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Abstract

Forecasting in real-world settings often involves modelling time series data characterised by dynamic
and evolving patterns. Achieving accurate forecasts typically requires incorporating diverse predictors
that may interact with the target series in complex and non-linear ways. While deep learning methods
have gained popularity for such tasks, these models often function as black boxes, offering little
insight into the underlying mechanisms. This emphasises the need for statistical approaches that

offer similar capabilities while providing greater transparency in model specification and estimation.

Nonparametric additive models have recently emerged as an effective and adaptable method for
forecasting and prediction tasks. However, their practical application faces notable difficulties. One
major challenge is identifying the relevant predictors to include in the model when working with high-
dimensional data. Another important issue is determining how to group predictors to capture their
interactions appropriately. To help bridge this gap, nonparametric additive index models are explored
as a forecasting framework in this thesis, with a particular focus on automating predictor selection,
predictor grouping, and model estimation, thereby reducing dependence on prior knowledge or

domain expertise.

This thesis offers three main contributions. First, it introduces the Sparse Multiple Index (SMI) Mod-
elling algorithm, which estimates nonparametric additive index models via an £,- and {,-regularised
non-linear least squares optimisation problem with linear constraints, solved using mixed integer
programming. The algorithm performs both predictor selection and grouping with minimal user
input. Empirical applications to forecasting heat exposure-related daily mortality and daily solar
intensity demonstrate the method’s competitive forecasting performance. Owing to its objective and
flexible estimation approach, the proposed SMI model accommodates a broad spectrum of addi-
tive structures—from single index models to fully additive models—making it a general estimation
framework suitable for nonparametric additive models. While its application in this thesis focuses
on forecasting, the model itself is not tailored to time series data and can readily be applied to

cross-sectional prediction tasks, highlighting its versatility as a statistical tool.
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Second, the thesis investigates methods for generating prediction intervals to quantify forecast
uncertainty in nonparametric additive models. It evaluates the standard block bootstrap approach
and three established conformal prediction methods. In addition, it introduces a novel method—
Conformal Bootstrap (CB)—that brings together block bootstrap resampling and split conformal
prediction in a cohesive procedure for constructing prediction intervals. Based on the two empirical
applications presented, the CB method generally yields prediction intervals with improved calibration
and sharpness over those generated by the block bootstrap approach, and performs comparably to

conformal prediction methods in most scenarios.

As a third contribution, this thesis introduces an open-source R package, smimodel, to promote
the practical use of the proposed methodologies. The package implements the SMI Modelling
algorithm, along with tools for generating prediction intervals using both the block bootstrap and
conformal bootstrap methods. The development of this software ensures that the proposed methods

are accessible, reproducible, and extensible by the wider research and forecasting community.
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Chapter 1

Introduction

Time series forecasting is a key tool that supports strategic decision-making across diverse fields,
including but not limited to preventive maintenance, finance, retail and power systems planning
(Jakobs & Liebig 2024; Godahewa et al. 2021; Lim & Zohren 2021; Fan & Hyndman 2012). These
real-world forecasting problems often involve time series with complex and dynamic patterns over
time. Accurately forecasting these series typically requires the consideration of multiple predictors
that have intricate non-linear relationships with the time series of interest. For example, temperature
is typically an important predictor variable in forecasting electricity demand, and the relationship
between electricity demand and temperature is often non-linear (Hyndman & Fan 2010; Fan &

Hyndman 2012).

In recent years, research has increasingly shifted towards deep learning-based forecasting methods,
moving away from classical statistical models for time series forecasting (Jakobs & Liebig 2024; Lim
& Zohren 2021). This shift is driven by the argument that deep learning techniques are better able
to capture intertemporal and non-linear dependencies in the data (Elsayed et al. 2021). Moreover,
the estimation of traditional models relies heavily on the domain knowledge and experience of the
forecaster. In contrast, machine learning approaches identify temporal patterns through data-driven
techniques (Lim & Zohren 2021). This distinction has further facilitated the transition towards
deep learning methods, particularly due to the increasing availability of data and the continuous

advancement of computational capabilities.

However, researchers have begun to critically evaluate the use of deep learning methods in real-
life forecasting problems. The increasing complexity of these methods makes it almost impossible

to identify the underlying model-building process, or fully understand the rationale behind their
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performance, which is particularly problematic in risk-intensive decision-making contexts (Jakobs &

Liebig 2024; Rudin 2019).

These circumstances motivated this research, which aims to develop a statistical model capable
of capturing complex temporal dynamics and non-linear predictor-response relationships in real-
world time series forecasting problems, while providing transparency in its structure and estimation
process. Although nonparametric additive index models are not specific to time series forecasting,
our research has shown that they are capable of capturing non-linear relationships and handling
complex interactions between variables, while maintaining the necessary clarity in model construction.
However, we observed a lack of objectivity in the selection of predictor variables in high-dimensional
scenarios and in the grouping of predictors to model interactions, particularly in predictive applications.
Therefore, the broader aim of this thesis is to investigate nonparametric additive index models as a
forecasting tool in high-dimensional settings, while automating predictor selection, predictor grouping,
and model estimation where possible, thereby reducing the necessity to utilise domain expertise or

prior knowledge in the process.

1.1 Background

This section provides an overview of relevant background work related to the overall focus of this
thesis. While not all the statistical models and methodologies outlined here are directly utilised in

the thesis, they are included here to provide context for the research presented in Chapters 2—4.

In the aforementioned real-world forecasting problems with omnipresent non-linear predictor—
response relationships, it is typical to consider a long history of predictors; i.e. several lags of
the predictors into the forecasting model in addition to their current values. For example, forecasting
half-hourly electricity demand often requires at least a week of historical temperature measurements

(Hyndman & Fan 2010).

In this case, a non-linear transfer function model is appropriate, which can be stated as

Ye=flan, @i g, . s Qg Y155 i) T &5

where y, is the observation of the response variable at time t, f is any arbitrary function (typically
non-linear and smooth), a; is a vector of predictors at time ¢, and ¢, is an independent and identically
distributed (i.i.d.) random error. Note that the above model formation includes lagged values of the
response y, along with the lagged predictors, which may help to capture any serial correlation that is

present in the data.
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Estimating the nonparametric function f becomes infeasible in high-dimensional settings due to the
curse of dimensionality (Bellman 1957; Stone 1982). As a result, nonparametric additive models,

which impose an additivity constraint on the estimation of f, have become increasingly popular.

Let (y;,x;),i =1,...,n, be i.i.d. observations, and x; = (x;1,... ,xip)T be a p-dimensional vector of

predictor values. Then a nonparametric additive model can be written as

p
yi:ij(Xij)+8i: i=1,...,n (1.1)
j=1
where f;, j=1,...,p are unknown functions (usually non-linear and smooth), and ¢; is the random

error (Lian 2012). Even when such an additivity condition is imposed, estimating the optimal
predictive model will still be troublesome when p is very large (probably even larger than the sample
size n) due to over-fitting (Lian 2012). Thus, it is natural to bring in the sparsity assumption, and
assume that some of the f; functions are zero, which raises the need for a variable selection method

to differentiate between zero and non-zero components (Huang, Horowitz & Wei 2010).

1.1.1 Variable selection

Backward elimination

In the problem of forecasting long-term peak electricity demand, Hyndman & Fan (2010) used a
backward elimination procedure for variable selection through cross-validation. For each half-hourly
model fitted, the data is split into training and validation sets, and the predictors are selected in the
model based on the Mean Squared Error (MSE) calculated for the validation set. Starting from the
full model, the predictive power of each variable is evaluated by sequentially dropping one variable at
a time. If the removal of a predictor leads to a decrease in the validation MSE, it is omitted from the
model in subsequent steps (Hyndman & Fan 2010). Fan & Hyndman (2012) used a similar method
except for the fact that they considered the Mean Absolute Percentage Error (MAPE) as the selection
criterion. Therefore, these previous works use backward elimination for variable selection, relying on

out-of-sample forecasting performance.

Penalisation methods

According to Huang, Horowitz & Wei (2010), there are numerous penalised methods for variable
selection and parameter estimation in high-dimensional settings, including the bridge estimator
proposed by Frank & Friedman (1993), the Least Absolute Shrinkage and Selection Operator (LASSO)
by Tibshirani (1996), the Smoothly Clipped Absolute Deviation Penalty (SCAD) by Fan & Li (2001),
and the Minimum Concave Penalty (MCP) by Zhang (2010). Among them, the LASSO and the SCAD

penalties are quite popular in the literature.
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Tibshirani (1996) introduced the regularisation method, LASSO, for estimating linear models, which
minimises the sum of squared residuals subject to an £; penalty on the coefficients. Consider the
classical linear regression model y; = Zﬁ.’:l Bjx;; + &;, where the model is fitted to the data (y;, x;),
i =1,...,n. Here, y, is the response, x; = (x;1,. ..,xl-p)T is a p-dimensional vector of predictors,
B=0P,-.-, ﬂp)T is the parameter vector corresponding to x;, and ¢; is the random error. Then, the

LASSO estimator, /3L Asso» can be obtained by

2 p
HZW}’
2 j=1

P

Prasso = n}jm{ y —ijﬁj
j=1

where x; = (xl jreees xnj)T, and A is a non-negative tuning parameter. The LASSO estimator reduces

to the Ordinary Least Squares (OLS) estimator when A is equal to zero (Konzen & Ziegelmann 2016).

Due to the nature of the penalty applied, LASSO shrinks some of the coefficients towards zero and sets

the others exactly to zero, where the estimation of the coefficients and the selection of the variables

are performed simultaneously (Konzen & Ziegelmann 2016).

