.

Theorem 2.3.29. Suppose that n is even. There exists an anti-perfect 1-factorisation of K,
except possibly when 102 < n < 1720 and one of the following is true:

e n =z mod 24 for some z € {6,12,18},
e n— 1 1is prime.

In Chapter 6, we resolve the existence problem for anti-perfect 1-factorisations of complete
graphs. However, we note that our contribution to this is little more than an observation that
construction of z”-cycle free 1-factorisations of complete graphs by Dukes and Ling [416] can
be used to construct anti-perfect 1-factorisations of K, for almost all even n. By combining
the existence result for anti-perfect 1-factorisations of complete graphs with Theorem 2.3.24,
we can resolve the existence problem for z-cycle free 1-factorisations of complete graphs. In
Chapter 6, we also provide some new methods of constructing anti-perfect 1-factorisations of
complete graphs and complete bipartite graphs.

Let L be a Latin square of order n and let x € [n] \ {1}. Say that L is x-cycle free if it has
no row cycle of length . By Lemma 2.3.8, if L is z-cycle free, then .% (L) is 2z-cycle free. So
the problems stated in this subsection that apply to complete bipartite graphs can equivalently
be viewed as problems regarding subrectangles in Latin squares.

22



2.3. SUBRECTANGLES

2.3.4 Atomic and anti-atomic Latin squares

Definition 2.3.30. Let L be a Latin square of order n, let L* denote its transpose, and let L’
denote its (3,2, 1)-conjugate. A column cycle of length ¢ in L is a set X of entries of L such
that {(c,r,s): (r,c,s) € X} forms a row cycle of length ¢ in L*. A symbol cycle of length ¢ in
L is a set Y of entries of L such that {(s,c,7) : (r,¢,s) € Y} forms a row cycle of length ¢ in
L.

See Figure 2.7 for an example of a column cycle and a symbol cycle.

1 326 7 5 4
5 76 21 4 3
2145 376
743126 5
45136 27
6 2 745 31
36 57 41 2

Figure 2.7: The blue highlighted entries of the Latin square in this figure form a column cycle
of length 3 and the red highlighted entries form a symbol cycle of length 4.

Recall that a row-Hamiltonian Latin square of order n is a Latin square of order n whose
row cycles are all of length n. A column-Hamiltonian Latin square of order n is a Latin square
of order n whose column cycles are all of length n and a symbol-Hamiltonian Latin square of
order n is a Latin square of order n whose symbol cycles are all of length n.

By Lemma 2.3.7, we know that the set of lengths of row cycles of a Latin square is the same
as that of its row-inverse. Combining this with Definition 2.3.30, it is immediate that if L is a
row-Hamiltonian Latin square, then:

e The row-inverse of L is row-Hamiltonian,
e The transpose and (2,3, 1)-conjugate of L are column-Hamiltonian, and
e The (3,2, 1)-conjugate and (3,1, 2)-conjugate of L are symbol-Hamiltonian.
We now define a property that is stronger than the row-Hamiltonian property.

Definition 2.3.31. An atomic Latin square of order n is a Latin square of order n whose row
cycles, column cycles, and symbol cycles are all of length n.

Equivalently, an atomic Latin square is a Latin square that is row-Hamiltonian, column-
Hamiltonian, and symbol-Hamiltonian.

Definition 2.3.32. For a Latin square L, let (L) denote the number of conjugates of L that
are row-Hamiltonian.

We will also say that a Latin square L has v = v(L). It is immediate from the comments
made before Definition 2.3.31 that atomic Latin squares are precisely the Latin squares with
v = 6 and that v(L) € {0,2,4,6} for every Latin square L [116]. Lemma 2.3.7 tells us that
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the row-Hamiltonian property is an isotopism class invariant, thus v is a species invariant.
Therefore, if L is a Latin square, then we will say that the species containing L has v = v(L).

Next, we discuss the infinite families of row-Hamiltonian Latin squares and the associated
v values. Suppose that n is odd, let F be an ordered perfect 1-factorisation of K, 1, and let
v € V(Kuy1). Let L = Z(F,v). It is known [121] that L is involutory, which implies that
v(L) € {2,6}. This will be explored in more detail in Chapter 5.

Let p > 11 be prime. There are five species containing row-Hamiltonian Latin squares
of order p that can be obtained by applying the K-construction to GK,41 or GBpiq. If 2 is
primitive modulo p, then all five of these species have v = 6. If 2 is not primitive modulo p,
then exactly two of these species have v = 6 and the remaining three have v = 2 [22, 99, 110].
Now let p be any odd prime. Let v be a vertex of K, and let L = Z(G Ay, v). In Chapter 5,
we prove that the species of L does not depend on the choice of v. We also prove that v(L) = 6
if p =3 and v(L) = 2 otherwise. The row-Hamiltonian Latin squares of order p? constructed
by Bryant, Maenhaut, and Wanless [21] have v = 2. Of the row-Hamiltonian Latin squares
constructed by Allsop and Wanless [5], all except those of orders 3 and 19 have v = 4.

Atomic Latin squares have been studied in [22, 54, 86, 100, 116, 120]. In some of these
papers, atomic Latin squares of small orders are constructed. Combining these constructions
with the infinite families of atomic Latin squares discussed above, we obtain the following
existence theorem.

Theorem 2.3.33. There exists an atomic Latin square of order n if n is prime or n is an
element of

{25,27,49, 121,125,289, 361, 625, 841, 1369, 1849, 2809, 4489, 24 649, 39 601 }.

It is unknown whether there exists an atomic Latin square of an order that is not a prime
power.

The species containing atomic Latin squares of orders up to 11 have been enumerated.
Table 2.5 displays the number of species of Latin squares of order n, and the number of those

containing atomic Latin squares, for n € {2,3,...,11}.
n species atomic species
2 1
3 1
4 2 —
5 2 1
6 12 —
7 147 1
8 283 657 —
9 19270853 541 0
10 34 817397894 749 939 —
11 | 2036029552 582883 134 196 099 7

Table 2.5: The number of species and species containing atomic Latin squares of order n for
small values of n.
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The number of species containing atomic Latin squares of orders up to 9 were determined
by Wanless [116] and the number of species containing atomic Latin squares of order 11 was
determined by Maenhaut and Wanless [36].

From Lemma 2.3.8, we know that an anti-perfect 1-factorisation of K, , corresponds to a
Latin square of order n that has no row cycle of length n. We make the following definition.

Definition 2.3.34. An anti-atomic Latin square of order n is a Latin square of order n that
does not have a row cycle of length n, does not have a column cycle of length n, and does not
have a symbol cycle of length n.

Equivalently, a Latin square of order n is anti-atomic if none of its conjugates have a row
cycle of length n. In Chapter 6, we resolve the existence problem for anti-atomic Latin squares
and give some methods of constructing them.

2.4 Quadratic Latin squares

In this section, we discuss quadratic Latin squares, which are the main topic of Chapter 6.

Throughout this section, let ¢ be an odd prime power. Let [F, denote the finite field of order
q and let F; denote the multiplicative group of units in F,. Let R, denote the set of quadratic
residues in F; and let N, denote the set of quadratic non-residues in F;.

Let (G, +) be an abelian group. An orthomorphism of G is a permutation ¢ of G such that
the map = — ¢(z) — z is also a permutation of G. Let ¢ : G — G be any map and define a
¢ X ¢ matrix M with row index set, column index set, and symbol set G by M, ; = i+ (5 — ).
It is a well known fact that M is a Latin square if and only if ¢ is an orthomorphism of G (see,
e.g., [19]). If ¢ is an orthomorphism of G, then we say that the Latin square M is generated
by . We also say that the quasigroup whose operation table is M is generated by .

Let v and v be positive integers such that ¢ — 1 = uv. Let ¢ be a primitive element of
F*. For each j € {0,1,...,u — 1}, define Cy; = {t** :i € {0,1,...,v — 1}}. Then C,; is a
cyclotomic coset of the unique subgroup C, o in F} of index u. For (ag,a1,...,a,-1) € Fy, let
© = ¢,]ag, a1, ..., a,_1] be the map defined by

0 ifax=0,
p(x) = , (2.2)
ax if x e Cy.

Then ¢ is a cyclotomic map of index u. If a cyclotomic map is also an orthomorphism, then it
is a cyclotomic orthomorphism. We are particularly interested in cyclotomic orthomorphisms
of index 2.

Definition 2.4.1. A quadratic orthomorphism is a cyclotomic orthomorphism of index 2.

If u =2, then C,o = R, and C,; = N,, regardless of the choice of . Hence, for (a,b) €
F2, we denote ¢,[a,b] simply by ¢[a,b]. The following theorem of Evans [19] gives a simple
characterisation of when a cyclotomic map of index 2 is a quadratic orthomorphism.

Theorem 2.4.2. Let (a,b) € Fg. The map pla,b| is a quadratic orthomorphism if and only if
{ab,(a —1)(b—1)} C R,.
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We are now ready to define a quadratic Latin square.

Definition 2.4.3. A quadratic Latin square is a Latin square that is generated by a quadratic
orthomorphism. A quadratic quasigroup is a quasigroup that is generated by a quadratic
orthomorphism.

We can give a more explicit definition of a quadratic Latin square. Say that (a,b) € Fg is a
valid pair if {ab, (a — 1)(b— 1)} € R,. Let (a,b) € F be a valid pair. Let £ = L[a, b] denote
the Latin square with row index set, column index set, and symbol set I, that is defined by

i if i = j,
Lij=qi+a(j—i), ifj—ieR,
i+b(j—i) ifj—ieN,.

Then £ is the Latin square generated by the quadratic orthomorphism ¢[a,b]. So a quadratic
Latin square of order ¢ is a Latin square L[a,b] for some valid pair (a,b) € Fg. Denote the
quasigroup whose operation table is Lla,b] by Q,;. Equivalently, the quadratic quasigroup
Qup is the quasigroup (I, *,p) where %, is the binary operation on F, defined by x %, y =
z + ¢la,b](y — x). See Figure 2.8 and Figure 2.9 for examples of quadratic Latin squares.

o 2 1 6 8 10 3 9 4 7 5
6 1 3 2 7 9 0 10 5 8
9 7 2 4 3 8 10 1 5 0 6
7 10 8 3 5 4 9 0 2 6 1
2 8 0 9 4 6 5 10 1 3 7
s 3 9 1 10 5 7 6 0 2 4
5 9 4 10 2 0 6 8 7 1 3
4 6 10 5 0 3 1 7 9 8 2
3 5 7 0 6 1 4 2 8 10 9
0 4 6 8 1 7 2 5 3 9 0
10 5 7 9 2 8 3 6 4 10

Figure 2.8: The quadratic Latin square £[2,6] of order 11.

Quadratic Latin squares have previously been used to construct many interesting mathe-
matical objects such as: perfect 1-factorisations [5, 120], mutually orthogonal Latin squares [48,
49], atomic Latin squares [120], Latin trades [26], Falconer varieties [5], and maximally non-
associative quasigroups [42, 44, 84]. Quadratic Latin squares are the main topic of Chapter 6.
We count the number of intercalates in quadratic Latin squares and give a characterisation of
Ny quadratic Latin squares. We prove that quadratic Latin squares are not row-Hamiltonian
under certain conditions. We use quadratic Latin squares to build new examples of anti-perfect
1-factorisations of complete graphs, anti-perfect 1-factorisations of complete bipartite graphs,
and anti-atomic Latin squares. We also determine the autotopism groups of quadratic Latin
squares and determine exactly when two such squares are isotopic, generalising work of Drépal
and Wanless [43].
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0
2x + 2
z+1
20 +1

1

T
T+ 2

2x

2

r+2 2041 2x+4+2

1

T

2x 2
20 +1 0
20+2 x4+2

2 2x

0 20+ 2

T 1
2c+1 x+1

0
T+ 2
T
2
20 + 1
1
z+1
2x

x 2 r+1 1 2x

2x z+1 2241 x+4+2 2

1 2x +1 0 2r + 2 T
20+ 2 1 2 2x x4+ 2
r+1 2x T 0 20+ 1

0 r+2 2x+4+2 x+1 1
2+ 1 T 2x 2 rz+1

2 20 +2 x+4+2 2041 0
T+ 2 0 1 x 20+ 2 |

Figure 2.9: Identify Fq with Fs[z]/(z*> —  — 1). Then z is a primitive element of Fj. This
figure shows the quadratic Latin square L[z + 2,2x| of order 9 (here we are using the total
order 0<1l<2<z<z+1<z2+2<2r<2r+1<2x+2only).
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Chapter 3

Subsquares in random Latin rectangles

Throughout this chapter, n and k will denote positive integers with £ < n and all asymptotics
are as n — oo, with £ some function of n.

Let m be an integer satisfying 2 < m < min{k,n/2} and recall from §2.2.1 that E,,(k,n)
is the expected number of subsquares of order m in a random k x n Latin rectangle. The first
main result of this chapter is the following theorem.

Theorem 3.0.1. If m and k are integer functions of n satisfying 4 < m < min{k,n/2}, then
E,.(k,n) = O(n=?2).

An immediate corollary of Theorem 3.0.1 is the following result, which proves Conjec-
ture 2.2.4(7) and Conjecture 2.2.8(7).

Corollary 3.0.2. With probability 1 — O(1/n), a random k X n Latin rectangle has no proper
subsquare of order 4 or more.

We also make progress on Conjecture 2.2.4(ii) and Conjecture 2.2.8(i7).

Theorem 3.0.3. For 3 < k < n,

Es(k,n) < g—i <1+0 (%)) .

2
Es(n,n) < 3 + o(1).

Our last main result for this chapter is the following theorem, which establishes the asymp-
totics of Eq(k,n) for all k < n.

In particular,

Theorem 3.0.4. For2 < k < n,

Ey(k,n) = % (’2“) (1+0(1)).

The structure of this chapter is as follows. In §3.1, we give some definitions that we require
to prove our main theorems. We prove Theorem 3.0.1 in §3.2 and we prove Theorem 3.0.3 and
Theorem 3.0.4 in §3.3.
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3.1 Background

The switching method underlies many of the results regarding subsquares in random Latin
rectangles, including those in [27, 39, 53, 55, 76, 77, 78, 90]. However, often other ideas are
also utilised, such as the triangle removal process [76, 77]. Let A and B be finite sets. Suppose
that there is an operation, called a switching, that modifies elements of A to obtain elements
of B. Let d4 be the average, over a € A, of the number of switchings that can be applied to
a to obtain an element of B. Let dg be the average, over b € B, of the number of switchings
that can be applied to an element of A to obtain b. Then d4|A| = dg|B|. Thus, by estimating
d4 and dp, we can estimate the relative sizes of A and B. This is the simplest form of the
switching method. See [50, 58] for more general versions of the switching method.

We will use the switching method to prove our main results. The main goal of this section
is to define cycle switching and incomplete cycle switching. These will form the switching
procedure that we will utilise in §3.2 and §3.3.

Throughout this chapter, unless otherwise stated, the row index set of any k x n partial
Latin rectangle will be [k] and the column index set and symbol set will be [n]. The convention
that a Latin square of order n has row indices, column indices, and symbol set [n] will be broken
when dealing with subsquares.

Let P be a k xn partial Latin rectangle. A row cycle of length £ in P is a 2 x £ submatrix of P
that contains exactly £ symbols and no empty cells and does not contain any smaller submatrix
with these properties. Similarly, a column cycle of length ¢ in P is an ¢ x 2 submatrix of P
that contains exactly ¢ symbols and no empty cells and does not contain any smaller submatrix
with these properties. When P is a Latin square, these notions coincide with the row cycles
and column cycles defined in Chapter 2.

Definition 3.1.1. Let L be a k x n Latin rectangle. Suppose that € is an ¢ x 2 submatrix of L
that does not contain a column cycle and which hits columns ¢ and j and rows R of L. Then C
is an incomplete column cycle of length ¢ in L if there are unique rows r and ' in R such that
L, ; does not occur in column j of L and L,/ ; does not occur in column ¢ of L.

See Figure 3.1 for an example of an incomplete column cycle.

(@) IS I V)
— Ot s W
W = =J Ot
=W N O
N W
~N DN O =
(@) e |

Figure 3.1: The blue highlighted entries of the Latin rectangle in this figure form an incomplete
column cycle of length 3.

Let L be a k x n Latin rectangle. Let D be a row cycle of L that hits rows ¢ and j and
columns C, for some {7, j} C [k] and C' C [n]. Since D is uniquely determined by rows i, j and
a single column in C, we denote D by p(i, j, ¢), where ¢ is any element of C. Row cycles give
us a way of perturbing Latin rectangles to create new ones. We can define a Latin rectangle L’
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L, ifz=jandyeC,
L,,=1Lj, ifr=iandyeC,
L,, otherwise.

We say that L’ has been obtained from L by switching on p(i, j, ¢).

Let L be a k x n Latin rectangle, let {i, 7} C [n] with ¢ # j, and let r € [k]. There is either
a unique column cycle or a unique incomplete column cycle (but not both) which hits columns
i and j and row r. Denote this column cycle or incomplete column cycle by o(i, j,r) and let
R be the set of rows that it hits. The substructure o (i, j,r) gives us a way of perturbing L to
create a new Latin rectangle. Define a Latin rectangle L’ by

L,; ifxeRandy=j,
L,,=1L,; ifzeRandy=i,
L,,

otherwise.

We say that L’ has been obtained from L by switching on o (i, j, 7).

There are also symbol cycles and incomplete symbol cycles of Latin rectangles, which are,
respectively, the images of column cycles and incomplete column cycles under the map which
replaces each entry (r, ¢, s) by the entry (r, s, c). Symbol cycles and incomplete symbol cycles
can also be switched in an analogous way. See [118] for a study of switching on row, column
and symbol cycles.

Definition 3.1.2. Let L be a k x n Latin rectangle and let {i,j} C [k] with ¢ # j. The
permutation mapping row ¢ of L to row j, denoted by 7, is defined by 7, ;(L;¢) = L;, for
every ¢ € [n]|. Such a permutation is called a row permutation of L.

Definition 3.1.2 naturally generalises to Latin rectangles with more general row indices,
column indices, and symbols. We will need this generalisation in future chapters.

Let L be a k x n Latin rectangle and let {i,j} C [k] with i # j. Let p be a cycle in 7 ;
and in row ¢ let C' be the set of columns containing the symbols involved in p. Then the set of
entries

{(i,c, Li.), (J,c, Ljc) s c € C}

is the row cycle p(i, j, ¢) of L, where ¢ is any element of C'. Conversely, every row cycle of L
corresponds to a cycle of a row permutation of L.

Let L be a k x n Latin rectangle and let {7, 5} C [n] with ¢ # j. The partial permutation
mapping column ¢ of L to column j, denoted by & ;, is defined by &; ;(Ls;) = L  for every
¢ e [k]. A cycle in & ; corresponds to a column cycle of L hitting columns ¢ and j. Say that a
list [x1, xa, ..., 2] is an incomplete cycle of &; ; it & ;(x;) = x;41 for every i € [u—1] and &; ;(x,)
and &, jl (z1) are undefined. An incomplete cycle of & ; corresponds to an incomplete column
cycle of L hitting columns 7 and j.

3.2 Subsquares of order 4 or more

Throughout this section, m = m(n) will be a positive integer satisfying 2 < m < min{k,n/2}.
This section is split into three subsections. In §3.2.1 and §3.2.2, we prove two different bounds
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on the probability that a random k& x n Latin rectangle contains a subsquare of order m in a
specific selection of rows and columns and on a specific symbol set. These bounds are effective
for different but overlapping ranges of m. In §3.2.3, we combine them to prove Theorem 3.0.1,
using the bound from §3.2.1 for m > 6 and the bound from §3.2.2 for m € {4, 5}.

3.2.1 Bounding probability of large subsquares

The main result of this subsection is the following theorem. For m = 4, the bound that it gives
is not strong enough to imply any result in the direction of Theorem 3.0.1 and for m = 5, it
is not enough to imply the full strength of Theorem 3.0.1. The bound we prove in the next
subsection will be better whenever 2 < m = O(1).

Theorem 3.2.1. Let R C [k| be of cardinality m, let C and S be subsets of [n] of cardinality
m, and let L be a random k x n Latin rectangle. The probability that L|R, C] is a Latin square
of order m with symbol set S is at most

kn(k+1—m)(n+1—m)
n\3(k ’
m? ()" ()
Without loss of generality we may assume that R = C' = S = [m] in Theorem 3.2.1. Let
Ty = @ and for i € [m?], define T; to be the set of all pairs (r, ¢) € [m]? such that (c—1)m+r < i.

We will consider the sets T; to be sets of cells of kxn Latin rectangles. Soifa € {0,1,...,m—1},
b € [m|, and L is a k x n Latin rectangle, then T,,,, consists of all cells of L in the first m

rows and a columns or the first b rows and the (a + 1)-st column. Define ¢; to be the cell in
T; \ Ti—1. Let Ag be the set of all k£ x n Latin rectangles and define A; to be the set of k x n
Latin rectangles such that the symbol in cell (7, ¢) is an element of [m] for every (r,c) € T;.

Let L be a random k x n Latin rectangle. The probability that L[[m], [m]] is a Latin square
of order m with symbol set [m] is Pr(L € A,,2). By the chain rule of probability,

m2

PrL € A,e) =[] Pr(L e A | LeAy). (3.1)

i=1

Similar to the approach of Divoux et al. [39], our approach to proving Theorem 3.2.1 is to
bound the terms

PI‘(L S Az | L e Ai—l)- (32)
However, we will only provide a non-trivial bound on (3.2) when the cell ¢; = (r,c) satisfies
{1,m} n{r,c} # @. That is, we only bound (3.2) when ¢; lies in the first row, first column,
m-th row, or m-th column. Slightly surprisingly, this turns out to be enough to derive our
result. Consider when k =4, n =6, m = 3, and + = 5. The Latin rectangle

6 5
5 4
1 2
21

N R
S =W N
W Ut O >
ot O = W

is a member of A; due to the highlighted entries. Suppose that we want to use column cycle
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or incomplete column cycle switching to get from L to a rectangle in A;_; \ A;. Clearly, we
must switch on (2, ¢,2) for some ¢ € {3,4,5,6}. If we take ¢ = 5, it is clear that the resulting
rectangle will lie in A;_; \ A;, as desired. However, if we take ¢ = 4, the resulting rectangle will
not be a member of A;_y, since cell (1,2) will no longer contain a symbol in {1,2,3}. So to
estimate the number of switchings from some rectangle L' € A; to a rectangle in A;_ 1\ A;, we
ought to estimate the number of columns ¢ of L’ for which (2, ¢,2) does not hit row 1. When
dealing with general n, m, and i with ¢; = (r,¢), to estimate the number of switchings from
a rectangle L' € A; to a rectangle in A;_; \ A;, we ought to estimate the number of columns
¢ of L' for which o(c,,r) does not hit any row " < r. This seems like a difficult task in
general. However, when r = 1 this difficulty does not arise and it is clear that we can switch
L' on o(c,c’,1) for any choice of ¢ € [n]\ [c] such that L] , ¢ [m] and obtain a rectangle in
A;—1 \ A;. This explains why we can provide non-trivial bounds on (3.2) when ¢; is in the first
row. By using symbol cycle and incomplete symbol cycle switching instead of column cycle
and incomplete column cycle switching and applying the same logic, we see why we can obtain
non-trivial bounds on (3.2) when ¢; is in the first column. Note that we could also use row
cycle switching to achieve this, but we get stronger bounds when we use symbol cycle and
incomplete symbol cycle switching. When t; = (r,m) is in the m-th column and ¢ € [n] \ [m],
we can estimate the number of rectangles in A; for which o(m, ¢, r) does not hit any row " < r
(see Lemma 3.2.4). We can obtain similar results for when ¢; is in the m-th row. This allows
us to provide non-trivial bounds on (3.2) in these cases.

The following lemma allows us to bound (3.2) when ¢; is in the first row or column.

Lemma 3.2.2. Leti € {m+1—¢,m?+1—({m} for some ¢ € [m]. For a random k x n_ Latin
rectangle L,

S

Proof. Let ¢ € [m] and first suppose that i = m? + 1 — (m. We use column cycle and
incomplete column cycle switching to find the relative sizes of A; and A; 1 \ A;. Let L € A;.
Let ¢ € [n] \ [m — ¢ + 1] be such that L, » & [m]. Note that there are exactly n —m choices
for /. Let L' be obtained from L by switching on o(m —(+1,¢,1). Then L}, ., ¢ [m] and
L., = L, for every cell (r,c) € T;_;. Thus, L' € A;; \ A;. Tt follows that there are exactly
(n —m)|A;| switchings from a rectangle in A; to a rectangle in A;_; \ A;.

Reversing the switching process, consider L' € A;_; \ A; that is obtained from some L € A,
by switching on some o(m—(+1,c,1). Here, ¢ must be a column in [n]\ [m —{+ 1] such that
Ly € [m]. Since L}, € [m] for £ € [m — (] and L}, ., ¢ [m], there are exactly ( choices for
c’. Thus, there are exactly (|A;_; \ A;| switchings from a rectangle in A;_; \ A; to a rectangle
in A;.

We have shown that (n —m)|A;| = {|A;_1 \ A;|. Therefore,

Y

PI(L S Az | L e Ai—l)

as required. To deal with the case where i = m + 1 — (, we use symbol cycle and incomplete
symbol cycle switching instead of column cycle and incomplete column cycle switching. Cru-
cially, no two cells in 7},,1_¢ contain the same symbol, since we look at the first column before
we look at any other cells. O]
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Our next task is to bound (3.2) when ¢; is in the m-th row or column. To do that, we
need to prove the preliminary results Lemma 3.2.3 and Lemma 3.2.4 below. We also need the
following definitions. For a set T' C [m]? of cells, define T(T') to be the set of k x n partial
Latin rectangles P such that the set of non-empty cells of P is exactly T" and every symbol of
P is in [m]. Also define

™(T) = | J 1(1). (3.3)

T'CT
Lemma 3.2.3. Let P € T*([m]?) and let (r,c) be a non-empty cell of P. Also let v’ € [k]\ [m].
Define C" = {c,c1,¢9,...,¢0} € [m] to be the set of columns ¢ for which cell (r,c') of P is
non-empty. Suppose that the entries of P in columns ¢ and c¢; form a union of column cycles
for every i € [{]. Let A be the set of k x n Latin rectangles containing P and let X C A be the
set of rectangles in A such that the row cycle p(r,r’, c) does not hit any column in C'\ {c}. Let
L be a random k x n Latin rectangle. Then
PrL e X [LeA) = —
(+1

Proof. Let U C [m] be the set of rows containing a non-empty cell of P in column ¢. Define
Y =A\X and amap ¢ : Y — X as follows. Let L € Y and let s = L,.. Write the cycle
of 7., containing s as (s,x1,Z2,...,%,). Let v < u be maximal such that z, = L;.; for some
j € [f] and let ¢ = ¢; for this particular j. Note that v exists since L € Y. Also note that
v < u, since if v = u this would imply that (', ¢, s) € L, contradicting the fact that the entries
of P in columns ¢ and ¢ form a union of column cycles. Define ¢(L) by swapping the symbols
in cells (7", ¢) and (1", ) for every " € [k] \ U. The fact that the entries of P in columns ¢
and ¢ form a union of column cycles implies that ¢(L) is reached from L by switching one or
more column cycles or incomplete column cycles. Hence, ¢(L) is indeed a Latin rectangle and
(L) € A. The cycle of 7,.,» of ¢(L) containing s is (s, Zyt1, ..., Z,), meaning that ¢(L) € X.

Let L' € X. We now argue that there are exactly ¢ rectangles L € Y such that ¢(L) = L'.
Note that L’ is obtained from any such L by swapping all symbols in cells (", ¢) and (r”, ¢,,) for
some w € [¢] and all 7 € [k] \ U. It is immediate that there are at most ¢ possible rectangles
L such that ¢(L) = L'. We need to show that each of the ¢ possibilities is realised. Let
w € [¢]. The fact that L' € X ensures that 7, ,+ of L' contains two separate cycles (71,72, . .., 7a)
and ((1,¢2,..-,G) where my = L. and ¢ = L]

T’Cw :

Swapping the symbols in cells (1" c)
and (r”,¢,) for all " € [k] \ U produces a Latin rectangle in which 7, ,» contains the cycle
(m,Cay -3y, C1yM2, - - -, Ma), which hits both columns ¢ and ¢,,. By definition, such a rectangle
is in Y. It follows that |Y| = ¢|X| and

RS 1
Pr(LeX|LeA)=|X|+|Y|:£+1,

as required. O

Lemma 3.2.4. Let P € T*([m]?) and let (r,c) be a non-empty cell of P. Also let ¢ € [n]\ [m].
Define R = {r,r1,r9,...,r¢} C [m] to be the set of rows v’ for which cell (r',c) of P is non-
empty. Suppose that the entries of P in rows r and r; form a union of row cycles for every
i € [(]. Let A be the set of k x n Latin rectangles containing P and let X C A be the set of
rectangles in A such that o(c, ', r) does not hit any row in R'\ {r}. Let L be a random k x n
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Latin rectangle. Then .
Pr(LeX|LeA)>€+—1.

Proof. The proof is similar to the proof of Lemma 3.2.3. Let U C [m] be the set of columns
containing a non-empty cell of P in row r. Define Y = A\ X and a map ¢ : Y — X as follows.
Let L € Y and let s = L, .. First suppose that o(c,c,r) is a column cycle. Write the cycle
of £~ containing s as (s,x1,%2,...,%,). Let v < u be maximal such that x, = Ly, . for some
j € [] and let v = r; for this particular j. By the same arguments as used in the proof of
Lemma 3.2.3, we know that v exists. Define ¢(L) by swapping the symbols in cells (r,¢”) and
(r', ") for every ¢’ € [n]\ U. The fact that the entries of P in rows r and 7’ form a union of
row cycles implies that ¢(L) is reached from L by switching on one or more row cycles. Hence,
¢(L) is indeed a Latin rectangle and ¢(L) € A. The cycle of £ of ¢(L) containing symbol
s i8S (8, Tyi1,---,Ty), meaning that ¢(L) € X. Now suppose that o(c,,r) is an incomplete
column cycle. Write the incomplete cycle of & as [y1,...,Yw, S, X1, ..., x,]. We now consider
two cases. First, suppose that there is some v € [u'] such that L, . =y, for some j € [¢]. Let
such a v be maximal and let " = r; for this value of j. If v = o/, then L must contain the
entry (1, c, s), contradicting the fact that the entries of P in rows r and 7’ form a union of row
cycles. So v < /. Let ¢(L) be obtained from L by swapping the symbols in cells (r, ") and
(r', ") for every ¢’ € [n]\ U. The fact that the entries of P in rows r and 7’ form a union of
row cycles implies that ¢(L) is reached from L by switching one or more row cycles. Hence,
¢(L) is indeed a Latin rectangle and ¢(L) € A. In ¢(L), o(c,c,r) is a column cycle and the
cycle of & of ¢(L) containing s is (S, Ypt1,- .-, Yw). Thus, ¢(L) € X. Finally, suppose that
there is no v € [v/] such that L, . = y, for some j € [(]. Since L € Y, there is some v' < u
such that L, . = z,. Let such a v' be maximal and let 7’ = r; for this value of j. Let ¢(L)
be obtained from L by swapping the symbols in cells (r,¢”) and (17, ¢") for every ¢’ € [n] \ U.
Then ¢(L) € A. Also, in ¢(L), o(c,c¢,r) is an incomplete column cycle and the incomplete
cycle of {. . containing s is [y, ..., Yuw, S, Toi41, - - -, Ty|. Therefore, ¢(L) € X.

Let L' € X. We now argue that there are at most ¢ rectangles L € Y such that ¢(L) = L’
This is true since L’ is obtained from any such L by swapping all symbols in cells (r, ") and
(74, ") for some w € [¢] and all ¢’ € [n] \ U. It follows that |Y| < ¢|X| and

RY 1
Pr(LeX]LeA):|X|+|Y|>£+17

as required. O
We can now bound (3.2) when ¢; is in the m-th row or column.
Lemma 3.2.5. Let i = jm where j € [m] and let L be a random k x n Latin rectangle. Then

J

HLe A Ledn) < i

Proof. We use row cycle switching to estimate the relative sizes of A; and A;_; \ A;. For a
partial Latin rectangle P € Y(T;), let Lp denote the set of k x n Latin rectangles containing

U Le

PEY(T;)

P. So A, is the disjoint union
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Let r" € [k] \ [m]. Note that if L € A;, then L, ; € [m] and L,, ; ¢ [m]. Let P € Y(T;). By
Lemma 3.2.3, there are |Lp|/j rectangles L € Lp such that switching L on p(m,7’, j) yields
a rectangle in A; 1 \ A;. Thus, the number of switchings from a rectangle in A; to one in
A\ Ayis (BE—m)|A]/5.

Reversing the switching process, consider L' € A; 1\ A; that is obtained from some L € A,
by switching on some p(m, ', j). Note that L;, ; ¢ [m] and there is at most one r’ € [k] \ [m]
such that L, ; € [m]. Therefore, there is at most one switch from L’ to a rectangle in A;.

We have thus shown that (k —m)|A;]/7 < |A—1 \ 4| and so

N
AT+ A NA] SkHj—m

PrlLe A;|[Le A y) =

as required. 0

Lemma 3.2.6. Let i = m*> —m+ j where j € [m] and let L be a random k x n_Latin rectangle.
Then ,
J

n+j73—m

Proof. The proof is similar to the proof of Lemma 3.2.5. We will again denote the set of & x n
Latin rectangles containing P by Lp for P € T(T;).

Let ¢ € [n] \ [m]. Note that if L € A;, then L;,, € [m] and L, ¢ [m]. Let P € Y(T;). By
Lemma 3.2.4, there are at least |Lp|/j rectangles L € Lp such that switching L on o(m, ¢, j)
yields a rectangle in A;_; \ A;. Thus, the number of switchings from a rectangle in A; to one
in A;_1\ 4 is at least (n — m)|A;]/].

Reversing the switching process, consider L' € A;_; \ A; that is obtained from some L € A,
by switching on some o(m, ¢, j). Note that L, ¢ [m] and there is a unique ¢’ € [n] \ [m] such
that L), € [m]. Therefore, there is at most one switch from L’ to a rectangle in A;, namely
o(m,d,j).

We have thus shown that (n —m)|A;|/7 < |A;—1 \ Ay and so

Al j
Pr(Le A; |Le A;_ < ;
( | V= AT A A Saty—m
as required. N

We are now ready to prove Theorem 3.2.1.

Proof of Theorem 3.2.1. As previously mentioned, the probability that L[R, C] is a Latin square
of order m with symbol set S is equal to the probability that L € A,,2. By (3.1) combined
with Lemma 3.2.2, Lemma 3.2.5, and Lemma 3.2.6, we obtain the bound

Pr(LGAmQ)g(HWJ'——m> (jl;[n—l—J— )(Hk:H— )

nk(n+1—m)(k+1—m)
m2 ()" ()

as required. O

)
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3.2.2 Bounding probability of small subsquares

The aim of this subsection is to prove the following theorem, which will enable us to bound
the expected number of small subsquares in a random Latin rectangle. The bound it gives
improves the bound in the previous subsection when 2 < m = O(1), although it is worse when
m grows at least logarithmically in n. The new bound will be used when m € {4,5} to get the
accuracy required for Theorem 3.0.1.

Theorem 3.2.7. Let R C [k| be of cardinality m, let C and S be subsets of [n] of cardinality
m, and let L be a random k x n Latin rectangle. Suppose that k > m > 2. The probability that
L[R,C] is a Latin square of order m with symbol set S is at most

2m—1mm2+2m—5 (1 + O(m/n>)3m—2

(k — m)5m/2=6 n

if m is even and at most

2m—2mm2+2m—5 <1 4 O<m/n))3m—2

(k — m>(5m713)/2 n

if mis odd. If k =m > 2, then the same bounds hold with k — m replaced by 1.