While showing that the LASSO is inconsistent for variable selection in certain situations, Zou (2006)
introduced Adaptive LASSO (popularly known as adaLASSO); an extension of the LASSO method
that uses adaptive weights to penalise coefficients with the £, penalty. Thus, the adal.LASSO objective

function can be written as

2 p
+Aij|/sj|},
2 j=1

p
y— Z x; B
=1

Badarasso = U}siﬂ {

where the vector of weights w = (wl, .. ,wp)T is estimated by w = 1/|B|" for y > 0, where v is a

tuning parameter, and [3 is any consistent estimator of 3 (Zou 2006).
Yuan & Lin (2006) considered the problem of selecting groups of variables and discussed extensions
of three variable selection and estimation methods namely, LASSO (Tibshirani 1996), Least Angle
Regression Selection (LARS, Efron et al. 2004), and Non-Negative Garrotte (Breiman 1995). Consider
an n-dimensional response vector y, and an n x p matrix of predictor values X. Then the Group
LASSO estimator of the coefficient vector f is obtained by minimising

1 R
5 +A;nmum,

2

L
y_ZXZﬁIZ
=

where X, is an n x p; submatrix in X corresponding to the £" group of predictors (p, is the number of

predictors in the £ group), B, is the corresponding vector of coefficients, ||B,]| K, = (ﬂeT K, ﬁe)% with
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K,...,K; being a set of given positive definite matrices, L is the number of predictor groups, and A
is a non-negative tuning parameter. In addition, Simon et al. (2013) proposed Sparse-Group LASSO,
which is a convex combination of general LASSO and Group LASSO methods, focusing on both
groupwise sparsity (the number of groups with at least one non-zero coefficient), and within-group

sparsity (the number of non-zero coefficients within each non-zero group).

According to Fan & Li (2001), a penalty function used in penalised least squares approaches should
have three properties. First, it should be singular at the origin to generate a sparse solution. Second,
it should fulfil certain conditions to be stable in model selection. Finally, it should be able to produce
unbiased estimates for large coefficients by being bounded by a constant. They argued that all these
three conditions are not satisfied by several penalisation methods, such as the bridge regression
(Frank & Friedman 1993) and the LASSO (Tibshirani 1996). Therefore, they proposed the SCAD

penalty function, which is defined in terms of its first derivative as

(ar—0),

I(9>7L)},

for some a > 2, and 6 > 0 (Fan & Li 2001). According to Fan & Li (2001), the SCAD penalty function
retains the favourable properties of both best subset selection and ridge regression, while having all

three desired properties, i.e. sparsity, stability, and unbiasedness.

Based on the above penalisation methods originally developed for linear models, Huang, Horowitz
& Wei (2010) proposed a new penalisation method for variable selection in the nonparametric
additive model (Equation 1.1) called Adaptive Group LASSO. They approximated the f; functions
using normalised B-spline bases so that a linear combination of B-spline basis functions is used to
represent an individual nonparametric component f;. The proposed method is a generalisation of the

Adaptive LASSO method (Zou 2006) to the Group LASSO method (Yuan & Lin 2006).

When considering the nonparametric additive model in Equation 1.1, an obvious possibility is that
some of the additive components (i.e. f;) are linear. For example, when forecasting the electricity
demand, Fan & Hyndman (2012) included calendar effects such as the day of the week and holiday
effect as linear variables in the model, while lagged temperature and lagged demand variables were
non-linear additive components. Such situations suggest the use of semiparametric partially linear

additive models, which can be expressed mathematically as

p b
Yi= ij(xij)+zuik/3k +¢, i=1,...,n,
j=1 k=1
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where x;, j=1,...,p, is a set of predictors entering the model as nonparametric components, while
uy, k=1,...,b, is another set of predictors entering the model as linear components. While several
studies have assumed that the number of nonparametric components is fixed, and performed variable
selection only among the linear components of the model (Lian 2012; Guo et al. 2013; Liu, Wang &
Liang 2011), Wang et al. (2014) introduced a methodology for selecting both linear and non-linear
components simultaneously, in the context of correlated, longitudinal data. They proposed the use of
a Penalised Quadratic Inference Function (PQIF) with double SCAD penalties for variable selection and
model estimation, where the correlation structure of the data was incorporated into the estimation

method (see Wang et al. (2014) for details).

Time series aspect
It is worth mentioning briefly that there are extensions to the penalisation methods discussed above
that have been specifically proposed to account for autocorrelation and lag structures in time series

data.

Wang, Guodong & Tsai (2007) proposed an extension of LASSO to Regression with Autoregressive Error
(REGAR) models. Park & Sakaori (2013) and Konzen & Ziegelmann (2016) proposed modifications to
the Adaptive LASSO method to incorporate the lag structures presented in Autoregressive Distributed
Lag (ADL) models into the variable selection and estimation methodology. The Ordered LASSO was
introduced by Tibshirani & Suo (2016) to deal with time-lagged regression problems, where we
forecast the response value at time t using the predictor values from a few previous time points,
assuming that the magnitude of the regression coefficients decreases as the lagged predictor moves

away from time t.

However, it is important to note that all the models considered in the above time series-related work

are linear; none of them include nonparametric terms.

Mathematical optimisation for variable selection

Mathematical optimisation

Optimisation plays an important role in both decision science and physical systems evaluation.
Mathematical Optimisation or Mathematical Programming can be defined as the minimisation (or
maximisation) of a function subject to restrictions on the unknowns/parameters of that function

(Nocedal & Wright 2006). Thus, a mathematical optimisation problem can be written as

min  fo(x)
x (1.2)
S.t. fi(X)Sbi, i=1,...,m
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where the vector of unknowns or parameters of the problem is given by x = (x1,...,x,)’, the objective
function is given by f, : R" — R, the constraint functions are given by f; : R" - R, i=1,...,m, and
the bounds of the constraints are given by b = (by,...,b,,)". A vector of values x* that results in the
smallest value for the objective function among all vectors that satisfy the stated constraints is called
the optimal value or the solution to the problem (Boyd & Vandenberghe 2004). After mathematically
formulating the optimisation problem as above (Equation 1.2), an appropriate optimisation algorithm

is used to obtain the solution x* (Nocedal & Wright 2006).

Based on the form of the objective function and the constraints, different types of optimisation

problems are identified.

An optimisation problem is identified to be a Linear Programming (LP) if both the objective function

and the constraints in Equation 1.2 (i.e. all f;, i =0,...,m) are linear. Thus, an LP can be written as
min ag X
X
(1.3)
s.t. Ax <b,

where x is the vector containing the parameters to optimise, and a, and b are given vectors, and
A € R™" is a given matrix. All LPs are convex optimisation problems (Theul}]l, Schwendinger &

Hornik 2020).

The LP problem given in Equation 1.3 can be generalised to include a quadratic term in the objective

function, in which case it is called Quadratic Programming (QP). A QP can be written as
min leQ x+alx
x 2 0 0
s.t. Ax <b,

where Q, € R™". Unless the matrix Q, is positive semidefinite, a QP is non-convex (Theufl,

Schwendinger & Hornik 2020).

When a linear objective function is minimised over a convex cone, such an optimisation problem is

called a Conic Programming (CP), which can be written as

min ag X
X

st. Ax+s=b, sex,

where £ denotes a non-empty closed convex cone. CPs are designed to model convex optimisation

problems (Theuf3], Schwendinger & Hornik 2020).
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If we restrict some of the unknowns/parameters in an optimisation problem to take only integer
values, then the optimisation problem is called a Mixed Integer Programming (MIP). For example, if we
constrain x; € Z for at least one k, k € {1,...,n} in the optimisation problem given by Equation 1.2,
then the optimisation problem becomes an MIP If all unknowns of an optimisation problem are
constrained to be integers, such a problem is called a pure Integer Programming (IP), whereas if all the
unknowns are bounded between zero and one (i.e. x € {0, 1}"), the optimisation problem is called a
Binary (Integer) Programming (Theul3l, Schwendinger & Hornik 2020). MIPs are difficult to solve as
they are non-convex due to the integer constraints. However, a growing number of commercial and

non-commercial MIP solvers have made it possible to solve MIP problems conveniently and directly.
Variable selection using optimisation techniques

Mathematical optimisation is of fundamental importance in statistics, as many statistical problems,
including regression, classification, and other estimation/approximation problems, can be reinter-
preted as optimisation problems (Theuf3l, Schwendinger & Hornik 2020). For example, the problem
of variable selection—a long-standing interest of statisticians—has recently benefited from the use of

optimisation concepts, in particular MIP and convex optimisation.

For example, Bertsimas, King & Mazumder (2016) used a mixed integer optimisation procedure
to solve the classical best subset selection problem in linear regression. They developed a discrete
optimisation method by extending modern first-order continuous optimisation techniques. The method
can produce near-optimal solutions, which would serve as a warm start for an MIP algorithm that
would select the best k features from p predictors. Similarly, Hazimeh & Mazumder (2020) developed
fast and efficient algorithms based on coordinate descent and local combinatorial optimisation to
solve the same best subset selection (or £,-regularised least squares) problem by reformulating local

combinatorial search problems as structured MIPs.

In addition, Hazimeh, Mazumder & Radchenko (2023) proposed a groupwise variable selection
method based on discrete mathematical optimisation, which is applicable to both £,-regularised linear
regression and nonparametric additive models in a high-dimensional setting. They formulated the
group {-based estimation problem as a Mixed Integer Second Order Cone Programming (MISOCP),
and proposed a new customised Branch-and-Bound (BnB) algorithm (Land & Doig 1960; Little et al.
1963) to obtain the global optimal solution to the MISOCP

Through the study of the above literature, we found that the mathematical optimisation-based
algorithms reduce the computational cost of variable selection procedures in high-dimensional

settings. This is largely due to the availability of efficient commercial solvers such as Gurobi and
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CPLEX. This motivated us to focus on a mathematical optimisation based approach for the development

of our variable selection methodology.