As in §3.2.1, we may assume that R = C' =S = [m] in Theorem 3.2.7. Also, if M and M’
are any two Latin squares of order m, then replacing M by M’ gives an easy bijection from
Latin rectangles containing M as a subsquare to Latin rectangles containing M’. Hence, if L
is a random k£ x n Latin rectangle, then

Pr(L{[m], [m]] = M) = Pr(L[m], [m]] = M"). (3.4)

Thus, without loss of generality we may assume that L[[m], [m]] = M is a specific Latin square
of order m, which we will choose later. Ultimately, we will multiply by mmg, which is a trivial
upper bound on the number of Latin squares of order m, to obtain Theorem 3.2.7. The proof
of Theorem 3.2.7 is similar to the proof of Theorem 3.2.1. Recalling (3.3), let P and P’ be
elements of T*([m]?) such that P C P" and P’ \ P = {(r,c,s)}. We will give non-trivial upper
bounds on

Pr(LD P |L D P) (3.5)

when P and P’ satisfy certain conditions.
First, we bound (3.5) when (r, ¢, s) is the only occurrence of row r, the only occurrence of
column ¢, or the only occurrence of symbol s in P’.

Lemma 3.2.8. Let {P, P’} C Y*([m]?) be such that P C P' and P'\ P = {(r,c,s)}. Let L be
a random k x n Latin rectangle where k > m. Suppose that P has no entry in row r. Then

1
Pr(LDOP |LDP)L )
(L2 P [L2P)<

If P has no entry in column ¢ or no entry with symbol s, then
14+ 0

pr(LQp/|L2p)<Lm/n).
n
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Proof. First consider the case where P has no entry in row r. Let Y be the set of k x n Latin
rectangles containing P and let X C Y be the set of rectangles containing P’. We use row
cycle switching to find bounds on the relative sizes of X and Y \ X.

Let L € X. For every row 7’ € [k] \ [m], switching on p(r, 7', c) yields a rectangle in Y\ X.
This gives exactly kK — m switchings from L to a rectangle in Y\ X.

Now consider L' € Y\ X and note that there is at most one 1" € [k] such that L, . = s.
Thus, there is at most one row cycle that can be switched back to change L’ into some rectangle
in X.

We have deduced that (k —m)|X| < |V \ X| < |Y|. Thus,

: RS 1
Pr(LO P |LQP)—m<m.

To deal with the case where P has no entry in column ¢ or has no entry with symbol s, we
use analogous arguments with column cycle and incomplete column cycle switching or symbol
cycle and incomplete symbol cycle switching, respectively. In each case, for a Latin rectangle
L € X, there are exactly n — m switchings to a rectangle in Y\ X. Hence,

I 14+0(m/n)

Pr(LO>O P |L2OP)< : O
n—m n

We now bound (3.5) when P’ and (r, ¢) satisfy the conditions of Lemma 3.2.3.

Lemma 3.2.9. Let {P, P’} C Y*([m]?) be such that P C P’ and P'\ P = {(r,c,s)}. Let C’
be the set of columns ¢’ for which the cell (r,c’) of P' is non-empty. Suppose further that for
every ¢ € C'\ {c}, the entries of P' in columns ¢ and ¢ form a union of column cycles. Let L
be a random k x n Latin rectangle where k > m. Then

|

Pr(LDOP |LDP)L )
(L2 P [L2P)<

Proof. Let Y be the set of k£ x n Latin rectangles containing P and let X C Y be the set of
rectangles containing P’.

Let v € [k] \ [m]. By Lemma 3.2.3, there are |X|/|C’| rectangles in X for which switching
on p(r,r’, c) yields a rectangle in Y\ X. Thus, there are (k —m)|X|/|C’| switchings from X to
Y\ X.

Now let L’ € Y\ X. The same argument as given in the proof of Lemma 3.2.8 tells us that
there is at most one row cycle of L’ that can be switched to reach a rectangle in X.

We have shown that (k —m)|X|/|C’| < |Y \ X| < |Y|. Thus,

X C’
PF(LQP’ILQP)Z%SIJ—‘,
—m

as required. O

Modifying the proof of Lemma 3.2.9 by using column cycle and incomplete column cycle
switching rather than row cycle switching and using Lemma 3.2.4 instead of Lemma 3.2.3, we
can prove the following lemma.
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Lemma 3.2.10. Let {P, P'} C T*([m)?) be such that P C P" and P'\ P = {(r,c,s)}. Let R’
be the set of rows 1" for which the cell (r',c) of P' is non-empty. Suppose further that for every
"€ R'\ {r}, the entries of P’ in rows r and r" form a union of row cycles. Let L be a random
k x n Latin rectangle. Then

Pr(LQP’\LQPK@(Ho(T)).

n n

Our next task is to choose the Latin square M of order m discussed after (3.4). Our choice
of M allows us to apply Lemma 3.2.8, Lemma 3.2.9, or Lemma 3.2.10 many times to give
non-trivial bounds on (3.5). If m is even, then define M to be a Latin square of order m with
the following properties:

e My, = M,;; =i for every i € [m],

o My; = M;5» =1+ 1 for every odd i € [m],

o My; = M5 =1—1 for every even i € [m].

If m is odd, then define M to be a Latin square of order m satisfying:

o M,; = M, =1 for every i € [m],

o My; = M,;s=1i+1 for every odd i € [m — 3],

o My, = M;s=1i—1 for every even i € [m — 3],

o (Moo, My 1, Mspm) = (Mp—22, Mym_12, Mp2)=(m—1,m,m—2).

Such a square M exists by [1, Theorem 1.5]. See Figure 3.2 for examples of such squares when
m = 4 and m = 5. These are the only two orders for which Theorem 3.2.7 will be used in the
proof of Theorem 3.0.1.

1 2 3 45
1 2 3 4

214 5 3
201 478

34 5 1 2
3 4 1 2
13 9 1 4 5 2 3 1

53 1 2 4

Figure 3.2: Possible Latin squares M when m € {4,5}. Colour coding |, ,  indicates
cells to which Lemma 3.2.8, Lemma 3.2.9, and Lemma 3.2.10, respectively, will be applied in
the proof of Theorem 3.2.7.

We are now ready to prove Theorem 3.2.7.

Proof of Theorem 3.2.7. First suppose that m is even and k& > m. We assume that R = C' =
S = [m] and that M is the Latin square of order m defined above. Let P be the k x n partial
Latin rectangle such that P[[m],[m]] = M and every cell of P outside of [m]? is empty. We
define a family of partial Latin rectangles P; C P as follows. Firstly, F, = @. Then, for
i € [m?], define P; by adding an entry of P to P;_;.
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For i € [2m], we add the entry of P in cell (1, (i + 1)/2) if 7 is odd and we add the entry in
cell (2,i/2) if i is even. If 7 is odd, then

(3.6)

by Lemma 3.2.8, since there is only one non-empty cell of P; in column (i + 1)/2. Similarly, if
i = 2 mod 4, then (3.6) holds by Lemma 3.2.8, since the entry (2,7/2,i/2+ 1) is the only entry
of P; with symbol i/2 + 1. If ¢ = 0 mod 4, then

o 2(14+ O(m/n))

Pr(L2 P | L2 Piy) < - (3.7)

by Lemma 3.2.10.
Fori e {2m+1,...,4m — 4}, we add the entry of P in cell ((i —2m + 5)/2,1) if i is odd
and we add the entry in cell ((: —2m +4)/2,2) if i is even. If i is odd, then

1

Pr(LDP|LDP. )<
(L2 A L2 Fo) Lk —m

(3.8)

by Lemma 3.2.8, since there is only one non-empty cell of P; in row (i—2m+15)/2. If i = 0 mod 4,

h
then 9

k—m

Pr(LD P, |L2 P y) < (3.9)

by Lemma 3.2.9. If i = 2 mod 4, we simply use Pr(LO P, | L2 P,_;) < 1.
For i € {4m — 3,...,m?}, we add the entry of P in cell (3+ |[(i — 4m +3)/(m —2)],3 +
((i — 4m + 3) mod (m — 2))) (this is the natural ordering for the cells in {3,4,...,m}?). If
i =4 mod (m — 2) (in which case the added entry is in column m), then
o m(1+ O(m/n))

Pr(L2 P |L2 Piy) < (3.10)
n

by Lemma 3.2.10. If i > m? —m + 3 (in which case the added entry is in row m), then

PrLD P |LDP )< —

- (3.11)
by Lemma 3.2.9. For all other values of i, we use Pr(L 2 P, | L D P,_;) < 1.

Overall, we use (3.6) for 3m/2 values of i, corresponding to the m entries in the first row
and m/2 entries in the second row. We use (3.7) for m/2 values of i, corresponding to entries
in the second row. We use (3.8) for m — 2 values of i, corresponding to entries in the first
column. We use (3.9) for m/2 — 1 values of 4, corresponding to entries in the second column.
We use (3.10) for m — 2 values of 4, corresponding to entries in the m-th column. We use (3.11)
for m — 3 values of 4, corresponding to entries in the m-th row. Hence, by the chain rule of

probability,
Pr(L2P)=[][Pr(L2 P |L2 Py
=1
_ (1+0(m/n) 21+ Omm)\™ 1\
= n n k—m
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3.2. SUBSQUARES OF ORDER 4 OR MORE

()7 (g )
o mimAme? (1+O(m/n))3m—2.

- (k: _ m)5m/2—6

n

If m is even and & = m, then the same bounds hold except we use the trivial bound in place of
(3.8), (3.9), and (3.11).

The argument when m is odd is similar. We use (3.6) for (3m + 1)/2 entries, namely m
entries in the first row and (m + 1)/2 entries in the second row. We use (3.7) for (m —1)/2
entries in the second row. If k£ > m, then we use (3.8) for m — 2 entries in the first column and
(3.9) for (m — 3)/2 entries in the second column. We use (3.10) for m — 2 entries in the m-th
column and if k > m, then we use (3.11) for m — 3 entries in the m-th row. As a consequence,

2m=2p2m=>5 1+O0(m/n)\*" >
Pr(L 2 P) < (e = m) G112 ( - > ; (3.12)

with & — m replaced by 1 in the case where k = m. As foreshadowed after (3.4), we now
multiply by m™ to give the claimed upper bound on L[R,C] being any subsquare on the
symbols [m)]. O

3.2.3 Proof of Theorem 3.0.1

We are now ready to prove our first main theorem.

Proof of Theorem 3.0.1. There are (:1) choices for the set R and there are (:1)2 choices for the

sets C' and S in Theorem 3.2.1 and Theorem 3.2.7. From Theorem 3.2.1 and (") > (n/m)™,
we obtain
kn(k+1—m)n+1—m) _mm™2 mt m\m6 m? _
E,,(k,n) < < =—<—> < _0om?), (313
( 7’L) m?2 (:;L) nm—4 n2 \n n2om——6 (’I’L ) ( )

provided m > 6.
For m € {4,5} and k > m, we use Theorem 3.2.7 to deduce that

s () o0 ()" (L) <

e () oo (22 () -

When k = m € {4,5}, all terms involving k can be omitted, with the conclusion unchanged.
Combining with (3.13), we have the result. O

and
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3.3. SUBSQUARES OF ORDER 2 OR 3

3.3 Subsquares of order 2 or 3

From Theorem 3.0.1, we know that E,,(k, n) is asymptotically 0 whenever 4 < m < min{k, n/2}.
In this last section, we prove our main results concerning subsquares of orders 2 and 3. We first
consider subsquares of order 3. Although we are not able to resolve the situation completely,
Theorem 3.0.3 marks the first progress on Conjecture 2.2.4(ii) as well as the first progress on
Conjecture 2.2.8(77) that applies for all £ < n. The proof of Theorem 3.0.3 follows the deriva-
tion of (3.12) closely, but when m = 3 that derivation was slightly conservative when counting
entries in the second column to which Lemma 3.2.9 can be applied.

Proof of Theorem 3.0.3. Let M denote the Latin square

w N =
= W N
N = W

with the same colouring convention as used in Figure 3.2. Let P be the partial £ x n Latin
rectangle such that P[{1,2,3},{1,2,3}] = M and every cell of P outside of {1,2,3}* is empty.
We first bound the probability that a random k x n Latin rectangle L contains P in the case
where k > 3. We define a family of partial Latin rectangles P; C P as follows. Let Py = @ and
for i € {1,2,...,9}, let P; be obtained from P;_; by adding the entry of P in the cell given
by the i-th element of the tuple ((1,1),(2,1),(1,2),(2,2),(1,3),(2,3),(3,1),(3,2),(3,3)). For
i€{1,2,3,4,5}, Lemma 3.2.8 implies that (3.6) holds. For i = 6, Lemma 3.2.10 implies that
(3.7) holds. For ¢ = 7, Lemma 3.2.8 implies that (3.8) holds. For i = 8, Lemma 3.2.9 implies
that (3.9) holds. Finally, Lemma 3.2.10 implies that Pr(L D Py | L D FP) < 3(1 4+ O(1/n))/n.
The chain rule of probability implies that

w2 <12 (LOUY (LY Lt (1o (1)),

Since there are 12 Latin squares of order 3 we obtain

o< ()t (o)) -2 (o)

as required. If £ = 3, then we instead get

2
72 1 2 1
Es(kn)< () = (1+0(=))|==(1+0(=)]. O
3) n’ n n n
Finally, we turn our attention to intercalates. Before proving Theorem 3.0.4, we need the

following lemma.

Lemma 3.3.1. Let L be a random k x n Latin rectangle and let {i,5} C [k] with i # j. The
probability that L[{i, 5}, [n]] contains at least t = t(n) intercalates is at most exp(—(tlogt)).

Proof. Let P be the partial £ x n Latin rectangle which is empty except that:
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3.3. SUBSQUARES OF ORDER 2 OR 3

e P,y ={ for every { € [2t],
o P, =(+1 for every odd ¢ € [2t], and
o Pj,=1{—1 for every even ¢ € [2t].

First suppose that ¢ < n/4, so that we can use the arguments behind (3.6) and (3.7) to obtain

4t
Pr(L D P) < 2in* (1 +0 (3)> |
n

For t intercalates in general position in a k& x n Latin rectangle, there are <2t) choices for the
symbols, (2t)!/(2%!) ways to pair them, and then n!/(n — 2t)! ways to allocate the columns.
Thus, the probability that L[{i,j}, [n]] contains at least ¢ intercalates is at most

4t
n! 1, . t
as required.

Now suppose that n/4 < t < n/2. The probability that L[{i,j},[n]] contains ¢ in-
tercalates is at most the probability that L[{i, 7}, [n]] contains n/4 intercalates, which is
exp(—Q((n/4)log(n/4)) = exp(—Q(tlogt)), as required. O

We are now ready to prove Theorem 3.0.4.

Proof of Theorem 3.0.4. Since [39, Corollary 1.7] proves the claim when k < (1/2 — o(1))n, we
may assume that & = ©(n), which means that arguments that have previously been used for
counting intercalates in Latin squares apply with only minor changes. Let k' be an integer
function of n with 0 < k" < k. For a k' x n Latin rectangle T, let R(T") be the set of k x n
Latin rectangles L such that L[[k'],[n]] = T. By [90, Proposition 4], if T" and 7" are k' X n
Latin rectangles, then

[R(T)] 2
——— < exp(O(nlog”n)). (3.14)
[ R(T7)]
Let N denote the number of intercalates in a random k x n Latin rectangle. Modifying the
proof of [78, Theorem 4] by using Lemma 3.3.1 instead of [78, Theorem 3] and using (3.14)

gives
Pr(N < (1 —6)k*/4) < exp(—Q(n'?log™' n)), (3.15)
for fixed 0 € (0, 1]. Similarly, a simple adaptation of the proof of [77, Theorem 2.1] using (3.14)
gives
Pr(N > (1 4+ 6)k*/4) < exp(—Q(n*?logn)), (3.16)
for fixed § > 0. Combining (3.15) and (3.16) proves the theorem. O
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Chapter 4

Latin squares without proper
subsquares

We begin this chapter by generalising Latin squares to higher dimensions. Throughout this
chapter, n and d will be positive integers and throughout this introductory section, I; will be
a set of cardinality n for each i € [d], I will be the set I} x Iy X --- x I;, and ¥ will be a set of
cardinality n.

Definition 4.0.1. A map H : I — X is a d-dimensional Latin hypercube of order n if
{H(Cb'"7Ck’—1ax76k’+17"'7cd) NS [k} =X

for each (¢y,¢,...,¢q4) € I and k € [d].

We can naturally think of a Latin hypercube H : I — Y as a d-dimensional array whose
i-th axis is indexed by I;. We will treat the map H and the corresponding array as interchange-
able objects. Thus, a 1-dimensional Latin hypercube is a bijection and a 2-dimensional Latin
hypercube is a Latin square. A Latin cube is a 3-dimensional Latin hypercube.

Definition 4.0.2. Suppose that d > 2 and let H : I — ¥ be a d-dimensional Latin hypercube
of order n.

e A Latin subhypercube of H is a restriction H|; of H for some J C I such that H|; : J — H(J)
is a Latin hypercube.

e A proper subhypercube of H is a Latin subhypercube of H of order k£ with 1 < k < n.
e An N, Latin hypercube is a Latin hypercube with no proper subhypercubes.

We will generally refer to a Latin subhypercube simply as a subhypercube. Also, if H : [ —
¥ is a d-dimensional Latin hypercube of order n, then we will generally assume that I = [n]?
and ¥ = [n]. However, we need to allow subhypercubes to have more general index sets.

The goal of this chapter is to resolve the existence problem for N, Latin hypercubes by

proving the following theorem.

Theorem 4.0.3. Let d > 2 and n be positive integers. There exists an No, Latin hypercube of
order n and dimension d if and only if (n,d) ¢ {(4,2),(6,2)}.
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4.1. BACKGROUND

The d = 2 case of Theorem 4.0.3 resolves Conjecture 2.2.13.

The structure of this chapter is as follows. In §4.1, we present some background material.
In §4.2, we resolve Conjecture 2.2.13 by constructing N, Latin squares of orders of the form
203% with @ > 1 and b > 0. In §4.3, we extend our results from §4.2 to prove Theorem 4.0.3.

4.1 Background

In this section, we introduce some material needed to prove Theorem 4.0.3. Throughout this
chapter, unless otherwise stated, the row indices and column indices of an n x n matrix will be
[n] and the symbol set of a Latin square of order n will be [n]. When dealing with the set [n],
all operations will be modulo n.

Let L be a Latin square. For this chapter, we will extend Definition 2.1.6 so that any
Latin square that can be obtained from L by permuting its rows, permuting its columns, and
renaming its symbols is isotopic to L. With this extended definition, the Latin squares in
Figure 4.1 are isotopic.

1 23 45 6 c d a f b e
3416 25 a b c d e f
6 5 2 1 3 4 b a d e f c
4 6 5 3 1 2 f e b a c d
2145 6 3 d f e c¢c a b
53 6 2 4 1 e ¢ f b d a

Figure 4.1: The square on the right in this figure can be obtained from the square on the left
by applying the permutation (1,2)(3,4,5) to its rows, applying the identity permutation Id to
its columns, and renaming its symbols via the map ~ defined by

x |112|13]4|5]|6
@) la|b|lc|dlel|f]

We will also extend the definition of a species to Latin hypercubes. Let H : [n]? — [n] and
H': [n]? — [n] be Latin hypercubes. We can identify H with the set of (d + 1)-tuples

{('Ilal‘%- e 7xd7H(x1ax27- e ,l’d)) : (xla:L‘Z)- e ,.Id) € [n]d} :

A conjugate of H is a Latin hypercube obtained from H by uniformly permuting the elements
of each of its (d + 1)-tuples. If there exists {ay, g, ..., 441} € Sym([n]) such that

H = {(Oél(QTl),OéQ(JTg), - ,C)éd+1(l’d+1)) . (271,1‘2, . >$d+1) € H},

then H and H' are isotopic. If H is isotopic to some conjugate of H', then H and H’ are
paratopic. A species is a maximal set of pairwise paratopic Latin hypercubes.

Let L be an n x n matrix. The principal entry of L is the entry (1,1, Ly ). If L' is another
n X n matrix such that |L N L'| = n? — k, then we say that L and L’ agree in all but k entries.
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4.1. BACKGROUND

Let L be an n x n matrix, let M be another matrix (not necessarily of dimension n x n),
and let 8 be a set of entries of M. Suppose that each entry in 8 is in a cell (i,7) for some
{i,7} € [n]. Then the shadow of 8§ in L is the set of entries {(4,j, L; ;) : (i,7,M;;) € 8} of L.
See Figure 4.2 for an example of this concept.

321456
1 436 25 1 9 4
46 51 3 2 9 3 1
6 52 3 1 4 3 1 9
23 45 61
51 6 2 4 3

Figure 4.2: Let L be the Latin square on the left, let M be the Latin square on the right, and
let § be the set of blue highlighted entries of M. Then the green highlighted entries of L form
the shadow of § in L.

Definition 4.1.1. Let L be a Latin square of order n, let {7, 7} C [n], and let ¢ be any symbol
other than L, ;. The matrix obtained from L by replacing the entry (¢, j, L;;) by (i, j,0) is
denoted by o < L; ;. Such a matrix is called a near copy of L.

Let L be a Latin square of order n and let 0 < L, ; be a near copy of L. We stress that o
may or may not be a member of [n], but if it is, then o < L;; will contain two copies of ¢ in
row ¢ and column j.

The following definition generalises Definition 4.1.1.

Definition 4.1.2. Let L be a Latin square of order n and let k& < n? be a positive integer. Let
{(xi,yi) : 1 € [k]} be a set of k distinct cells in L. Also, let o; be a symbol other than L, ,,
for each i € [k]. Let L' be obtained from L by replacing each entry (x;, yi, Ly, 4,) by (2, vi, 03).
Then L' is a k-near copy of L.

(1) An alien entry of L' is an entry (z;,y;, 0;) for some i € [k].

(73) A native entry of L' is any entry of L’ that is not an alien entry.

)
)
(7i1) A native symbol of L' is a symbol in a native entry of L'.
(tv) A hole in L' is a cell (z;,y;) for some i € [k].

)

(v) The displaced native of L' from hole (x;,y;) is the symbol L, ..

Let L' be an n x n matrix and let 7 € L'. Let L; and L, be Latin squares of order n such
that L' is a kj-near copy of L; and a ko-near copy of L, for some positive integers k; < n? and
ky < n%. Whether 7 is an alien entry of L' depends on which Latin square we are considering
L’ to be a k-near copy of. Thus, if we are considering L’ to be both a k;-near copy of L; and a
ko-near copy of Lo, then we will adopt the following convention for clarity: If = &€ L;, then we
will say that 7 is an alien entry of L’ with respect to L, and if m & Lo, then we will say that 7
is an alien entry of L' with respect to L. We will adopt analogous conventions for Definitions
4.1.2(ii)—(v) as required.
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Let L and L' be as in Definition 4.1.2 and let T" be a submatrix of L’ that contains an alien
entry m of L'. Then we will say that 7 is an alien entry of 7' (with respect to L). We will
extend Definitions 4.1.2(7i)—(v) to submatrices of L’ in a similar fashion.

We next extend the definition of subsquares to k-near copies of Latin squares. Let L' be a
k-near copy of a Latin square L for some integer k. A subsquare of L is a submatrix of L’ that
is itself a Latin square. As for Latin squares, we call a subsquare of order 2 an intercalate.

It is well known that any proper subsquare of a Latin square L cannot have order more than
half the order of L. However, this is not true in near copies of Latin squares, as demonstrated
by the shaded subsquare in

SO
— =N
RS

Nevertheless, a subsquare of a near copy of L cannot have order much larger than half the order
of L.

Lemma 4.1.3. Let M be a near copy of a Latin square L of order n > 1. Suppose that 8 is a
subsquare of M of order s. Then s < (n+1)/2.

Proof. Let T be the submatrix of M induced by the rows and columns that do not hit 8. Note
that T is not empty, because M is not a Latin square. Suppose that ¢ is any symbol that
occurs in 8 and does not occur in the alien entry of M. Then ¢ must occur s times in & and
n — s times in T'. We have at least s — 1 choices for o, but we only have room for n — s of them
within 7". Hence, s — 1 < n — s, as required. O

Another simple result we will need is the following well known lemma.

Lemma 4.1.4. Let L and M be distinct Latin squares on the same set of symbols. If M 1is a
k-near copy of L, then k > 4 with equality only possible if L and M both contain an intercalate.

For the remainder of this section, let m be a positive integer. Denote by <; the total order
on [n] x [m] defined by (ay,b1) <1 (az,b2) if a; < ag or a; = ay and by < by. In any context
where a total order on [n] x [m] is required, we will implicitly be using <;.

We now discuss ways to ‘multiply’ Latin squares together to build larger ones. We start
with the most natural definition of a product of Latin squares.

Definition 4.1.5. Let L be a Latin square of order n and let M be a Latin square of order
m. The direct product of L and M, denoted by L x M, is the Latin square of order nm whose
rows and columns are indexed by [n] x [m] that is defined by (L % M) jy.k,0) = (Lig, Mje).

Let L be a Latin square of order n and let M be a Latin square of order m. The direct
product L x M decomposes into n? subsquares, each of which is isotopic to M. These subsquares
are referred to as M-blocks. Explicitly, for ¢ € [n| define #; = {(i,£) : £ € [m]}. Then an
M-block of L x M is a submatrix (L x M)[_#;, #;] for some {i,j} C [n]. For i € [m], define
H; ={(,1) : £ € [n]}. Then any submatrix (L x M)[J#;, %;] with {i,j} C [m] is a subsquare
that is isotopic to L, which we will refer to as an L-block.

Let 8 be a submatrix of any matrix whose row indices, column indices, and symbol set are
[n] x [m]. Let ®; : [n] x [m] — [n] denote the projection onto the first coordinate and let
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®, : [n] x [m] — [m] denote the projection onto the second coordinate. We denote by ®;(8)
the set of triples {(®(r), ®1(c), P1(s)) : (r,c,s) € 8}. Let L be a Latin square of order n that
contains ®,(8). We can consider ®(8) as a set of entries of L, which we call the projection
of 8 onto L. Similarly, if M is a Latin square of order m and ®5(8) = {(Pa(r), P2(c), Pa(s)) :
(r,c,s) € 8} C M, then we can consider ®9(8) to be a set of entries of M called the projection
of & onto M.

In order to prove Theorem 4.0.3, we need the corrupted product defined in [117]. Let ¢ be
a positive integer, let A be an N, square of order (, and let B be a square that is isotopic to
A and which has the same symbol set as A. The pair (A, B) is a corrupting pair of order ( if:

o A, ;=D;;ifand only if i = j =1, and
e for all {7, j} C [(], there is no proper subsquare of B; ; — A, ; involving its principal entry.

See Figure 4.3 for an example of a corrupting pair.

Figure 4.3: The pair (A, B) forms a corrupting pair of order 7. Note that here we are using
colours as the ‘symbols’ of the Latin squares A and B.

Definition 4.1.6. Let ¢ and p be positive integers, let (A, B) be a corrupting pair of order (,
let M be an N, square of order p, and let s € [ — 1]. The corrupted product P = (A, B) xs M
of shift s is the Latin square of order (x whose rows and columns are indexed by [(] X [u] that
is defined by

(AZ'JC,Mj’g—f-S) ifi=k= 17
Pagyn = § (Big, Mjy) if j=1=1and (i,k) # (1,1),
(A, M) otherwise.

See Figure 4.4 and Figure 4.5 for an example of a direct product and a corrupted product,
respectively.

Let L be a Latin square of order n, let M be a Latin square of order m, and let F' be a k-near
copy of L x M for some positive integer k& < nm. We extend the definitions of M-blocks and
L-blocks to near copies of L x M as follows. An M-block of F'is a submatrix T" = F[_¢;, 7,| for
some {7,j} C [n]. The position of T"is (¢,7). If (¢,5) = (1,1), then T is the principal M-block
of F. The principal entry of T is the entry ((¢,1), (4,1), Fi1),;,1)). Similarly, the L-block of F
in position (7,7) is the submatrix F'[%;, ], which has principal entry ((1,4), (1, ), F1,5,0,5))-
The principal L-block of F' is the L-block in position (1,1). We will refer to M-blocks and
L-blocks collectively as blocks. Note that in L x M, any block is a subsquare. This is not
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WIN[ P RN P WINPT WNNFRPIWND R WND PR W N
R WRINDPWN R, WNNRFRPWNNRFRP WD WND W N
N R W PR WD R WD R WNNFR WP W W
WIN[F | WRIN|FP WP WNNFRIWND R WD W N
HI RN W R WP, WD WD WND =W N
N R W R WIND[ WD WN R WNFEWIN| =W
WRIN [P RN WINPT WNFRIWN R WND W N—-
R RIND P WNFRPIWNNRFRP WD R, WNDFWND W N
N R W R WND R WD R WP WND PR WD W
WIN[ P WP WP, WNDFRPW NN R WND WD
HIWRINE WP WNNRFRP WD WD WN W N
N | WIN| R WIND[ = WD WN R WN I WIN| W
WIN[ R W IR W R WD FRIWND R WND W N
HIWIN R WN R WP, WD FR WD WND - W N
WIFWINFRP WD R WD R WD PR WD W N =W
WIN[ PR RN P, WP, WNNFRPIWND R WND W N
R WINIPFWNN R, WNNRFRPWNRFRP WD R WND W N
N R WIN R W N R WNN PR WNNFRP WD WIN| W
WIN[ R WP WP WP WD R WND W N
HIWRIN (P WNFRIWNNFR, WD R WD WND W N
N R WIN R WD WD WD W N WIN| =W

Figure 4.4: The direct product A x M where A is from Figure 4.3 and M is the Latin square

(4.1)

W N
W N
N — W

Instead of an ordered pair, every ‘symbol’ of this Latin square is a colour-integer pair.

necessarily true in F'. We call the first coordinate of a symbol of F' the L-coordinate and we
call the second coordinate the M-coordinate.

With the above terminology, we can give an intuitive description of the corrupted product.
The square P from Definition 4.1.6 can be obtained from the direct product A x M as follows.
First, replace the principal A-block of A x M by the principal B-block of B x M. Then, add
s to the M-coordinate of each symbol in the principal M-block of the resulting matrix.

Let ¢ and p be positive integers, let (A, B) be a corrupting pair of order ¢, let M be an
N square of order p, let s € [u — 1], and let P = (A, B) s M. Each A-block of P is a near
copy of a Latin square that is isotopic to A. The principal M-block of P is a subsquare of P,
which we will denote by Tj;. Any other M-block of P is a near copy of a Latin square that is
isotopic to M. If the matrix (M;; + s) < M, ; does not contain a subsquare isotopic to A for
any {7,7} C [p], then s is an allowable shift with respect to (A, M). If (M;; + s) — M, ; does
not contain a subsquare of order ¢ for any {i,j} C [u], then s is a strong allowable shift with
respect to (A, M). Our interest in corrupted products is due to the following result [117].
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WIN[ PR RN P WP, WNNFRPIWND R WNDFFR W N
R RN P WN R, WNNRFRP,WNNRFRP WD WNDND P W
N R WD R WD R WD R WNNFR WP W W N
WIN [P WP WP WP WND R WND W N
HI RN W R WP, WD WD WND =W N
N R W R WIND[ WD WN R WNFEWIN| =W
WRIN [P  WRIND| P WND R, WNDFRWN R WND W IN -
R RIND P WNFRPIWNNRFRP WD R, WNDFWND W N
N R W R WND R WD R WP WND PR WD W
WIND[ P WP WP WD R W NN WND W N
HIWRINE WP WNNRFRP WD WD WN W N
N | WIN| R WIND[ = WD WN R WN I WIN| W
WIN[ R RN R W R, WND R WND R WND W IN-
HIWIN R WN R WP, WD FR WD WND - W N
WIFWINFRP WD R WD R WD PR WD W N =W
WIN[ P RN P, WNFRP,WNNRFRPIWND R, WND PR W N
R WINIPFWNN R, WNNRFRPWNRFRP WD R WND W N
N R WIN R W N R WNN PR WNNFRP WD WIN| W
WIN [ F W IN|FWN R, WD R W NN R WND W N
HIWRIN (P WNFRIWNNFR, WD R WD WND W N
N R WIN R WD WD WD W N WIN| =W

Figure 4.5: The corrupted product (A, B) ¥; M where A and B are from Figure 4.3 and M is
the square (4.1). As in Figure 4.4, every ‘symbol’ of this Latin square is a colour-integer pair.

Theorem 4.1.7. Let ¢ and p be positive integers with < u, let (A, B) be a corrupting pair of
order C, let M be an Ny square of order u, and let s € [u— 1]. If s is an allowable shift with
respect to (A, M), then the only proper subsquare of the corrupted product (A, B) xs M is Tyy.

Recall the definition of row cycle switching from §3.1. To prove Theorem 4.0.3, we will first
resolve Conjecture 2.2.13 by constructing an N, Latin square of order n for any n ¢ {4,6}
of the form 2%3% where @ > 1 and b > 0 are integers. The construction is recursive and will
work as follows. Given an N, Latin square of some order u, we use the corrupted product to
construct Latin squares of orders 8u and 9u that contain exactly one proper subsquare. We
then use row cycle switching to destroy this subsquare in such a way as to not create any new
subsquares.

We now describe a method to create new Latin squares from old ones that is similar to cycle
switching. This method will only be used to construct N., squares that we need as the base
cases for our recursive construction. Let L be a Latin square of order n. Suppose that there are
three distinct rows 4, j, and k, distinct columns x and y, and symbols a and b of L such that:
Liy=a=Lyy, Liy=b=L,,, and b is contained in the cycle of the row permutation 7, of L
that contains a. Write this cycle as (a, 21, 22, ..., 20,0, . ..). Let ¢g € [n] be such that L;., = a
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and for w € [(], let ¢,, € [n] be such that L;., = z,. A Latin square L’ can be defined by

;

b if (u,v) € {(i,), (k,y),(j,co0) },
a if (u,0) € {(j,2), (i,y), (k,co) },
zw  if (u,0) € {(J, cw_1), (k,cw)},

\ L,, otherwise.

u,v

We will let n(i, j, x) denote the set of entries in cells

{(@,2), (6, 9), (G, ), (B, 9) } U{ (s cw), (K, cw) : w € [(JU{0}},

and we will say that L’ has been obtained from L by switching on (i, j, x). See Figure 4.6 for
an example.

Ch X Yy
(1 2 3 45 6 7 8]
k|2 35 7 8 1 6 4
3185 6 4 2 7
il4 7 18 3 25 6 (4.2)
56 7 1 4 3 8 2
6 4 2 3 7 8 1 5
il7 8 46 2 5 3 1
8 56 2 1 7 4 3

Figure 4.6: The highlighted entries of this Latin square form n(4,7,2). Switching on 7(4,7,2)
involves swapping each highlighted symbol with the other highlighted symbol in the same
column.

4.2 Latin squares without proper subsquares

In this section, we resolve Conjecture 2.2.13 by proving the following theorem.
Theorem 4.2.1. There exists an N, Latin square of order n for all n & {4,6}.
To prove Theorem 4.2.1, we will need some preliminary lemmas.

Lemma 4.2.2. Let L' be a near copy of a Latin square L and let w be the alien entry of L'.
Let T be a submatriz of L' that does not contain w. Suppose that T' is a k-near copy of some
N4 square N where k € {0,1,2}. Suppose further that no symbol in an alien entry of T is
native to T. Also suppose that L' has a subsquare 8 that meets T in at least two entries. Let
V =8NT and suppose that

e V' has more than k columns, and

o V hits a row r of L' that contains none of the holes in T.

50



4.2. LATIN SQUARES WITHOUT PROPER SUBSQUARES

Then one of the following is true:
o V=T,
o V has exactly k rows and k 4+ 1 columns,

e k=2 and the two alien entries of T are (x1,y1,01) € V and (x2,y2,092) € V. Furthermore,
the shadow of V' in € — Ny, ., is a subsquare, where € is the displaced native of T from
(x2,y2). Also, either x1 = xo and 7 is in column y; or y; = Yo and 7 is in row xy.

Proof. Let R be the set of rows of V' and let C' be the set of columns of V. We will assume that
|R| # k or |C| # k + 1, since otherwise the lemma holds. Let ¥ be the set of native symbols of
T in V. Since |C| > k, there is some column ¢ € C' that contains no holes in 7.

Aiming for a contradiction, suppose that |R| > |C|. Since |C| > k, it follows that |R| > k+2
and V must hit at least two rows that contain none of the holes in 7. Let 7’ be one such row
that does not contain 7. Each of the |R| symbols in column ¢ of V' is native to T and hence
must occur in row r’ of T'. But these symbols must also occur in row ' of 8, since 8 is a Latin
square. So there are at least |R| symbols in row 7’ of V', which forces |C| > |R|.

We now show that |R| = |C| = |X|. Row r of T' contains only native symbols of 7" and
so |X| = |C|. Suppose, for a contradiction, that || > |R| and hence there is some symbol
o € X that does not occur in column c of V. But ¢ does occur in column ¢ of T, say in row
r”. So 8 is a Latin square that hits column ¢, contains symbol o, but does not hit row r”.
Thus, 7 must occur in column ¢ and have symbol o. Since L’ contains only one alien entry
with respect to L, we know that our choices for ¢ and o were both forced. It follows that
IR|+1=|X| > |C]| =Fk+12>|R|. We are assuming that |R| # k or |C| # k + 1, thus the
only possibility is that |R| = |C| = k+ 1 and || = k + 2. Since |X] > |C|, it follows that
there is a symbol ¢’ € ¥ that does not occur in row r of V. Transposing the argument we just
used for o, but applying it to ¢/, we deduce that m must occur in row r. But then 7 occurs
in row r and column ¢, thus m € T, which is a contradiction. This contradiction implies that
IRl = [C| = |5,

Consider the |R| x |R| matrix M that is the shadow of V' in N. If M contains exactly |R)|
symbols, then it is a subsquare of N, so must be equal to N, since N is N. In that case we
would have V' =T, so we may assume that V' contains a hole (z,y) such that M, , ¢ ¥. Row
r contains no hole in T" and thus there is a symbol A € ¥ that occurs in row r of M but not
in row x of M. Since § is a Latin square that hits row x and symbol A\, we must have that
either (i) m occurs in row x and contains symbol A or (ii) A is the displaced native from a hole
(x,y') in row x. In the latter case, (z,y’) is outside of V' because A does not occur in row x
of M. Similar logic can be applied to show that an analogue of options (i) or (ii) must also
hold for columns. However, m cannot be in row x and also in column y because m ¢ T'. Also,
there is at most one hole in T other than (z,y). We conclude that there must be two holes,
with the second hole lying in whichever of row x and column y does not contain w. Let € be
the displaced native from the hole that is not (z,y) and consider the matrix M’ =€ — M, ,.
We note that the symbols in M’ must be precisely ¥ and that no symbol is duplicated within
any row or column of M’ with the possible exception that ¢ might occur twice within row x or
within column y (but not both). A consequence is that each of the |R| symbols in ¥ occurs
exactly |R| times in M’. It then follows that e cannot be duplicated within row x or column y,
so M’ is a Latin square. ]

o1



4.2. LATIN SQUARES WITHOUT PROPER SUBSQUARES

We next use Lemma 4.2.2 to prove the following result (c.f. [I17, Lemma 7]).

Lemma 4.2.3. Let L' be a near copy of a Latin square L and let w be the alien entry of L'.
Let T be a submatriz of L' that does not contain w. Suppose that T' is a k-near copy of some
Ny square N where k € {0,1,2}. Suppose further that no symbol in an alien entry of T is
native to T. Also suppose that L' has a subsquare 8 that meets T in at least two entries. Let
V =8NT, let R be the set of rows of V', and let C' be the set of columns of V.

(i) If k=0, then 8 contains T,
(13) If k=1, then let (r,c,0) be the alien entry of T. One of the following is true:

(1) 8 contains T,

(2) R={r} and C = {c,c'} for some ¢'. Furthermore,  is in column ¢ and has symbol
L,
(3) R = {r,r'} for some " and C = {c}. Furthermore, m is in row r and has symbol
L/r’ c’

(4) R=A{r"} #{r} and C = {c,d} for some . Furthermore, 7 is in column ¢’ and has

symbol L, . and L., , is the displaced native from the hole (r,c) in T,

(5) R = {r,r'} for some r' and C = {c'} # {c}. Furthermore, 7 is in row r’" and has
symbol L, ., and L,, ., is the displaced native from the hole (r,c) in T

(7i1) If k = 2, then one of the following is true:

(1) 8 contains T,
(2) |R| < 3 and |C| < 3 with min{|R|,|C|} < 3,

(3) T has alien entries (r,c,0) € V and (r',d,0’) € V. The shadow of V in € — N, is
a subsquare where € is the displaced native from (r',c'). Also, either r =1’ and 7 is
in column ¢ or ¢ = ¢ and w is in row r.

Proof. 1f k = 0, then the claim is true by Lemma 4.2.2. Suppose that £ = 1. Since V' contains
at least two entries, we know that |R| > 2 or |C| > 2. If both |R| > 2 and |C| > 2, then
Lemma 4.2.2 implies that 8 contains 7. Thus, we may assume that |R| = 1 or |C| = 1.
We consider only the case where |R| = 1, the other case can be resolved by transposing our
arguments. First suppose that V' contains the alien entry (r,¢,0) of T. So R = {r} and ¢ € C.
Let ¢ € C'\ {c} and let e = L; ,. Since T contains only one hole, it follows that ¢ does occur
in column ¢ of T, say in row /. Since 8 is a Latin square that hits column ¢ and symbol € but
not row 7/, it follows that 7 occurs in column ¢ and has symbol e. Furthermore, our choice of
¢ was forced and hence C' = {¢, '}.

Now suppose that V' does not contain (r, ¢, o). Suppose that R = {r}, so that ¢ & C. Let
c1 and ¢ be distinct elements of C' and for 7 € {1,2}, let ¢; = L; ... Without loss of generality,
7 does not occur in column ¢;. Since ¢ # ¢y, it follows that €3 occurs in column ¢; of T’ say in
row 1. But then § is a Latin square that hits column c¢;, has symbol €y, but does not hit row
r1, which is a contradiction. This contradiction implies that R # {r}. Hence, R = {r'} # {r}.
Assuming that T Z 8, Lemma 4.2.2 implies that |C'| = 2 and so we can write C' = {¢, ¢y }. For
i €{1,2}, let ¢, = L;, .. Without loss of generality, c; # c¢. We know that €, occurs in column
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co of T, say in row 75. Since 8 hits column ¢ and has symbol €; but does not hit row ro, it
follows that 7 occurs in column ¢y and has symbol €;. If ¢; # ¢ or both ¢; = ¢ and €5 is not the
displaced native from the hole (r,¢) in T, then the same argument we just applied to €; can
be applied to €5 to show that 7 occurs in column ¢;, which is false. Thus, ¢; = ¢ and €5 is the
displaced native from the hole (r,¢) in 7'

Finally, we deal with the case £ = 2. By Lemma 4.2.2, it suffices to consider the case
where both |R| < 2 and |C| > 4 or where both |R| > 4 and |C| < 2. We treat the former
case, the latter case can be resolved by transposing our arguments. Let ci, co, c3, and ¢4
be distinct columns in C' and let r; € R. By relabelling if necessary, we may assume that
{e1, e} N{c, '} = @ and 7 does not occur in column ¢;. Let ¢ = L; . Since e is native to
T, it follows that € occurs in column ¢; of T', say in row r5. Since § is a Latin square that hits
column ¢; and has symbol € and 7 does not occur in column ¢y, it follows that & must contain
row r, so |R| = 2. But then the fact that k& = 2 implies that there are at least three symbols
in V' that are native to 7. Each of them must occur in column ¢; of V| contradicting the fact
that |R| < 2. O

The following lemma is straightforward.

Lemma 4.2.4. Let L be a Latin square with a row cycle D of length 3. Suppose that § is a
subsquare of L that contains more than one entry in D. Then 8 contains all entries of D.

We will need the following two results, which are analogs of Lemma 4.2.4 in the case where
L is a near copy of a Latin square. Lemma 4.2.5 deals with the case where the alien entry of
L is not a member of D and Lemma 4.2.6 deals with the case where the alien entry of L is a
member of D.

Lemma 4.2.5. Let L be a near copy of a Latin square with alien entry w. Suppose that L
contains the entries,

D= {(rla ‘1, kl)) (r27 C1, k2)7 (rla C2, k2)7 (r27 C2, k3)7 (rla C3, k3>7 (r27 C3, kl)} )

for rows r1 and ro, columns ci, co, and c3, and symbols ki, ks, and ks. Suppose that m ¢ D.
Also suppose that 8 is a subsquare of L that contains the entry (ri,c1,k1). Then one of the
following holds:

e SND =D,

e SN D contains at most one entry in {(r1,co, ko), (r1,¢3,k3)} and none of the entries in
{(T2,017k2),(TQ,CQ,k3),(T2,Cg,k1)}.

Proof. Let R be the set of rows of §. We will first show that if ro € R, then § contains D.
Suppose that 75 € R. Then 8 contains the entry (r2,c1, k2). So 8 is a Latin square that hits
row r; and has symbol ks. It follows that § must hit column ¢, or 7 occurs in row r; of L and
has symbol ky. Suppose first that 8 does not hit column ¢y. Since 7 is in row r; and 8 is a Latin
square that hits row ry and has symbol k1, it follows that 8§ must hit column c3. Therefore, 8
contains symbol k3. Since 7 is in row r; and & contains symbol k3 and hits row o, it follows
that § must also hit column ¢;. But we were assuming that & does not hit column ¢y, so this is
a contradiction. Now suppose that & does hit column c¢,. Then § is a Latin square that hits row
ro and has symbol ki, so 8 hits column c3 unless 7 is in row r5 and has symbol k;. Similarly,
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since 8§ contains symbol k3 and hits row r; we know that & must contain column c3 unless 7 is
in row r; and has symbol k3. Therefore, 8 must hit column c3, hence 8§ contains D.

We now assume that 7o & R. If (r1, co, ko) € 8, then since 8 is a Latin square that contains
symbol ks and hits column ¢; but does not hit row ry, we know that 7 must be in column ¢
and have symbol ko. Similarly, if (ry, c3, k3) € 8, then © must be in column ¢z and have symbol
k1. The lemma follows because 7 cannot be in both column ¢; and cs. O

Lemma 4.2.6. Let L be a near copy of a Latin square with alien entry m = (r1,c1, k1) and
displaced native ky. Suppose that L contains the entries

D — {(rlach kl)) (Tg,Cl, k2)7 (7"1,C2, k2)7 (7"2702,]{:3), (7"1703,]{:3), (7"2703,]{/’4)},

for rows r1 and ry, columns ci, co, and c3, and distinct symbols ki, ko, k3, and ky. Suppose
that 8 is a subsquare of L that contains w. Then 8 N'D C {(ry,c1, k1), (11,3, k3)}.

Proof. Let R be the set of rows of 8. We first show that 7, ¢ R. Suppose that 7o € R. Then 8§
contains the entry (r, ¢y, ko). Since 8 is a Latin square that contains symbol ks and hits row
r1, it follows that 8§ must also hit column ¢,. Hence, 8 contains symbol k3 and therefore § must
also hit column c3 and contain symbol k4. However, k4 does not occur in row r; of L, which
contradicts the fact that 8 is a subsquare. Thus, 7 € R.

If § contains (ry, ¢, ks), then since § is a Latin square that hits column ¢; and contains
symbol ko, it follows that & must also hit row 75, which we have just shown is impossible. [

As mentioned in §3.1, we will utilise the corrupted product in our construction of N, Latin
squares. So, we will need some corrupting pairs. Throughout the rest of this chapter, we will
be using the following four Latin squares frequently and the symbols A%, B®, A% and B? will
be reserved for them.

4 8 6 7513 2 41728 6 5 3
8 6 427513 735 86 142
1 75 3426 8 358417 26
0 54312687 B8 2746 38135 (4.3)
32146 8735 1 86 54237
21758346 6 4 3 725 81
6 3 28 1 7 5 4 52137 46 8
75 86 3421 8 6 2 15 3 7 4
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286 314597 243786951

8 6 295 1374 379548216

347125689 461392578

1 35249768 6 24951837
A’=1918 732456 B'=|756 81439 2 (4.4)

721693845 5921376 84

459876123 1382657409

573468912 8 15679423

| 694587231 | | 98742316 5|

Let ¢ € {8,9}, let A = AS, and let B = B¢. The following properties of A and B can be
verified computationally.
Property 1: (A, B) is a corrupting pair.

Property 2: For i € {1,2,3}, let ; = A; ;. The row permutation 7 5 of A contains the cycle
(d, dy, d5). Furthermore, {&; +1:i € {1,2,3}}N{d:i€ {1,2,3}} = 2.

Property 3: As highlighted in (4.3) and (4.4), there is a row permutation 7;; of A with
3 <i < j and symbol k such that 7;(k) = k +1 & {d}, &, d;} and none of k, 7, ;(k), or 77;(k)

i.j
occur in cell (i, 1).

Property 4: {((i,j), (¢',5")) € ({1,2} x {1,2,3})* : Ay ; = By jr} = {((1,1), (1,1))}.
Property 5: The only matrix in the set,

{¢f1 — A271, dy — A1,1, dy — A2,2, d; — A1,2, d; — A2,3> dy — A1,3} (4-5)

that contains a subsquare of order at least 2 is the matrix 4; < A; 3. Furthermore, any proper
subsquare of this matrix is an intercalate.

Property 6: Suppose that C' is one of the matrices in (4.5), that D is a matrix in

{Bij = Ciy: {i,j} €[]} (4.6)
and that 8 is a square submatrix of D that includes two alien entries with respect to A. Then
S contains at least two different symbols. Also, if § is a subsquare, then it is an intercalate.

Property 7: No matrix in the set
{dy = Avj, b = Ay, dy = Ao, dy = Aig, dy — Aoy} (4.7)
contains a subsquare of order more than 2.

The definitions of 4;, 4,, and 4; from Property 2 will be fixed for the remainder of this
section. Also, there is overlap between Property 5 and Property 7, but it is convenient to state
them both given the distinct roles that these properties will play in our proof of Theorem 4.2.1.

Let X denote the set of pairs (L, s) where L is an N, Latin square of some order p > 10
with row indices, column indices, and symbol set [u] and s € [ — 1] such that the following
conditions hold:
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Condition (2): s is a strong allowable shift with respect to (A%, L) and (A% L).

Condition (7): L contains a row cycle of length 3 that involves rows x; and x9, columns ¥,
Yo, and y3, and symbols z1, 2o, and z3 with 1 & {z1,22,y1,y2,y3} and Ly + s & {z1, 22, 23}.
Moreover, the matrix L, ,, = L, ,, does not contain an intercalate.

Condition (¢4%): There exist rows r; and ry, columns ¢q, ¢g, and ¢z, and a symbol o of L with
1 & {ry,re,c1,Co,c3} such that L contains the entries

{(ri,c1,0), (ra,c1,7(0)), (11, €2, 7(0)), (r2, ¢2, 73(0)), (r1, ¢3, 7(0)), (2, c3,0 + ) } (4.8)

where 7 = 7, ,,. Also, the matrix L,, ., < L,, ., contains no intercalates and neither L;; nor
L1 + s are elements of {7(c),7%(c),0 + s}.

Define N(X) = {p € N : there is a pair (L,s) € X where L is of order u}. We aim to show
that N(X) contains all integers of the form 203% > 10 where @ > 1 and b > 0 are integers.
We will do this using a recursive construction involving the corrupted product and row cycle
switching. Let (M, s) € X and let ¢ € {8,9}. Condition (iii) together with Property 2 is used
to ensure that we will have a row cycle D of length 3 available to switch to destroy Ty, the
unique proper subsquare in the corrupted product P = (A¢, BS) x, M. The difference between
the symbols in (71, ¢1,0) and (rq, ¢3,0 + s) from (4.8) accounts for the shift by s that is applied
to the M-coordinate of each symbol in the principal M-block of P. Great care is needed to
ensure that we do not create new subsquares when we switch on D. Several of the properties
of (A%, B%) have been designed with this in mind. Also, Condition (7i) includes subconditions
to ensure that we do not create intercalates. Condition (i) is needed for the recursive step to
ensure that the N, Latin square that we construct satisfies Condition ().

4.2.1 Base cases

In this subsection, we create suitable base cases for our recursive construction of N, Latin
squares. We will show that

{12,16,18, 24, 32, 36, 48, 54, 64, 72} C N(X). (4.9)

Each base case that we construct will have strong allowable shift s = 1. Suppose that some
pair (L, 1) satisfies Condition (7i7) with some rows r; and r, columns ¢, ¢z, and c3, and symbol
o. We will simply say that L satisfies Condition (éi7) with rows ry, ro and symbol o, since the
columns ¢q, ¢, and c3 are uniquely determined by this information. Similarly, if (L, 1) satisfies
Condition (i7) with row cycle p(i, j, ¢), then we will simply say that L satisfies Condition (i7)
with row cycle p(i, j, ¢). Furthermore, we will always choose i, j, and ¢, respectively, to play
the roles of x1, x5, and y3 in Condition (i7). We will not explicitly say that each of our base
cases satisfies Condition (i), this is something that can easily be checked.
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Let L'? denote the N, Latin square

2 3 4 5 6 9 10 11 12 1
3 4 5 6 7 2 9 10 11 12 1 8
4 2 6 3 8 5 11 7 1 10 12
5 6 7 &8 2 1012 1 9 4 3 11
6 7 3 9 11 8 10 12 1 5 2

7T 1 9 2 4 11 3 8 12 10 5 6
8§ 9 2 11 1 12 6 5 3 7 4 10
9 10 12 4 5 1 11 7 6 2 8 3
012 8 1 3 6 2 4 5 9 11 7
1 8 1 12 10 5 7 2 4 3 6 9
12 5 11 10 9 4 1 3 & 6 7 2
1 11 10 7 12 3 4 6 2 8 9 5

of order 12 constructed by Gibbons and Mendelsohn [52]. Then L'? satisfies Condition (i)
with row cycle p(2,11,11) and satisfies Condition (z74) with rows 3, 8 and symbol 10. Let L'®
denote the N, Latin square

4 9 16 6 17 15 1 13 4 11 10 18 5 2 8 3 12 7 |
6 4 8 10 2 18 9 14 15 13 11 17 3 &5 7 12 6 1
3 18 4 5 8 11 7 16 10 9 15 12 17 3 6 1 14 2
1 16 1 13 15 9 12 7 18 2 6 8 4 17 10 5 3 14
4 1712 3 1 18 11 13 6 9 10 15 7 16 4 5 8
8 2 12 7 13 4 8 5 17 1 6 14 11 15 10 16
4 1 11 16 17 18 9 15 12 4 2 10 3 6 7 13
8 5 7 17 14 10 8 15 2 12 1 6 16 11 4 9 13 3
100 2 3 14 6 5 11 9 16 4 8§ 13 7 1 18 17 15 12
§ 13 11 3 v 17 4 12 6 10 16 14 9 18 15 2 1 5
7 12 8 10 2 3 6 o5 17 13 9 1 16 14 11 18 15
17 15 13 9 5 14 6 1 7 3 4 2 10 8 12 18 16 11
6 11 2 15 4 13 5 10 14 8 3 7 18 12 1 16 9 17
12 1 5 7 1 6 15 3 11 14 18 16 8 13 2 10 4 9
7 12 10 16 9 4 14 17 3 1 5 15 11 6 13 8 2 18
b 1 9 11 18 3 10 2 12 16 7 5 13 4 17 14 8 6
3 10 6 18 16 8 2 5 1 7 14 11 12 15 9 13 17 4
1 6 15 4 13 12 16 8 17 18 2 3 14 9 5 7 11 10

of order 18 constructed by Elliott and Gibbons [47]. Then L'® satisfies Condition (ii) with row
cycle p(4,5,9) and satisfies Condition (zii) with rows 2, 11 and symbol 10.

We next give a construction of Latin squares that will show that {16,32,64} C N(X). Let
n > 4 be a positive integer satisfying ged(n,6) = 2 and let J be a Latin square of order 3. Let
C denote the Latin square of order n — 3 defined by C; ; =i+ j. For k € {—1,0,1}, define the
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following set of entries of C.

It is simple to see that the sets £_1, %, and E; are pairwise disjoint. A Latin square Y = Y (n, J)
can then be defined as follows. If (i, 7, /) is an entry of C that is not contained in any set Z,
then Y;; = (. If (i,j,0) € E, then YV;; = n+2+k and Y100k = Yoio-k, = ¢. Finally,
Yo_stin—3+; =n+ J;; for each {7, 5} C {1,2,3}. For our purposes, we will take

<

I
N = W
W N
W N

The squares Y (n, J) were first constructed by Kotzig and Turgeon [75]. In [117], it was shown
that when n — 3 is prime, the only proper subsquare of Y = Y'(n, J) is the subsquare Y[{n —
2,n—1,n},{n—2n—1n}], which is isotopic to J.

Let n € {16,32,64} and let L™ be the Latin square obtained from Y'(n,J) by switching
on n(n,1,n/2 — 1) then switching the resulting square on n(4,n — 1,n — 2). Then L" satisfies
Condition (i7) with row cycle p(2,8,n/2 + 4) and satisfies Condition (7i¢) with rows 2, 3 and
symbol n — 2.

To show that {24,36,48,54} C N(X), we will use a new construction. Let e be a positive
even integer and let E' be an N, square of order e. Let (x,y) be a cell in E and let

N

I
w N =
W N
N = W

Define a Latin square L = L(E, (x,y)) as follows. First, form the Latin square of order 3e with
row indices, column indices, and symbols {1, 2,3} x [e] where cell ((7,7), (k,¢)) is occupied by
symbol
(2 :cy) if (i, k) € {(1,1),(2,3),(3,2)} and (5,4) = (z,y),
(1, Ery) if (i, k) € {(1,2),(2,1),(3,3)} and (5,) = (z,9),
(sz,Ejg+€/2) if (i, k) = (2,2),
\ (Zik, Ejp) otherwise.

Then rename the rows indices, column indices, and symbols of this square using <; to obtain
L. Intuitively, we are obtaining IL from the direct product Z x E as follows. Add e/2 to the
E-coordinate of each symbol in the E-block of Z x E in position (2,2). Then, switch the
resulting square on a symbol cycle of length 3 involving symbols (1, E, ) and (2, E, ).
Henceforth, we fix E to be the Latin square in (4.2), which is N. Let L?* denote the Latin
square obtained from L(E,(1,2)) by switching on n(6,14,18). Then L?* satisfies Condition
(79) with row cycle p(2,7,16) and satisfies Condition (éi7) with rows 2, 5 and symbol 3. Let
L3¢ denote the Latin square obtained from (L%, (2,3)) by switching on 7(1,21,30). Then L3¢
satisfies Condition (i) with row cycle p(2,11,35) and satisfies Condition (éii) with rows 2, 3
and symbol 15. Let L*® denote the Latin square obtained from L(L'%, (16,8)) by switching on
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n(1,17,41). Then L* satisfies Condition (i7) with row cycle p(2,8,12) and satisfies Condition
(i17) with rows 2, 3 and symbol 14. Let L% denote the Latin square obtained from L(L'®, (7, 7))
by switching on 7(1,19,52). Then L satisfies Condition (i7) with row cycle p(2,10,29) and
satisfies Condition (7i7) with rows 2, 8 and symbol 34.

Finally, we show that 72 € N(X). Let L™ be obtained from the corrupted product
(A% B?) x5 E by renaming the row indices, column indices, and symbols using <; and then
switching on p(2, 11, 3). Then L™ satisfies Condition (i) with row cycle p(2,7,48) and satisfies
Condition (i27) with rows 2, 5 and symbol 19. We have shown (4.9).

4.2.2 The recursive step

In this subsection, we prove the following theorem by combining Lemma 4.2.12, Lemma 4.2.15,
and Lemma 4.2.16 below. This will then allow us to prove Theorem 4.2.1.

Theorem 4.2.7. If € N(X), then {8u,9u} C N(X).

The following definitions and notation will be fixed throughout this subsection. Let ( €
{8,9}, let A = A, and let B = BS. Let (M,s) € X and let p be the order of M. Let
P = (A, B)*; M. Since (M, s) € X, we know that M satisfies Condition (iii) with some rows 7
and ry, columns ¢y, ¢o, and c¢3, and symbol . Combining this with Property 2 and the fact that
P, (1,e1) = (41,04 s), we see that the row cycle p((1,71),(2,72), (3, c3)) of P has length 3. Let
Q be obtained from P by switching on this row cycle. Then the row cycle p((1,71), (2,72), (3, ¢3))
of Q, which we will denote by D, has length 3. Define Q; to be the Latin square obtained from
Q by using <; to relabel the row indices, column indices, and symbols of Q to be the set [Cp].
Formally, we relabel by using the map ¢ : [(] x [u] — [Cp] defined by ¢(i,j) = p(i — 1) + 7. In
order to prove Theorem 4.2.7, we will show that (Qq, ) € X. For each cell (¢, ) of Q, define
Q'(e,0) = (Qcs + (1,0)) = Q. and note that ¢p(e + 1,9) = ¢(€,d) + p. Hence, to show that p
is a strong allowable shift with respect to Qq, it suffices to show, for every cell (¢,4) of Q, that
Q'(¢, 6) contains no proper subsquare of order (.

Notice that Q is a 6-near copy of P and every Q'(e, d) is a near copy of Q. The following
lemma exhibits strong restrictions on the intersection between a subsquare and a block in such
matrices.

Lemma 4.2.8. Let P’ be an (-near copy of P for some non-negative integer £ < 7. Suppose
that " is a near copy of a Latin square P” and let w be the alien entry of P' with respect to P”.
Suppose that D U {r} contains all the alien entries of P’ with respect to P. Let T be a block
of P’ in some position (u,v) and assume that 1 € T. Let 8§ be a subsquare of P’ containing .
Suppose that & contains more than one entry from T. Let V =8 NT, let R be the set of rows
of V, and let C be the set of columns of V. Then,

(¢) If T is an M-block that contains no alien entries with respect to P, then T is not the
principal M-block and one of the following is true:

(1) R={(u,1)}, C={(v,1),(v,¢c)} for some c € u], and 7 is in column (v,1) and has
symbol ]P”(u’l)

S(v,¢)7
(2) R = {(u,1),(u,r)} for somer € [u], C = {(v,1)}, and 7 is in row (u,1) and has
symbol P, .y, 1)
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(3) R={(u,r)} for somer € [u]\{1}, C' = {(v,1), (v,c)} for some c € [u], and 7 occurs
in column (v,c) and has symbol IP’EW)( - Furthermore, ]P”(W)( (Ayw, Mi1),

) v’]‘ K v’c) -

(4) R = {(u,1),(u,r)} for some r € [u|, C = {(v,c)} for some ¢ € [pu] \ {1}, and «

occurs in row (u,r) and has symbol ]P/(u,n,( Furthermore, IP”(W) (w.e) = (Ayw, Mi1).

v,c)” (v,e)

(13) If T is an A-block that contains no alien entries with respect to P, then one of the
following is true:
(1) R={(1,uv)}, C={(1,v),(c,v)} for some c € [(], and 7 is in column (1,v) and has
symbol ]P”(LUMC’U),
(2) R ={(1,u),(r,u)} for somer € [(], C = {(1,v)}, and 7 is in row (1,u) and has

symbol P,y (1.4
(3) R={(r,u)} for somer € [(|]\{1}, C' = {(1,v),(c,v)} for some c € [(], and 7 occurs
in column (c,v) and has symbol P, . Furthermore, P(, . = (A11, Mu,),

(4) R = {(1,u),(r,u)} for some r € [(], C = {(¢,v)} for some ¢ € [(]\ {1}, and 7

occurs in row (r,u) and has symbol P, . . Furthermore, P, . = (A1,1, Myy).

(13i) If T contains an alien entry with respect to P, then |R| < 3 and |C| < 3. Furthermore,
min{|R|,|C|} < 3.

Proof. Since T is a block of IP" not containing 7, it follows that ®;(7’) is a k-near copy of N for
some j € {1,2}, k € {0,1,2}, and N € {A, B, M, ®;(Ty)}. We will first prove that 8§ cannot
contain 7. We will prove this claim for the case where T is an M-block. The proof when T
is an A-block is similar. Suppose, for a contradiction, that 8§ contains 7. Since m € 8§\ T, we
know that & # T'. Hence, § contains a whole row of some M-block U # T and a whole column
of some M-block U’ ¢ {T',U}. Lemma 4.2.3 implies that 8 contains U unless 7 € U. If 7 € U,
then Lemma 4.2.3 implies that 8 contains U’. Either way, 8 contains two M-blocks of I/, which
we will call T and T".

Let A be the set of A-blocks of P’ that do not contain an alien entry of P’ with respect to
P or P”. Each A-block in A hits both 7" and 7”. Suppose that 7 is in row (z,2’) and column
(y,vy'). Lemma 4.2.3 implies that 8 contains every A-block in A that row (z,z’) and column
(y,y') do not intersect. Since p > 10 and DU{r} contains all the alien entries of P* with respect
to P or P”, we know that for each i € [u] \ {2'}, there is some k € [u] such that 8§ contains the
A-block of P in position (i, k). It follows that R contains all rows not of the form (r, z’) with
r € [¢]. Hence, the order of 8§ must be at least (u — 1)/u times the order of P'. Since u > 10,
this is a contradiction of Lemma 4.1.3, proving that § does not contain 7.

Suppose that T' contains no alien entry with respect to P. Then the only possible hole in
®;(T") with respect to N is the principal entry. By Lemma 4.2.3, we infer that £k = 1 and that
either part (¢) or part (i7) of the present Lemma holds.

Now suppose that T" contains an alien entry n’ with respect to IP. Note that in this case k = 2.
It suffices to assume that Lemma 4.2.3(4i7)(3) holds. If T"is an M-block, then 7’ does not occur
in the same row or column as the principal entry of T, since 1 & {ry,rq, c1, 2, c3}. Hence, T must
be an A-block and 7’/ must have cell in the set {((1,71),(2,¢2)), ((1,71),(3,¢3)), ((2,72), (1,¢1))}-
Thus, there is some matrix A’ in (4.7) such that the shadow of V' in A’ is a subsquare. Property
7 then implies that |R| = |C| = 2, completing the proof. O
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An idea that we will use repeatedly is to consider the projection of a hypothetical subsquare
onto one of A, B, or M. Our next lemma shows one circumstance where we know that this
projection is a Latin square.

Lemma 4.2.9. Let F' be any matrix whose row indices, column indices, and symbol set are
[C] x [u] and let 8§ be a subsquare of F of order t. Suppose, for some i € {1,2}, that the
projection ®; is injective on the rows and columns of § and that there is some Latin square L
such that the shadow of ®;(8) in L agrees with L in all but £ < t entries. Then ®;(8) is a Latin
square.

Proof. Since the projection of 8 onto L is injective, it follows that ®;(8) is a ¢ X ¢ matrix. As 8
is a Latin square, it follows that every symbol in ®;(8) occurs some multiple of ¢ times. Since
®,(8) agrees with its shadow in L in all but ¢ < t places, it follows that ®; is injective on the
set of symbols that occur in 8 and hence ®,(8) is a Latin square. O

Our next task is to show that Q is N, which we do with the following three lemmas.
Lemma 4.2.10. Any proper subsquare of Q must contain exactly one entry from D.

Proof. Suppose that 8 is a proper subsquare of Q. Let R be the set of rows of § and let C' be
the set of columns of 8. First, suppose that 8 does not contain an entry from D. Then P[R, C]
is a proper subsquare of P, which can only be Tj; by Theorem 4.1.7. But P[R, C] # T, since
otherwise 8§ would contain an entry from D. Now suppose that 8 contains at least two entries
from D. Then Lemma 4.2.4 implies that 8 contains every entry from D. It follows that PR, C|
is a proper subsquare of P that contains every entry from p((1,r1),(2,72), (3,¢c3)). However,
Theorem 4.1.7 implies that P has no such subsquare. Thus, § must contain exactly one entry
from D. m

Lemma 4.2.11. Any proper subsquare of Q hits every M-block of Q at most once and hits the
principal A-block of Q at most once.

Proof. Suppose that § is a proper subsquare of Q. Let R be the set of rows of § and let C' be
the set of columns of 8. Lemma 4.2.10 tells us that § contains exactly one entry from D. Let
this entry be in cell ((¢, '), (z,y)) for some ¢' € {1,2}, z € {1,2,3}, and {j',y} C [p] \ {1}.
S0 Qi ,j),(z,y) = Pij),(ay) for @ € {1,2} \ {7’} and some j € [p] \ {1}. Let P’ denote the matrix
Pl iy (zy) = P i)y and let m = ((7',7'), (z,y), Pij), () be the alien entry of P with respect
to P. Then 8’ = P'[R, C] is a proper subsquare of P’

We will first show that 8’ contains at most one entry from every M-block of P’. De-
note the M-block of P’ that contains m by T. Let 7" # T be an M-block of ', so that T’
has no alien entries with respect to P. Let the position of 7" be (u,v) and suppose that &'
contains at least two entries from 7”. Since 1 ¢ {j’,y}, we know that Lemma 4.2.8(:)(1)
and Lemma 4.2.8(7)(2) do not arise. So we may assume that Lemma 4.2.8(¢)(3) occurs (the
argument for when Lemma 4.2.8(7)(4) occurs is similar). Explicitly, we are assuming that
(u,v) # (1,1) and that 8 N7’ has only row (u,r) and columns (v,1) and (v,c) for some
r € [u]\ {1} and where (v, c) = (z,y). Furthermore, wy =P, ) 1) = P52 is the symbol
in 7 and wy = ]P”(u’r)’(w) = (Ayw, My1). Since @1 (wy) = Ay, it follows that u =i € {1,2}. Let
u' € [¢] be such that B, , = A,,. Note that Property 4 implies that v’ > 2. Since 8’ must con-
tain symbol wy in column (v, 1), it follows that 8’ contains the entry ((v', 1), (v, 1), (Bw v, M11)).
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Let T" be the M-block of P" in position (u/,v). Since 7 occurs in an M-block whose position
is in the set {1,2} x {1,2, 3}, it follows that 7 ¢ T”. Now running the above argument with
T" in place of T" we obtain the contradiction that «’ € {1,2}.

Next, we show that |8’ N T'| = 1. The position of T"is (i, ). Suppose that |8' N T| > 2
and that 8’ hits two rows that intersect 7. If 8 has a column (¢, ') where ¢ # z, then &
contains more than one entry from the M-block of P’ in position (¢, ¢), which is false. Hence
every column of & hits 7. Then by similar reasoning, every row of & hits T, meaning that
8’ is contained within 7. We reach the same conclusion if we start with the assumption that
8’ hits two columns that intersect 7. So & C T. All symbols in T other than those in 7
and the principal entry have A-coordinate A; ,. However, the symbol in 7 has A-coordinate
A, . # Ay, and it must occur in every row of 8. The only way that this might happen is if
the principal entry of 7" has the same symbol as 7. But that would require that By, = A .,
which contradicts Property 4. Hence, 8 must intersect every M-block of P’ at most once.

Finally, we suppose that 8’ contains more than one entry from the principal A-block of P’
Lemma 4.2.8 implies that 7 occurs in row (r, 1) for some r € [(] or in column (¢, 1) for some
¢ € [¢]. However, this contradicts the fact that 1 ¢ {j’, y}. O

Lemma 4.2.12. The Latin square Q is Ny.

Proof. Suppose that 8 is a proper subsquare of Q. Let R be the set of rows of 8, let C' be the
set of columns of 8, and let ¢ = |R|. Lemma 4.2.11 tells us that 8 hits every M-block of Q at
most once and hits the principal A-block of Q at most once. Lemma 4.2.10 says that 8 contains
exactly one entry from D. Let this entry be 7 = ((¢,5), (2, ), P j),2y)) Where {i,i'} = {1,2},
x € {1,2,3}, and {j,75',y} C [p] \ {1}. Denote the matrix P j) @) = Prirj),(2y) by P'. Then
8§ =P[R, C] is a proper subsquare of P’ that hits every M-block of P’ at most once. It follows
that ®; is injective on R and C. So ®1(8') is a t x t matrix that agrees with its shadow in
A in all but v € {1,2} entries. Indeed, v = 1 unless 8’ contains the principal entry of some
M-block of P" other than the principal M-block. Lemma 4.2.9 implies that ®,(8") is a Latin
square unless t = v = 2 and ®;(8') contains only one symbol.