1.1.2 Index models

Single index model

The Single Index Model, a generalisation of the linear regression model where the linear predictor is
replaced by a semiparametric component, is popularly used in the literature (Radchenko 2015). Let
y; be the response, and x; be a p-dimensional predictor vector. Then the single index model can be
written as

Vi =g(aTxi)+ei, i=1,...,n,

where a is a p-dimensional vector of unknown coefficients (i.e. parameters), g is an unknown
univariate function, and ¢; is the random error (Stoker 1986; Hirdle, Hall & Ichimura 1993). The
linear combination a” x; is called the index. The single index model is considered a viable alternative
to the nonparametric additive model because it offers more flexibility and interpretability (Radchenko

2015).

According to Radchenko (2015), single index models have been widely used in scenarios with
fairly low and moderate dimensionality, where the corresponding estimation and variable selection
techniques are not directly applicable to the high-dimensional setting. The sum of squared error of
the model, which is non-convex with respect to the index coefficients, is the main reason for the
existence of a very limited number of methods in the high-dimensional case (Radchenko 2015). For a

comprehensive summary of the available methods, we refer to Radchenko (2015).

Multiple index models

The nonparametric additive model (Equation 1.1) estimates the relationship between the response
and the predictors using a sum of univariate non-linear functions corresponding to each predictor
variable. It is therefore unable to handle the interactions among predictors that are ubiquitous in

real-world problems (Zhang et al. 2008).
Projection pursuit regression

Friedman & Stuetzle (1981) introduced Projection Pursuit Regression (PPR) by extending the non-
parametric additive model (Equation 1.1) to enable the modelling of interactions among predictor
variables. PPR can also be seen as an extension of the single index model to an “additive index model”,

given by

q
Yi =Zgj(aiji)+8i, i=1,...,n,
j=1
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. . . . . T .
where y; is the response, x; is a p-dimensional predictor vector, a; = (ajl, eee, ajp) ,j=1,...,q
are p-dimensional projection vectors, g;,j = 1,...,q are unknown univariate functions, and ¢; is the

random error.

Instead of estimating a single index, PPR estimates multiple indices and relates them to the response
through a sum of univariate non-linear functions. These indices are constructed through a Projection
Pursuit (PP) (Kruskal 1969; Friedman & Tukey 1974) algorithm, which aims to find “interesting” low-
dimensional projections of high-dimensional feature space, obtained by maximising an appropriate

objective function or a “projection index” (Huber 1985).

According to Zhang et al. (2008), PPR increases the power of additive models in high-dimensional
settings, but it has two major drawbacks. First, since PPR increases the freedom of the additive
model, it tends to overfit in a situation, where there are many unimportant predictors. Second, the
interpretation of the model estimated by PPR will be troublesome as there will be many non-zero
elements in each projection vector a;. To overcome these issues, Zhang et al. (2008) introduced an
¢,-regularised projection pursuit algorithm, where the resulting regression model is called Sparse
Projection Pursuit Regression (SpPPR). In SpPPR, an {; penalty (i.e. a LASSO penalty) on the index
coefficients is added to the cost function (the squared error) at each iteration of the PP algorithm,
thereby performing variable selection and model estimation simultaneously. See Zhang et al. (2008)

for further details.

Although Zhang et al. (2008) claims that the SpPPR algorithm can detect important predictors even
in a noisy data set, our experiments show that it is not particularly scalable for large data sets with

both a higher number of predictors and observations.
Groupwise additive index model

Although PPR introduces flexibility and the ability to model interactions among predictors in additive
models, the indices obtained by PPR contain all available predictors. Hence, even with a variable
selection mechanism such as SpPPR, PPR may produce indices possibly by mixing heterogeneous
variables in a single linear combination, which makes little sense in terms of interpretability (Masselot

et al. 2023).

Typically, in many real-world problems, natural groupings in predictor variables can be identified.
For example, naturally interacting variables can be grouped together, such as multiple lags of a
predictor, weather-related variables, and genes or proteins that are grouped by biological pathways

in a biological study (Masselot et al. 2023; Wang, Xu & Zhu 2015).

10
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This suggests the use of a Groupwise Additive Index Model (GAIM), which can be written as
q
yl:Zg](aJTxl])—i_gU i:]-;"':n:
j=1

where y; is the univariate response, x;; € Ri, j = 1,...,q are naturally occurring q groups of

J

predictors, which are g non-overlapping subsets of x;, the vector of all predictors, a;

; is an lj-

dimensional vector of index coefficients corresponding to the index h;; = aJ.Txi j» &j is an unknown
(possibly non-linear) component function, and ¢; is the random error, which is independent of x;

(Wang et al. 2015; Masselot et al. 2023).

Since GAIM uses groups of predictors that naturally or logically belong together to construct indices,
such derived indices will be more expressive and interpretable. However, this also introduces a degree
of subjectivity into the model formulation, as different users may group the available predictors in

different ways based on different logical considerations.

1.1.3 Uncertainty estimation

The uncertainty of a point forecast is most commonly measured by a prediction interval. A prediction
interval is an interval or a range of values, where we anticipate a future value of a time series to fall,
with a given probability (Hyndman & Athanasopoulos 2021). In other words, a prediction interval is
a probabilistic statement about an unknown future value, which can be considered a random variable

at the forecast origin (Chatfield 1993).

Since the focus of this thesis is on nonparametric additive index models, this section outlines methods
for generating prediction intervals that do not rely on any distributional assumptions about the data

or model estimation.

Block bootstrap

The method of resampling from the empirical distribution of historical model residuals is known as
Bootstrap (Chatfield 1993). The bootstrap method closely resembles the theoretical error distribution
using the empirical distribution of observed residuals. It is therefore considered to be an approach
that is free of distributional assumptions, which makes it appropriate for use in the context of

nonparametric models.

When constructing prediction intervals in time series forecasting problems, it is crucial to retain the
serial correlations present in the data, while performing bootstrapping. The conventional method
for bootstrapping stationary time series is called Block Bootstrap (BB) (Politis 2003; Hyndman & Fan
2010). In block bootstrap, randomly resampled blocks from the historical time series are combined to

create new simulated series. When applying this technique, the most important parameter choice is

11
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the block length. The length of a block should be chosen to be adequate to capture the autocorrelation
patterns within the time series, but short enough to permit the construction of many simulated series

(Hyndman & Fan 2010).

If the time series to be resampled is seasonal, then the block length is often set to be a multiple of the
seasonal period length, and this variant of block bootstrapping is called seasonal or single season block
bootstrap (Politis 2001; Hyndman & Fan 2010). Seasonal block bootstrap assumes the stationarity of
the seasonal subseries, implying that blocks, each of length equal to a multiple of the seasonal period

and starting in the season, follow the same stationary distribution.

Conformal prediction

Conformal Prediction (CP), introduced by Vovk, Gammerman & Shafer (2005), is a distribution-free
approach for generating prediction intervals from any arbitrary predictive model, relying only on
the assumption of data exchangeability. Most importantly, CP provides theoretical guarantees on the
marginal coverage of the constructed prediction intervals. As a result, CP has experienced a wave of
popularity in recent years as a method to quantify the uncertainty of predictions obtained by any
statistical learning or black-box machine learning model, including nonparametric models (Shafer &
Vovk 2008; Papadopoulos 2008; Lei & Wasserman 2014). For theoretical details, readers are referred
to Vovk, Gammerman & Shafer (2005) and Shafer & Vovk (2008).

The original CP method, which is known as Full Conformal Prediction or Transductive Conformal
Prediction (Vovk, Gammerman & Shafer 2005), is a computationally intensive method. A widely used
computationally efficient alternative is the Split Conformal Prediction (SCP), which is also known as

Inductive Conformal Prediction (Papadopoulos et al. 2002; Lei et al. 2018).

SCP is a holdout method for generating prediction intervals. That is, SCP divides the data set into
non-overlapping training, calibration, and test sets, and trains a prediction model on the training set.
Then the prediction errors (or non-conformity scores) are calculated on the calibration set (i.e. the
holdout set) using the predictions obtained by the estimated model. Finally, the calculated quantiles
of these calibration set errors are used to construct the prediction intervals of desired coverage for the
new observations in the test set. It is important to note, however, that while SCP is computationally
efficient, this advantage comes at the cost of reduced statistical efficiency due to data partitioning.
For a comprehensive summary, see Barber et al. (2023), and for algorithmic details, see Lei et al.

(2018).

As previously stated, the original theory of CP is based on the assumption that the data are exchange-
able. Hence, it cannot be applied to scenarios where the underlying distribution of the data changes

across the data set, or where the data are simply not exchangeable; for example time series data

12
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with autocorrelation. A number of previous studies have therefore extended CP theory to deal with

non-exchangeable data.

Tibshirani et al. (2019) proposed a weighted CP method for the case where the training and test
sets have different covariate (X) distributions, but have the same conditional distribution of the
response Y given X, which they called the “covariate shift” assumption. In this method, the calcu-
lated non-conformity scores are weighted using the ratio of the likelihoods of the training and test
covariate distributions, where this likelihood ratio is assumed to be known or accurately estimated.
Moreover, Barber et al. (2023) introduced a method of weighting quantiles to avoid the assumption
of exchangeability. In contrast to Tibshirani et al. (2019), where the weights for the non-conformity
scores are data dependent, in Barber et al. (2023), the weights are considered fixed. The proposed
method has been shown to handle violations of the assumption of exchangeability, as long as these
violations are marginal. We refer to this method as Weighted Split Conformal Prediction (WSCP) in

Chapter 3.

Using an online updating procedure to handle the distribution shifts in the data, Gibbs & Candes
(2021) introduced Adaptive Conformal Prediction (ACP). Here, they update the nominal significance
level, a, at each updating step by comparing the achieved coverage at the previous step with the
target coverage, 1 — a. Informally, depending on whether the achieved coverage is greater or less
than the target coverage in the previous iteration, ACP will increase or decrease the target level a
respectively, for the next iteration. Building on this idea, subsequent research, including Zaffran et al.
(2022) and Gibbs & Candeés (2024), introduced time-dependent step sizes to account for arbitrary

distribution shifts.