Suppose first that v = 1. Then ®,(8’) is a subsquare of one of the matrices in the set (4.5).
Property 5 implies that 8’ is an intercalate, i = 1,1 =2, 2 =3, j' =1, j =ry, and y = c3. We
can write R = {(1,71), (r,7")} and C' = {(3,¢3), (¢,c)} for some {r,c} C [(] and {7, '} C [p].
Since the symbols in cells (1,1) and (1,3) of the matrix 4; — A, 3 agree, we know that ®,(8’)
does not contain the entry (1,1, 4;). It follows that ¢ # 1. As 8’ is an intercalate, we must have
M, c;, = My o and M,, » = M, .,. Since ry # 1o, it follows that the matrix M,, ., — M,,
must contain an intercalate, which contradicts Condition (i1).

Now suppose that v = 2. So ®;(8’) is a Latin square or a 2 X 2 matrix with only one symbol.
Also, ®,(8'), which is a submatrix of one of the matrices in the set (4.6), contains two alien
entries with respect to A. Property 6 then tells us that ®(8’) is an intercalate, which implies
that 8 is an intercalate. Additionally, from 1 ¢ {y, j'} we know that the two alien entries of 8’
with respect to P occur in different rows and columns. Since & is an intercalate, we need the
symbols in its two alien entries to match. But that requires M ; € {7(c),7%(c), 0 + s} where
7 is the row permutation 7,,,, of M. But this contradicts Condition (4i7). Thus, 8 cannot
exist. [

We now work on showing that Q'(e, ) has no subsquare of order ¢ for every cell (¢, ) of Q.
For the rest of this subsection, let (¢,6) be a cell of Q and let Q' = Q'(¢, ) = (Qc s+ (1,0)) —
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Q.. Let m be the alien entry of Q' with respect to Q and let D’ denote the set of entries of Q’
that share a cell with some entry in D. By definition, D" C (D U {r}). Lemma 4.2.12 implies
that any proper subsquare of ' must contain 7. On several occasions we will use the fact that
®, cannot distinguish between 7 and the entry of Q in cell (¢, d).

Lemma 4.2.13. Let W be a block of Q' containing w. No subsquare of Q" of order ¢ hits W
i at least three rows or in at least three columns.

Proof. Let 8 be a subsquare of Q" of order ¢ that hits W in at least three rows or at least three
columns. Our first goal is to show that 8 is contained within W. We will give the argument
assuming that W is an M-block. Analogous arguments can be used to prove the same claim if
W is an A-block. Let the position of W be (u,v).

Suppose that 8 hits W in at least three columns and suppose, for a contradiction, that there
is a row (r,7’) of 8 that does not hit W. Let T be the M-block of Q' in position (r,v). Then §
hits T" in three distinct columns. Lemma 4.2.8 implies that 7" must contain an alien entry with
respect to P, hence (r,v) € {1,2} x {1,2,3}. It also implies that 8 hits T" in at most two rows
and exactly three columns. Hence, 8 can contain at most four rows that do not hit . Since
(¢ > 8, there are at least four rows of & that hit W. However only three columns of § hit W
and therefore there is a column (¢, ') of 8 that does not hit W. Then 8 hits the M-block of Q'
in position (u,c) in at least four rows, contradicting Lemma 4.2.8. This contradiction implies
that all rows of & must hit W. But then & must be contained within W, as otherwise & would
hit an M-block of Q' in at least eight rows, again contradicting Lemma 4.2.8.

Now suppose that 8§ hits W in at least three rows and is not contained within W. First,
we claim that v € {1,2}. If not, then since at most two columns of 8 hit W, it follows that
8 has a column (¢, ¢’) that does not hit W. The M-block of Q' in position (u,c) has no alien
entries with respect to IP and is hit by 8 in at least three rows, which contradicts Lemma 4.2.8.
So u € {1,2}. If 8 has a column (¢, ) with ¢ > 3 that does not hit W, then 8§ must hit an
M-block of Q' that has no alien entries with respect to P in at least three rows, contradicting
Lemma 4.2.8. Hence, every column of 8 either hits W or is of the form (¢, ¢') with ¢ € {1,2,3}.
Lemma 4.2.8 combined with the fact that at least three rows of § hit W implies that for each
i € {1,2,3}, 8 has at most two columns of the form (i,7'). The only possibility is that { = 8,
v > 3, exactly two columns of 8 hit W, and for each i € {1,2,3}, 8§ has exactly two columns
of the form (7,"). In this case, Lemma 4.2.8 implies that § has at most three rows of the form
(1,4') and at most three rows of the form (2,u”). It follows that there is a row (r,r’) of §
with 7 > 2. Let T be the M-block of Q" in position (r,1). We know that 8§ hits 7" in two
distinct columns and so Lemma 4.2.8 implies that v = 1, which is false because v > 3. This
contradiction implies that & must be contained within .

It remains to show that 8§ cannot be contained within W. Suppose first that W is an M-
block. Let F be the set of entries e in § that satisfy (i) e = , (ii) e is the principal entry of W,
and/or (iii) e € D’. Since 8 is a Latin square, it follows that each symbol in ®;(8) occurs some
multiple of ¢ times. Also, all symbols in W \ ¥ have the same A-coordinate. Since ¢ > 3, it
follows that every symbol in W must have the same A-coordinate. Now suppose that there is
an entry e that satisfies (iii). If e is an entry of D, then its symbol has the wrong A-coordinate
to match with symbols in W\ #. Thus e = w € D’ but then e still has the wrong A-coordinate
to match with symbols in W \ ¥ by Property 2. So no entry in ¥ satisfies (iii). Hence, the
symbol of any entry in ¥ has the same M-coordinate as the symbol in the corresponding entry
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in P. If W is not the principal M-block of @', then ®4(§) is a Latin square of order ( that
agrees with its shadow in M. However, M is N, of order p > (, so this is impossible. We
reach a similar contradiction if W is the principal M-block of Q" because then ®4(8) is a Latin
square of order ¢ that agrees with its shadow in the matrix M’ defined by M;; = M; ; + s.
We now consider the case where W is an A-block of @Q'. Note that 8 = W because they
have the same order. Define ¥ as we did above. Using the same arguments as when W was
an M-block, we find that every symbol in W has the same M-coordinate. Therefore, the entry
of W that satisfies (ii) must also satisfy (iii). Also, Lemma 4.2.9 implies that ®;(8) is a Latin
square and from Lemma 4.1.4, it is equal to B if W is the principal A-block of Q" and it is
equal to A otherwise. Hence, the A-coordinate of the symbol in the principal entry of W must
be equal to A; ;. This necessitates that the entry e satisfying (ii) and (iii) is 7. But the symbol
of 7 is not Ay 1, by Property 2. n

Lemma 4.2.14. Any subsquare of Q" of order { hits every block of Q' at most once.

Proof. We give the argument for M-blocks. The argument for A-blocks is similar. Let W be
the M-block containing © = ((z1,22), (y1,v2),2) € ([¢] x [u])®. We first prove that § hits no
block in at least three rows. Suppose, for a contradiction, that & hits an M-block 7" in at least
three rows. Lemma 4.2.13 implies that 7" # W. Let the position of T be (u,v). Lemma 4.2.8
implies that (u,v) € {1,2} x {1,2,3} and for each i € {1,2,3}, § has at most two columns of
the form (7,7). Thus, there is a column (¢, ) of 8§ with ¢ > 3. So 8 hits the M-block 7" in
position (u,c) in at least three rows. Lemma 4.2.8 implies that 7" = W, but this contradicts
Lemma 4.2.13. Thus, § hits every M-block in at most two rows and so there are at least two
rows (r1,7r7) and (rg,75) of 8 that do not hit W and satisfy 2 < ry < ro.

Suppose that 8 hits some M-block in two columns, say (c¢,c) and (c,c¢”). Without loss
of generality, (y1,%2) # (c,¢’). Lemma 4.2.8 implies that r; < 7 and Qe ) () = 2 =
Qra.),(e,r), Which violates the fact that Q is a Latin square. So 8 hits every M-block in at
most one column. We thus know that 8§ hits two columns (c1,¢}) and (cq,c,) that do not
intersect W and satisfy 3 < ¢; < ¢o. Employing a similar argument, we can deduce that no
M-block can be hit by two rows of 8, which proves the lemma. n

Lemma 4.2.15. The integer u is a strong allowable shift with respect to (A, Q).

Proof. Tt suffices to show that Q" has no subsquare of order (. Suppose that S is a subsquare
of Q' of order ( that contains u elements from D’. By Lemma 4.2.5 and Lemma 4.2.6, we know
that w € {0,1,2,6} and that if u = 6, then 7 ¢ D’. Let R be the set of rows of 8§ and let C' be
the set of columns of 8. By Lemma 4.2.14, we know that 8 hits every block of Q" at most once
and so ®; and &, are injective on R and C.

First suppose that u € {0,6}. Let P’ = (P.s + (1,0)) — P.s and let 8’ = P'[R,C]. Then
8’ is a subsquare of I’ that hits every block of P’ at most once. Since the M-coordinate of the
symbol of 7 is equal to ®5(PP. ), it follows that ®5(8’) is a ( x ¢ matrix that agrees with its
shadow in M in all but at most one entry. Lemma 4.2.9 implies that ®5(8’) is a Latin square. If
8’ contains an entry from the principal M-block of P, then ®5(8’) is a subsquare of the matrix
(M, ; +s) — M, ; for some {7, j} C [p], which contradicts the fact that s is a strong allowable
shift with respect to (A, M). If 8’ does not hit the principal M-block of P, then ®5(8') is a
proper subsquare of M, which is a contradiction because M is N..

It remains to consider the case where u € {1,2}. Define ¥ to be the set of entries e in 8
that satisfy (i) e = m, (ii) e is the principal entry of some M-block of @', and/or (iii) e € D’.
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By Lemma 4.2.14 and u < 2, we know that |F| < 4. Since ®(8) is a ¢ x ¢ matrix that agrees
with its shadow in A except possibly on the entries coming from ¥, Lemma 4.2.9 implies that
®,(8) is a Latin square. Furthermore, by Lemma 4.1.4 and the fact that A is N, it follows
that ®;(8) = A. Since u > 1, there exists an entry e of 8 that satisfies (iii). Note that e cannot
satisfy (ii), because 1 ¢ {ry,m}. If e € D, then ®;(e) does not match its shadow in A. So
we must have e = 7, but then ®;(e) still does not match its shadow in A by Property 2, a
contradiction. O

Lemma 4.2.15 takes care of Condition (7) in our recursive step. Next, we deal with the other
two required conditions and thereby complete the proof of Theorem 4.2.7.

Lemma 4.2.16. The pair (Q1, p) satisfies Condition (ii) and Condition (iii).

Proof. Let 7 denote the row permutation 7, , of M. Also let ¢ : [(] x [u] — [Cu] be
the map defined by ¢(i,j) = p(i — 1) + j. We know that Q contains the row cycle D =
p((1,71),(2,72),(3,¢3)) and r; # 1. Also, the columns involved in D are (1,¢;), (2,¢q), and
(3,¢3) with ¢; # 1. Since M satisfies Condition (7i7),

®2(Q(1,1),(1,1) + (1, 0)) =M, +s¢& {U +5,7(0), 72(0)}-

So (Qu 1y, + (1,0)) € {(d;,0 + s), (do, 7(0)), (d5,7%(0)) }, which is the set of symbols of D.
Next, we show that the matrix Q" = Q2,r,),3,c5) = Q(1,r1),(3,c5) dOes not contain an intercalate.
Suppose, for a contradiction, that Q” does contain an intercalate. Denote this intercalate by

I and let the set of rows and columns of I be R and C, respectively. By Lemma 4.2.12, we
know that (1,71) € R and (3,c3) € C. Also, (2,72) ¢ R and (2,¢5) ¢ C, since Qf

1,r1),(2,2)

Gres) = Qo) 3.es)- I (1,c1) & C then P[R, C] is an intercalate in P, which contradicts
Theorem 4.1.7. Thus, C' = {(1,¢1),(3,¢3)}. Let (r,7") € R\ {(1,7)}. If r = 1, then since [
is an intercalate we must have (45, 7%(0)) = Q{1 1,y 3.c2) = Q) (1.01) = (@ Miv e, + 5), which

is false. Thus, 7 > 1. Also, since 1 & {c1,cs}, it follows that Q(z, 20),(y1,00) = (Awr s Masys)
whenever ((z1,22), (y1,92)) # ((1,71),(1,¢1)) is a cell of I. Thus, d, = A, 3 and 45 = A, ; and
so the matrix d, < A;; must contain an intercalate. However, this contradicts Property 5.
Thus, Q" does not contain an intercalate. It follows that (Qy, u) satisfies Condition (i) with
the row cycle p(6(1,71), 6(2,72), 6(3, cs))

Since (M, s) € X, we know that M satisfies Condition (i7) with some row cycle involving
rows x1 and xq, columns ¥y, yo, and y3, and symbols 21, 2o, and z3 where 1 & {1, x2, Y1, Y2, y3}-
Without loss of generality, zy = M,,,, for each f € {1,2,3}. Also, A satisfies Property 3, so
there is a row permutation 7; ; of A with 3 <i < j and symbol k such that 7*;(k) = k + 1. For
f€{1,2,3}, let £; be such that A;,, = Tzf](]{?) It follows that @ contains the entries

((L 331)7 (gla yl)a (ka 21)>, ((Za $1), (€2a y2)7 (Ti,j(k)> z2))> ((Za xl)? (637 y3)7 (Ti%j(k)a z3)>7

((]7 $2>, (fla yl)? (Ti,j(k)7 ZQ))? ((.77 '172)7 (62, y2>7 (Tz%j(k% Z3))7 ((]v 1:2)’ (g?n y3)7 (k + 1, Zl))
(4.10)
Next, we show that the matrix Q" = Qjey).(t3,55) = Qier),(ts,y5) CONtains no intercalates.
Suppose, for a contradiction, that Q" does contain an intercalate, say I. Lemma 4.2.12 implies
that [ must contain the entry of Q" in cell ((¢,x1), (¢3,v3)). Let the row and columns of [
be {(i,21), (r,r")} and {(fs3,ys3), (¢, )}, respectively, for some {r,c} C [(] and {r',c} C [u].
Property 3 tells us that k + 1 ¢ {4}, 43, 4;}, which implies that (r,¢) # (1,1) and I contains no
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entry from D. It follows that M,, .
that M, ,, — M,,,, contains an intercalate, contradicting Condition (i7). By Condition
(i1), we know that My, + s & {21, 22, 23}. Thus, neither Q1,1y,a1,1) nor Qq,1y,a,1) + (1,0) are
elements of {(7;;(k), z2), (77;(k), z3), (k + 1,21)}. Therefore, (Qy, u1) satisfies Condition (iii)
with rows ¢(i,z1) and ¢(j, x2), columns ¢(l1,y1), ¢(l2,y2), and (3, y3), and symbol ¢(k, z1),
as illustrated in (4.10). Note that 1 ¢ {x1, 22,1, Y2, y3} ensures that

= M, » and M, » = M, ,,. Since x; # x5, this implies

1 ¢ {qb(ivxl)v ¢(]a x2)7 ¢(€17y1)7 ¢(£2ay2)7 ¢(€37y3)}' O
We are now ready to prove our main result for this section.

Proof of Theorem 4.2.1. By Theorem 2.2.14, it suffices to show that there exists an N, Latin
square of order n for all n > 12 of the form 2%3° where @ > 1 and b > 0 are integers. Let n be
such an integer. Write n = 237+732**+¢ for some {4, j, k, £} C N with j € {0,1,2} and ¢ € {0,1}.
Consider the following table.

> 2 = 8729k64 A
J=01] ' " n = 8-19k24
i=landk>1 n=09172
1 i>1 n = 871916 i>1 n = 8719%48
J i—0andk>1 n=9118 | i=0andk>1 n=9"15
> 1 = 8—19+32 .
j=2 ' ! N n = 8'9*12
i=0and k>1 n=09136

This table together with the base cases in (4.9) tells us that we can always write n in the form
8”9%n/ for some non-negative integers i’ and &’ and some n’ € N(X). We can then repeatedly
apply Theorem 4.2.7 to show that n € N(X). H

4.3 Latin hypercubes without proper subhypercubes

In this section, we prove Theorem 4.0.3. First, we give a method of boosting the dimension
of a Latin hypercube. Let H : [n]? — [n] be a d-dimensional Latin hypercube of order n. Let
d’ > d be an integer. We can define an array Hy(H) : [n]? — [n] by,

g‘fw(H)(;Ul,QZQ, ... ,LEdI) = H(;Cl,l’g, c. ,:Ed) + Z x;.

The following lemma is easy to verify.

Lemma 4.3.1. Let H : [n]? — [n] be a d-dimensional Latin hypercube of order n and let d’ > d
be an integer. Then Hy(H) is a Latin hypercube.

The following lemma proves that our method of boosting the dimension of a Latin hypercube
preserves the N, property.

Lemma 4.3.2. Let H : [n]? — [n] be a d-dimensional N, Latin hypercube of order n and let
d > d be an integer. The Latin hypercube Hy(H) is Noo.
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Proof. Suppose, for a contradiction, that J (H) has a proper subhypercube § = H|g, xg,x...xs,
where S; C [n] for each i € [d']. Let the symbol set of 8§ be = C [n] and let k be the cardinality

of Z. Fix s; € S; for each i € [d'] \ [d] and define s = Zflzdﬂ s;. Let =+ s denote the set

{j+s:j€Z} Cn]and define H : S; X Sy X -+ X Sy = (E+ 5) by H'(z1,%9,...,74) =
S(1, Ty Tdy Sai1, -+, Sar) = H(xy,29,...,24)+s. Tt is easy to see that H' is a subhypercube
of the Latin hypercube H” : [n]? — [n] defined by H"(z1,72,...,74) = H(x1,72,...,74) + s.
This implies that H also has a proper subhypercube, which is a contradiction. O

Let H : [n]> — [n] be a Latin cube of order n. For each x € [n], the restriction H|p)x[n]x{s}
induces a Latin square L defined by L; = H(i, j,z). We can specify H by listing the Latin
squares L® in order for each x € [n]. McKay and Wanless [91] enumerated Latin hypercubes
of small orders and dimensions and some of their data can be found at [87]. The Latin cube
specified by (4.11) below is an N, Latin cube of order 4. There are five species of Latin cubes
of order 4 and only one of them contains an N, Latin cube. The Latin cube specified by (4.12)
below is also N, and has order 6. There are 264248 species of Latin cubes of order 6 and 17946
of them contain an N, Latin cube.

12342 143342143712
234 1|14324213[3124 @11)
341243212134 1243
4123321401342 2431

(1 23456|214365/|345¢61 2

214365132605 4426531

34651262543 1/|563124

43562103465 12[651243

56 12 43[453126|132465

652134561 243|214356

: o (412)

436521561234 65214 3
351246|645 123563412
214653|152346|431265
562134213465 124356
6 4531232465 1|216534
12346654365 12|345¢6 21

Theorem 4.0.3 now follows by combining Theorem 4.2.1, (4.11), and (4.12) with Lemma 4.3.2.
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Chapter 5

Perfect 1-factorisations of K111

The main purpose of this chapter is to report the results of a computer enumeration of the
perfect 1-factorisations of Kij 1.

Theorem 5.0.1. There are 687121 perfect 1-factorisations of K111 up to isomorphism. Of
these, 2657 have a non-trivial automorphism group.

Recall from §2.3.1 that there is an equivalence between ordered 1-factorisations of complete
bipartite graphs and Latin squares. Thus, the catalogue behind Theorem 5.0.1 allows us to
enumerate several interesting classes of Latin squares of order 11.

Theorem 5.0.2.

o There are 687 115 species containing row-Hamiltonian Latin squares of order 11. Of these,
2660 have a non-trivial autoparatopism group, 687096 have v =2, 12 have v = 4, and 7 have
v =06.

o There are 1374132 isotopism classes containing row-Hamiltonian Latin squares of order 11.
Of these, 5104 have a non-trivial autotopism group.

Recall from §2.3.2 the three known infinite families of perfect 1-factorisations of complete
graphs. Let p be an odd prime and let V' be the vertex set of K;,11. When F € {GK,1,GBp11},
the value v(Z(F,v)) is known for any v € V' and the number of species that contain a Latin
square .Z(F,v) with v € V' is known. However, these facts are not known when & = GA,,. We
tie up this loose end by proving the following theorem.

Theorem 5.0.3. Let p be an odd prime, let V' be the vertex set of Kap, and let {u,v} C V.
The squares £ (G Ay, v) and L (G Ay, u) are paratopic and

(LG Ay ) =1 TP
2 otherwise.

The structure of this chapter is as follows. In §5.1, we discuss our enumeration algorithm for
proving Theorem 5.0.1. In §5.2, we discuss Theorem 5.0.2 and the catalogue of row-Hamiltonian
Latin squares of order 11. In §5.3, we discuss how useful various invariants are for distinguishing
our enumerated objects. Finally, in §5.4, we prove Theorem 5.0.3.

To reduce the risk of programming errors, all computations described in this chapter were
performed independently by the author and lan Wanless, then crosschecked. The combined
computation time was under two CPU years.
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5.1 The algorithm

In this section, we describe an algorithm to generate the perfect 1-factorisations of any complete
bipartite graph, which we used to generated the perfect 1-factorisations of K1y 1;. The algorithm
is similar to the algorithm used in [54] to generate the perfect 1-factorisations of K.

Definition 5.1.1. An ordered partial 1-factorisation of K, ,, is an ordered 1-factorisation of a
subgraph of K, .

Let P = [fi, fa,..., fa] be an ordered partial 1-factorisation of K, ,. We use P| fo41 to
denote [f1, f2, .-+, fa, far1], the ordered partial 1-factorisation obtained by appending f,.1 to
P. We use |P| to denote the number of 1-factors in P.

The following definitions and notation will be fixed throughout this section. Let n be a
positive integer, let U = {uq,ug,...,u,}, and let W = {wy, we, ..., w,}. Let the vertex set of
K, be UUW with bipartition (U, W). Designate U to be the first part of K, ,,. Endow U
with the total order defined by u; < u; if ¢ < j. Endow W with the analogous total order.

We now define a partial order <5 on the set of ordered partial 1-factorisations of K, ,. For
brevity, we will write the edge {u;, w;} of K, , as uw;w;. We will adopt a similar convention for
edges of other graphs throughout this chapter. Let P = [f1, fo, ..., fo] and P' = [f1, f5,. ... fi]
be two distinct ordered partial 1-factorisations of K, ,. If f; = f/ for all i € [min{a,b}], then
P and P’ are incomparable. Otherwise, let j be minimal such that f; # fi. If j > 3, then
we deem P and P’ incomparable. So suppose that j < 3. The edges in f; can be written
as Uy T1, UpTy, - - -, UnTy Where {z1,...,7,} = {wi,...,w,}. Similarly the edges in f; can be
written as uiyi, Usys, - - ., Uy, where {y1,...,y,} = {w1,...,w,}. Let £ be minimal such that
xp # yp. We say that P <o P’ if xp < y,. If xp > y,, we say that P’ <5 P. Let <o denote the
reflexive closure of <s.

Let P = [fi1, fa, ..., fa] be an ordered partial 1-factorisation of K, ,, with a > 3. For i € [qa],
denote by P! the ordered partial 1-factorisation [f1, fa, ..., fi].

Definition 5.1.2. Let P = [f1, f2, ..., fa] be an ordered partial 1-factorisation of K, , with
a > 3. Say that P is minimal if P3 <5 (P')? for every ordered partial 1-factorisation P’ of K, ,,
that is isomorphic to P.

Note that if P = [fi, fo, ..., fu] is a minimal ordered partial perfect 1-factorisation of K, ,,
then
fl - {ulwh UW2, . . .y Up—1Wn-1, unwn} and
fo= {ule, UW3, - -« 5 Up—1Wn, Unw1} .

The software nauty [389] is a practical algorithm for testing whether there is a colour pre-
serving graph isomorphism between two vertex coloured graphs. Isomorphism testing for 1-
factorisations of bipartite graphs can be converted into an isomorphism problem on vertex
coloured graphs as follows. Let I' be a subgraph of K, and let § = {fi, f2,..., fa} be a
1-factorisation of I'. Construct a coloured graph C(¥F) containing

e green vertices fi, fo, ..., f,, each joined to a blue vertex F',
e green vertices uq,us,. .., Uy, each joined to a red vertex U,
e green vertices wy, ws, ..., wy,, each joined to a red vertex V,
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e one black vertex for each edge in I', which is joined to one green vertex in each of the previous
three categories to indicate the end points of the edge and the 1-factor that contains the edge.

It is routine to check that two 1-factorisations F and F’ of I are isomorphic if and only if there is
a colour preserving graph isomorphism from C'(F) to C(F"’). Also, Aut(F) is isomorphic to the
group of colour preserving automorphisms of C(F), which nauty determines. The same method
can be used to determine when two ordered partial 1-factorisations of K, ,, are isomorphic. Also,
we can vary the procedure in an obvious way to solve the isomorphism problem for non-bipartite
graphs.

Our algorithm for generating the perfect 1-factorisations of K, ,, is described in Procedure
2 and its subroutine AddFactor described in Procedure 1. Steps 2 and 7 of Procedure 2 can be
handled in a straightforward manner using nauty as discussed above and represent a negligible
fraction of the computation time.

AddFactor: Recursively add 1-factors to an ordered partial perfect 1-factorisation
input: An odd integer n > 5
An ordered partial perfect 1-factorisation P of K, ,,
A set T of 1-factors ¢ for which P||¢ is an ordered partial perfect 1-factorisation

1 Procedure AddFactor(n,®P,T)
2 if |P| = n then
3 ‘ Output P
4 else
5 Let e be an edge of K,,,, \ |JP that minimises the number of 1-factors in T that
it is contained in
6 for t € T containing e do
7 Let T* be the set of 1-factors t* € T such that K, ,[t,t*] is a Hamiltonian
cycle
8 AddFactor(n, P||t, T*)
9 end
10 end
11 end

GenP1F's: Generate the perfect 1-factorisations of K, ,

input: An odd integer n > 5
Procedure GenP1Fs(n)

[y

2 Generate a set . of minimal isomorphism class representatives of ordered partial
perfect 1-factorisations of K, , containing exactly four 1-factors

3 for P € . do

4 Let T = {1-factors ¢ of K, , such that P||t is a minimal ordered partial perfect

1-factorisation of K, ,}
AddFactor(n, P, 7)
end
Screen the ordered 1-factorisations of K, , output by AddFactor for isomorphism
end

® NI o W

We next show that our algorithm performs the desired enumeration.
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Lemma 5.1.3. The set of ordered perfect 1-factorisations of K, , returned by GenP1Fs(n)
contains a representative from each isomorphism class of ordered perfect 1-factorisations of
K.

Proof. Let M be an isomorphism class of ordered perfect 1-factorisations of K, ,, and let F € M.
By induction on k € {4,5,...,n}, we will prove that GenP1Fs makes a call to AddFactor with
input P = & where & = F(0, 1) for some § € Sym(U U W) and ¢ € Sym([n]).

First, consider when k = 4. Let .% be as in line 2 of GenP1Fs. Since F* is an ordered partial
perfect 1-factorisation of K, , of cardinality 4, there is some &; € . that is isomorphic to F*.
Let (61,%1) be an isomorphism from F* to &;. Extend 1 to a permutation of [n] by defining

() if € {1,2,3,4},
Po(x) = .
x otherwise.
Let & = F(01,1»). Then &* = &, and there is a call to AddFactor with input P = &%.
Now suppose that & > 5 and assume that there is a call AddFactor(n,EF L, T) where
& = F(0,¢) for some 0 € Sym(U U W) and ¢ € Sym([n]). Let [e1,ea,...,e,] = € and let
U = {ex, €ri1, ..., en}. Since € is ordered isomorphic to F and F is perfect, it follows that € is
also perfect and thus U C T. Let e be defined as in line 5 of AddFactor. Since e must appear
in some 1-factor in &, it follows that there is some ¢ € U C T containing e. Thus, in the for
loop of AddFactor, there will be a call of AddFactor with argument E*~1||t’. Note that ¥~1||#/
can be written as ¥ where & = F(0, ') for some ¢’ € Sym([n]). Thus, the claim follows by
induction.
We have proven that some call of AddFactor will output an ordered 1-factorisation of K, ,
that is isomorphic to F. The result follows. O

Both the author’s and Ian Wanless’ implementations of GenP1Fs were used to generate the
perfect 1-factorisations of K, , for n € {5,7,9,11}. Results of both programs agreed with
each other and for n € {5,7,9}, agreed with previously computed values [116]. For n = 11,
we found that the set % in line 2 of GenP1Fs had cardinality 13 727482. Table 5.1 shows the
687121 perfect 1-factorisations of Ki; ;1 up to isomorphism categorised by how much symmetry
they have. The second column of the table lists the number of part-preserving automorphisms
of each 1-factorisation and the third column lists the total number of automorphisms. The
first column gives the number of 1-factorisations that attain the attributes listed in the row in
question. The number of part-preserving automorphisms of a 1-factorisation F can be counted
using nauty as described above, except that we change the colour of the vertex V' to yellow so
that it can no longer be interchanged with U in any colour preserving automorphism of C'(F).

5.2 Row-Hamiltonian Latin squares of order 11

From the set of representatives of isomorphism classes of perfect 1-factorisations of Ki; 1, that
we generated, it is a simple task to obtain a representative of each species that contains a row-
Hamiltonian Latin square of order 11. This can be achieved by using nauty as described in §5.1,
except that we change the colour of the vertex F' to red. We then use nauty to determine the
autoparatopism group of each species representative, which allows us to deduce Theorem 5.0.2.
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Count | Part-preserving automorphisms | Automorphisms
684464 1 1
100 1 2
2531 2 2
6 5 5
5 5 10
7 10 10
3 10 20
1 22 22
2 55 55
1 55 110
1 1210 2420

Table 5.1: Symmetries of perfect 1-factorisations of Ky 11

Table 5.2 shows the 687 115 species of row-Hamiltonian Latin squares of order 11 classified
according to their v values and how much symmetry they have. In that table, the second
and third column gives the order of the autotopism group and the autoparatopism group,
respectively, the fourth column gives the value of v, and the first column reports how many
species attain the attributes listed in the row in question.

We next discuss the row-Hamiltonian Latin squares of order 11 with high symmetry.

Lemma 5.2.1. Let n be a positive integer and let L be a Latin square of order n that is isotopic
to its transpose. For a 1-line permutation ¥ of {1,2,3}, let LY denote the V-conjugate of L
and let Fy = F(LY). Then F123), Fas2), Feis), and Fozqy are all isomorphic. Hence, if L
is row-Hamiltonian, then v(L) € {4,6} and if the (3,2,1)-conjugate of L is row-Hamiltonian,
then v(L) € {2,6}.

Proof. The proof is similar to that of [116, Lemma 5]. Theorem 2.3.5 implies that F(93) is
isomorphic to F; 39) and that F(y; 3y is isomorphic to F(3 31y, even if L was not isotopic to its
transpose. Combining the fact that L is isotopic to its transpose with Theorem 2.3.5 shows that
F1,2,3) is isomorphic to Fz13). Hence, F123), F132), F21,3), and Fp31) are all isomorphic.
Thus, the following four statements are equivalent:

e [ is row-Hamiltonian,

The row-inverse of L is row-Hamiltonian,

The transpose of L is row-Hamiltonian,

The (2,3, 1)-conjugate of L is row-Hamiltonian.
The lemma follows. [

Wanless [116] observed that 11 is the smallest order for which a Latin square with v = 4
exists. Theorem 5.0.2 tells us that there are 12 species of Latin squares of order 11 with
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Count | Autotopisms | Autoparatopisms | v
684455 1 1 2
99 1 2 2

8 1 2 4

1 1 2 6
2531 2 2 2
5 5 5 2

4 5) 10 2

1 5 10 6

1 10 10 2

1 10 10 4

2 10 20 4

2 10 20 6

1 22 22 2

1 10 60 6

1 55 110 4

1 55 110 6

1 1210 7260 6

Table 5.2: Symmetries and v values of species containing row-Hamiltonian Latin squares of
order 11

v = 4, which we now catalogue. Let m > 1 and b > 0 be integers. Define Z,,;, = Z,, U
{001, 009,...,00,} and for x € Z,,; define

n r+1 ifxeZ,,
€T =

T otherwise.

A bordered diagonally cyclic Latin square (BDCLS) of order m+b is a Latin square L with row
indices, column indices, and symbols Z,,, such that if (i,7,k) € L, then (i*,j7, k%) € L. If
b =0, then L is a diagonally cyclic Latin square (DCLS). The map = — x™ is an automorphism
of L, which we call its diagonally cyclic symmetry. If b € {0,1}, then L is uniquely determined
by its first row [119].

There are four species with ¥ = 4 that contain a BDCLS of order 11. The first row of a
BDCLS representative for each such species is given below.

(0,10,4,8,7,6,1,3,5,2,9),
(0,2,6,8,7,001,3,5,4,1,9),
(

(

(5.1)
) (5.2)
0,3,7,9,8,001,4,6,5,2,1), and (5.3)
001,1,9,7,5,3,8,6,4,2,0). (5.4)

The DCLS whose first row is (5.1) comes from the only known infinite family of Latin squares
with v = 4 constructed in [5]. The BDCLS with first row (5.1), (5.2), or (5.3) is symmetric
and so, by Lemma 5.2.1, the species that it belongs to gives rise to a single isomorphism class
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of perfect 1-factorisations of Ky 11. In contrast, the species containing the BDCLS with first
row (5.4) gives rise to two isomorphism classes of perfect 1-factorisations. The remaining eight
species all contain symmetric Latin squares. Figure 5.1 provides a symmetric representative of
each of these species. Lemma 5.2.1 implies that they also each give rise to a single isomorphism
class of perfect 1-factorisations.

The seven species containing atomic Latin squares of order 11 were catalogued in [36].
From that study, it can be inferred that they give rise to 12 isomorphism classes of perfect
1-factorisations of K1 11. Of course, any species with v = 2 gives rise to a single isomorphism
class of perfect 1-factorisations. This accounts for the 687121 = 687096 + 13 + 12 perfect
1-factorisations of Kj;,11 up to isomorphism. One representative from each species containing
a row-Hamiltonian Latin square of order 11 can be found at [114].

Up to paratopism, there are nine row-Hamiltonian Latin squares of order 11 that have
trivial autotopism group but non-trivial autoparatopism group and which give rise to perfect
1-factorisations of K1 1; with trivial automorphism group. They are the eight squares given in
Figure 5.1 and a symmetric atomic Latin square in the species A9, from [36]. There are two
isomorphism classes of perfect 1-factorisations which arise from .A?,. One of these has trivial
automorphism group and the other has automorphism group of order 2.

We have already given details for the Latin squares reported in Table 5.2 with v € {4,6}.
The most symmetric species from Table 5.2 with v = 2 is represented by the DCLS with first
row (0,2,8,5,7,1,10,4,6,3,9). Denote this DCLS by L. Then Atp(L) is of order 22 and is gen-
erated by the diagonally cyclic symmetry and the automorphism (0, 10)(1,9)(2,8)(3,7)(4,6) €
Sym(Zi;) of L. The next most symmetric species from Table 5.2 with v = 2 is represented by

5 7 0 4 9 6 10 8 2 1 3
00 5 8 1. 0 7 4 6 9 3 2
1 6 5 9 2 8 3 0 7 10 4
3 2 7 5 10 9 0 4 1 8 6
6 4 3 8 5 10 7 1 0 2 9
4 0 1 2 3 5 8 9 10 6 7
29 6 10 4 1 5 3 8 7 0
o 3 100 7 6 2 1 5 4 9 8
7T 1 4 6 8 3 9 2 5 0 10
9 8 2 0 7 4 6 10 3 5 1
s 10 9 3 1 0 2 7 6 4 5

Its autotopism group is isomorphic to the dihedral group of order 10.

5.3 Invariants

Let B be the set of row-Hamiltonian Latin squares of order 11 and let R(B) be the set of species
representatives of B that we generated. Similarly, let D be the set of perfect 1-factorisations
of K1111 and let R(D) be the set of isomorphism class representatives of D that we generated.
In this section, we discuss some old and new invariants and examine how useful they are for
distinguishing elements of R(B) and elements of R(D). A complete species invariant on B is a
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Figure 5.1: A symmetric representative from each of the eight species of Latin squares of order

11 with v = 4 that do not contain a BDCLS.
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function J on B such that J(L;) = I(Ls) if and only if Latin squares L, and L, are paratopic.
A complete isomorphism class invariant on D can be defined similarly.

Let L be a Latin square of order n. A transversal of L is a selection of n of its entries
such that no two entries share a row, column, or symbol. Let N(L) denote the number of
transversals of L. Then N is a species invariant.

Let L be a Latin square with row indices R, column indices C', and symbols S. Define
G = G(L) to be the digraph with vertex set R x C' x S such that each vertex (a,b,c) has a
unique outgoing arc, which goes to the triple (x,y, z) where {(a,b, 2), (a,y,c), (z,b,¢)} C L.
The graph G is called the train of L and the isomorphism class of G is a species invariant [120].
Thus, the indegree sequence of GG, which is the sorted list of the indegrees of the vertices of G,
is also a species invariant. Denote the indegree sequence of G by I(L).

For a Latin square L, let C(L) be a sorted list of the lengths of its row, column, and symbol
cycles. Then C is a species invariant. Also define M (L) to be a multiset consisting of three
sorted lists, one giving the lengths of its row cycles, one giving the lengths of its column cycles,
and one giving the lengths of its symbol cycles. Then M is also a species invariant.

We determined how well the above invariants, and combinations of them, distinguish squares
in R(B) and obtained the following results. When applied to every square in R(B):

e N took 630 distinct values,

I took 283 518 distinct values,

C took 151412 distinct values,

M took 675110 distinct values,

(I, C) took 687069 distinct values,

(N, 1, C) took 687115 distinct values, thus is a complete invariant on B, and

(I, M) took 687115 distinct values, thus is a complete invariant on B.

Let n be a positive integer and let F and F’ be non-isomorphic perfect 1-factorisations of
K, such that .Z(¥F) is paratopic to £ (F’). Since each of N, I, ¢, and M are species invariants,
they cannot possibly distinguish between F and F’. So we now define a new invariant, which
is useful for distinguishing such perfect 1-factorisations.

Let n be a positive integer and let F = {f1, fo,..., fu} be a perfect 1-factorisation of K, .
Let {i,7,k} C [n] with i < j and k & {i,j}. Since J is perfect, K, ,,[f;U f;] forms a Hamiltonian
cycle in K, ,,. For each edge e € f;, define g; ;1 to be the distance between the endpoints of e

in Kn,n[fz U f]] Define
P(F) = Z Z H i j ke

i<j kg{i,j} e€fr
Then 2 is invariant on isomorphism classes of perfect 1-factorisations of K, ,,.

When applied to every element of R(D), P took 687115 distinct values. The six pairs of
elements in R(D) on which 2 coincide can be found at [114]. For any invariant 3 € {N, C,I, M },
the pair (?,J) (when applying ? to F € R(D) and J to .Z(F)) forms a complete invariant on
D.
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5.4 The classical families of perfect 1-factorisations

In this section, we tie up a loose end in the literature by proving Theorem 5.0.3.

Let n be an odd integer, let V =V (K,,41), let v € V| and let F be an ordered 1-factorisation
of K,41. In §2.3.2) we associated a Latin square .Z(F,v) to the rooted 1-factorisation (F,v).
Now, we associate a different, but related, Latin square to (F,v). For distinct  and y in
V\ {v}, let h,, denote the unique 1-factor in F containing the edge xy. Define a Latin square
£ = £*(F,v) with row indices, column indices, and symbols V' \ {v} by

i
7= i if j =1, (5.5)
k if j # i where k € V' \ {v} is such that kv € h; ;.

It is immediate from (5.5) that £ is symmetric. Furthermore, if F is perfect, then £ is
symbol-Hamiltonian, meaning that the (3,2, 1)-conjugate of £ is row-Hamiltonian [22]. In
fact, after any necessary relabelling of row indices, column indices, and symbols, the (1,3, 2)-
conjugate of .Z is isotopic to Z(F,v). Hence, v(Z(F,v)) = v(¥) and Lemma 5.2.1 implies
that v(Z) € {2,6}.

Let p be an odd prime. Our next task is to define the 1-factorisation G Ay, of Ky,. Let the
vertex set of Ky, be Z, x {1,2}. For i € Z,,, define

fi={G+51)06—4,1), (452 —5,2): j € Z,\ {0}} U{(5,1)(4,2)}

For i € Z, \ {0}, define
g ={( 1D +4,2):j €L}
Then
GAyy={f;:i€Z,} U{g:ieZ,\{0}}

is a perfect 1-factorisation of Ky,. See Figure 5.2 for an example of a 1-factor f; and a 1-factor
gj in GAy,. From Definition 2.3.14, in order to form a rooted 1-factorisation using G As,, we
need to specify a total order on the vertex set of Ky, and a total order on the 1-factors in G As,.
We will order the vertices of Ky, by their second coordinate and use the first to break ties and
we will use the total order

f0<f1<...<fp_1<g1<gg<...<gp_1

on the 1-factors in G'Ag,. Of course, the results proved in this section do not depend on these
total orders.

Anderson [13] showed that if {u,v} C Z, x {1,2}, then there is an automorphism of GAs,
that maps u to v. Combining this fact with Theorem 2.3.19 proves the first claim of Theo-
rem 5.0.3. Next, we want to determine v(.Z(G Ay, v)) for v € V(K5,). Since this value does not
depend on v, we will choose to work with the root vertex v = (—1,2). Define .7}, = Z*(G Ay, v).
Since v(.%,) = v(ZL(GAsp,v)), we can focus on determining v(.%,). The following is an explicit
definition of .Z),.
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— Jfo
— 01

Figure 5.2: The 1-factors fy and g; of GAjg, where the vertex (z,y) of K is instead labelled
xy.

Lemma 5.4.1. The Latin square £ = £, is defined by

x,2) if (x,2) = (y,w),
r+y+1,2) ifz=wandx+y+2+#0,
-1,1) ifz=wand x+y+2=0,

2z +1,2) if z# w and x =y,
r—y—1,1) ifz=1Lw=2, andx #y,
y—xz—11) ifz=2,w=1, andz #y.

(
(
Lo2),yw) = E
(
(

Proof. Let ((z,2), (y,w)) € (Z, x {1,2})? with (z, z) # (y,w). First, suppose that z =1 = w.
Let i = 271 (z 4+ y) € Z, and note that (z,2)(y,w) € f;. If x+y+2 =0, then i = —1 and so
(=1,1)(=1,2) € f;. Hence, L, 2) (yw) = (—1,1). Now suppose that z+y+2 # 0. Let j be such
thati—j = —1. Thenj =i+1landsoi+j =2i+1=x+y+1. Thus, (x+y+1,2)(—1,2) € f;
and so L, .) (yw) = (@ +y +1,2). Similar arguments can be used to prove that the claimed
value of £, . (yw) 18 correct when 2 = 2 = w.

Now assume that z = 1 and w = 2. We must distinguish two cases depending on whether
or not x = y. First, suppose that = # y. Let i = y — = and note that (z,z)(y,w) € g;.
Setting i +j = —1 we obtain j = —i—1=x—y—1. So (r —y —1,1)(—1,2) € g; and thus
L) () = (x—y—1,1). Now suppose that y = 2. Then (z, 2)(y,w) € f,. Settingz—j = —1
yields j = x41. Thus (22+1,2)(—1,2) € f, and s0 Ly ), (y,w) = (22+1,2). Similar arguments
can be used to prove that the claimed value of £, .) (y.w) is correct when z =2 and w = 1. [

To prove the second claim of Theorem 5.0.3, we will prove that &), is not atomic by proving
that it contains a row cycle of length 5. Figure 5.3 shows a row cycle of length 5 in the Latin
square Zs.

Proof of Theorem 5.0.3. The first claim of the theorem follows from the discussion before
Lemma 5.4.1, so it remains to prove the second claim. Since v(Z(GAs,,v)) = v(5%,), it
suffices to prove that v(.Z,) =6 if p = 3 and v(.Z,) = 2 otherwise.

Table 2.3 and Table 2.5 together tell us that any Latin square of order 5 that has v # 0 is
atomic, so v(.£3) = 6. Now assume that p > 5. Using Lemma 5.4.1, it is easy to verify that

78



5.4. THE CLASSICAL FAMILIES OF PERFECT 1-FACTORISATIONS

AN N N N N /N /N /N

T T N '

e N e e N e N N R

T T

e e R R N e e N

'

~—

e e e e N e e N e

N

AN SN N N N N N /N

T N~

e N s e N e R N e

— N N N

e e N e N N e N e

N~ N N N

P N U U e

S o e e N S N N N

[]

—_— — —~ — —

~— — — ~— ~—

Y~ N /N

~— — — ~— ~—
~— — — ~— ~—

79

N — o~ — —

~— — — ~— ~—

A~~~ /N /N /N

~— — — ~— ~—
~— — — — ~—

These entries form a row cycle of length 5 in .%), and so .%, is not atomic. Since v(.%,) € {2,6}

the following ten triples are entries of .Z;:
by Lemma 5.2.1, the theorem follows.



Chapter 6

Quadratic Latin squares

In this chapter, we study a variety of problems regarding subrectangles of quadratic Latin
squares. Throughout this chapter, p will be an odd prime, d will be a positive integer, and
g = p® will be an odd prime power. Unless otherwise stated, all asymptotics will be as ¢ — oo.
We will use standard terminology of permutation groups, which can be found, for example,
in [40].

Our first main result counts the number of intercalates in quadratic Latin squares.

Theorem 6.0.1. Let L = Lla,b] be a quadratic Latin square of order q and let N denote the
number of intercalates that L contains.

o Ifod{—a,2—a,a/(2a—1)} and
(2ab —a—0b)(a+b)(a—1) € R, and {2(a+b—2)(a—1),2a(a+b)} TN, (6.1)
then N = q(q—1).
o IfoZ{—a,2—a,a/(2a— 1)} and (6.1) is not satisfied, then N = 0.
e Ifbe{—a,2—a,af/(2a — 1)}, then ¢ =1 mod 4 and N # 0. Furthermore,

_ _ /2 _ _ 1/2
q(q—1)(q 3211q 38) <N < q(q—1)(q +3211q +70)

Theorem 6.0.1 yields the following two corollaries, the first of which gives a characterisation
of when a quadratic Latin square is N, and second of which counts the number of Ny quadratic

Latin squares.

Corollary 6.0.2. The Latin square Lla,b] of order q contains an intercalate if and only if (6.1)
is satisfied or b € {—a,2 — a,a/(2a — 1)}. In the latter case, ¢ = 1 mod 4.

Corollary 6.0.3. The number of Ny quadratic Latin squares of order q is 7¢%/32 + O(¢*?).

Let n be a positive integer. The maximum number of intercalates in a Latin square of order
n is n?(n — 1)/4 and there is a Latin square of order n that achieves this bound if and only if
n is a power of 2 (see, e.g., [61]). On the other hand, there is a Latin square of order n with
at least (n — 1)(n — 3)(n — 15)/8 intercalates [19]. By Theorem 6.0.1, a Latin square Lla, b]
of order ¢ with b € {—a,2 — a,a/(2a — 1)} has at least q(q — 1)(q — 11¢"/? — 38)/32 = O(¢?)
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intercalates, which is within a constant factor of the maximum number of intercalates that a
Latin square of order ¢ can contain. It will be justified at the end of §6.2 that a square Lla, b]
of order ¢ with b € {—a,2 — a,a/(2a — 1)} exists whenever 9 < ¢ = 1 mod 4.

Our next main result gives a partial answer to the question of when a quadratic Latin
square is row-Hamiltonian. We prove that for each prime p, there are only finitely many
positive integers d for which a row-Hamiltonian quadratic Latin square of order p? might exist.

Theorem 6.0.4. Let P denote the set of all odd primes. There exists a function f: P — N
such that if d > f(p) and £ = Lla,b] is a quadratic Latin square of order ¢ = p®, then £

contains a row cycle of length at most p and it contains a row cycle of length exactly p if
{a,b} ZF,NN,.

We will prove Theorem 6.0.4 by constructing a suitable function f where f(p) = (1 +
o(1))plog(16)/logp as p — oo. We note that this function f is not the minimal function
satisfying the conditions in Theorem 6.0.4.

The cycle structure of a permutation is a sorted list of the lengths of its cycles. Let £ =
Lla, b] be a quadratic Latin square. The cycle structure of any row permutation of £ is equal
to the cycle structure of the row permutation 7y, of £ or the row permutation 79 of £[b, a
(see Lemma 6.1.1). Combining this with Lemma 2.3.8 makes it tempting to consider quadratic
Latin squares when searching for perfect 1-factorisations or x~-cycle free 1-factorisations of
complete bipartite graphs. However, Theorem 6.0.4 tells us that quadratic Latin squares of
order p? will not be useful for constructing perfect 1-factorisations if d is too large. It also tells
us that if x is an even integer satisfying 4 < # < 2p, then quadratic Latin squares of order p?
are not useful for constructing z~-cycle free 1-factorisations if d is too large, with the possible
exceptions of the squares L[a, b] where {a,b} C F,NN,. Note that such squares can only exist
when d is odd.

Our next main result resolves the existence problem for anti-perfect 1-factorisations of com-
plete graphs.

Theorem 6.0.5. There exists an anti-perfect 1-factorisation of K, for all even integers n > 8.

We note that all 1-factorisations of Ky, K4, and Kg are perfect. As noted in §2.3.3, our con-
tribution to Theorem 6.0.5 is little more than an observation that the construction of z~-cycle
free 1-factorisations of complete graphs by Dukes and Ling [46] can be used to construct anti-
perfect 1-factorisations of complete graphs of almost all orders. By combining Theorem 6.0.5
with Theorem 2.3.24, we can state the complete existence result of z-cycle free 1-factorisations
of complete graphs.

Theorem 6.0.6. Let n be an even integer and let x be an even integer satisfying 4 < z < n.
There exists an x-cycle free 1-factorisation of K, unless (n,x) € {(2,2),(4,4),(6,6)}.

Next, we strengthen [97, Theorem 5] by resolving the existence problem for anti-atomic
Latin squares.

Theorem 6.0.7. An anti-atomic Latin square of order n exists for all positive integers n &

{2,3,5}.

Theorem 6.0.4 suggests that we might be able to build anti-perfect 1-factorisations and
anti-atomic Latin squares using quadratic Latin squares.
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Theorem 6.0.8. Let n & {1,3,5,15} be an odd positive integer. There exists an anti-atomic
Latin square of order n that is the direct product of quadratic Latin squares. If n contains a
prime power divisor m # 3 such that m is not prime or m = 3 mod 4, then there exists an
idempotent, involutory Latin square L of order n that is the direct product of quadratic Latin
squares such that the 1-factorisation 4 (L) of K,y1 is anti-perfect.

If n is a positive integer and L is an anti-atomic Latin square of order n, then % (L) is an
anti-perfect 1-factorisation of K, ,. Thus, Theorem 6.0.8 also implies that we can construct
anti-perfect 1-factorisations of complete bipartite graphs using quadratic Latin squares.

Let (@Q,*) be a quasigroup. In this chapter, we will use the natural analogs of Defini-
tion 2.1.5, Definition 2.1.6, and Definition 2.1.7 for quasigroups. In particular, an automor-
phism of @ is a map 6 € Sym(Q) such that 0(z x ) = 6(z) * 0(x) for all x € Q. We will also
refer to a triple (6,0, 60) € Atp(Q) as an automorphism of Q.

Drapal and Wanless [43] determined the automorphism groups of quadratic quasigroups and
also determined exactly when two quadratic quasigroups are isomorphic. Before stating their
results, we need to give some definitions.

Let X be a set. Let Alt(X) < Sym(X) be the group of even permutations of X. For
{h,g} € Sym(X), let h o g denote the function = — h(g(x)).

Let S be a subfield of F,. A permutation ¢ € Sym(F,) is additive if ¢Y(z +y) = ¥(x) + ¥ (y)
for all {z,y} C F, and v is S-linear if ¢ is additive and ¢ (kz) = k¢ (x) for all £ € S and
x € F,. For c € F,, let k. : F;, = F, be defined by x — x + c and let . : F, — F, be defined
by z + cx. Define T, = {k. : ¢ € F;}. We can identify the general linear group GL4(p) with
the set of additive permutations in Sym(F,) and we can identify the affine general linear group
AGLg4(p) with the set of permutations in Sym(F,) of the form k.o o where o € GL4(p) and
cel,.

Denote the automorphism group of F, by Aut(F,) and denote the group of automorphisms
of F, which fix a subfield S of F, pointwise by Gal(F,|S). Define AT'?L;(F,|S) to be the group
of all mappings of the form x +— vf(x)+u for some v € R, u € Fy, and 6 € Gal(F,|S). Suppose
that M is a subfield of S of order ¢ such that [S : M] = 2. Define ATL{"(F,|S) to be the group
consisting of all mappings in AT2L;(FF,|S) along with all mappings = + vf(z¢) + u for some
v €N, uelF, and 0 € Gal(F,|S).

The following two theorems were shown in [43].

Theorem 6.0.9. Quadratic quasigroups Q. and Qu y of order q are isomorphic if and only if
there exists some 6 € Aut(F,) such that {a,b} = {0(a’),0(')}.

Theorem 6.0.10. Let Q = Q,; be a quadratic quasigroup of order q and let S be the subfield
of F, generated by a and b. Then Aut(Q) = AT?Ly(F,|S) up to these exceptions:

o Ifa =0, then Aut(Q) = AGLL(|S|) where k = [F, : S|. The automorphisms of Q are the

maps k, o o where u € F, and o € Sym(F,) is an S-linear map.
o If[S| = (? for some integer ¢ and b= a°, then Aut(Q) = ATL™(F,|S).
o [fq=T and {a,b} = {3,5}, then Aut(Q) = PSLy(7).

We prove the analogous result to Theorem 6.0.9 for isotopisms and to Theorem 6.0.10 for
autotopisms.
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Theorem 6.0.11. Quadratic quasigroups Qqp and Qu y of order q are isotopic if and only if
there ezists some 0 € Aut(F,) such that {a,b} = {0(a’),0(V')} or both a =b and a’ = V.

Theorem 6.0.12. Let Q = Q, be a quadratic quasigroup of order q.

o [fa =0, then Atp(Q) is isomorphic to the semi-direct product ‘.Tg X GLg(p) with multiplication
defined by

((Kus £0), 0) = ((Kuwy £2), @) = ((Kg=1 (w)tws Kp—1(0)+2): 0 © @)
Every autotopism of Q is of the form

(A1, 000k, 0 o, A\, 000K, 0N, 00 Fyuiy)

for some 6 € GL4(p) and {u,v} CF,.

o [fa#b, then every autotopism of Q is an automorphism of Q and so Atp(Q) = Aut(Q).

Let Q = Q,p and Q" = Q. be quadratic quasigroups with a # b and a’ # b'. Theorem 6.0.11
tells us that Q and Q' are isotopic if and only if they are isomorphic. This statement was
predicted in [5] in the case where Q and Q" are of prime order.

Every parastrophe of a quadratic quasigroup is also a quadratic quasigroup and a result
of Wanless [120] allows us to determine these parastrophes. Combining Wanless’ result with
Theorem 6.0.12 allows us to determine Apar(Q) for any quadratic quasigroup Q.

Corollary 6.0.3 gives us an estimate of the number of N, quadratic Latin squares of order
q. Since the Ny property of a Latin square is a species invariant, it would be useful to know
the number of species that contain an N, quadratic Latin square of order g. Theorem 6.0.11
allows us to deduce that there are at least 2(¢?/ log q) species containing an N quadratic Latin
square of order ¢q. Counting problems such as this (see also [5]) partly motivated the study of
when quadratic quasigroups are isotopic.

The structure of this chapter is as follows. In §6.1, we develop a general method to study row
cycles of quadratic Latin squares. We will then apply these methods in §6.2 to study quadratic
Latin squares that contain a row cycle of length 2. This will allow us to prove Theorem 6.0.1
and its corollaries. In §6.3, we will prove Theorem 6.0.4. In §6.4, we prove Theorem 6.0.5,
Theorem 6.0.7, and Theorem 6.0.8, our results regarding anti-perfect 1-factorisations and anti-
atomic Latin squares. Finally, in §6.5 we investigate autotopisms and isotopisms of quadratic
quasigroups and prove Theorem 6.0.11 and Theorem 6.0.12.

6.1 Row cycles of quadratic Latin squares

In this section, we develop a method to investigate row cycles of quadratic Latin squares. Recall
from §3.1 that a cycle of length ¢ in a row permutation 7;; of a Latin square L corresponds
to a row cycle of length ¢ in L hitting rows ¢« and j. Thus, we can understand row cycles of
quadratic Latin squares by understanding the cycles in their row permutations.

Let x denote the extended quadratic character on F,. Explicitly,

-1 itz e N,
x()=<0 ifx=0,
1 if x € R,.
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The following result will be used frequently and it is one of our primary motivators for
studying quadratic Latin squares.

Lemma 6.1.1. Let £L = Lla, b] be a quadratic Latin square of order q and let i and j be distinct
elements of F,.

(1) If ¢ = 3 mod 4, then the row permutation 7, ; of £ has the same cycle structure as the
row permutation 191 of L.

(1t) If ¢ = 1 mod 4, then the row permutation 7, ; of £ has the same cycle structure as the
row permutation 191 of £ if x(j — i) =1 and it has the same cycle structure as the row
permutation 191 of L[b,a] if x(j —i) = —1.

The proof of Lemma 6.1.1 is contained in [120]. Explicitly, it can be proven by combining
the arguments used in the proof of [120, Lemma 10] with the fact that the map A. is an
isomorphism from Lla, b] to £[b, a] for any ¢ € N, [120, Lemma 7].

Lemma 6.1.1 tells us that to investigate the lengths of row cycles in quadratic Latin squares,
it suffices to investigate the row permutations of quadratic Latin squares mapping row 0 to row
1. Denote the row permutation 7y ; of a quadratic Latin square £]a, b] by w[a, b] and define the

set
A= {w[a,b] : (a,b) € F2 is Valid} :

Let (a,b) € F. be valid and recall from (2.2) the definition of the quadratic orthomorphism
pla,b]. Let w = wla,b] € A and let ¢ = ¢[a, b]. For distinct ¢ and j in [F,, the row permutation
7;,; of Lla, b] satisfies

T;j = KjOQPOK_;oO 0t ok (6.2)

In particular, w is defined by
w(z) = (e~ (z) - 1) + 1. (6.3)
A straightforward computation shows that p=! = pla™, b7 if a € R, and p~! = p[b~t, a7 if

a € N,.

We now introduce some tools that can be used to investigate the cycles of permutations in
A. Throughout this section, let ¢ € [g] \ {1}. Let w € A. We will call a cycle of length ¢ in w a
c-cycle. For a sequence z, we denote the i-th element of z by z;, starting from zy. For a cycle
i of w and element j in the cycle p, we will write j € p.

Definition 6.1.2. Let z € {—1,0,1}*, let w = wla,b] € A, and let ¢ = ¢[a,b]. Suppose
that there is a c-cycle p of w and element j € p such that 2z, = x(w¥(j)) and zop41 =
x(p~Hw*(j)) — 1) for each k € {0,1,...,c— 1}. Then we say that w satisfies z with cycle p
and element j € pu.

If the conditions of Definition 6.1.2 are satisfied, then we will sometimes simply say that w
satisfies z or that w satisfies z with element j € [F,.

Let w = wla,b] € A and let ¢ = pla, b]. Suppose that w satisfies a sequence z € {—1,0,1}*
with 23, = 0 for some k € {0,1,...,2c — 1}. Then either w™(j) = 0 or ¢ (w™(j)) — 1 =0 for
some m € {0,1,...,¢— 1}. The former case implies that 0 € u and the latter implies that u
contains w™(j) = ¢(1) = a. We will let the cycles of w containing 0 and a be denoted by wq
and w,, respectively. These cycles of w will be treated separately. Thus, we will largely focus
on cycles of permutations in A that satisfy a sequence in {—1,1}%.
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For i € {0,1,...,2c — 1} and z € {—1,1}*¢, let 2" denote the sequence defined by z! =
Z(k+i) mod 2¢- 1he sequence 2* can be obtained from z by cyclically shifting each of its entries by
¢ positions. We note the following simple observation.

Lemma 6.1.3. Letw € A and leti € {0,1,...,c—1}. Ifw satisfies z € {—1,1}* with element
j €F,, then w satisfies z*" with element w'(j) € F,,.

We will need the following notation to deal with sequences z € {—1,1}%.

Definition 6.1.4. Let {i,5} C {0,1,...,2¢c — 1} with ¢ < j. For a sequence z € {—1,1}*
define

e (i,j) =Hke{i,i+1,...,j}:kiseven and z; = 1}|,
o (i,j) ={k€{i,i+1,...,5}: kisodd and z; = 1}|,
e (i,j) ={ke{i,i+1,...,75}: kiseven and 2z, = —1}|,
o (i,7) =Kk e{i,i+1,...,5} : kisodd and z, = —1}|.
Also define

wh (i, j) = o (i, j) — " (i, j),

u_(iaj) = 0_(i7j) - e_(ivj)7

vt (i,5) = 0" (i,4) — e (i, ),

7/_<i7j> = 0_(i7j) - e+(iaj)'

We note that the values of u™, «~, ™ and v~ implicitly depend on the choice of sequence
z e {—1,1}%. If {i,5} € {0,1,...,2c — 1} with ¢ > j, then we set u"(i,5) = u(i,7) =
vt (i,j) = v (i,7) = 0, regardless of the sequence z.

We now prove a result concerning how permutations in A act on elements of [F,. We will
need to consider the cases a € R, and a € N, separately. We will repeatedly use the simple
property that u*(i,7) + (5 + 1,k) = u*(i, k) for any {i,7,k} C {0,1,...,2¢c — 1} such that
i < j < k, regardless of the sequence z. The same holds when replacing «™ by ™, o™ or v™.

Lemma 6.1.5. Let w = wla,b] € A with a € Ry, let p = p[a,b], and let z € {—1,1}*. Suppose
that w satisfies z with element j € F,. Then for allm € {0,1,...,¢c},

2m
Wm(j) — au+(0,2m—1)bu_(0,2m—l)j 4 Z(_1>kau+(k,2m—l)bu_ (k,2m—1) (64)
k=1
and
2m+1
gp_l(wm(])) —1= au‘L(O,Qm)bu*(O,Qm)j + Z (_1)kau+(k,2m)bu7(k,2m)' (65)
k=1

Proof. We will prove the claim by induction on m. If m = 0, then (6.4) simply states that
w™(j) = j, which is trivially true. Since w satisfies z, we know that x(j) = z. Hence,
e 1(j) — 1 =a "¢ @0y~ (00 _ 1 which agrees with (6.5). Now suppose that (6.4) and (6.5)
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hold for some m € {0,1,...,¢— 1}. Then,

W) = el W™(f) — 1) +1
_ aa+(2m+1,2m+1)bo—(2m+1,2m+1)((p—l(wm(j)) _ 1) 41

— CLzﬁ (2m+172m+1)bu* (2m+1,2m+1) au+(072m) b (O,Zm)j+

2m+1

Z (_1)kau+(l€,2m)bu* (k,2m) +1

k=1

2m+1
— au+(0,2m+1)bu*(0,2m+l)j + i (_1)kau+(k,2m+1)bu’(k,2m+1) +1
k=1
2m+42
_ au+(o,2m+1)bu*(o,2m+1)j + Z (_1)kau+(k,2m+1)bu’(k,2m+1),

k=1
which agrees with (6.4). Thus,

_ m . —et(2m m —e (2m m m .
© 1((,0 +1(]))_1:a (2m+2,2 +2)b (2m+2,2 +2)w +1(j)_1

+ - + - .
—q* (2m+2,2m+2)bu (2m+2,2m+-2) a® (0,2m+1)bu (0,2m+1)j+

2m+2
Z (_1)kau+(k,2m+1)bu_(k,2m+1) 1
k=1
2m—+2
_ au+(0,2m+2)bu_(0,2m+2)j + Z (_1)kau+(k,2m+2)bu—(k,2m+2) 1
k=1
2m+3
_ au+(o,2m+2)bu*(0,2m+2)j + Z (_1)kau+(lc,2m+2)bu*(k,2m+2)’
k=1
which agrees with (6.5). The lemma follows by induction. O

Using analogous arguments as in the proof of Lemma 6.1.5, we can prove the following
result.

Lemma 6.1.6. Let w = wla,b] € A with a € Ny, let p = pla,b], and let z € {—1,1}*. Suppose
that w satisfies z with element j € F,. Then for allm € {0,1,...,¢c},

2m
C{)m(j) — ay+(0,2m—1)b7/7(0,2’m—1)]' + Z(—]_)kaer(k’Qm_l)b”i(kgm—l)
k=1
and
2m~+1
— my : ot m)1o m) - ot )1 o— m
P MW (f)) — 1= a7 O2mpO2m) 5 N (kg (R2m) e h2m),
k=1

Let w = wla,b] € A with a € R, and consider Lemma 6.1.5. Setting m = ¢ in (6.4) we see
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that
2c

j= au+(o,2c—1)bu—(0,2c—1)j + Z(_1)kau+(k,2c—1)bu_(k,2c—1). (6.6)
k=1
In order to investigate (6.6), we will distinguish two cases, depending on whether or not
av " (0:2e=1)pu=(02e-1) ig equal to 1. We also need to make the analogous case distinction when
a € N,.

Recall that, for an integer m € [¢ — 1], an m-th root of unity in F, is an element z € F,
such that 2™ = 1. We will say that all non-zero elements of F, are 0-th roots of unity. If
me{l—q,2—q,...,—1}, then we will say that = is an m-th root of unity if ™! is a (—m)-th
root of unity. Let w = wla,b] € A and let z € {—1,1}*. Define

ut(0,2c—1) ifaeR,

T |
v(0,2¢—1) ifae N,

It is immediate from Definition 6.1.4 that e (0,2¢ — 1) = ¢ —¢"(0,2c¢ — 1) and 0~ (0,2c — 1) =

¢—07(0,2c — 1). Hence,

1 (0,2c—1) = c—0"(0,2c—1)—(c—e*(0,2¢—1)) = ¢7(0,2c—1)—07(0,2¢—1) = —u"(0,2c—1).

Similarly, o~ (0,2c— 1) = —o7(0,2¢ — 1). Thus, a* @2~ Dp« 021 — (gh=1)1=2) if ¢ € R, and
a?" (02e=1pe 0.2e=1) — (qh=1)1=9) if ¢ € N,. We therefore make the following definition.

Definition 6.1.7. Let w = wla,b] € A and let z € {—1,1}**. We say that the pair (z,w) is
of Type One if ab™" is not a t(z,w)-th root of unity in F,. Otherwise, we say that (z,w) is of
Type Two.

Fix a permutation w = wa,b] € A and let 2/ € {—1,1}*. We will say that 2’ is a Type
One sequence or Type Two sequence according to whether the pair (2/,w) is of Type One or
Type Two. Of course, the type of 2’ is not an intrinsic property of 2/, since it depends on w.
Let p & {wo,w,} be a c-cycle of w and let j € u. Using Definition 6.1.2, we can associate a
sequence z € {—1,1}% to the pair (u, 7). Furthermore, by Lemma 6.1.3 we know that changing
the element j of y simply changes z to 2% for some i € {0,1,...,c—1}. It is easy to verify that
(z,w) is of Type One if and only if (2%, w) is of Type One for every i € {0,1,...,c— 1}. Thus,
we define p to be a Type One cycle if (z,w) is of Type One and we define i to be a Type Two
cycle otherwise.

Our goal in this section is to develop a method to investigate the cycles of a permutation
w € A. To do this, we will study Type One cycles, Type Two cycles, and the cycles wy and w,
separately.

6.1.1 Type One cycles

In this subsection, we prove a characterisation of when a permutation in A contains a Type
One cycle of length c.
Let k be a positive integer and let z € {—1,1}*. For a positive integer m, we denote by
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D, = the sequence obtained by concatenating m copies of z. Explicitly,

m

@I = Zimod k-
7

(=1

Definition 6.1.8. Let k be a positive integer and let z € {—1,1}%%. We call z even periodic
with period r if we can write z = @f:l y for some divisor r of k and y € {—1,1}*". If 2 is even
periodic with period r for some proper divisor r of k, then z is even periodic. If r is the smallest
divisor of k£ such that z is even periodic with period r, then z has least period r.

Let r be a divisor of ¢ and suppose that z € {—1,1}*¢ is even periodic with period r. Tt is
simple to verify that

kE+1
ut(k,2c—1) = <E — ’7 ;_ —‘> ut(0,2r — 1)+« (k mod 2r,2r — 1) (6.7)
r r

for all k € {0,1,...,2c— 1}. In particular, «*(0,2¢c — 1) = (¢/r)u™(0,2r — 1). If we replace u™
by ", then (6.7) still holds for any k € {0,1,...,2c—1}. We will now show that a permutation
in A cannot satisfy an even periodic sequence of Type One.

Lemma 6.1.9. Let w € A and let z € {—1,1}*¢ be an even periodic sequence. If w satisfies z,
then (z,w) is of Type Two.

Proof. Let (a,b) € Fg be such that w = wla, b, let r be a proper divisor of ¢ so that z is even
periodic with period r, let j € [F, be such that w satisfies z with j, and let © be the cycle of w
such that j € p. We will prove the lemma for the case where a € R,. The case where a € N,
can be handled using analogous arguments. From Lemma 6.1.5 we know that

2c
wc(j) _ au+(0,2c—1)bu—(o,2c—1)j + Z(_l)kau+(k,20—1)bu_(k,2c—1)
k=1

— (au+ (O,2r—1)bu’ (0,2r—1))c/rj+

2c
_1\k ut(0,2r—1) 747 (0,2r—1)\e/r—[(k+1)/(2r)] ,, ut (k mod 2r,2r—1) pu~ (k mod 2r,2r—1)
(=D ((a b ) a b
k=1
2r C/T—l
— (au+(0,2r—1)bu_ (0,2r—1))c/rj + Z(_l)k Z (au+(0,2r—1)bu_ (O,Zr—l))iau+(k,2r—1)bu_ (k,2r—1)
k=1 =0
C/T*l 2r
— (au+(0,2r—1)bu7 (0,2r—1))c/rj + Z (au+(072r—1)bu7(0,2r—1))i Z(_l)kau"L(k,Qr—l)bu* (k,?r—l).
=0 k=1

(6.8)

Suppose, for a contradiction, that z is a Type One sequence. So q" (0:2e=1) pum(0.2e-1) = 1, hence
u+(0,2r71)bu_ (0,2r—1

a ) # 1 also. Thus we can write
¢/r—1 1 W (0,2r—1) pu~ (0,2r—1) ye/ r
Z (au+(0,2r—1)bu_(O,2r—1))i _ - (a ) (6 9)
— 1 — au+(0,2r—1)bu_ (0,2r—1) ° :
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Combining (6.8) and (6.9) we obtain

1— (au+(0,2r—l)bu7(0,2r—l))c/r 2r

c( s\ (ut(0,2r—1)7u7(0,2r—1)\e/r ; _ 1\k,ut(k2r—1)pu= (k,2r—1)
w(j) = (a b )I+ 1 — gt (0.2r—1) pu=(0,2r—1) (—1)% b :

k=1
Since w°(j) = j, it follows that

2r
Z(_ 1)kau+ (k‘,2r—1)bu7 (k,2r—1) )

k=1

. 1
J = I g 02D pu (02—1)

By clearing the denominator we obtain

2r
: ut r— u- r—1) ut r— u- r— (s
j=a (0,2 l)b (0,2 U]"’Z(_l)ka (k2 l)b (k,2 l)zu}(j)
k=1

by Lemma 6.1.5. This contradicts the fact that u is a c-cycle. O

Let w € A and define
Xew = {2 € {=1,1}*: z is not even periodic and (z,w) is of Type One} .