In addition, Angelopoulos, Candes & Tibshirani (2024) proposed Conformal PID Control (PID), another
online updating framework designed to adapt to seasonality, trends, and general distributional shifts in
the data. While this method has been shown to provide favourable results in time series settings, it was
originally developed for one-step-ahead forecasting. Furthering this work, Wang & Hyndman (2024)
introduced Autocorrelated Multi-step Conformal Prediction (AcMCP), which generates statistically
efficient multi-step prediction intervals by taking into account the inherent autocorrelations in multi-

step forecast errors.
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1.2 Objectives and thesis outline

The primary aim of this thesis is to explore nonparametric additive index models as a forecasting tool
in a high-dimensional context, where predictor variables exhibit non-linear and complex interactions
with the response variable of interest. In pursuit of this goal, the objectives and the structure of the

thesis can be outlined as follows.

The first objective of this thesis is to develop an optimal predictor selection methodology for high-
dimensional nonparametric additive index models, which will potentially minimise the need to use
domain expertise or prior knowledge in the model estimation process. Chapter 2 addresses this
objective by proposing a novel algorithm for nonparametric additive index model estimation, named
Sparse Multiple Index (SMI)! Modelling algorithm, which is based on solving an £,- and £,-regularised
non-linear least squares optimisation problem with linear constraints. The proposed methodology
estimates nonparametric additive index models by algorithmically selecting and grouping predictors
into indices, with minimal input information supplied, while resulting in a model with competitive

forecasting accuracy compared to existing nonparametric additive models.

In forecasting, it is necessary to produce prediction intervals to quantify the uncertainty of the point
forecasts generated. Typically, the constructed prediction intervals are underestimated due to variable
selection processes used in the model estimation. Therefore, the second objective of this thesis is to
study and explore methods to produce prediction intervals for uncertainty estimation in nonparametric
additive index models, while addressing the aforementioned problem of underestimation. The
Chapter 3 of the thesis will focus on addressing this objective. The standard block bootstrap method
and three existing conformal prediction techniques are tested for constructing prediction intervals. In
addition, we introduce a novel approach, Conformal Bootstrap (CB), which combines block bootstrap

with split conformal prediction in a unified framework for generating prediction intervals.

Chapter 2 and Chapter 3 have established the core workflow for time series forecasting with predictor
variables using nonparametric additive index models, by focusing on the generation of point forecasts
through the development of an estimation algorithm and exploring techniques to quantify the
uncertainty of these forecasts. The next step is to make these proposed methods available to potential

users.

We believe that open-source software is the best way to make these methodologies accessible to a
wider audience. Open-source software gives users access to the source code, allowing them to freely
use, modify, extend, debug, and redistribute the software as desired (Nelson, Sen & Subramaniam

2006). More importantly, it facilitates reproducibility and knowledge sharing for further research and

IThe acronym SMI is pronounced as smi (as in ‘smile’).
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development. Hence, the third objective of this thesis is to automate the methodologies presented in
Chapter 2 and Chapter 3 by developing an open-source R package, given the popularity of R in the
field of forecasting (Hyndman & Athanasopoulos 2021; Shmueli & Polak 2024). This third objective
forms the Chapter 4 of the thesis, which introduces the R package smimodel that implements the
SMI Modelling algorithm proposed in Chapter 2, and the block bootstrap and conformal bootstrap
methods for generating prediction intervals discussed in Chapter 3. (Note that we used the R package
conformalForecast (Wang & Hyndman 2025) to apply existing conformal prediction methods in

Chapter 3.)

Conclusions are drawn in Chapter 5, along with a discussion of the results and directions for potential

future research.
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Chapter 2

Sparse Multiple Index Models for High-

dimensional Nonparametric Forecasting

Forecasting often involves high-dimensional predictors that have non-linear relationships with the
outcome of interest. Nonparametric additive index models can capture these relationships while
addressing the curse of dimensionality. This chapter introduces a new algorithm, Sparse Multiple
Index (SMI) Modelling, tailored for estimating high-dimensional nonparametric/semiparametric
additive index models while limiting the number of parameters to be estimated by optimising predictor
selection and predictor grouping. The SMI Modelling algorithm uses an iterative approach based on
mixed integer programming to solve an {,- and {,-regularised non-linear least squares optimisation
problem with linear constraints. The performance of the proposed algorithm is demonstrated through
a simulation study and two empirical applications: forecasting heat exposure-related daily mortality

and daily solar intensity.

2.1 Introduction

Forecasts are often contingent on a long history of predictors, which are non-linearly related to the
variable of interest. For example, when forecasting half-hourly electricity demand, it is common to
use at least a week of historical half-hourly temperatures and other weather observations (Hyndman
& Fan 2010). The relationships between lagged temperatures and electricity demand are non-linear
(due to both heating and cooling effects) and involve complex interactions due to thermal inertia
in buildings (Fan & Hyndman 2012). Similarly, when forecasting bore levels, rainfall data from

up to a thousand days earlier can impact the result (Peterson & Western 2014; Bakker & Schaars
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2019; Rajaee, Ebrahimi & Nourani 2019) due to the complex non-linear flow dynamics of rainfall in

aquifers.

These examples suggest a possible non-linear transfer function model of the form

Ye :f(at)at—lﬂ"‘:at—s’yt—la"‘Dyt—k)+€t7

where y, is the observation of the response variable at time ¢, a, is a vector of predictors at time ¢,
and ¢, is an i.i.d. random error. By including lagged values of y, along with the lagged predictors,

the model can capture the serial correlation present in the data.

The form of f is typically non-linear and involves complicated interactions with a high value of s
(and possibly a large k). It is infeasible to estimate f in high-dimensional settings (where s and k
are large) due to the curse of dimensionality (Bellman 1957; Stone 1982). Therefore, we normally
impose some additivity constraint and ignore interactions of more than two or three variables. There

are also numerous ad hoc model choices in selecting the appropriate predictors to include.

For example, Fan & Hyndman (2012) proposed a semiparametric additive model to obtain short-term
forecasts of half-hourly electricity demand for power systems in the Australian National Electricity
Market. In this model, f is assumed to be fully additive and is used to capture the effects of recent
predictor values on the demand. The main objective is to allow nonparametric components in a
regression-based modelling framework, particularly to address serially correlated errors. The model

fitted for each half-hourly period (q) can be written as

k
108(Y 1) = ho() + fo(wr e wa )+ > ag (v )+ e
j=1
The term h,(t) models several calendar effects as either linear or smooth terms. Temperature effects
are modelled using the nonparametric component f,(wy ;, w, ), where w; . = (w;, ..., Wi)t_s)T is a
vector of lagged temperatures at site i. The terms a, ;(y;—;) capture the lagged effects of the response.
Note that the error term ¢, is serially uncorrelated within each half-hourly model because the serial
correlation is eliminated by the inclusion of lagged responses in the model. However, some correlation

may still exist between residuals from various half-hourly models (Fan & Hyndman 2012).

Similarly, a distributed lag model was proposed by Wood (2017) to forecast daily death rates in Chicago
using measurements of several air pollutants. The response variable is modelled as a sum of smooth
functions of lagged predictor variables, similar to the semiparametric additive model used by Fan
& Hyndman (2012). However, unlike Fan & Hyndman (2012), Wood (2017) suggested allowing

the smooth functions for lags of the same covariate to vary smoothly over lags, preventing large
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differences in estimated effects between adjacent lags. Thus, the model is of the form

S S
10g(ye) = f1(t) + D folDessS) + D f3(0p—s Wi, 5),

s=0 s=0

where y, is the death rate on day t, f; is a nonparametric term capturing the time effect, and p,,
o;, and w, are various predictor variables. The model incorporates the current value (s = 0) and
several lagged values (s = 1,...,S) of the predictors. The distributed lag effect of a single predictor

variable and the interaction of two predictor variables are captured by the sums Zf:o fo(pi—s,s) and
e f3(0rs Wi—s,s), Tespectively.

Further examples include Du, Cheng & Liang (2012), Goude, Nedellec & Kong (2014), Ho, Chen &
Hwang (2020), and Boente & Martinez (2023), who applied semiparametric additive models to predict
household gasoline consumption, local short and medium term electricity demand, ground-level PM, 5
concentrations, and housing prices, respectively. Ibrahim et al. (2023) considered nonparametric
additive models to predict census survey response rates. Additionally, Ravindra et al. (2019) provided
a comprehensive review of the applications of additive models in environmental data, with a special

focus on studies related to air pollution, climate change, and human health.

While nonparametric and semiparametric additive models have been used in diverse applications,
several unresolved issues remain in their implementation. First, estimating these models in high-
dimensional settings is challenging due to the large number of nonparametric components that need
to be estimated. Second, there is noticeable subjectivity in selecting predictor variables (from the
available predictors) and identifying which terms should be grouped to model interactions. In most of

the applications discussed above, the choices are based on empirical exploration or domain expertise.

In this chapter, we focus on high-dimensional applications that exhibit complex interactions among
predictors, particularly in the presence of a large number of lagged variables. In such situations,
index models are beneficial in enhancing the flexibility of the broader class of nonparametric additive
models (Radchenko 2015), while mitigating the difficulty of estimating a nonparametric component

for each individual predictor.

Therefore, we propose addressing the above-mentioned issues using a Sparse Multiple Index (SMI)

model with automatic variable selection and grouping. This semiparametric model can be written as

q d
Yi = Bo +Zgj(aijij) +ka(wik) +0Tu+e, i=1,...,n 2.1
=1 k=1
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where y; is the univariate response, f3, is the model intercept, x;; € R, j=1,...,q are q subsets
of predictors entering indices, and @; is a vector of index coefficients corresponding to the index
h

— T
ij = @;

x;;. The function g; is a smooth non-linear function, possibly estimated by a spline. The model
also allows for predictors that do not enter any indices, including covariates w;, k =1,...,d, which
relate to the response through non-linear functions f;, k = 1,...,d, and linear covariates u;. The
error term g; may exhibit autocorrelation, as the proposed SMI model is a simplified alternative to the
previously discussed transfer function model and may not adequately capture the full autocorrelation
structure inherent in the data. Although our focus is on forecasting time series data, the model has

broader applicability; therefore, we have not included any notation specific to time series in the

model formulation.