Define a relation ~ on {—1,1}* by z ~ y if and only if z = y* for some i € {0,1,...,¢c— 1}.
It is simple to verify that ~ forms an equivalence relation on X.,. For notational convenience,
we will identify an equivalence class of X/~ with an element of that equivalence class.

By combining Lemma 6.1.3 and Lemma 6.1.9 we have the following result.

Lemma 6.1.10. A permutation w € A contains a Type One c-cycle if and only if it satisfies a
sequence in X, /~.

We can strengthen Lemma 6.1.10 to determine the number of Type One c-cycles in a
permutation w € A in terms of the number of sequences in X, ,/~ that it satisfies.

Lemma 6.1.11. The number of Type One c-cycles in a permutation w € A is equal to the
number of sequences in X, /~ that it satisfies.

Proof. Let w € A and suppose that p is a Type One c-cycle in w. We can associate to each
J € p a sequence 2(j) € {—1,1}* using Definition 6.1.2. By definition, w satisfies z(j) for
each j € p. Furthermore, by Lemma 6.1.3 and the definition of ~, we know that there is a
unique j € p such that z(j) € X, /~. Let z = z(j) for this particular j. Lemma 6.1.3 and the
definition of ~ imply that w does not satisfy any 2’ € (X.,/~) \ {z} with any element j' € p.
Thus, we can naturally define a map ¢ from the set of Type One c-cycles in w to the set of
sequences in X.,/~ that w satisfies. Explicitly, if ' is a Type One c-cycle in w, then ¢(u')
is the unique sequence 2’ € X/~ such that w satisfies 2’ with some element j' € p'. It is
immediate from Definition 6.1.2 that ¢ is surjective. Lemma 6.1.5 and Lemma 6.1.6 together
imply that if w satisfies some 2’ € X, /~, then there is a unique j € F, such that w satisfies
2" with j. Therefore, ¢ is a bijection. The lemma follows. O

For a positive integer m, let A,, be the subset of A consisting of the permutations wla, b]
where ab™! is not a k-th root of unity for any k € [m]. If w € A,, then the set X, depends only
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on whether a € R, or a € N,. Hence, we use X.; to denote the set X, for w = wla,b] € A,
with a € R, and we use X.o to denote the set X, for w = wla,b] € A. with a € N,. The
cardinalities of X.;/~ and X.»/~ are related to the number of Lyndon words of length ¢ over
an alphabet of size 4.

We next work on characterising when a permutation w € A satisfies a sequence in X, /~.
Let z € {—1,1}*. Define the bivariate Laurent polynomial Fj , over F, by

2c

—1yut c— ut c— u o
Fo.(z,y) = (1— (zy™) (0:2e-1)) Z(_l)kx (k,2e=1), ™ (k2e1),
k=1

For i € [2¢ — 1], define

%

ut(0,i— u— (0,— —1\ut c— ut (ki— u— (k,i—
E’Z(x7y):$ (0, 1)y (0, 1)Fo7z(a:,y)—|—(1—(xy 1) (0,2 1))2 <_1>kx (k, l)y (k, 1)‘

Also define

2c

—1\ot c— s c— v c—
Go=(,y) = (1= (ay ') O27D) Y (1) 2oy (ke
k=1

and for i € [2¢ — 1], define

v (0,i— v~ (0,— —1\oT c— ot (ki— v (ki—
Gial,y) = Oy 0N Gy () 4 (1= (™) 0202 7 (1)t iy (i)
k=1

Lemma 6.1.12. Let w = wla,b] € A and let z € X, /~. If a € R,, then w satisfies z if and
only if x(F;.(a,b)) =z foralli e {0,1,...,2c—1}. If a € N, then w satisfies z if and only
if X(Gi.(a ,b)) =z foralli € {0,1,...,2c—1}.

Proof. We will prove the lemma in the case where a € R;. The case where a € N, can
be handled using analogous arguments. Suppose that w satisfies z with j € F,. It fol-
lows from Lemma 6.1.5 that Fy .(a,b) = (1 — (ab~1)*" @202 (5) and Fyyq.(a,b) = (1 —
(ab=1)*"©02c=D)2(,=1(wi(§)) — 1) for all i € {0, 1,...,c— 1}. Since w satisfies z, it follows that
X(F.(a,b)) = x((1 = (ab=")* 02D (q.b)) = 2 for all i € {0,1,...,2¢c — 1},

Now suppose that x(F;.(a,b)) = z for all ¢ € {0,1,...,2¢ —1}. Let j = Fy.(a,b)/(1 —
(ab~1)* (0:2¢-1)2 Tt is a simple task to use Lemma 6.1.5 to verify that w®(j) = j and that
W (7) = Fae(a,)/ (1= (ab™)* 02D and o= (wi(j)) — 1 = Foepr o(a,b)/ (1 — (ab~)** ©2-D)2
for every i € {0,1,...,c— 1}. Thus, w satisfies z with j. O

By combining Lemma 6.1.10 and Lemma 6.1.12, we can characterise when a permutation
in A contains a Type One cycle of length c. In §6.2, we will see how to use these conditions to
bound the number of permutations in A, that contain a Type One c-cycle.

6.1.2 Type Two cycles

In this subsection, we prove necessary conditions for a permutation in A to contain a Type Two
c-cycle. We also describe how to use these conditions to bound the number of permutations in
A, that contain a Type Two cycle of length c.
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For a permutation w € A, define Y., to be the set of sequences z € {—1,1}* such that
(z,w) is of Type Two. If w = w(a, b] € A, then Y., depends only on whether a € R, or a € N,,.
Therefore, we will use Y, ; to denote Y., for w’ = wla,b] € A, with a € R, and we will use Y.,
to denote Y, for w' = wla,b] € A, with a € N,.

The following is an immediate consequence of Lemma 6.1.3.

Lemma 6.1.13. A permutation w € A contains a Type Two c-cycle if and only if it satisfies a
sequence in Ye,/~.

Next, we want to prove a lemma that relates the number of Type Two c-cycles in a per-
mutation w € A to the sequences in Y., /~ that it satisfies, analogous to Lemma 6.1.11. Let
w € A. For a divisor r of ¢, let Y be the subset of Y, consisting of the sequences with least
period r. Also, for a sequence z € {—1,1}*, let s(w, z) denote the number of j € F, such that
w satisfies z with j.

Lemma 6.1.14. The number of Type Two c-cycles in a permutation w € A is

Z Z gs(w,z).

rle z€YL [/~

Proof. Let w € A and let i be a Type Two c-cycle of w. Arguing in a similar fashion as in the
proof of Lemma 6.1.11, we can associate to p a sequence z € Y, /~. We say that u has least
period r where r is such that z has least period r.

Let r be a divisor of c¢. For a c-cycle u of w and j € p, let 2(j) € {—1,1}* denote the
sequence associated to j using Definition 6.1.2. Let A be the set of Type Two c-cycles in w
with least period r and let B be the set of pairs (z,j) where z € Y/~ and w satisfies z with
j. Define a relation between A and B by saying that p € A is related to (z,j) € B if j € p and
z = 2(j). Let p € A. By Lemma 6.1.3 and the definition of ~, there is a unique z € Y/, /~ such
that w satisfies z with some j € p. Since p has least period r, it follows that z(j) = z(w’(j)) for
all j € p. Furthermore, if {4, j'} C u, then 2(j) = 2(j’) if and only if j/ = w"(j) for some integer
i€{0,1,...,¢/r—1}. Thus, there are exactly ¢/r elements j € F, such that w satisfies z with
j. Hence, each p € A is related to exactly ¢/r elements of B. Conversely, it is immediate from
Definition 6.1.2 and the definition of B that each (z, j) € B is related to exactly one element of
A. So (¢/r)|A| = |B| and the number of Type Two c-cycles in w with least period r is exactly

Z gs(w,z).

ZeYcr,w/N
The lemma follows. 0

Let H be a k-variate Laurent polynomial over F, with indeterminates z1,xs,...,x; and
let i € [k]. The total degree of H in x;, denoted by deg(H,z;), is the difference between the
maximum power of x; in H and the minimum power of x; in H. If £ = 1, then we say that H
has total degree deg(H,x1). The maximum total degree of H is max{deg(H,z;) : i € [k]}.

Lemma 6.1.15. Let z € {—1,1}**. There is a bivariate Laurent polynomial g over F, with
mazimum total degree at most 2¢ such that if w = wla,b] € A satisfies z, a € R,, and (z,w)
is of Type Two, then (a,b) is a root of g. Similarly, there is a bivariate Laurent polynomial h
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over F, with mazimum total degree at most 2¢ such that if w = wla,b] € A satisfies z, a € Ny,
and (z,w) is of Type Two, then (a,b) is a root of h.

Proof. Let w = wla,b] € A and suppose that w satisfies z and that (z,w) is of Type Two. We
will prove the lemma assuming that a € R,. Similar arguments can deal with the case where
a € N,. Since w satisfies z, it follows from Lemma 6.1.5 that (a,b) is a root of the bivariate
Laurent polynomial g defined by

2c

ut c— u- c—
gla,y) =Y (~1)Far ey e,
k=1

The total degree of g in y is equal to
max {u (k,2c—1) 1 k € 2]} —min{u"(k,2c— 1) : k € [2¢]} < 2,

because u~ (k,2c — 1) < ¢ for any k € {0,1,...,2c — 1}. Similarly, deg(g, z) < 2c. O

For z € {—1,1}*, denote the bivariate Laurent polynomials g and h from Lemma 6.1.15
associated to z by g, and f,, respectively. Lemma 6.1.13 and Lemma 6.1.15 can be used together
to bound the number of permutations in A. that contain a Type Two c-cycle. The number
of roots of a non-zero bivariate Laurent polynomial H over [F, with indeterminates = and y
is at most gdeg(H,y). If a permutation wla,b] € A, with a € R, contains a c-cycle, then
Lemma 6.1.15 implies that (a,b) is a root of g, for some z € Y, ;/~. Thus, if g, is not the zero
polynomial for any z € Y, ;/~, then there are at most 2¢c|Y.;/~| permutations wla,b] € A,
with @ € R, that contain a Type Two c-cycle. Similarly, if £, is not the zero polynomial for
any z € Y.o/~, then there are at most 2qc|Y,»/~| permutations wla,b] € A. with a € N,
that contain a Type Two c-cycle. However, if ¢ is equal to the characteristic of F,, then there
do exist sequences z € (Y.1/~) U (Y.2/~) such that g, or £, is the zero polynomial. In this
case, we cannot use the described method to obtain any meaningful bound on the number
of permutations in A, that contain a Type Two cycle of length ¢. The fact that there exist
sequences z € (Y.1/~) U (Y.2/~) such that g, or A, is the zero polynomial when ¢ is the
characteristic of F, will be used in §6.3 to prove Theorem 6.0.4.

6.1.3 wg and w,

In this subsection, we prove a result that allows us to bound the number of permutations w € A
such that wy or w, have length c.

Lemma 6.1.16. Let m € {0,1,...,q— 1}. There is a set T,, containing at most 4™ trivariate
Laurent polynomials over F, that satisfies the following property: For every w = wla,b] € A
and j € F,, there is some t € T, with with mazimum total degree at most m such that

w™(7) = t(a, b, j).

Proof. We will prove the claim by induction on m. When m = 0, the set Tj containing
the polynomial ¢ defined by ¢(z,y,z) = z suffices. Suppose that the claim is true for some
m € {0,1,...,g —2}. Let w = wla,b] € A. By induction, there is some t € T,, such that
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w™(j) = w(t(a,b,j)). If a € R,, then

/

t(a,b,j7) —a+1 if {t(a,b,7),a 't(a,b,j) — 1} C R,

a~tbt(a,b,j) —b+1 ift(a,b,j) € R, and a 't(a,b,j) — 1 € N,

ab~t(a,b,j) —a+1 ift(a,b,j) € N, and b~ ¢(a,b,j) — 1 € Ry,
\t(a, b,j) —b+1 if {t(a,b,7),b"'t(a,b,5) — 1} T N,.

W () =

Similarly, if a € N, then w™1(j) € {t(a,b,j) —a+ 1,a " bt(a,b,j) — b+ 1,ab " t(a,b,j) —a+
1,t(a,b,7) — b+ 1}. For t € T,,, define the following trivariate Laurent polynomials:

H(l, t|(x,y,2) =t(z,y,2) —x + 1,
H[2,t)(2,y,2) = a7 yt(z,y,2) —y + 1,
H[3,t](x,y,2) = 2y 't(z,y,2) — 2+ 1,
H[4,t](z,y,2) = t(z,y,2) —y + 1.

Then define Ty, 11 = {H[i,t] : i € {1,2,3,4} and t € T},,}. By construction, w™(j) = t(a, b, j)
for some t' € Ty,11. Also, [Tr1| < 4T < 4™ by induction. Furthermore, if ¢t € T),,
i€{1,2,3,4}, and w € {z,y, z}, then |deg(t,w) — deg(H[i, ], w)| < 1. The lemma follows by
induction. O

We can use Lemma 6.1.16 to bound the number of permutations w € A such that wy or
w, is a c-cycle. Let T, be the set of trivariate Laurent polynomials from Lemma 6.1.16. The
number of pairs (a,b) € F; such that t(a, b,0) = 0 for some ¢ € Tt is at most gc. Since |T¢| < 4¢,
it follows that the number of permutations w € A where wy is a c-cycle is at most gc4®. The
same conclusion holds for the number of permutations w € A such that w, is of length c.

6.2 Intercalates in quadratic Latin squares

In this section, we apply the method developed in §6.1 to investigate permutations in A that
contain cycles of length 2. This will allow us to prove Theorem 6.0.1. A cycle of length 2 in a
permutation is also known as a transposition.

Fix any two distinct rows ¢ and j of a Latin square L. The number of intercalates of L
involving rows 4 and j is exactly the number of transpositions in the row permutation 7, ; (or
7;;) of L. Therefore, in order to count the number of intercalates in a Latin square, it suffices
to count the number of transpositions in each of its row permutations. Now let £ = L[a,b] be a
quadratic Latin square of order ¢. By Lemma 6.1.1, to count the number of transpositions in any
row permutation of £, it suffices to count the number of transpositions in the row permutation
701 of £ and if ¢ = 1 mod 4, also the number of transpositions in the row permutation ¢,
of £[b,a]. Thus, the main goal in this section is to count the number of transpositions in a
permutation in A. This will allows us to prove Theorem 6.0.1.

Theorem 6.0.1 is easy to verify in the case where a = b, so we will focus on the case where
a # b. Define

AN ={wla,b] € A:a #b}.

We first determine the number of Type One transpositions a permutation w € A* contains.
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To do this, we construct the sequences in Xy, /~. Then, for each z € X, ,/~, we apply
Lemma 6.1.12 to determine a necessary and sufficient condition for w to satisfy z. We can take
X/~ to be

{(-1,-1,-1,1),(=1,—1,1,—1),(=1,1,1,1), (1, —=1,1,1)}, (6.10)
regardless of the choice of w € A*. Following the described method we obtain Lemma 6.2.1 and
Lemma 6.2.2 below.

Lemma 6.2.1. Let w = wla,b] € A* with a € R,,.

(i) w satisfies (—1,— 1) if and only if 2(b — 1)(a — b) € R, and {(2ab — a — b)(a —
b),b(b—1)(a + b)(a — b),b(a+ b—2)(a—b)} CN,.

(11) w satisfies (—1,—1,1, —1) if and only if 2a(1 — b)(a —b) € R, and {(1 — b)(a + b)(a —
b),b(a+b—2ab)(a —b),(2 —a—"b)(a—b)} CN,.

(111) w satisfies (—1,1,1,1) if and only if {(a+b—2)(a—10),(a—1)(a+b)(a—b),a(2ab—a—
b)(a—0b)} CR, and 2b(a — 1)(a — b) € N,,.

(iv) w satisfies (1, —1,1,1) if and only if {a(2—a—0b)(a—b), (a+b—2ab)(a—b),a(l —a)(a+
b)(a—b)} CR, and 2(1 — a)(a —b) € N,.

Lemma 6.2.2. Let w = wla,b] € A* with a € N,.

(1) w satisfies (—1,—1,—1,1) if and only if a(1 —a)(a+b)(a—0b) € R, and {a(2—a—b)(a—
b),2(1 —a)(a —b),(a+b—2ab)(a —b)} TN,.

(11) w satisfies (—1,—1,1,—1) if and only if (1 — b)(a + b)(a — b) € R, and {2a(1 — b)(a —
b),(2—a—"b)(a—10b),bla+b—2ab)(a—b)} TN,.

(111) w satisfies (—1,1,1,1) if and only if {a(2ab—a—b)(a—1b),2b(a—1)(a—b), (a+b—2)(a—
b)} CR, and (a — 1)(a+ b)(a —b) € N,.
)

(iv) w satisfies (1, —1,1,1) if and only if {(2ab—a—b)(a—b), b(a+b—2)(a—0b),2(b—1)(a—b)} C
R, and b(b—1)(a +b)(a —b) € N,.

We can combine the previous two lemmas to count the number of Type One transpositions
that a permutation in A* contains.

Lemma 6.2.3. Let w = wla,b] € A*.
o [f(6.1) is not satisfied, then w contains no Type One transpositions.
o [f(6.1) is satisfied, then w contains two Type One transpositions.

Proof. We distinguish four cases, depending on whether ¢ = 1 mod 4 or ¢ = 3 mod 4 and
whether a € R, or a € N;. There are only minor differences in the arguments for these four
cases, so we will only prove the claim in the case where ¢ = 3 mod 4 and a € R,. We know that
w contains a Type One transposition if and only if one of the conditions (i)—(iv) in Lemma 6.2.1
are satisfied. From Lemma 6.2.1, w satisfies (—1,—1,—1,1) if and only if

{(2ab—a —b)(a—10b),b(b—1)(a+b)(a —b),b(a+b—2)(a—0b),2(1l —b)(a—b)} TN, (6.11)
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and w satisfies (1,—1,1,1) if and only if

{2(1 —a)(a—1b),ala+b—2)(a—0b),(2ab—a —b)(a—10b),a(a—1)(a+b)(a—0b)} CN,.
(6.12)
Since —1 € N, and {a,b, (a — 1)(b — 1)} C R,, it follows that (6.11) and (6.12) are both
equivalent to

{(2ab—a—b)(a—0b),(a—1)(a+b)(a—0b),(a+b—2)(a—1b),2(1 —a)(a—b)} CTN,. (6.13)
Thus, the following are all equivalent:
e w satisfies (—1,—1,—1,1),
e w satisfies (1,—1,1,1),

e (6.13) is satisfied.

We can use similar arguments to prove that w satisfies (=1, —1,1, —1) if and only if w satisfies

(—1,1,1,1) if and only if
{(1—=a)(a+b)(a—10),(a+b—2ab)(a—1b),2(a—1)(a—0b),(2—a—>b)(a—b)} CN,. (6.14)

If (6.13) and (6.14) are both true, then {(a +b — 2)(a —b),(2 —a —b)(a — b)} € N,, which

implies that —1 € N,, which is false. Thus, one of the following is true:

e w satisfies no sequences in (6.10),

e w satisfies the sequences (—1,—1,—1,1) and (1,—1,1,1) in (6.10) but not (—1,—-1,1,—1) or
(_17 17 1a 1)7

e w satisfies the sequences (—1,—1,1,—1) and (—1,1,1,1) in (6.10) but not (—1,—1,—1,1) or
(1,-1,1,1).

Thus, by Lemma 6.1.11, w contains either zero or two Type One transpositions. Also, w contains
two Type One transpositions if and only if (6.13) or (6.14) is satisfied. It is simple to verify,
using the fact that —1 € N, that (6.13) or (6.14) is satisfied if and only if (6.1) is satisfied. O

We next determine how many Type Two transpositions a permutation in A* contains. We
know from Lemma 6.1.15 that if w = w(a,b] € A* satisfies a sequence z € Y5,,/~, then (a,b)
must be a root of the bivariate Laurent polynomial g, if a € R, and it must be a root of £, if
a €N, Ifwe Ay and a € Ry, then we can take Y5/~ to be

{(-1,-1,-1,-1),(-1,-1,1,1),(—-1,1,1,-1),(1,1,1,1) }. (6.15)
If we Ay and a € Ny, then we can take Y3/~ to be

{(-1,-1,1,1),(—1,1,-1,1),(—1,1,1,-1),(1,-1,1,—-1) }. (6.16)
Finally, if a = —b, then we can take Y5/~ to be

{(-1,-1,-1,-1),(-1,-1,1,1),(~1,1,-1,1),(-1,1,1, -1), (1, —=1,1,—1),(1,1,1,1)} .
(6.17)
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By iterating through the sequences in Y5, /~, constructing the associated bivariate Laurent
polynomials, and checking their roots, we obtain the following lemmas.

Lemma 6.2.4. Let w = wla,b] € A*. If w contains a Type Two transposition, then one of the
following s true:

(1) b=2—a € R, and w satisfies (—1,—1,1,1) and no other sequence in (6.15),

(i1) b=2—a €N, and w satisfies (—1,1,1,—1) and no other sequence in (6.16),
(11i) b=a/(2a — 1) € R, and w satisfies (—1,1,1, —1) and no other sequence in (6.15),
(iv) b=a/(2a — 1) € N, and w satisfies (—1,—1,1,1) and no other sequence in (6.16),

(v) b = —a € R, and w satisfies (—1,1,—1,1) or (1,—1,1,—1) and no other sequence in
(6.17),

(vi) b = —a € Ny and w satisfies (—1,—1,—1,—1) or (1,1,1,1) and no other sequence in
(6.17).

An immediate corollary of Lemma 6.2.4 is the following.

Corollary 6.2.5. Let w = wla,b] € A* with b & {—a,2 —a,a/(2a — 1)}. Then w does not
contain a Type Two transposition.

We note that if ¢ = 3 mod 4, then there are no permutations wla,b] € A* with b € {—a,2 —
a,a/(2a — 1)}. Suppose that ¢ = 3 mod 4. Since —1 € N, it follows that —a® € Ny, hence
(a,—a) is not valid. Since (2 —a —1)(a — 1) = —(a — 1)* € N,, the pair (a,2 — a) is also not
valid. Finally, if (a,a/(2a — 1)) is a valid pair, then we must have both a?/(2a — 1) € R, and
—(a—1)?/(2a — 1) € R, and clearly both cannot be true.

Let w = wla, b] € A*. Corollary 6.2.5 tells us how many Type Two transpositions w contains
ifb ¢ {—a,2—a,a/(2a —1)}. To determine the number of Type Two transpositions in w if
be{—a,2—a,a/(2a—1)}, we will need some tools. If H is a Laurent polynomial over F, with
a pole at 0, then we will say that H(0) = co. We will then extend x to F, U {oo} by defining
X(00) = 0. The following theorem [122] is a version of the Weil bound.

Theorem 6.2.6. Let H be a monic Laurent polynomial over F, of total degree r > 0 that is
not the square of a Laurent polynomial. For every e € Fy,

> x(eH(x))| < (r—1)g'>. (6.18)

z€lFy

In particular, if H is a polynomial over F, of degree r that has r distinct roots, then (6.18)
holds.

In the special case where H is a quadratic polynomial with non-zero discriminant, the
following result [82] gives an explicit value for the sum in (6.18).

Theorem 6.2.7. Let H € F [z] be a monic, quadratic polynomial with non-zero discriminant.
For every e € Iy,
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We can now count the number of Type Two transpositions in a permutation in A*.

Lemma 6.2.8. Let w = wla,b] € A* and let M denote the number of Type Two transpositions
that w contains. If b & {—a,2 —a,a/(2a — 1)}, then M = 0. Otheruwise,
_ 1/2 _ 1/2
q—11q 38<M<q+11q +38.
16 16

Proof. If b & {—a,2 — a,a/(2a — 1)}, then the result is true by Corollary 6.2.5. Now assume
that b € {2 —a,a/(2a —1)}. There are four cases to consider, depending on whether b =2 —a
or b=a/(2a — 1) and whether b € R, or b € N,. There is minimal difference in the arguments
used for each case, so we will only consider when b =2 —a € R,.

Let z = (—1,—1,1,1). Lemma 6.1.14 and Lemma 6.2.4 together tell us that the number of
Type Two transpositions that w contains is s(w, z). Define

V={jeF,:{j,i+a—2)2-a) '} CNyand {j+a—1,a7'(j — 1)} C R, }.

Using (6.3) and Definition 6.1.2, it is easy to determine that w satisfies z with j if and only
if j € V. Therefore, s(w,z) = |V|. Define linear polynomials ¢;, {s, {3, and ¢4 over F, by
U(z) =z, ly(z)=(zr+a—2)2—a) !, l3(x) =x+a—1, and l4(z) = a~'(z — 1). Also define
the map W : F, — N by

W) = (1 = x(€a(2))) (1 = x(2(2))) (1 + x(ls(2))) (1 + x(£a(2)))

and let

S=> W(x).
z€lFy
If 2 € V, then W(z) = 16. If z € {0,2 —a,1 —a,1}, then =8 < W(x) < 8 Ifz €
F,\ (VU{0,2—a,1—a,1}), then W(z) = 0. Hence,

16]V| — 32 < S < 16|V] + 32. (6.19)
Expanding W and using the fact that x is a homomorphism on F},
consisting of (}) terms of the form >_zer, X(£J(2)) where J is the product of k distinct factors
in {l1, 0y, 03,04} for each k € {0,1,2,3,4}. Since (a, b) is valid, it follows that {0, 1}N{a, b} = @.
So, [{0,2 —a,1 — a,1}| = 4. Thus, if J is the product of k distinct factors in {¢1, (5, 3,4} for
some k € {0,1,2,3,4}, then J has k distinct roots. Therefore, we can apply Theorem 6.2.6 or
Theorem 6.2.7 to each term of the form - p x(£J(z)) with J # 1. Doing this, we obtain

we can write S as a sum

g—11¢"% —6 < S < g+ 11¢"? +6.

Combining this with (6.19) gives the result.

We now deal with the case where b = —a. We will assume that a € R, similar arguments can
be used to deal with the case where a € N,. Let 2/ = (—1,1,—1,1) and let 2* = (1,—1,1,—1).
Lemma 6.1.14 and Lemma 6.2.4 together tell us that the number of Type Two transpositions
inwis (s(w,2) + s(w, z%))/2. First, consider the sequence z’. The quantity s(w, z’) is equal to

97



6.2. INTERCALATES IN QUADRATIC LATIN SQUARES

the cardinality of the set
U={jeF,:{j,l—a—j}CNyand {—a"'(j +a),a”'(j — 1)} S R,}.
Using the same method as above we can determine that

qg—11¢"/? — 38
16

g+ 11¢"/? 4 38

< U<
U1 16

Similarly, we can show that s(w, z*) is between (¢ — 11¢"/? — 38)/16 and (q + 11¢"/% + 38)/16.
The lemma follows. O

The way that Theorem 6.2.6 and Theorem 6.2.7 were utilised in the proof of Lemma 6.2.8
is by now a standard technique (see, e.g., [2, 5, 42, 44, 84]). Throughout this chapter, there
will be many results whose proofs rely on this technique. For the sake of brevity, we will often
not give all the details when we prove such results.

Next, investigate which permutations w € A* satisfy w?(0) = 0 or w?(a) = a.

Lemma 6.2.9. Let w = wla,b] € A* with b ¢ {—a,2 — a,a/(2a — 1)}. Then wy is not a
transposition.

Proof. We will distinguish four cases, depending on whether ¢ = 1 mod 4 or ¢ = 3 mod 4
and whether a € R, or a € N,. We will consider the case where ¢ = 3 mod 4 and a € R,.
The other cases can be dealt with using similar arguments. Since —1 € N, it follows that
w(0) = (™1 (0) —=1)+1=p(—1) +1=1—0b. Hence,

(0 _b_4q if {1—ba'—alb—1} CR,,

S(0) = atb—a?—b+1 ifl-beR,anda ! —a'b—1€N,,
ab! —2a+ 1 if1-beN,andb ! —2¢€R,,
22 i {1—bb'—2} C N,

Suppose that wy is a transposition. If {1-b,a '—a"'b—1} C R,, then b = 2—a. If 1-b € R, and
a~t—a'b—1 € N,, then b is a root of the polynomial a~'z?+z(1—a™')—1 =a (z—1)(z+a).
Since b # 1, it follows that b = —a. If 1 —b € N, and b™! — 2 € R, then b = a/(2a — 1).
Finally, if {1 —b,b~! — 2} C N,, then b = 1, which is false. O

Lemma 6.2.10. Let w = wla,b] € A* with b ¢ {—a,2 —a,a/(2a — 1)}. Then w, is not a
transposition.

Proof. We will first prove the claim assuming that a € R,. We have that w(a) = (¢~ *(a) —
1)+ 1=¢(0) + 1 = 1. Hence,

2—a ifa' —1€Ry,

Ga)=plat—1)+1=
(a) = el ) alb—b+1 ifa’l—leNq.

If w, is a transposition, then a = 1 or b = (a—1)/(a~' —1) = —a, both of which are false. Using
similar arguments, we can show that if a € N, and w?(a) = a, then b € {2 —a,a/(2a—1)}. O
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By combining Lemma 6.2.3, Corollary 6.2.5, Lemma 6.2.9, and Lemma 6.2.10, we obtain a
complete characterisation of when a permutation wla,b] € A* with b € {—a,2 —a,a/(2a — 1)}
contains a transposition. Let w = w(a,b] € A* with b € {—a,2—a,a/(2a—1)}. Lemma 6.2.8 says
that w contains at least (¢—11¢'/2—38)/16 transpositions. If ¢ > 190, then (¢—11¢'/?—38)/16 >
0, thus w contains a transposition. If ¢ < 190, then we can use a computer to find the
permutations wla, b] € A* with b € {—a,2 — a,a/(2a — 1)} that contain a transposition. This
allows us to complete classify when a permutation in A* contains a transposition.

Lemma 6.2.11. The permutation wla,b] € A* contains a transposition if and only if one of
the following holds:

1: (2ab—a—b)(a+b)(a—1) € Ry and {2(a +b—2)(a —1),2a(a + b)} CN,,

2: b=2—a and (¢,a) & {(13,3),(13,8), (17,12), (17, 15), (37,11), (37, 27), (41, 13), (41,25)},
3: b=a/(2a—1) and (g, a) & {(13,2), (13,9), (17,5), (17,8), (37,11), (37, 27), (41, 23), (41, 26)},
4o b=—a and (q,a) & {(13,7), (13,11), (17,3), (17, 11), (37, 10), (37, 26), (41, 12), (41,17)}.

Now that we have characterised when a permutation in A* contains a transposition, we next
count the number of transpositions that a permutation in A* contains.

Lemma 6.2.12. Let w = wla,b] € A* and let M denote the number of transpositions that w
contains.

o Ifbd{—a,2—a,a/(2a— 1)} and (6.1) is satisfied, then M = 2.
o Ifod {—a,2—a,a/(2a — 1)} and (6.1) is not satisfied, then M = 0.
o Ifbe{—a,2—a,a/(2a — 1)}, then

q—11q1/2—38<M<q—|—11q1/2+70
16 ST 16 '

Proof. If b ¢ {—a,2—a,a/(2a — 1)}, then the result follows immediately from the combination
of Lemma 6.2.3, Corollary 6.2.5, Lemma 6.2.9, and Lemma 6.2.10. Now suppose that b €
{—a,2—a,a/(2a—1)}. Then 0 € {a+b,2ab—a—0b,2—a—0b}, thus Lemma 6.2.3 implies that w
does not contain a Type One transposition. Therefore, w contains at most two transpositions
that are not of Type Two. The result now follows from Lemma 6.2.8. n

We are now ready to prove Theorem 6.0.1.

Proof of Theorem 6.0.1. First, we deal with the case where a = b. Note that a € {—a,2 —
a,a/(2a—1)}, since a & {0, 1}. It is known [43] that L]a, a] is isotopic to the Cayley table of the
group (F,, +). Thus, £]a, a] does not contain an intercalate. Furthermore, 2(a+a—2)(a—1) =
4(a —1)* € Ry, so (6.1) is not satisfied. Hence, the theorem is true when a = b.

Now assume that a # b. Note that b € {—a,2 —a,a/(2a — 1)} if and only if a € {—b,2 —
b,b/(2b—1)}. Let w = wla,b] € A*. Let M be the number of transpositions in w and let M’ be
the number of transpositions in w[b, a]. By Lemma 6.1.1, if ¢ = 3 mod 4, then N = Mq(¢—1)/2
and if ¢ = 1 mod 4, then N = (M + M')q(q — 1) /4.
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Consider when b € {—a,2—a,a/(2a—1)}. Corollary 6.2.5, Lemma 6.2.9, Lemma 6.2.10, and
Lemma 6.2.12 together imply that any transposition in w is of Type One and {M, M'} C {0,2}.
From Lemma 6.2.3, we know that w contains a transposition if and only if (6.1) is satisfied.
Since {ab, (a —1)(b—1)} C Ry, it follows that (6.1) is satisfied if and only if

(2ba —b—a)(b+a)(b—1) € R, and {2(b+a—2)(b—1),2b(b+a)} CN,,

which is true if and only if w[b, a] contains a Type One transposition, by Lemma 6.2.3. Thus,
M = M" and so N =0 if (6.1) is not satisfied and N = g(q — 1) if (6.1) is satisfied.

Now consider when b € {—a,2 — a,a/(2a — 1)} and recall that ¢ = 1 mod 4 in this case. If
wla, b] corresponds to an exception in condition 2, 3, or 4 in Lemma 6.2.11, then w|b, a] does not
correspond to an exception in Lemma 6.2.11. Thus, wla, b] or w[b, a] contains a transposition.
Also, by Lemma 6.2.12, both M and M’ lie between (¢—11¢'/2—38) /16 and (¢+11¢*/2+70)/16,
which proves the required bounds on N. O]

Corollary 6.0.2 follows immediately from Theorem 6.0.1. We next use Corollary 6.0.2 to
prove Corollary 6.0.3.

Proof of Corollary 6.0.3. Fix a € F, \ {—1,0,1,2} and define

Vo={beF,:{ab,(a—1)(b—1),(2ab—a—b)(a+b)(a—1)} C R,
and {2(a +b—2)(a — 1),2a(a +b)} C N,}.

If ¢ = 3 mod 4, then Corollary 6.0.2 implies that |V,]| is the number of quadratic Latin squares
of order g of the form L[a,b] that contain an intercalate. If ¢ = 1 mod 4, then Corollary 6.0.2
tells us that the number of squares L[a, b] of order ¢ that contain an intercalate is |V, | +m for
some m € {0,1,2,3}. Using Theorem 6.2.6 and Theorem 6.2.7 in an analogous way as in the
proof of Lemma 6.2.8, we obtain

1

1
32

_ /2 _ <V, <
(¢ — 58q 79) < |V, %

(q+ 58¢"2 +79).

The condition that a & {—1, 2} is required in order to apply Theorem 6.2.6 and Theorem 6.2.7
to estimate |V,|. Since there are ¢ — 4 choices for a, it follows that the number of quadratic
Latin squares L[a/,b] of order ¢ with o' ¢ {—1,2} that contain an intercalate is ¢*/32 +
O(¢*?). From [48], we know that the total number of quadratic Latin squares of order ¢ is
q*/4 + O(q). Clearly, there there are at most O(q) quadratic Latin squares L[a’,b] of order
g with o' € {—1,2}. It follows that the number of N, quadratic Latin squares of order ¢ is
7¢%/32 + O(¢*?). O

We have two loose ends to wrap up before concluding this section. Let ¢ € {2,3,...,¢}. We
first describe how to bound the number of permutations in A that contain a cycle of length c.
It is easy to find a bound on the number of permutations in A\ A.. The comments at the end of
§6.1.2 and §6.1.3 together describe how to bound the number of permutations in A. that contain
a cycle of length ¢ that is not of Type One. As mentioned at the end of §6.1.1, Lemma 6.1.10 and
Lemma 6.1.12 together give us a characterisation of permutations in A, that contain a Type One
cycle of length ¢. A plausible method of bounding the number of such permutations is as follows.
Construct the sets X1/~ and X.»/~. Foreach z € (X.1/~)U(X,2/~), Lemma 6.1.12 provides
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a necessary and sufficient condition for a permutation in A, to satisfy z. Use these conditions
together with Theorem 6.2.6 and Theorem 6.2.7 to bound the number of permutations in A,
that satisfy z. However, to apply Theorem 6.2.6 and Theorem 6.2.7 in the described way, we
would need to know when products of functions in the set {F;, : i € {0,1,...,2¢ — 1}} and
products of functions in {G;, : i € {0,1,...,2c — 1}} are, up to multiplication by a constant,
the square of a bivariate Laurent polynomial. It seems a difficult task to predict when this
occurs, unless c is very small.

Finally, as foreshadowed after Theorem 6.0.1, we justify the fact that a quadratic Latin
square L[a,b] of order ¢ with b € {—a,2 — a,a/(2a — 1)} exists whenever 9 < ¢ = 1 mod 4.
This fact is easy to prove using Theorem 6.2.6 and Theorem 6.2.7 in a similar way as in the
proof of Lemma 6.2.8.

6.3 Row cycles of length p in quadratic Latin squares

In this section, we prove Theorem 6.0.4.

Lemma 6.3.1. Let w = wla,b] € A with a € R,. If there exists y € F, such that {y — ja +
Jyy—(G+Da+j:j€{0,1,...,p—1}} C Ry, then w contains a p-cycle.

Proof. We will prove by induction on k € {0,1,...,p} that w*(y) = y — ka + k. The claim is
trivial when k = 0. Suppose that w*(y) = y — ka + k for some k € {0,1,...,p — 1}. Then
wk(y) € R,, hence

P W) — 1 =a Tty — (k4 1)+ k™ = a7y — (k+ Da+ k),
which is an element of R, by assumption. Therefore,
) =ala ™ (y—(k+Da+k)+1=y— (k+Da+ (k+1).

The lemma follows by induction. [

If the hypotheses of Lemma 6.3.1 hold, then w satisfies the sequence z € {—1,1}?" defined
by z; = 1foralli € {0,1,...,2p—1}. Analogous arguments as those used to prove Lemma 6.3.1
allow us to prove the following.

Lemma 6.3.2. Let w = wla,b] € A with a € N,. If there exists y € F, such that {y — ja +
Joy—(G+Da+j:j€{0,1,...,p—1}} CN,, then w contains a p-cycle.

If the hypotheses of Lemma 6.3.2 hold, then w satisfies the sequence z € {—1,1}?" defined
by z; = (—1)"! for all i € {0,1,...,2p — 1}.
We are now ready to prove Theorem 6.0.4.

Proof of Theorem 6.0.4. Let w = wla,b] € A. First, suppose that {a,b} C F, N N,. Using
Lemma 6.1.6, it is simple to verify that if j € wp, then j € F,. Thus, w has a cycle of length at
most p.

Now we deal with the case where {a,b} Z F,NN,. So either {a,b} CF,NR, or {a,b} Z F,,.
We will deal with the latter case first. Recall that L[a,b] and L[b,a| are isomorphic [120].
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Therefore, by Lemma 2.3.7, it suffices to prove that w or w[b, a] has a cycle of length p. Thus,
we may assume that a ¢ F,. We will first consider when a € R, \ F,. Define

V={yeF,: {y—ja+jy—(G+Da+j} CR,forallje{0,1,....p—1}}.  (6.20)

By Lemma 6.3.1, if Y # @&, then w contains a p-cycle. For j € {0,1,...,p — 1}, define linear
polynomials ¢; and ¢; over F, by (;(y) = y — ja + j and £(y) =y — (j + 1)a + j. Also define
the map W : F, — N by

p—1

W(y) = [T+ x(G@)) A+ X))

J=0

and let

S=> Wy).
IS

Ify €Y, then W(y) =4°. Ify € {ja—j,(j+1)a—7:5€{0,1,...,p—1}}, then W(y) < 2?71,
In all other cases, W (y) = 0. It follows that S < 4P|Y'| + p4?. Expanding W and using the fact
that x is a homomorphism on Fy, we can write S as a sum consisting of (215 ) terms of the form
> wer, X(£J(y)) where J is the product of k distinct factors in {¢;, ¢} : j € {0,1,...,p—1}} for
each k € {0,1,...,2p}. Let {j,¢} C{0,1,...,p—1}. If ja— j = la — ¢, then j = {. Similarly,
if (j+1)a—j=(+1)a— ¢, then j = ¢. Suppose that ja —j= ({+ 1)a—¢. Then j # ¢+ 1
andsoa = (j—{)/(j—¢—1) € F,, which is a contradiction. It follows that if J is the product
of k distinct factors in {{;, ¢} : j € {0,1,...,p — 1}} for some k € {0,1,...,2p}, then J has k
distinct roots. Thus, Theorem 6.2.6 or Theorem 6.2.7 applies to each such term J # 1. Using
these theorems, we obtain the bound

2p
2 2
Sz <2p) -2 (lf)(k— D¢ =q+q"(p—1)(1 -4 +2p) + p(1 = 2p).  (6.21)
k=3
Combining (6.21) with the fact that S < 47|Y| 4 p4? yields
V] >27%(q+¢"*(p = 1)(1 — 4 + 2p) + p(1 — 2p — 4)).
Therefore, Y # @ if
g+ q"*(p—1)(1 — 47+ 2p) + p(1 — 2p — 47) > 0. (6.22)

The inequality (6.22) will hold if
1
¢ > 3 ((1 —p)(1 =47 +2p) + ((p— 1)2(1 — 47 + 2p)* — 4p(1 — 2p — 4?))1/2) . (6.23)

Since ¢ = p?, (6.23) will hold provided that

d >

8 (% (=P =47+ 2p) + ((p = 1(1 47+ 2p) — ap(1 —2p 41"))1/2)) .

log p
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Define f : P — N by
flp) =1+

{ > _1og <1 ((1 —p)(1 =47+ 2p) + ((p — 1)*(1 — 4"+ 2p)* — 4p(1 — 2p — 41’))1/2))J.

log p 2

Then we have shown that L[a,b] contains a row cycle of length p if d > f(p). We can use
analogous arguments in conjunction with Lemma 6.3.2 to reach the same conclusion if a €
N, \ F,.

We now deal with the case where {a,b} C F, N R,. By Lemma 6.3.1, to show that w
contains a p-cycle, it suffices to show that the set Y defined in (6.20) is non-empty. Note that
y—ja+j=y—(k+1)a+ k where k = j + a/(1 — a). Therefore, we can rewrite

V={yeF,:y—ja+jeR, forall je{0,1,....p—1}}.

We can use analogous arguments as used in the case where a € R, \ F, to show that w contains

a p-cycle if
1
" gy <Z (=P -2 +p) + (=21 -2 +p) —8p(1 —p - 2p>)1/2>)
(6.24)
Since the right hand side of (6.24) is less than f(p), it follows that £[a, b] contains a row cycle
of length p if d > f(p). .

The function f constructed in the proof of Theorem 6.0.4 satisfies

B plog(16)

f(p) Toep

(1+0(1))

as p — oo. Furthermore, f is not the minimal function that satisfies the conditions of The-
orem 6.0.4. This is evidenced by the fact that f(3) = 9, but every quadratic Latin square of
order 3 contains a row cycle of length 3 if d > 7.

6.4 Anti-perfect 1-factorisations and anti-atomic Latin
squares

In this section, we prove our main results concerning anti-perfect 1-factorisations and anti-
atomic Latin squares. Throughout this section, if L is a Latin square, then its row index set,
column index set, and symbol set are all equal. To prove Theorem 6.0.5 and Theorem 6.0.7,
we need the following definition.

Definition 6.4.1. Let v be a positive integer and let " C N\ {0, 1}. A pairwise balanced design
with parameters v and 7" is a pair (X, B) where X is a set of cardinality v, whose elements are
called points, and B is a collection of subsets of X, called blocks, such that:

o If B e B, then |B| €T, and

e If z and y are distinct points in X, then there is a unique B € B such that {z,y} C B.
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We say that (X, B) is a PBD(v, T).

There is a method, known as the ‘PBD construction’, of building Latin squares from pairwise
balanced designs, which we describe now. It is a simple fact that an idempotent Latin square
of order n exists for all positive integers n # 2. Let (X, B) be a PBD(v, T for some positive
integer v and some set T C N\ {0, 1,2}. For each B € B, let L be an idempotent Latin square
with symbol set B. We can define an idempotent Latin square L of order v with symbol set X
by

L=t =g (6.25)
ij if i # j, where B is the unique block in B with {i,j} C B.
We say that L has been obtained from the pairwise balanced design (X, B). Of course, there
may be many Latin squares that can be obtained from (X, B), since there may be many choices
for the Latin square L? for each B € B.

The PBD construction has previously been used to solve various problems, such as the
construction of mutually orthogonal Latin squares (see, e.g., [83]) and the construction of x~-
cycle free 1-factorisations [17, 45, 46].

We now give a series of simple lemmas regarding Latin squares built using the PBD con-
struction. The first is a simple observation.

Lemma 6.4.2. Any conjugate of a Latin square obtained from a pairwise balanced design (X, B)
can also be obtained from (X,B).

The following is a known result [45].

Lemma 6.4.3. Let L be a Latin square obtained from the pairwise balanced design (X, B). Let
{i,7} C X with i # j and let B € B be the block with {i,j} C B. Then 7, ;(B) = B.

It is a well known fact that an idempotent, involutory Latin square of order n exists if and
only if n is an odd integer.

Lemma 6.4.4. Let (X,B) be a pairwise balanced design such that |B| is odd for each B € B.
For each B € B, let L be an idempotent, involutory Latin square with row indices, column
indices, and symbols B. Let L be the Latin square obtained from (X, B) defined by (6.25). Then
L 1s tnvolutory.

Proof. Let {i,j} € X with i # j and let k = L; ;. Then k = LP; where B € B is the block
with {i,7} € B. Hence, k € B also. Furthermore, L? is idempotent and so k # i. Thus,
Lij = L, = j because L* is involutory. The lemma follows. O

Combining Lemma 6.4.2, Lemma 6.4.3, and Lemma 6.4.4, we obtain the following corollary.

Corollary 6.4.5. Let v be a positive integer and let T and T' be subsets of N\ {0,1,2} such
that T contains only odd integers. If there exists a PBD(v,T) with at least two blocks, then
there exists an anti-atomic Latin square of order v. If there exists a PBD(v,T") with at least
two blocks, then there exists an anti-perfect 1-factorisation of K, 1.

A result of Colbourn, Haddad, and Linek [29] implies the existence of a PBD(v, T') with at
least two blocks for some T' C N\ {0, 1,2} that contains only odd integers whenever v > 7 is
an odd integer. Combining this with Corollary 6.4.5 proves Theorem 6.0.5.
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Let v be an odd integer. As mentioned in §2.3.3, Dukes and Ling [46] have constructed a
1720~ -cycle free 1-factorisation F, of K, 1. This 1-factorisation comes from the PBD construc-
tion, in the sense that F, = ¢ (L) for some Latin square L of order v that is obtained from a
PBD(v,{3,5}). Lemma 6.4.3 tells us that &, is anti-perfect as long as v > 7.

We next prove Theorem 6.0.7.

Proof of Theorem 6.0.7. A result of Hartman and Heinrich [57] implies the existence of a
PBD(v,T) with at least two blocks for some 7" C N\ {0,1,2} whenever v = 7 or v > 9 is
an integer. Thus, Corollary 6.4.5 implies that there exists an anti-atomic Latin square of order
v whenever v € {1,2,3,4,5,6,8} is a positive integer.

Let v be a positive integer, let G be a group of order v, and let L be the Latin square
corresponding to the operation table of G. By [31, Theorem 4.2.2], every conjugate of L is
isotopic to L. Thus, Lemma 2.3.7 implies that L is anti-atomic if and only if it does not
contain a row cycle of length v. Let g and h be distinct elements of G. Every cycle in the row
permutation 7, of L has length equal to the order of gh™! in G. Thus, the existence of a non-
cyclic group of order v implies the existence of an anti-atomic Latin square of order v. Thus,
an anti-atomic Latin square of order v exist when v € {4,6,8}. It is easy to verify that every
Latin square of order v € {2,3,5} contains a row cycle of length v, thus is not anti-atomic. [

The PBD construction was used in [17, 45, 46] to build z~-cycle free 1-factorisations of
complete bipartite graphs. Lemma 6.4.2 and Lemma 6.4.3 together imply that the Latin squares
corresponding to these 1-factorisations are anti-atomic (except for some trivial exceptions). We
also record that the operation table of any Steiner quasigroup (see, e.g., [20]) is an anti-atomic
Latin square. This gives us a construction of anti-atomic Latin squares of all integer orders
v > 3 such that v = 1 mod 6 or v = 3 mod 6.

Let n be a positive integer. By combining Theorem 6.0.7 and [97, Theorem 5|, it follows
that an anti-atomic Latin square of order n exists if and only an anti-perfect 1-factorisation
of K, exists. Of course, if L is an anti-atomic Latin square of order n, then .#(L) is an
anti-perfect 1-factorisation of K, ,. However, the converse is not true in general. For example,
let £ be the quadratic Latin square £[2,6] of order 11. Then .#(£) is anti-perfect, but the
(2,1, 3)-conjugate of £ is row-Hamiltonian.

The remainder of this section is devoted to proving Theorem 6.0.8. The first step in this
direction is to find for which prime powers ¢ there exists an idempotent, involutory quadratic
Latin squares of order ¢ that does not contain a row cycle of length ¢q. Every quadratic Latin
square is idempotent. The following lemma [63] shows one circumstance where we know that
a quadratic Latin square is involutory.

Lemma 6.4.6. Suppose that ¢ = 3 mod 4 and let a € N, \ {—1}. The Latin square Lla,a™"]
of order q is involutory.

Let £ = L[a, b] be a quadratic Latin square of order ¢. If a € R, then the row-inverse of £
is L[a™', 07! and if a € N,, then the row-inverse of £ is £L[b~!,a™!] [120]. Using this result, it is
easy to verify that the only involutory quadratic Latin square of order ¢ that is not covered by
Lemma 6.4.6 is the square £[—1, —1]. In particular, if ¢ = 1 mod 4, then the square £[—1, —1]
of order ¢ is the only involutory quadratic Latin square of order ¢. Since £L[—1, —1] is isotopic
to (F,,+), it has a row cycle of length ¢ if and only if ¢ is prime.

The following is a consequence of Corollary 6.0.2.
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Lemma 6.4.7. Suppose that ¢ = 3 mod 4 and let a € N,. The Latin square Lla,a™ '] of order
q contains an intercalate if and only if {2(1 — a),2(a®* + 1)} C N,

Proof. Corollary 6.0.2 implies that £[a,a™!] contains an intercalate if and only if
2-a—a")(a+a ) a—-1)eR,and {2(a+a' —2)(a—1),2a(a+a ")} TN, (6.26)
The condition (6.26) is equivalent to the condition
{2(a+a =2)(a—1),2a(a+a" ")} SN, (6.27)

because (2(a+a™t—2)(a—1))(2a(a+a™')) = —4a(2—a—a")(a+a")(a—1). The condition
(6.27) is equivalent to {2(1 — a),2(a® + 1)} €N, because a +a~! —2 =a"(a — 1) O

Suppose that ¢ = 3 mod 4. Dinitz and Dukes [34] studied 1-factorisations of K, of the
form ¢ (L]a,a']) with a € N, \ {—1}. Among other things, they characterised when such 1-
factorisations contain a cycle of length 4. Their Theorem 3.2 is equivalent to our Lemma 6.4.7.
Viazquez-Avila [113] also studied 1-factorisations of the form (£ [a,a™']) and showed, among
other things, that if ¢ = 11 mod 24, then there is a 1-factorisation F of this form such that if
g and h are distinct 1-factors in F, then K,41[g U h| contains exactly one cycle of length 4.

Suppose that ¢ = 3 mod 4 and let £ be an idempotent, involutory quadratic Latin square
of order ¢ that contains an intercalate. Lemma 6.1.1 implies that every row permutation of
L contains a transposition, thus £ does not contain a row cycle of length q. We can use
Lemma 6.4.7 in conjunction with a standard application of Theorem 6.2.6 and Theorem 6.2.7
to show that there exists an idempotent, involutory quadratic Latin square of order ¢ that
contains an intercalate if ¢ > 83. Supplementing this result with a computer search allows us
to prove the following.

Lemma 6.4.8. Suppose that 3 < q¢ = 3mod4. There exists an idempotent, involutory
quadratic Latin square of order q that contains no row cycle of length q.

The next step in proving Theorem 6.0.8 is to determine for which prime powers ¢ there
exists an anti-atomic quadratic Latin square of order q.

Lemma 6.4.9. Suppose that q & {3,5}. There exists an anti-atomic quadratic Latin square of
order q.

Proof. First suppose that ¢ = 3 mod 4. Our first claim is that there exists a quadratic Latin
square of order ¢ that contains an intercalate. If 3 < ¢ < 83, then a computer search can be used
to verify the claim and if ¢ > 83, then the claim follows from the discussion before Lemma 6.4.8.
Let £ be a quadratic Latin square of order ¢ that contains an intercalate. Lemma 6.1.1 implies
that every row permutation of £ contains a transposition. Since the property of containing an
intercalate is a species invariant, it follows that if £’ is a conjugate of £, then £’ also contains
an intercalate. Using Lemma 6.1.1 again, we see that that every row permutation of £’ contains
a transposition. Thus, £ is anti-atomic.

Now suppose that ¢ = 1 mod 4. If ¢ € {13,17,37,41}, then we can use a computer to
verify that an anti-atomic quadratic Latin square of order ¢ exists. So we may assume that
q & {5,13,17,37,41}. We can use Theorem 6.2.6 and Theorem 6.2.7 in the usual way to prove
that there exists a valid pair (a, —a) € F.. Let £ = £[a, —a] for some valid pair (a, —a) € F;.
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A result of Wanless [120] allows us to deduce the conjugates of a quadratic Latin square. This
result implies that every conjugate of £ is of the form L[d/, 0] where v/ € {—a',2—d',d’ /(24" —
1)}. Thus, Lemma 6.1.1 and Lemma 6.2.11 together imply that every row permutation of any
conjugate of £ contains a transposition. Therefore, £ is anti-atomic. m

Lemma 6.4.8 proves the second claim of Theorem 6.0.8 in the case where n =3 mod 4 is a
prime power and Lemma 6.4.9 proves the first claim of Theorem 6.0.8 in the case where n is a
prime power. To completely resolve Theorem 6.0.8, we first need to prove some simple results
concerning the direct product.

Lemma 6.4.10. Let L and M be Latin squares. Let the set of lengths of row cycles of L and
M be Xy and X,, respectively. The set of lengths of row cycles of L x M 1is

X U Xy U {lem(zy,29) : 21 € X1,20 € Xo}.

Proof. Let symbol set of L and M be S; and S5, respectively, so that the symbol set of L x M
is 57 x S5. For distinct ¢ and j in S;, denote the row permutation of L mapping row ¢ to
row j by wu, ;. Similarly, for distinct &£ and ¢ in Sy, denote the row permutation of M mapping
row k to row ¢ by v . For convenience, we will define u;; = Idg, and v, = Idg, for any
i€ Sy and k € Sy, Let {(i,k),(j,0)} € S; xSy with (i,k) # (j,¢) and consider the row
permutation 7(; ) (j,e) of L x M. We will show that 7 1) je) = i j X Vge. Let © € Sy x So. Then
& = (L X M)k, gn for some (g,h) € S; x Sy. So,

(60,0 (£) = T, 6,0 (L X M) ) (g,1))
= (L X M) ,0),(9,1)
= (Ljg, Mep)
= (i (Lig), vr,e(Mp.1))
= U X Uk,Z(Li,ga Mk,h)

= U;; X Uge().

Hence, 7(; 1),j,) = ij X Uk, as claimed. Therefore, the length of the cycle in 7(; 1 (j ») containing
(y,w) € Sy x S is the lowest common multiple of the length of the cycle of u; ; containing y
and the length of the cycle of vi, containing w. The lemma should now be clear. O]

Corollary 6.4.11. Let L and M be Latin squares such that L or M s anti-atomic. Then
L x M 1is anti-atomic.

Proof. Let the order of L and M be ny; and nsg, respectively. Lemma 6.4.10 implies that if L
does not contain a row cycle of length n; or M does not contain a row cycle of length ns, then
L x M does not contain a row cycle of length nyn,. It is a simple task to verify that the W-
conjugate of L x M is equal to the direct product of the W-conjugate of L and the ¥-conjugate
of M for any 1-line permutation ¥ of {1,2,3}. The result follows. ]

Lemma 6.4.12. Let L and M be idempotent, involutory Latin squares. Then L X M 1is also
idempotent and involutory.

Proof. Let symbol set of L and M be S; and Sy, respectively. Let (z,y) € S; X Sy. Since L and
M are idempotent, it follows that (L x M)y 2y = (Low, Myy) = (x,y). Hence, L x M is
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idempotent. Let {(u,v), (s,t)} € Si x Sy be such that (L x M) 2y = (5,t). Then L, , = s
and so L, = x because L is involutory. Similarly, M,; = y. Thus, (L x M) s = (,

D@

and so L x M is involutory.
We are now ready to prove Theorem 6.0.8.

Proof of Theorem 6.0.8. Let the prime power factorisation of n be ¢iqs...qx. Since n &
{1,3,5,15}, there is some i € [k] such that ¢; ¢ {3,5}. Lemma 6.4.9 says that there exists an
anti-atomic quadratic Latin square of order g;. It is easy to verify that there is a quadratic
Latin square of every prime power order. Thus, the existence of an anti-atomic Latin square of
order n that is the direct product of quadratic Latin squares follows from Corollary 6.4.11.
We now prove the second claim of the theorem. Assume that n contains a prime power
divisor m # 3 where m is not prime or m = 3 mod 4. Without loss of generality, m = ¢;. For
each 1 € {2,3,...,k}, the Latin square £L[—1, —1] of order ¢; is idempotent and involutory. If
m = 3 mod 4, then Lemma 6.4.8 implies the existence of an idempotent, involutory quadratic
Latin square of order m that does not contain a row cycle of length m. If m is not prime, then
the square £L[—1, —1] of order m is idempotent and involutory and does not contain a row cycle
of length m. Combining these facts with Lemma 6.4.10, Lemma 6.4.12, and Lemma 2.3.17
proves the claim. O

6.5 Isotopisms of quadratic quasigroups

In this section, we prove Theorem 6.0.11 and Theorem 6.0.12. This material in this section is
more naturally discussed using the language of quasigroups rather than Latin squares. We will
also use the term ‘parastrophe’ rather than ‘conjugate’ (see Definition 2.1.5) to avoid confusion
with the algebraic term conjugate.

We now outline the structure of this section. For a quasigroup @ and ¢ € {1,2,3}, denote
by Atp,(Q)) the projection of Atp(Q)) onto the i-th coordinate. Let Q = Q,; be a quadratic
quasigroup with a # b and let i € {1,2,3}. In §6.5.1, we prove that any autotopism of Q whose
components all lie in AGL4(p) is an automorphism of Q. In §6.5.2, we prove that Atp,(Q) C
AGLy4(p) if Atp,;(Q) is not 2-transitive and in §6.5.3, we prove that Atp,;(Q) C AGL4(p) if Atp,(Q)
is 2-transitive. In §6.5.4, we finish the proof of Theorem 6.0.12 and we prove Theorem 6.0.11.

6.5.1 Autotopisms with components in AGLg4(p)

Some of the arguments that we will use in §6.5.1, §6.5.2, and §6.5.3 to help prove Theorem 6.0.12
do not work for ‘small” values of ¢. Since Theorem 6.0.12 is easy to verify using a computer
if ¢ < 23, we will assume, for §6.5.1, §6.5.2, and §6.5.3, that ¢ > 23. For these subsections,
we will also fix the following definitions and notation. Let (a,b) € Iﬁ'g be valid with a # b, let
Q = Qgup, let L = L]a,b], and let ¢ = ¢[a, b]. Also let * denote the binary operation *,; defined
in §2.4.

The goal of this subsection is to prove Lemma 6.5.1 below, which states that any autotopism
of Q whose components are all elements of AGL,4(p) is an automorphism of Q. Lemma 6.5.1 is
a key ingredient in the proof of Theorem 6.0.12.

Lemma 6.5.1. Let (o, 8,7) € Atp(Q) and suppose that {«, 3,7} € AGL4(p). Thena = = 7.
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Proof. Since v(z xy) = a(x) x 5(y), it follows that

Y+ oy — ) = alz) + p(By) — alz)). (6.28)

By applying the automorphism £_q ) of Q to (o, ,7), we may assume that « fixes 0. Thus,

vow = o[ by (6.28). Since {8,7} C AGL4(p), there exist {g,h} C GL4(p) and {u,v}
such that v = k, o g and 8 = Kk, o h. Our first goal is to show that u = v = 0.

CF,

Since yo ¢ = o 3, for all x € F, we have g(¢(z)) + v = ¢(h(z) + v) and so g(x) =

o(h(¢~(z)) + v) — u. Setting x = 0 shows that u = p(v). Suppose that {z,y} C F, is
that x(z) = x(y) = x(x + y) = x(a). Then the value of g(x + y) is

ah(a™'z) + ah(a™ty) + av — (v) if x(h(a™'x) + hia"ty) +v) =1,
bh(a~'z) +bh(aty) +bv — p(v)  x(h(a 'z) + h(a'y) +v) # 1,

and the value of g(x) + g(y) is

(ah(a_lx) + ah(a™ty) + 2av — 2¢(v) if x(h(a™'z) +v)=1=x(h(a " y) +v),
ah(a=12) + bh(a=y) + o(a+b) — 2p(0) it x(ha=12) +v) = 1 £ x(h(a~'y) +v),
bh(a™'x) + ah(a™"y) + v(a+b) = 2p(v) if x(h(a™'2) +v) # 1 = x(h(a"'y) +v),

\bh(aila:) + bh(a™ty) + 2bv — 2¢(v) if 1 ¢ {x(h(a"'z) +v),x(h(a"1y) +v)}.

Since g(z +y) = g(x) + g(y), we have eight possible cases to consider.
Case 1: x(h(a™'z) + h(a"'y) +v) =1, x(h(a'z) +v) = 1, and x(h(a"'y) +v) = 1.
av = ¢(v), which implies that v € R, U {0}.

Case 2: x(h(a™'z) + h(a"'y) +v) = 1, x(h(a 'z) +v) = 1, and x(h(a"'y) +v) # 1.
y = ah™'((bv = ¢(v))(a —b)7").

Case 3: x(h(a7'z) + hia"'y) +v) =1, x(h(a™'z) +v) # 1, and x(h(a"'y) +v) = 1.
z=ah ' ((bv — p(v))(a—b)7).

Case 4: y(h(a™ h(a™ty) +v) =1, x(h(a™'x) +v) # 1, and x(h(a"'y) +v) # 1.
y=ah (b~

tr) + )
a)h(a™ ) +v(2b — a) — @(v))(a — b)7").

Case 5: x(h(a™'z) + h(a™'y) +v) # 1, x(h(a"'z) +v) = 1, and x(h(a"'y) +v) = 1.
y = ah™(((a = b)h(a™ ) +v(2a — b) — p(v))(b—a)™").

Case 6: x(h(a7'z) + hia"'y) +v) # 1, x(h(a™'z) +v) = 1, and x(h(a"'y) +v) # 1.
v =ah™((av — ¢(v))(b — a)™").
Case 7: x(h(a™'z) + h(a"'y) +v) # 1, x(h(a™'z) +v) # 1, and x(h(a"'y) +v) = 1.
y =ah™((av — ¢(v))(b - a)™").

Case 8: x(h(a™'z) + h(a 'y) +v) # 1, x(h(a™'z) +v) # 1, and x(h(a"'y) +v) # 1.
bv = ¢(v), which implies that v € N, U {0}.

such

Then

Then

Then

Then

Then

Then

Then

Then

Let X denote the set of all elements z € F, \ {ah™'((bv — p(v))(a — b)™),ah " ((av —
©(v))(b—a)™')} such that x(z) = x(a). For z € X, let Y (x) denote the set of y € F, such that
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x(y) = x(x +y) = x(a) and

y & {ah™ ((bv — p(v))(a = b) "), ah ™ (((b — a)h(a™"'2) +v(2b — a) — p(v))(a — b)),
ah™'(((a = b)h(a™ ) +v(2a = b) — ¢(v)) (b — a) ), ah ™ ((av — (v)) (b — a) ") }.

Suppose, for a contradiction, that v # 0. First, consider when v € R,. By construction, if
r € X and y € Y(z), then Case 1 must hold. In particular, y(h(a='z) + h(a"ty) +v) =1 =
x(h(a™'x) + v) = x(h(a™y) +v). We can use Theorem 6.2.6 and Theorem 6.2.7 in the usual
way to show that Y(x) # @ for all + € X. This conclusion relies on the fact that ¢ > 23. It
follows that x(h(a™'z) +v) =1 for every z € X.

Define X’ to be the set of elements = € F, \ {bh~*((bv — p(v))(a — b)), bh~ ((av —
©(v))(b—a)™H)} such that x(zr) = —x(a). By repeating the above arguments, we can show
that x(h(b~'z) +v) =1 for every z € X’. Note that if z € X and 2/ € X', then a 'z # b~'2/,
since x(a~'z) = 1 and x(b~'z’) = —1. Hence, there are at least 2((¢ —1)/2 —2) = ¢ — 5
elements in F, such that y(h(x) +v) = 1. However, the map &, o h is a permutation of F,, so
there are exactly (¢ —1)/2 elements x € F, such that x(h(z) +v) = 1. This is a contradiction,
since ¢ — 5 > (¢ — 1)/2 because ¢ > 23. Analogous arguments can be used to reach a similar
contradiction in the case where v € N,. Therefore, v = 0 and so u = ¢(v) = 0 also.

We may now assume that {«, 5,7} € GLg(p). We will show that & = . The lemma will
then follow from [121, Lemma 5]. Let z € F,. By (6.28), for any {z,y} C I,

Y@+ z+ oy +z—(v+2)))
a(r +2) + By + 2) — alz + 2))

(2) + a(2) + e(B(y) + A(2) — alz) — a(z)). (6.29)

Let k € IF, be such that x(k) = x(8(z) — a(z) + k) = 1. Since ¢ > 23, such a k € F, can be
shown to exist using Theorem 6.2.6 and Theorem 6.2.7 in the usual way. Let {z,y} C F, be
such that 5(y) — a(z) = k. From (6.29),

Y@+ @y — 1)) +7(2)

Y@ +ely —2) +7(2) = (2) + a(Bly) + B(2) — a(z) — a(2))
(B(y) = a(x)) + a(2) + a(B(z) — a(2))

(@ + ¢y —2)) + a(2)(1 = a) + ab(2).

Hence, v(z) = a(z)(1 — a) + aB(z). Now let {z,y} C F, be such that x(8(y) — a(x)) =

X(B(y) — a(z) + B(z) — a(z)) = —1. Using the same argument as above, we deduce that
v(2) = a(2)(1 =)+ bB(z). Therefore, (b—a)(a(z) —5(z)) = 0 and so a(z) = 5(z), since a # b.
Since z was arbitrary, it follows that @ = 3 and so we are done. O

6.5.2 Not 2-transitive autotopism projections
The goal of this subsection is to prove the following lemma.
Lemma 6.5.2. Let i € {1,2,3}. If Atp,(Q) is not 2-transitive, then Atp,(Q) < AGL4(p).
We will need the following simple result.
Lemma 6.5.3. Let i € {1,2,3} and suppose that there exists some 6 € Atp,(Q) such that
9(0) =0 and 6(1) € N,. Then Atp,(Q) is 2-transitive.
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Proof. Let (z,y) € F, with 2 # y. We will show that there is some 7 € Atp,;(Q) such that
n(0) =z and n(1) = y. This will prove the lemma. If x(y — x) = 1, then set n = Kk, 0o A\y_,. If
X(y — x) = —1, then set ) = kg 0 Ay_a)5(1)-1 © 6. O

We are now ready to prove Lemma 6.5.2.

Proof of Lemma 6.5.2. Suppose that Atp,(Q) is not 2-transitive. Let ay € Atp,(Q) and define
O = A((5_, @poan) (1)1 © K—ay(0) © 1. Note that k_q, ) o ai(1) € R, by Lemma 6.5.3 and so
a € Atp,;(Q). Also note that «(0) = 0 and «(1) = 1. Suppose that there is some {u,v} C F,
such that y(v — u) # X(a(v) — a(u)). First, assume that v —u € R, and a(v) — a(u) € N,.
Let ¢ € Ny and let ap = Ap(a(w)—a(u)~1 © K—a(u) © Q0 Ky 0 Ay_y € Atp;(Q). Then ay(0) = 0 and
as(1) = ¢, which contradlcts Lemma 6.5.3. Now suppose that v —u € N, and o(v) —a(u) € R,,.
Then aH(a(v)) — a ' (a(u)) € N,. We can thus run the above argument with o™
« to reach a contradiction. Hence, x(v —u) = x(a(v) — a(u)) for every {u,v} C F,. We can
now apply a theorem of Carlitz [25] to conclude that a € Aut(F,). Thus, a; € AGL4(p). Since
ap € Atp,(Q) was arbitrary, Atp,(Q) < AGLy(p). O

in place of

6.5.3 2-transitive autotopism projections

The goal of this subsection is to prove the following lemma.
Lemma 6.5.4. Leti € {1,2,3}. If Atp,(Q) is 2-transitive, then Atp,(Q) < AGL4(p).

The group T, is an elementary abelian regular subgroup of each Atp,(Q). This allows us
to make use of Theorem 6.5.5 below, which is a special case of [81, Theorem 1.1]. Let v be a
prime power and let u be a positive integer. For the remainder of this section, we will consider
any subgroup of AGL,(v) to be acting naturally on F,. and we will consider any subgroup of
PT'L,(v) to be acting naturally on the points of the projective space P*~1(v).

Theorem 6.5.5. Let X be a set of cardinality n > 23 and let G < Sym(X) be 2-transitive
with an elementary abelian regqular subgroup. Then up to permutation isomorphism, one of the
following s true:

(i) G < AGL,(v) where v is a prime and u is a positive integer such that n = v*.
(i) G € {Sym(X), Alt(X)}.

(i) PGL,(v) < G < PI'L,(v) for some prime power v and positive integer u such that
n=("—1)/(v—1) is prime.

Let i € {1,2,3}. If Atp;(Q) is 2-transitive, then it satisfies one of (i), (ii), or (i) in
Theorem 6.5.5. We first rule out the possibility that Atp,(Q) satisfies Theorem 6.5.5(it).

Lemma 6.5.6. Let n > 7 be a positive integer, let () be a quasigroup of order n, and let

i€ {1,2,3}. Then Atp,(Q) & {Sym(Q), Alt(Q)}.
Proof. By [18, Theorem 3.1],
[loga 7]

|Atp(Q)| < n? H — 21 (6.30)
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It is easy to see that n!/2 is strictly larger than the right hand side of (6.30) since n > 7. The
result then follows, since |Atp,(Q)| < |Atp(Q)]. O

Let ¢ € {1,2,3}. Our next task is to rule out the possibility that Atp,(Q) satisfies Theo-
rem 6.5.5(¢i7). Suppose that Atp,(Q) does satisfy Theorem 6.5.5(i77). So ¢ is prime, there is
some prime power v and some positive integer u such that (v*—1)/(v—1) = ¢, and up to permu-
tation isomorphism, PGL, (v) < Atp,(Q) < PI'L,(v). To reach a contradiction, we consider two
cases, depending on whether or not v = 2. We first deal with the case where v # 2. To do this,
we prove that there must be an element in PT'L,(v) of order (¢ —1)/2 = (v* — v)/(2(v — 1)).
We then show that this is impossible. Note that PI'L,(2) does contain an element of order
2¢=1 — 1 and so this method cannot be extended to include the case where v = 2.