The SMI model encompasses the previously discussed models, including fully additive models (Wood
2011, 2017), where each predictor has its own index, and single index models (Stoker 1986; Hardle,
Hall & Ichimura 1993; Radchenko 2015), where all predictors are included in a single index. This
greater generality allows us to address the two issues mentioned earlier. First, the number of
parameters to be estimated is reduced by combining variables using linear indices (i.e. grouping
predictors into indices) to manage the complexity of interactions. In our model formulation, the
number of indices g and the grouping of predictors within indices are unknown. We propose an
algorithmic selection process to determine which predictors should be included in each index, thereby
reducing subjectivity in model formulation. Here, we assume that no predictor enters more than one

index, i.e. overlapping of predictors among indices is not allowed.

To our knowledge, no previous research has explored objective and principled predictor selection
in nonparametric additive index models. Hence, our goal is to develop a methodology for optimal
predictor selection and grouping in the context of high-dimensional nonparametric additive index
models. Recent computational advancements have sparked significant interest in using mathematical
optimisation to solve statistical problems (Theuf3l, Schwendinger & Hornik 2020). This has motivated

us to develop a variable selection algorithm based on mathematical optimisation techniques.

It is crucial to note that any variable selection methodology naturally renders inferential statistics
invalid, as we do not assume that the resulting model accurately represents the true Data Generating
Process (DGP). Therefore, our objective is solely to improve forecast accuracy, rather than to draw

inferences about parameter estimates.

The rest of this chapter is organised as follows. Section 2.2 presents the proposed Sparse Multiple
Index Model and describes the algorithm for variable selection and grouping, as well as the estimation

procedure. In Section 2.3, the functionality and characteristics of the proposed algorithm are demon-
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strated through a simulation experiment. Section 2.4 illustrates two empirical applications of the
proposed estimation and variable selection methodology, related to forecasting heat exposure-related
daily mortality and daily solar intensity. Some benchmark comparison methods are also briefly

introduced in this section. Concluding remarks are given in Section 2.5.

2.2 Sparse multiple index model

2.2.1 Optimisation problem formulation

We implement variable selection for the proposed Sparse Multiple Index (SMI) model in Equation 2.1
by allowing for zero index coefficients for predictors. Suppose we observe y,,..., y,, along with a
set of potential predictor vectors, x1,...,X,, where each vector x;, i = 1,...,n, contains p predictors
that may enter indices. The optimisation problem we seek to address is of the form below, where the
sum of the squared errors of the model (Equation 2.1) is minimised together with an ¢, penalty term

and an {, (ridge) penalty term:

n q d 2
. r .
min B, — ‘a_x,_EI w)— 0T
Bo-9,2.8.f,0 Z |:yl /30 ; g]( J l) P fk( lk) 1]

i=1
q P q
+20 . > U A0+ D llasl2  (2.2)

j=1m=1 j=1

q
such that Z 1(aj, #0)€{0,1} Vm,

j=1

T T T . . . .
where a = [al,...,aq] » 8 = {81,82,--+,8q¢5 f = {f1,f25-- -, fg}, 1(-) is the indicator function,
Ag = 0 is a tuning parameter that controls the number of selected predictors entering indices, and
A9 = 0 is another tuning parameter that controls the strength of the additional shrinkage imposed on
the estimated index coefficients. The constraint ensures that every predictor can only have a non-zero

coefficient in at most one index.

Applying an ¢, penalty in addition to the ¢, penalty is motivated by related literature (Hazimeh &
Mazumder 2020; Mazumder, Radchenko & Dedieu 2023; Hazimeh, Mazumder & Radchenko 2023),
where it is suggested that the prediction performance of best subset selection can be enhanced by the

inclusion of an additional ridge penalty, especially when there is a low signal-to-noise ratio.

Here, we use a combination of £ and £, penalties for variable selection rather than an £; (LASSO)
penalty, which can have a similar effect. The ¢ penalty directly enforces subset selection by forcing
some coefficients to be exactly zero, while the £, penalty shrinks the remaining coefficients without

forcing them to zero. Thus, the £, + £, combination gives us more control over the trade-off between
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selecting important features ({,) and preventing over-fitting by controlling the magnitude of coeffi-
cients (£,), which is more suitable for our research goals. In contrast, the £; penalty combines both
sparsity and shrinkage in a single term, but it may not offer the same degree of flexibility in managing

these two aspects independently.

To solve the optimisation problem in Equation 2.2, we present a big-M based Mixed Integer Quadratic

Programming (MIQP) formulation:

n

q d 2 qg p q P
. min Z[yl-—ﬂo—Zgj(afxi)—ka(wik)—oTui] LD IDILETEY P I
,,,,,, j=1 k=1

i=1 j=1m=1 j=1m=1

St |l <Mz, Vi, ¥m,

(2.3)
where j=1,...,q,and m = 1,..., p. Here, we have introduced binary variables z;,, = 1(a;, # 0) to
indicate the index (if any) into which each predictor is selected. The £, penalty is now applied to
these binary variables, which encourages sparsity by driving some of them to zero, thereby performing
variable selection. The big-M constraint ensures that a;,, is zero if and only if z;,, is zero, and if
Zjm = 1, then |a;,| < M. This constraint enforces the relationship between the binary selection
variables and the continuous model coefficients, reflecting the variable selection induced by the £
penalty in the estimated model. Here, M < oo denotes the pre-specified big-M parameter, which
should be sufficiently large. If a* is the optimal solution to the problem defined in Equation 2.3,
then the big-M parameter should satisfy max({la}‘ml} je[q],me[p]) < M. Finally, while the £, penalty
performs direct subset selection, the £, penalty term provides additional shrinkage of the estimated

coefficients, helping to prevent over-fitting by controlling their magnitudes, as previously discussed.

2.2.2 Estimation algorithm

We now show how to efficiently find a minimiser for the problem given in Equation 2.3. Since the
number of indices g, the vector of index coefficients a, and the set of nonparametric functions g
are all unknown, it is impossible to solve the above MIQP given in Equation 2.3 directly. Hence, we

propose an iterative algorithm to solve the problem.
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Initialising index structure and index coefficients
We first need to provide a feasible initialisation for the index structure (i.e. the number of indices g
and the grouping of predictors among indices), as well as for the index coefficients (i.e. a) of the

model.

Based on several experiments, we propose four possible methods for initialising the SMI model as

follows.
1. PPR: Projection pursuit regression based initialisation

A Projection Pursuit Regression model (Friedman & Stuetzle 1981) is a multiple index model,
where each index includes all the available predictors. Since the proposed SMI model requires
that there are no overlapping indices, it is impossible to use an estimated PPR model directly as
a starting model for the algorithm. Thus, we follow the steps presented below to come up with

a feasible initialisation for the index structure and the index coefficients.

a. Scale the predictors in the data set that are entering indices by dividing each variable by
its standard deviation (so that it is possible to compare the estimated coefficients among
predictors).

b. Fit a PPR model using the scaled predictors entering indices and obtain the estimated
index coefficients. (The user can decide the number of initial indices q* to be estimated;
we use ¢* =5 in our simulations and applications.)

c¢. Calculate a threshold T = 0.1 x max(abs(PPR index coefficients)).

d. Set all coefficients with absolute values below the calculated threshold to zero.

e. For predictors appearing in multiple indices, assign them to the index with the maximum
absolute coefficient and set their coefficients in other indices to zero.

f. After performing the above steps a—e, if any originally estimated index has all zero
coefficients, it will be excluded from the model.

g. Back-transform each index coefficient to the original scale of the respective predictor

variable, reversing the scaling effect applied at the beginning.

Now, the index structure and the index coefficients obtained through the above steps are

considered to be a feasible initialisation for the proposed algorithm.
2. Additive: Nonparametric additive model based initialisation

As a fully additive model is a special case of the SMI model, we can set ¢ = p and assign each

predictor to its own index.

3. Linear: Linear regression based initialisation
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We first regress the response variable on the predictors using multiple linear regression. Then,
we construct a single index (i.e. ¢ = 1) using the estimated regression coefficients as the initial

index coefficients of the predictors.
4. Multiple: Picking one from multiple initialisations

We use multiple random instances of a model (i.e. the grouping of predictors into indices and
the initial index coefficients are generated randomly), with a user-specified number of indices,
as initial models. We then optimise the SMI model for each instance and select the initial model
that results in the lowest loss for the MIQP problem. The number of random instances of the

model to be evaluated is also specified by the user.

Of course, it is also possible for a user to specify an initialisation based on their domain expertise or
prior knowledge when initialising the algorithm. For each of the above initialisation options, once
the estimate for a is obtained, the estimated initial index coefficients for each index are scaled to

have a unit norm to ensure identifiability.

Estimating non-linear functions

Once we have an estimate for a, estimating the SMI model is equivalent to estimating a Generalised

Additive Model (GAM) given by

q d
Yi= ﬂ0+zgj(hij)+2fk(wik)+ 0 u;+e, i=1,...,n,
=1 k=1

where y; is the response, and fli = &J.Txi is the estimated index. The R packages mgcv (Wood 2023,
2011) and gam (Hastie 2024), for example, can be used to fit GAMs. In all experiments presented in
this chapter, we estimate the sets of nonparametric functions g and f using penalised cubic regression

splines through the mgcv package.