Lemma 6.5.7. For each i € {1,2,3}, there is an element in Atp,(Q) of order (¢ — 1)/2.

Proof. Let i € {1,2,3} and let v be a primitive element of F;. The map A,» € Atp,(Q) has
order (¢ —1)/2. O

Suppose that v # 2 is a prime power and u is a positive integer such that (v*—1)/(v—1) = ¢
is prime. Our next task is to rule out the existence of an element of PI'L,(v) with order
(v* —=v)/(2(v—1)). To do this, we will use the following lemma regarding the order of elements

in GL,(v) (see, e.g., [28]).

Lemma 6.5.8. Let v be a prime power and let u be a positive integer. Let A € GL,(v) and let
h € F,[z] be the minimal polynomial of A with distinct irreducible factors hy, hs, ..., hy. For
i € [k], let e; be the degree of h; and let m; be the multiplicity of h; in h. Let m = max{m, :
i € [k]} and let n = [log, m| where r is the characteristic of F,. Then the order of A divides
lem(vet — 1,0% — 1,... 0% — 1)r",

Lemma 6.5.9. Suppose that q is prime and that there is a prime power v # 2 and a positive
integer u such that ¢ = (v*—1)/(v—1) > 23. There is no element in PI'L,(v) of order (¢—1)/2.

Proof. 1f (u,v) € {(2,4),(2,8),(2,16),(3,3)}, then ¢ < 23, which is false. We can use a
computer to verify that PI'Ls(8) has no element of order 36. Therefore, we may assume that
(u,v) € {(2,4),(2,8),(2,16),(3,3),(3,8)}. From [41, Lemma 3.1], we know that u is prime and
if v =4, then u = 2.

Let r be the characteristic of IF, and let s = log, v. The proof of this lemma has three parts.
First, we prove that there is no element in GL,(v) of order (¢ — 1)/(2x) for any divisor z of s.
Then, we prove that there is no element in I'L,(v) of order (¢ — 1)/2. Finally, we prove that
there is no element in PI'L,(v) with order (¢ — 1)/2.

Let x be a divisor of s and suppose, for a contradiction, that A is an element of GL,(v) of
order (¢ — 1)/(2x). First, suppose that u = 2. Then (¢ —1)/(2z) = v/(2z) and so v = 2°. It is
well known that every element of GLy(2%) must have order dividing 2(2* — 1) or 2% — 1. The
only way that v/(2x) = 2°7!/z divides 2(2° — 1) or 2% — 1 is if 2571/ divides 2. Therefore,
2571 < 22 < 2s, which implies that s < 4. But this implies that (u,v) € {(2,4), (2,8),(2,16)},
which is a contradiction.

Now suppose that u > 3 is odd. Let ey, eq,..., e, my,ms,...,mg, m, and n be the pa-
rameters from Lemma 6.5.8 relating to the order of A so that (¢ — 1)/(2x) divides lem(v —

112



6.5. ISOTOPISMS OF QUADRATIC QUASIGROUPS

Lo —1,...,v% — 1)r" and mye; + moey + ... + myper, < u. Without loss of generality,
1<e; <es ... <, <.

Write 2z = r*2’ for some integer w > 0 and some integer x’ coprime to r. We now prove
some restrictions on the values that w can take. If w > s, then v < r* < 2z < 2log, v. The
only way that v < 2log, v is possible is if v = 4. But as noted above, if v = 4, then u = 2.
Thus, w < s. Now suppose that w = s — 1. First consider when r > 3, so that 2|z’. Then
v =2x/a < s/(x'/2) = (w+1)/(2'/2), which implies that w = 0 and 2’ = 2. Now consider
when r = 2. If 2’ # 1, then 2/ > 3, since 2’ is coprime to r. Thus, 2% = 2z/2’ < 2s/3 =
2(w + 1)/3, which is a contradiction. Thus, 2/ = 1. Now suppose that w = s — 2, r = 2, and
u = 3 and suppose that ' # 1. Then 2¥ = 2z/2" < 2s/3 = 2(w + 2)/3, which implies that
w < 1. Since 2’ is coprime to 7, it follows that w # 0, thus w = 1. Hence, (u,v) = (3, 8), which
is a contradiction. To summarise, we have proved the following restrictions on w.

Fact 1: w < s.

Fact 2: If w=s—1and r > 3, then 2/ = 2,

Fact 3: If w=s—1 and r = 2, then 2/ = 1.
Fact 4: If w=5s—2,r =2, and u = 3, then 2/ = 1.

Since (vt — 1)/(2/(v — 1)) = (¢ — 1)/(27) divides lem(v® — 1,02 — 1,..., 0% — 1)r"
and z'(v — 1) is coprime to v, it follows that r*~* divides r". Thus,

s—w < n=|log,m] <log, m+1

w—1

and so m > r*%~! Fact 1 implies that r~ is an integer and so m > 1+ r*~*~!. Hence,

k k

Z e; <u— 2:(mZ — ey <u—er¥ v (6.31)

=1 i=1

where the second inequality in (6.31) is obtained by setting m; =m > r*"*"1 +1 and m; = 1
for all i« € {2,3,...,k}. By Lemma 6.5.8, there exist pairwise coprime integers (1, (s, ..., lx
such that £;|v% — 1 for all i € [k] and (v*~! —1)/(2'(v — 1)) = £y - - - £}. Since v — 1|jv% — 1
for all ¢ € [k], it follows that there are integers y1,ys, ..., yr such that yiys- - yglv — 1 and
Cily;(vs — 1) /(v — 1) for all i € [k]. Therefore,

vt —1 i | _ i ..
B | ) T IR0 1 (R A
=1 |i=1 i=1
Also, from (6.31),
k k
[Jos =< [ v | —1=vtets 1 omrer™ =1 (6.33)

=1 =1

Furthermore, the first inequality in (6.33) is strict if & > 2.
We first deal with the case where k > 2. Suppose that e; +e3+ ...+ e, < u— 2. Then the
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combination of (6.32) and (6.33) yields,
v 1< (v— 1) 1) < 202 - 1),

This implies that v“"?(v — 2/) < 1 — 2/ and in particular v < 2z’ < 2z < 2log, v, which is
impossible. Thus, we may assume that e; +es + ...+ ¢, > u — 1. By (6.31), we know that
ertest.. . +ep=u—lande; =1 =7r""""1 Sos=w+1l. Fact 2 and Fact 3 together imply that
2’ € {1,2}. The combination of (6.32) and (6.33) tells us that v*~' —1 < /(v —1)?>"*(v*~1 —1).
Thus, (v—1)¥"2 < 2’ and so k = 2 = 2/. Since e; = 1, it follows that e; = u—2 and (6.32) implies
that (v*'—1)]2(v—1)(v*2=1). Ifv* 1 =1 < 2(v—1)(v*2—1), then v* 1 =1 < (v—1)(v*2-1),
which is false. So v*™! —1 = 2(v — 1)(v*"2 — 1). Thus, v*"%(2 — v) = 3 — 2v, which implies
that 3 — 2v > 2 — v. However, this forces v < 1, a contradiction.

We now deal with the case where k = 1. Since (v*~! —1)/(2/(v — 1)) divides v** — 1 and
v~ — 1, it must also divide ged(v®t — 1,01 — 1) = p&ed@=ler) _ 1 If ¢ = u — 1, then
(6.31) says that u — 1 < u — (u— 1)r*"*~1 forcing u < 2, which is false. So e; # u — 1 and
thus ged(u — 1,e1) < (v — 1)/2. Then (6.32) says that v* ! — 1 < 2/(v — 1)(v® /2 — 1) <
2’ (v+D/2 — 1), which implies that

D2 (=312 gy <1 — o (6.34)

If 2/ = 1, then (6.34) implies that v“=3/2 < 1, so u = 3. If 2/ > 1, then (6.34) implies that
v=3/2 < 2" < 2log, v, which also implies that v = 3. Thus, we may assume that v = 3. Since
e1 # u — 1, it follows that e; = 1. So (6.31) implies that rs~*~1 < 2.

First consider when r > 3. Since r*~*~! < 2, Fact 1 and Fact 2 together imply that 2/ = 2.
So (6.32) implies that (v+1)/2 = (v*"1—1)/(2(v—1)) divides v—1. Since (v+1)/2 > (v—1)/2,
it follows that (v +1)/2 = v — 1. Hence, v = 3 and so (u,v) = (3,3), a contradiction.

Now suppose that r» = 2. Since 2°7*~! < 2, Fact 1, Fact 3, and Fact 4 together imply that
2’ = 1. Hence, (6.32) implies that v+1 = (v*~! —1)/(v—1) divides v — 1, which is impossible.
This completes the proof of the fact that no element in GL,(v) has order (¢ — 1)/(2x).

We now prove that there is no element in I'L,,(v) of order (¢ — 1)/2. Recall that I'L,(v) is
the semidirect product GL,(v) x Aut(F,) where an element 6 € Aut(F,) acts entry-wise on an
element A € GL,(v). Suppose, for a contradiction, that there is some element A6 € 'L, (v) of
order (¢ — 1)/2. Let = be the order of § € Aut(F,) and note that z|s. Then (A40)* = B for
some B € GL,(v). Therefore, we can write (¢ — 1)/2 = yx where y divides the order of B. Let
b denote the order of B so that b = yb' for some positive integer &'. Then B € GL,(v) has
order y = (¢ — 1)/(2x), which is a contradiction.

We now prove that there is no element in PT'L, (v) of order (¢—1)/2. Let I denote the u X u
identity matrix in GL,(v). Let Z = {kI : k € F, } be the centre of GL,(v). Recall that PT'L,(v)
is the quotient group I'L,(v)/Z. For an element Af € I'L,(v), we will denote by Af the image
of A0 under the projection map from I'L,(v) to PI'L,(v). Suppose, for a contradiction, that
there is some element Af € PTL,(v) of order (¢ — 1)/2. Then there is some k € [, such that
(A0)=1/2 = kI, Let the order of k in F,, be y. Then the order of (A#)Y in I'L,(v) is (¢ —1)/2,

which is a contradiction. O

Let i € {1,2,3} and suppose that Atp,(Q) satisfies Theorem 6.5.5(¢ii). So, up to permuta-
tion isomorphism, PGL, (v) < Atp,;(Q) < PI'L,(v) for some prime power v and positive integer
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u such that ¢ = (v* —1)/(v—1) and ¢ is prime. Lemma 6.5.7 and Lemma 6.5.9 together imply
that v = 2. To reach a contradiction, we first prove that Atp;(Q) must contain an element
that is the product of (¢ + 1)/4 disjoint transpositions. We then use some results from §6.2
about the structure of quadratic Latin squares to prove that this is impossible. Note that
2" — 1 = 3 mod 4 for any positive integer u > 2.

Lemma 6.5.10. Suppose that q is prime and that there is an integer u > 2 such that ¢ = 2% —1.
Let G < Sym(FF,) be permutation isomorphic to PGL,(2). There is some g € G that is the
product of (¢ + 1)/4 disjoint transpositions.

Proof. Identify the action of PGL,(2) on the points of P*71(2) with GL,(2) acting naturally
on the set of non-zero elements of Fy. Let A € GL,(2) be defined by

1 ifi=jorbothi=wuandj=1,

Ai,j ==
0 otherwise.
Let x = (x1,22,...,%,) be a non-zero element of FY. If z; = 0, then Az = z and there are
2¢=1 — 1 possibilities for x. If xy = 1, then A%x = x # Ax and there are 2“7 = (¢ + 1)/2
possibilities for . The lemma follows. n

Lemma 6.5.11. Suppose that ¢ = 3 mod 4 and q is prime. For each i € {1,2,3}, there is no
permutation in Atp,(Q) that is the product of (q + 1)/4 disjoint transpositions.

Proof. By taking parastrophes, it suffices to prove that Atp,(Q) has no element that is the
product of (¢ + 1)/4 disjoint transpositions. Suppose, for a contradiction, that a € Atp,(Q)
is the product of (¢ + 1)/4 disjoint transpositions. Then « has (¢ — 1)/2 fixed points. Let
f € Atp,(Q) and v € Atps(Q) be such that («, 5,7) € Atp(Q). Using [92, Lemma 8], we
deduce that the order of 8 is 2 and the order of ~ is 2. Since ¢ is odd, it follows that 8 and
~ must have fixed points. Then [88, Theorem 1] implies that 8 and ~ have exactly (¢ — 1)/2
fixed points.

Let R, C, and S be the set of elements of F, fixed by «, 3, and ~, respectively. Also let
R', C', and S’ be the complements of R, C', and S in F,, respectively. Note that if z € R
and y € C, then x xy € S. Fix 2/ € R'. We claim that there is a unique 3y’ € C’ such that
2’ xy € 8. For any y € C, it is true that 2/ x y € S’, since all symbols z x y with z € R
lie in S. There are (¢ + 1)/2 symbols in S” and there are (¢ — 1)/2 elements y € C such that
x' xy € S’. Hence, there is a unique 3y’ € C’ such that 2’ x ¢y’ € S, as claimed. Let ¢y € C’
be such that {2’ * ¢/, 2" * (y/)} C S. Note that there are at least (¢ — 3)/2 choices for y/'.
Since (a, B,7) € Atp(Q) and {2’ x /', 2’ x 5(y/)} C S, it follows that 2’ * ¢’ = a(z) * 5(y') and
'« B(y) = a(z’) * f*(y) = a(a’) xy'. Equivalently, the row permutation r,s () of £ contains
the transposition (z'*y’, '+ 5(y’)). Since there are at least (¢—3)/2 choices for ¢/, it follows that
T4 a(z) CONtains at least (¢ — 3)/4 transpositions. Recall that b ¢ {—a,2 —a,a/(2a — 1)} since
q = 3 mod 4. Thus, Lemma 6.2.12 combined with Lemma 6.1.1 implies that r, ,(,) contains at
most two transpositions, which is a contradiction, since ¢ > 23. O

By combining Theorem 6.5.5, Lemma 6.5.6, Lemma 6.5.7, Lemma 6.5.9, Lemma 6.5.10, and
Lemma 6.5.11, we obtain the following result.
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6.5. ISOTOPISMS OF QUADRATIC QUASIGROUPS

Corollary 6.5.12. Leti € {1,2,3}. If Atp,(Q) is 2-transitive, then up to permutation isomor-
phism, Atp;(Q) < AGLq(p).

We are now ready to prove Lemma 6.5.4. Let G and H be groups with H < G < Sym(F,)
and let g € G. We denote by HY the subgroup {g'ohog:h e H} <G.

Proof of Lemma 6.5.4. Suppose that Atp,(Q) is 2-transitive. From Corollary 6.5.12, there is
some G < AGL4(p) and some § € Sym(F,) such that Atp;(Q) = G°. Let T = J,. Since
T < Atp;(Q), it follows that 79" < G. There is some u € [ such that r, € TNT <G (see,
e.g., [24, Lemma 4]). Since k, € T° ', it follows that 0~ o k, 0 § = &, for some v € . Since
T is normal in AGL4(p), it follows that TN G is normal in G. Hence, (TN G)° is normal in
Atp,;(Q). Note that s, € (TN G)°, since k, € TNG. Since (TN G)° is normal in Atp,(Q) and
{\.:ce€ R} < Atp;(Q), it follows that ke, = A.ok, 0 A1 € (TNG)? for all ¢ € R,. Therefore,
TN (TNG)| = (¢g+1)/2 >]T]|/2, hence T = (TN G)° and so T° = T. Therefore, § is in the
normaliser of T in Sym(F,), which is AGL4(p). Thus, Atp,(Q) = G° < AGL4(p). O

6.5.4 Proof of Theorem 6.0.12 and Theorem 6.0.11
In this subsection, we prove our main results regarding isotopisms of quadratic quasigroups.

Proof of Theorem 6.0.12. As mentioned at the beginning of §6.5.1, the theorem is easy to verify
using a computer if ¢ < 23. If a # b and ¢ > 23, then the result follows by combining
Lemma 6.5.1, Lemma 6.5.2, and Lemma 6.5.4. It remains to prove the theorem in the case
where a = b.

The autotopism group of an abelian group (G, +) is isomorphic to the semidirect product
G? x Aut(G) with multiplication defined by ((g1, g2),0) - ((h1, h2),d) = (¢~ (g1) +h1, 0 (g2) +
hy),0 o ¢). Furthermore, every autotopism of G is of the form («, 3,v) where a(z) = 0(x + u),
B(z) =6(x+v), and y(x) = 0(z + u + v) for some {u,v} C G and 0 € Aut(G) [16]. The result
now follows, since (A1_q, Aq,Id) is an isotopism from Q,, to (F,,+) and the automorphism
group of (F,, +) is GL4(p). O

Proof of Theorem 6.0.11. Let Q = Q,, and Q" = Q, be quadratic quasigroups of order q.
First, suppose that a = b. It is known [43] that Q is isotopic to the group (F,, +) and if a’ # ¥/,
then Q' is not isotopic to any group. Therefore, Q and Q" are isotopic if and only if @’ =¥'.
Now assume that a # b and o’ # O'. By Theorem 6.0.9, if {a,b} = {0(d’),0(V')} for some
0 € Aut(F,), then Q and Q" are isotopic. Now assume that Q and Q' are isotopic and let (o, 3, 7)
be an isotopism from Q to Q. Then (a ' ofoa, oo f,v 1oboy) € Atp(Q) for any
0 € Aut(Q’). Theorem 6.0.12 implies that a ' ocfoa = 371ofo 5 and so ao 37! centralises 6.
Since § € Aut(Q’) was arbitrary, @ o 37! centralises Aut(Q'). In particular, @ o 37! centralises
T, and so must be an element of T,. But a0 37! also centralises the permutation \. where c is
some fixed element of R, \ {1}. The only element of T, that can centralise this permutation is
Id. Therefore, & = 3. Similar arguments show that 5 = v also. Hence, Q and Q' are isomorphic
and the theorem follows from Theorem 6.0.9. O
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Chapter 7

Future work

In this chapter, we discuss a number of fascinating open problems regarding Latin subrectangles.
Of course, there are plenteous problems regarding subrectangles that have not been touched
in this thesis. For examples, see the papers [15, 18, 19, 35, 59, 62, 68, 69] or the survey [32,
Chapter 4]. In this chapter, we will focus on open problems that are directly related to work
done in this thesis.

Throughout this chapter, let n be a positive integer. Let k and m be positive integer
functions of n with & < n and m < min{k,n/2}. Unless otherwise stated, all asymptotics in
this chapter are as n — oo. In Chapter 3, we proved that E,,(k,n) = O(n™?) whenever m > 4.
Although this is enough to resolve Conjecture 2.2.8(i), we expect that E,,(k,n) tends to 0 much
quicker than n=2 does. From [112], we know that the number of Latin squares of order m is

exp (—Qm2 +m?*logm + O <m log? m)) :

k n
Thus, if Conjecture 2.2.9 is true and m = o(n), then

E,,(k,n) = (7’;) (;)2exp <—2m2 +m?logm + O (mlog2 m)) (HTO(D)m

= exp (mlogk+2mlogn—3m10gm—|—0(m) —2m? + m*logm + O (mlog2m>

Also note that () = exp(mlogk—mlogm+O(m)) and () = exp(mlogn—mlogm+O(m)).

+m?log(1 + o(1)) — m*log n)

2
m

— (E) exp (mlogk +2mlogn — €2 (m2)> ,
which goes to 0 quicker than n=2 does if m > 4. Thus, a direction for future research is to give
better asymptotics for E,,(k,n) when m > 4.

Conjecture 2.2.8(7i) and Conjecture 2.2.4(ii) both remain unresolved. Hence, the resolution
of these conjectures is an obvious direction for future research. Another interesting direction
is to prove the following weak version of Conjecture 2.2.4(i7): There is a constant ¢ > 0 such
that Eg(n,n) > ¢ — o(1). Theorem 3.0.4 implies that Ez(n,n) < 2/3 + o(1). Thus, if we could
prove that Ez(n,n) > ¢ — o(1) for some constant ¢ > 0, then it would follow that E3(n,n) is
asymptotically bounded between positive constants. This is not true if we replace 3 by any
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other meaningful integer m, since Es(n,n) is unbounded and E,,(n,n) = o(1) if m > 4.

Most of the open problems that we have discussed so far are implied by Conjecture 2.2.9.
Thus, attempting to resolve Conjecture 2.2.9 is a very worthwhile endeavour. Due to the
dependence of € on § in Conjecture 2.2.9 being unclear, the conjecture is not useful for predicting
the occurrence of substructures in kxn Latin rectangles that have ©(n) entries in a row, column,
or with a particular symbol. Indeed, Conjecture 2.2.9 is false if we drop the condition that P is
e-dense [39]. It would be valuable to formulate a conjecture that predicts the probability of a
random k X n Latin rectangle containing any e-dense k x n partial Latin rectangle where € > 0
is an absolute constant. In particular, motivated by subsquares in random Latin rectangles, it
would be of interest to formulate such a conjecture with e = 1/2.

In Chapter 4, we resolved Conjecture 2.2.13 by constructing N,, Latin squares of orders of
the form 293 where @ > 1 and b > 0 are integers. Our construction used corrupting pairs of
orders 8 and 9. It seems likely that our method could be generalised to construct N, squares
of other orders. There are no corrupting pairs of order less than 7, but they probably exist for
all orders 7 and above [117]. If we have a corrupting pair (A, B) of order ¢ > 8 that satisfies
Properties 1-7 from §4.2, then the same arguments as used in Chapter 4 can be used to prove
that an N, Latin square of order (u exists whenever there is an N, Latin square M of order
p and integer s € [u — 1] such that (M, s) satisfies Conditions (z)—(7i¢) in §4.2. The condition
that p > 8 is needed for some of our arguments to be directly applied, but we do not believe
that there is an intrinsic obstacle to building N, Latin squares using the construction from
Chapter 4 with a corrupting pair of order 7.

Another direction for future research is to provide asymptotic estimates for the number
of N, Latin squares, along the lines of the asymptotic estimates for the number of N, Latin
squares given by Theorem 2.2.12. In Chapter 3, we resolved Conjecture 2.2.4(7), proving that
with probability 1 — o(1), a random Latin square of order n has no proper subsquare of order
4 or more. Conjecture 2.2.4(ii) suggests that the proportion of Latin squares of order n that
contain a subsquare of order 3 is asymptotically at most 1/18. Thus, we propose the following
new conjecture.

Conjecture 7.0.1. Let Noo(n) and No(n) denote the number of No, and Ny Latin squares of
order n, respectively. Then

In Chapter 5, we enumerated the perfect 1-factorisations of K71, and the row-Hamiltonian
Latin squares of order 11. The complete enumeration of the perfect 1-factorisations of K313
or the row-Hamiltonian Latin squares of order 13 seems, at the moment, to be an unrealistic
goal. A more realistic, and still very worthwhile, goal would be to enumerate the atomic Latin
squares of order 13.

In Chapter 6, we investigated many problems regarding subrectangles of quadratic Latin
squares. The most tantalising open problem in this area is the following: When is a quadratic
Latin square row-Hamiltonian? We know [5] that there are infinitely many row-Hamiltonian
quadratic Latin squares. However, we also know, from Theorem 6.0.4, that for each odd prime p,
there are only finitely many integers d for which there might exist a row-Hamiltonian quadratic
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Latin square of order p?. Let p be an odd prime. It would be a worthwhile goal to find sufficient
conditions for a quadratic Latin square of order p? to be row-Hamiltonian for ‘small’ values of
d. This may allow progress to be made on Conjecture 2.3.21. If we restrict our attention to
involutory quadratic Latin squares, then progress could be made on Conjecture 2.3.12.

Allsop and Wanless [5] conjectured, and gave some numerical evidence to suggest, that
there are ©(p) row-Hamiltonian quadratic Latin squares of prime order p as p — oo. If this
conjecture is true, then Theorem 2.3.5 and Theorem 6.0.11 would together imply that the
number of isomorphism classes of perfect 1-factorisations of K, with p prime goes to oo as
p — oo. Allsop and Wanless [5] also gave numerical evidence to suggest that the number of
involutory, row-Hamiltonian quadratic Latin squares of prime order p = 3 mod 4 goes to oo as
p — oo. If this is true, then Theorem 2.3.5 and Theorem 6.0.11 would together imply that the
number of isomorphism classes of perfect 1-factorisations of K., tends to co as p — oo, which
would partially resolve a conjecture of Rosa [104].

Let p be prime, let d be a positive integer, and let ¢ = p?. Given Lemma 6.1.1, it would
be worthwhile to investigate whether quadratic Latin squares can be used to improve Theo-
rem 2.3.27 or even help resolve Conjecture 2.3.26. Theorem 6.0.4 tells us that a quadratic Latin
square L[a, b] of order ¢ could only be useful for this purpose if d is ‘small” or {a,b} C F, NN,.
Unfortunately, computational evidence seems to suggest that Latin squares L[a,b] of order ¢
with {a,b} C F, NN, contain some long row cycles.

Recall the definition of a cyclotomic orthomorphism from §2.4. Also recall that a quadratic
quasigroup is a quasigroup that is generated by a cyclotomic orthomorphism of index 2. If ¢
is a cyclotomic orthomorphism of index u and ¢ is not cyclotomic of any index v < wu, then
¢ has least index u. The quadratic quasigroups of the form Q,, are the quasigroups generated
by a cyclotomic orthomorphism of index 1. Theorem 6.0.12 implies the following statement.

If Q is a quasigroup generated by a cyclotomic orthomorphism

7.1
of least index 2, then every autotopism of Q is an automorphism. (7-1)

Theorem 6.0.11 implies the following statement.
If Q and Q' are isotopic quasigroups generated by cyclotomic (72)

orthomorphisms of least index 2, then Q and Q' are isomorphic.

It would be interesting to determine for which integers u (7.1) is true if we replace 2 by u
and for which integers u (7.2) is true if we replace 2 by u. Neither (7.1) nor (7.2) are true if
we replace 2 by 1. Let Q and Q' be quasigroups of order ¢ that are generated by cyclotomic
orthomorphisms of least index 1. Theorem 6.0.10 and Theorem 6.0.12 together imply that there
are autotopisms of Q that are not automorphisms of Q. Theorem 6.0.9 and Theorem 6.0.11
together imply that Q and Q' are isotopic, but may not be isomorphic.

Identify Fg = F3[z]/(2? — z — 1). Let Q be the quasigroup generated by the cyclotomic
orthomorphism ¢,[—1,z + 1, —z + 1,2 — 1] and let Q" be the quasigroup generated by the
cyclotomic orthomorphism ¢, [z, + 1,—x — 1,—x + 1]. Then Q and Q" are isotopic, but
not isomorphic. Identify Fos = Fj[z]/(2* — = + 2), let Q be the quasigroup generated by
0e[2,—1,—x—2,2—1,2x—2,2x—2], and let Q" be the quasigroup generated by ¢, [2, —2,2x,1—
z,x,2 — 2x]. Then Q and Q' are isotopic, but not isomorphic. Therefore, (7.2) is false if we
replace 2 by 4 or 6. For u € {3,5}, there are no two quasigroups Q and Q" of order less than
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50 that are generated by cyclotomic orthomorphisms of least index u and that are isotopic but
not isomorphic. For u € {3,4,5}, there is no quasigroup of order less than 50 generated by a
cyclotomic orthomorphism of least index u that has an autotopism that is not an automorphism.
The only quasigroup of order less than 50 generated by a cyclotomic orthomorphism of least
index 6 that has an autotopism that is not an automorphism is the quasigroup Q of order 7
generated by ¢33, 3,6,3,2,4]. Explicitly, Aut(Q) = Z; and Atp(Q) = PGL3(2). However, we
note that a cyclotomic orthomorphism of index ¢ — 1 over [, is, in some sense, a degenerate
cyclotomic orthomorphism, since every orthomorphism of I, that fixes 0 is cyclotomic of index
qg— 1.

The only known quasigroups that violate (7.2) when 2 is replaced by some other index are
not of prime order. Thus, it would be interesting to determine for which integers u (7.2) is true
when replacing 2 by u if we impose that the orders of Q and Q" are prime. It would also be
interesting to determine for which integers u (7.1) is true when replacing 2 by u if we impose
that the order of Q is prime.
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Glossary of notation

This glossary contains a list of mathematical symbols that are used in this thesis, along with a
brief definition of each symbol and the page number that it was defined on. The criteria for a
symbol to be included in this glossary is:

e The symbol is non-standard,
e The symbol is used for a singular purpose throughout this thesis, and

e The symbol is used in places other than the immediate vicinity of its definition.

Symbol pp- | Meaning

[m] 4 {1,2,...,m}

MI|I,J] 5 The submatrix of M induced by the rows in / and the columns
in J

Sym(X) 5 The group of permutations of the set X

Idy / Id 5 The identity permutation of the set X

Aut(L) / Aut(Q) 6 The automorphism group of the Latin square L/quasigroup @

Atp(L) / Atp(Q) 6 The autotopism group of the Latin square L/quasigroup @

Apar(L) / Apar(Q) | 6 The autoparatopism group of the Latin square L/quasigroup @

f=0(g) 7 There exists a positive constant C' such that |f(n)| < Clg(n)]
for all sufficiently large integers n

f=Q(g) 7 There exists a positive constant K such that |f(n)| = Klg(n)]
for all sufficiently large integers n

f=6(g) 7 | f=0(g) and f =1g)

7 = olg) 7| fn)/g(n) > 0 as n— oo

Pr(X) 7 The probability of event X occurring in the discrete uniform
distribution

E,.(k,n) 7 The expected number of subsquares of order m in a uniformly
random k£ x n Latin rectangle

LDOP 7 The Latin rectangle L contains each entry of the partial Latin
rectangle P

Ny 10 | Describes a Latin square devoid of intercalates

Nso 10 | Describes a Latin square devoid of proper subsquares

Aut(F) 11 | The automorphism group of the 1-factorisation F

[f1, f2y ey fal 12 | An ordered 1-factorisation with 1-factors fi, fo,..., fa
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%[am ay,
la, b]
Lla, b

ce ,au,l]

12

12

13

13

18

—
0.¢]

A R N N A N N N W]
S Ot Ot Ot Ot W

[\
[@))

26
29

30

30

30

31

31
31

The ordered 1-factorisation obtained from F by applying v to
its 1-factors and 6 to the vertices of the underlying graph

The group of ordered automorphisms of the ordered 1-
factorisation JF

The ordered 1-factorisation of K, , obtained from the Latin
square L

The Latin square obtained from the ordered 1-factorisation F of
Knn

The subgraph of I' with vertex set V(I') and edge set M

The perfect 1-factorisation of K,;; due to Kotzig

The perfect 1-factorisation of Ky, due to Kotzig and Anderson
The perfect 1-factorisation of K,;; due to Bryant, Maenhaut,
and Wanless

The ordered 1-factorisation of K, , obtained from the rooted 1-
factorisation (F,v) of K, 14

Z(K(F,v))

The ordered 1-factorisation of K, ,; obtained from the Latin
square L

The number of conjugates of L that are row-Hamiltonian

The quadratic residues in [}

The quadratic non-residues in F}

A cyclotomic map of index u

A quadratic map

The quadratic Latin square generated by the quadratic ortho-
morphism ¢[a, b]

The quadratic quasigroup generated by the quadratic orthomor-
phism ¢[a, b|

The binary operation that defines the quadratic quasigroup 9,
The row cycle of a Latin rectangle that hits rows ¢ and j and
column ¢

The column cycle or incomplete column cycle of a Latin rectangle
that hits columns ¢ and j and row r

The row permutation of a Latin rectangle mapping row 7 to row
J

The partial permutation mapping column ¢ of a Latin rectangle
to column j

The first ¢ cells of the submatrix of a Latin rectangle induced by
the rows and columns in [m] in the natural ordering

The cell in T; \ T;_4

The set of Latin rectangles for which every cell in T; contains a
symbol in [m]
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L x M

Hi

H

¢,

Py

(A, B) xs M
T

n(i, j, )
A | B8
A% | B
d,/d>] d5
X

N(X)

Q

Q

Qe 0)/Q
PILf

j)i

69

77

82
82
82
82
83
84

The set of partial Latin rectangles whose non-empty cells are T’
and every non-empty cell contains a symbol in [m]

Upcr T(T")

The Latin square obtained from L by replacing the entry
(4,7, L; ;) with (i, 7, 0)

The order on [n] x [m] defined by (a,b) < (¢,d) if @ < ¢ or both
a=cand b<d

The direct product of the Latin squares L and M

{(i,0) : L € [m]}

{(¢,4) : L € [n]}

The projection of [n] x [m] onto the first coordinate

The projection of [n] x [m] onto the second coordinate

The corrupted product of (A, B) and M of shift s

The principal M-block of a corrupted product (A, B)*, M, which
is a subsquare

A collection of entries of a Latin square that can be ‘switched’
on to produce a new Latin square

Latin squares of order 8 that together form a corrupting pair
which we use to build N, squares

Latin squares of order 9 that together form a corrupting pair
which we use to build N, squares

Aj1/A12/ A3 where A € {A8) A%}

The set of pairs (M, s) satisfying Conditions (7)—(éi7) in §4.2
The set of integers p for which there is a member (M, s) of X
where M is of order p

The Latin square obtained from a corrupted product (A, B) % M
by switching on a row cycle of length 3 where A = A and
B = B¢ for some ¢ € {8,9} and (M, s) € X

Q relabelled using <;

(@5 + (1,0)) = Qes

The ordered partial 1-factorisation obtained from P by append-
ing f

The ordered partial 1-factorisation consisting of the first ¢ 1-
factors in P

An alternative Latin square obtained from the rooted 1-
factorisation (F,v) of K, 41

The group of even permutations of a set X

The map z — z + ¢

The map z — cx

{kc:ceF,}

The extended quadratic character on I,

The row permutation 7y ; of the quadratic Latin square £L[a, 0]
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A*
Atpi(@ )

0¢)

0¢)

oo
ot Ot Ot Ot

oo OO
Na)

0]
Ne)

89

90
90
90

90

91

91

91

91

92

92

93
108

The set of row permutations 7y ; of quadratic Latin squares
The cycle of w containing 0

The cycle of w = w[a, b] containing a

The sequence obtained from z by a cyclic rotation of ¢ positions
Measures the number of 1’s in an even indexed position in a
(—1,1)-sequence

Measures the number of 1’s in an odd indexed position in a
(—1,1)-sequence

Measures the number of (—1)’s in an even indexed position in a
(—1,1)-sequence

Measures the number of (—1)’s in an odd indexed position in a
(—1,1)-sequence

o — et
o —e
o — e
o — et

The set of sequences z € {—1,1}? that are not even periodic
such that (z,w) is of Type One

The relation on {—1,1}% defined by z ~ 2’ if 2/ = 2% for some
ief{0,1,...,c—1}

The permutations wla,b] € A such that ab™! is not a k-th root
of unity for any k € [m]

The set X.,, for a permutation w = wla,b] € A, with a € R,
The set X, for a permutation w = wla, b] € A, with a € N,

A polynomial that can be used to determine whether a permu-
tation w = wla, b] with a € R, satisfies a sequence z € X/~
A polynomial that can be used to determine whether a permu-
tation w = wla, b] with a € N, satisfies a sequence z € X/~
The set of sequences z € {—1,1}*" such that (z,w) is of Type
Two

The set Y., for a permutation w = wla,b] € A, with a € R,
The set Y., for a permutation w = wla,b] € A, with a € N,
The number of j € I, such that w satisfies z with j

A polynomial such that if some w = w[a, b] with a € R, satisfies
z and (z,w) is of Type Two, then (a,b) is a root of g,

A polynomial such that if some w = wla, b] with a € N, satisfies
z and (z,w) is of Type Two, then (a,b) is a root of h,

The permutations wla, b € A with a # b

The projection of Atp(Q) onto the i-th coordinate
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