Updating index structure and index coefficients

We obtain the updated index coefficients a"*" through an MIQP:

q P q P
: new __ old\Ty;T new __ oldy __ new __ old\Ty;T new newy2
ang}lgew(a a®) VvV V(a a®)—2(a a®)'vir+2a, E E Zim + A, E E (ajm)
’ j=1m=1 j=1m=1

s.t. |a?§1""| < Mz}l:lw Vi, Vm,

21 € (0,1},

q

new
szm <1 Vm,

j=1
2.4
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T — old new :
where j =1,...,q, m=1,...,p, a®¢ is the current value of a, 5, are the updated set of binary
variables to be estimated, and V is the matrix of partial derivatives of the right-hand side of Equation 2.1
with respect to @;. The it" row of V contains [v;1, ..., Viql, where v;; = x; g;(hi ;). The current residual

vector, which contains r; = y; — o — 3:1 g j((a;’

1d)Txi), is denoted by r. It is important to note that
the additional covariates w;, and u; are not required to update a;, because they are constants with

respect to @}, and thus they disappear from V.

Similar to the explanation given by Masselot et al. (2023), the MIQP objective function in Equation 2.4
ignores the Hessian (the matrix of second derivatives of Equation 2.1 with respect to a;), and considers
only the matrix of first derivatives, which is a quasi-Newton step (Peng 2022). Therefore, the a

updating step given in Equation 2.4 is assured to be in a descent direction.

After obtaining a™", any estimated individual index coefficient vectors a’“" that contain only zeros
g y ; y

will be dropped from the model. Then, we scale each estimated index coefficient vector @; = a;.lew to

have a unit norm.

Next, the algorithm alternates between updating the index coefficients @ and estimating the non-linear
functions g until it meets one of the three criteria: (i) the reduction ratio of the objective (loss)
function value in Equation 2.3, calculated between consecutive iterations, reaches a pre-specified
convergence tolerance; (ii) the loss increases consecutively for three iterations; or (iii) a pre-specified
maximum number of iterations is reached. The selection of convergence tolerance and maximum

iterations depends on the specific problem or data.

Finally, we consider adjusting the model’s index structure to exploit any potential benefit in further
reducing the loss function in Equation 2.3. Since indices can be automatically reduced by dropping
all-zero indices at each optimisation iteration, this step focuses on the possible addition of new indices
to the current model. Specifically, we examine adding a new index by identifying predictors that
have been dropped. If applicable, a new index is constructed from all such dropped predictors, and
the alternating update process described previously is repeated. This step continues until one of the
following termination criteria is met: (i) the number of indices reaches p, in which case the current
model is selected as the final SMI model; (ii) the loss increases after the addition, whereby the model
from the previous iteration is chosen as the final SMI model; or (iii) the number of indices remains
unchanged from the previous iteration and the absolute difference in index coefficients between two
successive iterations does not exceed a pre-specified tolerance, with the model exhibiting the smaller

loss selected as the final SMI model.

The following algorithm briefly summarises the key steps of the SMI Modelling algorithm.
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Algorithm 1: SMI modelling algorithm
1. Initialise q, the predictor grouping among indices, and obtain the initial estimate of @ using one
of the options given in Section 2.2.2. Then, scale each @;, j =1,...,q, to have a unit norm.
2. Estimate gj, j =1,...,q, using a GAM, taking y; as the response and &J.Txi as predictors.
3. Update a through the MIQP in Equation 2.4, and again scale each &; to have a unit norm.
4. Iterate steps 2 and 3 until convergence, loss increases for three consecutive iterations, or the
maximum number of iterations is reached.
5. If there are no dropped predictors, stop the algorithm. Otherwise, include a new index consisting
of all dropped predictors, and repeat step 4.
6. Increase q by one in each iteration of step 5 until meeting one of the termination criteria below:
* The number of indices in the model reaches p; select the final fitted model as the final
SMI model.
* Loss increases after the increment; select the previous iteration model as the final SMI
model.
* The solution maintains the same number of indices as the previous iteration, and the
absolute difference of index coefficients between two successive iterations is not larger
than a pre-specified tolerance; select the model with the smaller loss as the final SMI

model.

Tuning penalty parameters

To obtain an estimated model with the best possible forecasting accuracy, it is important to choose
appropriate values for the penalty parameters A, and A,. We use a greedy search procedure over a
grid of possible values for A, and A,, selecting the combination of penalty parameters that yields
the lowest Mean Squared Error (MSE) on a validation data set that does not overlap with the data
set used for model training. Here, a greedy search is used instead of a full grid search to reduce the

computational cost.

The range of possible values for the two penalty parameters is determined by the scale of the first term
of the SMI model objective function in Equation 2.3. We fit a GAM and calculate the first term of the
SMI model objective function using it as a benchmark model, which is taken as the maximum value for
Ag (Ag.max). A pseudo minimum for A is then calculated as a user-specified ratio (Ag.min.ratio)
of Ay.max. For all the experiments in this chapter, we have used Ay.min.ratio = 0.0001. Once
the maximum and pseudo minimum values have been calculated, a sequence of possible values for
Ao (Ag.seq) is generated to make them decrease on a logarithmic scale, where the length of the
sequence is user-specified; the default being 100. Once the sequence is generated, the value zero is

included in the sequence as the minimum value for A, (1¢.min). The maximum for A, (A, .max)
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is taken to be the power of ten that matches the scale of A;.max, and the pseudo minimum for
A4 is taken to be 0.01. Then a sequence of powers of ten is constructed as the possible values for
Ay (A9.seq). Next, similar to the A .seq, zero is included in A, . seq to be the minimum for A,
(A5 .min). The grid of values on which the greedy search is performed is therefore constructed as the

Cartesian product A,.seq X A,.seq.

To perform a greedy search on the grid, it is necessary to determine a starting point. We choose
the starting point by selecting the point that gives the lowest validation set MSE of the following
points—the four corners of the grid, the midpoints of the four edges of the grid, the midpoint of the
grid, and the points that are one grid distance apart around each of the above nine points. Once the
starting point is chosen, we perform the first greedy search by iteratively searching the points at a grid
distance around the point chosen in the previous iteration. This first round of greedy search continues
until the lowest validation set MSE of the previous iteration is less than the lowest validation set MSE

of the current iteration.

If the best point selected from the first round of the greedy search happens to lie on the top or right
edge of the grid, the corresponding penalty parameter values are modified by plus or minus ten per
cent, and a second round of greedy search is performed, going beyond the original grid if necessary.

If the selected value for a penalty parameter is zero, no adjustment is made.

Finally, the validation set MSE of the SMI model, estimated with the chosen best penalty parameter
combination, is compared with the validation set MSE of the no-index model (a model estimated
with additional non-linear (non-index) and linear predictors, if such predictors are available) and the
null model (intercept-only model). If the validation set MSE of the SMI model, estimated with the
chosen best penalty parameter combination, is lower than the no-index and null models, we choose it
as the final model. If the no-index or null model has the lowest validation set MSE, then we choose

the respective model as the final model.

The following algorithm summarises the greedy search procedure for tuning penalty parameters.

Algorithm 2: Greedy search algorithm for tuning penalty parameters
1. Fit a GAM as a benchmark model to the training data.
2. Determine the greedy search range.
3. Select the starting point as the point that gives the lowest validation set MSE from the following
points: the four corners of the grid, the midpoints of the four edges of the grid, the midpoint of

the grid, and the points that are one grid distance apart around each of the above nine points.
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4. Perform the first round of greedy search by iteratively searching the points that are one grid
distance apart around the point selected in the previous iteration, until the lowest validation set
MSE of the previous iteration is less than the lowest validation set MSE of the current iteration.

5. If the best point is at the top or right edge of the grid, modify the parameters by plus or minus
ten per cent and perform a second round of greedy search. If the selected value for a penalty
parameter is zero, no adjustment is made.

6. Compare the validation set MSE of the estimated SMI model with the validation set MSE of
the no-index model (if applicable) and the null model, and select the model with the lowest

validation set MSE as the final model.

Other parameter choices

Moreovey, it is also crucial to choose a suitable value for the big-M parameter, as the strength of the
MIP formulation depends on the choice of a good upper bound (Bertsimas, King & Mazumder 2016).
According to Hazimeh, Mazumder & Radchenko (2023), several methods have been used to select M
in practice. For more details on estimating M in a linear regression setting, refer to Bertsimas, King &

Mazumder (2016).

Throughout the experiments in this chapter, we use M = 10, a convergence tolerance of 0.001,
a maximum of 50 iterations in step 4 of Algorithm 1, and a convergence tolerance of 0.001 for

coefficients in step 6 of Algorithm 1.

Forecasting with SMI models

As previously mentioned, the sets of nonparametric functions g and f in the SMI model are estimated
using penalised cubic regression splines within a GAM. One limitation of using splines is that they
are typically ill-suited for extrapolation. Predictions made outside the range of the training data are
likely to be unreliable and should be treated with caution, as splines are designed to capture patterns
within the observed data. Outside this range, spline estimates often exhibit unpredictable behaviour

(Wood 2017).

However, it is worth noting that natural cubic splines—which are cubic splines with an additional
constraint of linearity at the boundaries (i.e. the second derivative is zero at the boundary knots)
(Wood 2017; Ruppert, Wand & Carroll 2003)—are somewhat more robust to extrapolation. However,
this approach results in linear extrapolations, which may still inaccurately represent the behaviour
of the nonparametric function of interest, particularly when the focus is on variables that exhibit

non-linear behaviour.

Therefore, when generating forecasts with SMI models for a test set that was not used during model

training, we truncate the values of all predictor variables treated non-linearly (i.e. those entering
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the indices, as well as those entering the model non-linearly but not via the indices) to fall within
the corresponding in-sample data ranges. Specifically, if a test set value of a non-linearly treated
predictor falls below the in-sample minimum, it is set to that minimum,; if it exceeds the in-sample

maximum, it is set to that maximum, before producing forecasts.

2.3 Simulation experiment

This section presents the results of a simulation experiment designed to demonstrate the performance
and characteristics of the proposed SMI Modelling algorithm. In particular, we investigate how the

estimated SMI model varies depending on the initialisation option used.

2.3.1 Data generation

Generating predictor variables

First, we generate two time series, each of length 1205: x, ; from a uniform distribution on the interval
[0,1], and 2, , from a normal distribution N(5,4). Next, we construct lagged series of both x, o and z, ¢,
where x, ; denotes the it" lag of X0, and z, ; denotes the it" lag of z0- Then x, = {x; 0, X;1,...,X¢ 5},

and 2z, = {2,0,2,1,...,2 5} are taken as predictors in the simulation experiment.

Here, the choice of i.i.d. variables as predictors is a deliberate simplification in the simulation setup,
aimed at testing the predictor selection and grouping performance of the proposed SMI modelling
algorithm. This avoids additional complications arising from autocorrelation or cross-correlation
among predictors. While this setup does not fully reflect real-world time series dependencies, it
serves as a useful baseline for investigating the algorithm’s behaviour. Extending the study to include

time-dependent variables would be valuable in future research.

Generating response variables
We generate two response variables y, and w,, using two different index structures and a normally

distributed white noise component with two different variances, as follows:

* Low noise level - N(u = 0,02 =0.01):
Ye=(09%x,0+0.6%x,7+0.45 % xt,g)3 +¢e, €~N(0,0.01)
w; =(0.9%x,o+0.6%x, 1 +0.45% x,3)> + (0.35% x5 +0.7%x.5)*+€, €~N(0,0.01)

* High noise level - N(u =0, 0% = 0.25):
Ye=(09%x,0+0.6%x,1+0.45%x,3)°+€, €~N(0,0.25)
w,=(0.9%x,0+0.6%x,1+0.45* xt,g)3 +(0.35%x, 5, +0.7 % xt,5)2 +e, €~N(0,0.25)
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The response y, is constructed using a single index consisting of the predictor variables x; o, x; ;, and
x; 3. The other response w, is constructed using two indices, where the first index consists of the
predictors x, o, X, 1, and X, 3, and the second index consists of x, ; and x, 5. Neither the variable x, 4

nor any of the z variables are used in generating y, and w;,.

Once the data set is generated, the first five observations are discarded due to the missing values
introduced by lagged variables, leaving a data set with 1200 observations. We use the first 1000
observations as the training set, while the remaining 200 observations are kept aside as the test set to

evaluate the estimated models.

2.3.2 Experiment setup

We estimate SMI models through the proposed algorithm for each of the two response variables,
using three different sets of predictors as inputs. Our aim is to assess the algorithm’s capability to
correctly select the relevant predictor variables (and drop the irrelevant predictors) and to estimate

the index structure of the true model.
The three different sets of predictors considered are as follows:

1. All x variables (denoted as “all x”);
2. All x variables and all g variables (denoted as “all x + all 2”);
3. The first three x variables (i.e. x, o, x;; and x, ) and all z variables (denoted as “some x + all

Z”)

We apply the proposed SMI Modelling algorithm with each of the above predictor combinations for
both variations of the responses concerning the noise level. Moreover, we consider all the initialisation

options discussed in Section 2.2.2 for each of the two responses.

2.3.3 Results

We summarise the results of the simulation experiment in Table 2.1. In the columns, we indicate
the index structure (i.e. the predictor grouping among indices) estimated by the proposed algorithm
under each of the initialisation options, i.e. “PPR”, “Additive”, “Linear”, and “Multiple”. The numbers
stated (in parentheses) below the index structures are the test MSE values of the corresponding
estimated models. This is detailed for each combination explored, considering the response, input

predictors, and noise levels.

We did not perform any tuning for the penalty parameters A, and A, in the simulation experiment.
The default values A; =1 and A, = 1 were used in estimating all the models presented in Table 2.1.
(However, our experiments indicated that using Ay, A, < 1 might result in estimated models with

incorrect index structures and irrelevant variables in this example.)
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Table 2.1: Simulation experiment results showing the index structures and test MSE values (in paren-
theses below the index structures) of the estimated SMI models with different initialisations
for each combination of response, input predictors, and noise levels.

Model

Predictors

PPR

Additive

Linear

Multiple

Low noise level

y. allx (00X, X 3) (X0 X¢,15 Xe3) (X0, X¢,1,X¢,3) (e 0, X¢,1, X 3)
(0.009) (0.009) (0.009) (0.009)

Ye all x +all 2 (.00 X1, X.3) (X0, %15 X¢,3) (g0 X1, X¢,3) (0, X¢,1,%,3)
(0.009) (0.009) (0.009) (0.009)

Yt some x +all 2 (X0, X¢,1,%,2,%t,4) (xe,0,%¢1) (2,4) (201) (.00 X1, 2,2, 2,4) (xe,00 X¢,152¢,2:21,4)
(0.233) (0.235) (0.233) (0.233)

we all x (ee,00 X1, Xe 3) (X2, X 5) (e 00 X1, X0 3) (X2, X 5) (X005 X¢,1, Xt,25 Xe,3, X1,5) (x¢,0, X115 X 3) (Xp 2, X0 5)
(0.157) (0.157) (0.158) (0.157)

Wy allx +all z (xt,05 X1, X¢,3) (X(2,X¢5) (X0, X1, X¢,3) (X2, X 5) (X .05 X1, X¢,25 X035 X 5) (00 X115 Xe3) (Xp2,X5)
(0.157) (0.157) (0.158) (0.157)

we some x +all 2 (xr0,X,1) (X¢2) (24) (ee,00Xe,1,2e,4) (xp2) (X005 X015 X125 %1,2) (xe,0,%0,1) (e ,2,%0,2,%1,3)
(0.340) (0.340) (0.336) (0.345)

High noise level

Ye all x (00 X115 Xe,3) (Xp2, X 45 Xt 5) (05 %¢,1) (O 3) (05 X1, X¢,3) (xt,00 X115 X¢,3)
(0.235) (0.274) (0.233) (0.233)

Y allx +all z (Xr,o,xt,laxz,3) (xt,o’xz,lxxr,s) (Z¢0) (Xt,o;xt,l:xtﬁ) (Xr,o,xt,laxz,3) (zt,())
(0.233) (0.232) (0.233) (0.232)

Ye some x + all z (xt,O’xz,l) (Zt,l) (Z:A) (xt,O’Xt,l) (Zt,l) (zz,4) (X[,o,xr,pzz,z,zm) (Xt,o,xz,l) (Zt,o,zm) (Zm)
(0.476) (0.476) 0.474) (0.475)

we o allx (.00 %¢,15 X¢.3) (X2, X5) (X 4) (00 X1 X3) (2, Xe5) (cpa) (X0, X1, X2, X3, X05) (pa) (0, X1, Xe,3) (25X 5) (X¢4)
(0.359) (0.359) (0.379) (0.359)

Wy all x +all z (05 %e,15 Xe.3) (e 5,201) (e 2,200) (X0, X615 Xe,3) (Xp 2, X¢ 55%¢,1) (1,05 X (15 X¢,25 X135 X¢.,552¢,0) (x¢,05X¢,15 X¢,3) (Xp 2, X 5)
(0.354) (0.358) (0.380) (0.361)

Wy some x + all z (Xt,O, Xt,152t,00%t,3 zt,4) (x¢2) (xt,O’X[,lJZt,OJZt,lJZt,SJZtA) (Xr,z) (X¢,00 X615 X620 2,00 26,35 Z¢,4) (Xt,o, Xt,152t,002t,15 2,3 Zf,4) (Xt,z)

(0.582)

(0.576)

(0.575)

(0.575)

At the low noise level, in both cases of “all x” and “all x + all 2”, all initialisations enable the algorithm
to estimate the correct index structure for both y, and w,, with an exception in the “Linear” option
for w,. The “Linear” option for w, selects the correct variables but fails to identify the two-index
structure. This suggests that initialising the algorithm with a higher number of indices might be more
effective than with a lower number. In the case of “some x + all 2”7, for both y, and w,, the models
estimated under all initialisations include some noise variables. This indicates that when the available
predictors are insufficient to capture the data signal, the algorithm might select irrelevant variables

to make up for the missing signal.

When the fitted models are evaluated for y,, in both cases of “all x” and “all x + all 2”, all initialisations
result in a test set MSE of &~ 0.01, which corresponds to the variance of the true model error. This
confirms the accuracy with which the SMI Modelling algorithm estimates the index structure for y,.
For w,, all the estimated models result in a test set MSE of ~ 0.16. This is an interesting result as
the test set MSE of an estimated model with an incorrect index structure, but with correct predictors
(“Linear”), is similar to the models with correct index structure (“PPR”, “Additive”, and “Multiple”).
This suggests that the selection of the predictor variables is more important than determining the
index structure of the model in this case. For both y, and w,, in the case of “some x + all 2”, MSE on
the test set increases in comparison to the above cases, probably due to the inclusion of the noise

variables.
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Moreover, in contrast to y,, the test set MSE values for w, are higher than the variance of the true
model error. Intuitively, the complexity of the model for w;, is higher than for y,, where the total
estimation error of two non-linear functions (corresponding to the two indices) for w, might be higher

than the error of estimating a single non-linear function for y,.

As expected, the SMI Modelling algorithm’s accuracy in estimating the index structure is generally
lower with the high noise level than with the low noise level. At the high noise level, most of the

i

estimated models have selected irrelevant variables for both y, and w,. In both the cases of “all x’
and “all x + all 27, all the models estimated for y, (except for the “Additive” option in the “all x”
case) result in a test set MSE of ~ 0.23, which is slightly lower than the variance of the true model
error. This occurs irrespective of the inclusion of irrelevant variables in the “PPR” option for the
“all x” case and in the “Additive” and “Multiple” options for the “all x + all 2” case. This suggests
over-fitting when there is a low signal-to-noise ratio in the data. The same result is observed for w,,

where, irrespective of the different index structures and predictor choices, the estimated models in

the above two predictor combinations produce similar MSE values on the test set.

Similar to the previous case with the low noise level, when only part of x variables is provided, the
test set MSE values increase for both y, and w,, with the estimated models for w, producing higher

test MSE values compared to those for y,.

It is worth mentioning here that, in real-world forecasting problems, the true DGP is unknown, and
we do not expect an estimated model to precisely capture the true DGP. Therefore, as long as the

estimated model demonstrates good forecasting accuracy, the exact index structure is less important.

The simulation study further indicates that the choice of initialisation depends on the specific data
and application. Thus, users are encouraged to follow a trial-and-error procedure to determine the

most suitable initial model for a given application.

All SMI models estimated in this simulation experiment required less than 15 seconds of run time on

an Apple Silicon MacBook Pro, equipped with an Apple M1 Pro chip and 16 GB of memory.
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2.4 Empirical applications

2.4.1 Forecasting daily mortality

Studying the effects of various environmental exposures, such as weather-related variables, pollu-
tants, and man-made environmental conditions, on human health is of significant importance in
environmental epidemiology. Here, we apply the SMI Modelling algorithm to forecast daily mortality

based on heat exposure.

Description of the data

For this analysis, we consider daily mortality and heat exposure data for the metropolitan area of
Montreal, Québec, Canada, from 1990 to 2014 for June, July, and August (i.e. the summer months)
(Masselot et al. 2023). The daily all-cause mortality data were obtained from the National Institute
of Public Health, Québec, while DayMet, a 1km x 1km gridded data set (Thornton et al. 2021), was

used to extract daily temperature and humidity data.

Figure 2.1 shows the time plots of daily deaths during the summer for the years 1990 to 1993. The

series for each of the four years is presented separately in a faceted grid for visual clarity.
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Figure 2.1: Daily mortality in summer in Montreal, Canada, from 1990 to 1993.

Maximum temperature, minimum temperature, and vapour pressure (representing the level of
humidity) are considered predictors in this empirical study. The number of daily deaths is plotted
against each of these predictors in Figure 2.2, where we observe that the relationships between these

predictors and the response are slightly non-linear.
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Figure 2.2: Daily mortality in summer (from 1990 to 2014) plotted against maximum temperature,
minimum temperature, and vapour pressure.

Predictors considered
1) Daily death lags:
To incorporate the serial correlation present in the data into the modelling process, 14 lags of the

daily deaths (denoted Deaths 01 to Deaths 14) are used as predictors in the model.

2) Current maximum/minimum temperatures and lags:

In addition to the current maximum and minimum temperatures (denoted Tmax and Tmin, respec-
tively), the temperature measurements up to 14 days prior (denoted Tmax 01 to Tmax_14 and
Tmin_01 to Tmin_14) are considered predictors in the forecasting model. This takes into account the

cumulative effect of both current and recent past temperatures on a person’s heat exposure.

3) Current vapour pressure and lags:
Similarly, the current value and 14 lags of vapour pressure (denoted Vp and Vp_01 to Vp_14, respec-

tively) are considered as predictors, as a proxy for the level of humidity.

4) Calendar effects:
Finally, a couple of calendar variables (day of the season (DOS) and Year) are included in the model to

capture the annual trend and seasonality, which is a common practice in environmental epidemiology.
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Modelling framework

Death lags, maximum temperature lags, minimum temperature lags, and vapour pressure lags are
predictors that may enter the indices. The two calendar variables, DOS and Year, are included in the
model as separate nonparametric components that do not enter any indices. Hence, the relevant SMI

model can be written as

q
Deaths = 3, + Z gj(Xa;)+ f1(DOS) + f,(Year) + ¢,
j=1

where

* Deaths is the vector containing daily death observations;

* o is the model intercept;

* g is the unknown number of indices to be estimated via the proposed algorithm;

* X is a matrix containing the p = 59 predictor variables that may enter indices (i.e. death lags,
maximum temperature lags, minimum temperature lags, and vapour pressure lags);

*a;,j=1,...,q, are the index coefficient vectors, each of length p;

* &1,---,8¢> f1, and f, are unknown nonparametric functions; and

e ¢ is the error term.

To evaluate the forecasting accuracy of the estimated SMI model, a time series cross-validation
procedure is implemented using rolling window forecasting. Each rolling training window consists of
1656 observations, on which a SMI model is estimated. For each rolling training window, a subsequent
validation window of 92 observations is used to tune the penalty parameters, A, and A,. Once the
tuning of the two penalty parameters is completed, the SMI model is re-fitted using the combined
training and validation sets at each rolling window. The initial training window for model estimation
spans from June 1990 to August 2007, and the window is rolled forward in steps of five observations
to strike a balance between the number of windows and computational cost, resulting in a total of 93

windows. At each window, 92-step-ahead forecasts are generated.

The forecasting accuracy of the model is evaluated using MSE and Mean Absolute Error (MAE). We
assume that the future values of the maximum and minimum temperatures and vapour pressure are
known for use in the forecasting model; thus, it is a post hoc analysis. It is important to note that the
two calendar variables (i.e. DOS and Year) are not truncated when generating forecasts for the test
sets, as explained in Section 2.2.2, since such truncation would be inappropriate in the context of

these variables.
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Benchmark methods
In addition to our proposed SMI model, we also evaluate three benchmark models for comparison

purposes.

The first benchmark is a nonparametric additive model formulated through backward elimination
(Backward), as proposed by Fan & Hyndman (2012). The process starts with all variables included in
an additive model, and variables are progressively omitted until the optimal model is obtained based
on the validation set MSE. Once the optimal model is obtained, the final model is re-fitted for the

data set combining the training and validation sets at each rolling window.

The second benchmark is a Groupwise Additive Index Model (GAIM), which can be written in the form
q
Yi= Z gj(aijij) + &
j=1

where y; is the response, x;; € RY, j=1,...,q are pre-specified non-overlapping subsets of x;, and
a;,j=1,...,q are the corresponding vectors of index coefficients, gj»J=1,...,q are unknown,
possibly non-linear functions, and ¢; is the random error (Wang, Xu & Zhu 2015; Masselot et al.
2023). For this application, death lags, maximum temperature lags, minimum temperature lags, and
vapour pressure lags are intuitively categorised into four separate groups, with an index estimated

for each group.

The third benchmark is a Projection Pursuit Regression (PPR) model (Friedman & Stuetzle 1981) given

by
q
T
Yi= Z gjla; x;) + ¢,
j=1
where y; is the response, x; is the p-dimensional predictor vector, a; = (ajq, .- ., ajp)T, i=1,...,q

are p-dimensional projection vectors (or vectors of “index coefficients”), g;, j =1,...,q are unknown
non-linear functions, and ¢; is the random error. The number of indices in the PPR model was taken
as five, which corresponds to the number of indices in the PPR model used in the initialisation of the

SMI model estimation with the “PPR” initialisation option.

It is important to note a key difference between the GAIM and PPR models—in the PPR model, all
predictors in the p-dimensional predictor vector, x;, enter into every estimated index. In contrast, the

GAIM assigns each predictor to a single, predetermined index with no overlap.

Additionally, no parameter tuning or variable/model selection is performed for the two benchmark

models, GAIM and PPR. Therefore, these models are estimated directly on the combined training and
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validation sets at each rolling window, ensuring a fair comparison of forecasting performance across

models.

When generating forecasts for a test set, all predictor variables treated non-linearly in these benchmark

models are also truncated to be within the in-sample range, as explained in Section 2.2.2.

Results

For each rolling window, we estimated the SMI models using three different initialisation options—
“PPR”, “Additive”, and “Linear” (denoted as SMI-P, SMI-A, and SMI-L, respectively)—for comparison
purposes. The penalty parameters A, and A, were tuned within each rolling window using the greedy
search procedure described in Section 2.2.2, based on the validation set MSE. The length of the

sequence of possible values for A, was set to 50 + 1 (including zero).

Table 2.2 presents the cross-validated MSE and MAE values for the estimated SMI models, alongside
all benchmark methods considered, across forecast horizons h = 1,...,92. The table also reports the
MSE and MAE values averaged over specific periods—seven days (i.e. one week), 14 days (i.e. two
weeks), 30 days (i.e. one month), 61 days (i.e. two months), and 92 days (i.e. three months of the
summer season). These are denotedash=1:7,h=1:14,h=1:30,h=1:61,and h=1:92,
respectively.
Table 2.2: Cross-validated out-of-sample point forecast results for daily mortality in summer. The column
Horizon indicates the forecast horizon (h). Columns 2-7 present the MSE values, and columns
8-13 present the MAE values for the estimated models: SMI-P, SMI-A, SMI-L, Backward,

GAIM, and PPR, respectively. The minimum MSE and MAE values for each forecast horizon
are shown in bold.

MSE MAE

Horizon SMI-P SMI-A SMI-L. Backward GAIM PPR SMI-P SMI-A SMI-L. Backward GAIM PPR

h=1 97.6 249.7  94.7 101.1 103.9 1253 7.8 8.8 7.8 8.1 8.0 9.3
h=2 93.5 184.8 92.9 99.4 141.3 95.8 7.8 8.9 7.6 7.9 8.5 7.6
h=3 98.6 141.8 116.8 924 97.0 1415 8.2 8.8 8.6 8.0 7.7 9.0
h=4 136.5 257.9 162.1 132.1 1234 1788 9.5 10.6 10.0 9.2 8.8 10.3
h=5 107.3 2745 176.0 125.8 121.7 1721 83 10.2 9.4 8.5 8.6 9.6
h=6 95.1 222.3 116.6 102.4 100.1 186.2 7.6 9.3 8.1 8.1 7.7 9.6
h=7 98.0 649.4  234.7 99.9 1379 1443 7.6 10.4 9.0 7.7 8.5 9.1
h=8 87.6 614.1 2241 90.0 98.6 148.8 7.8 10.3 9.1 7.7 7.7 9.1
h=9 131.4 565.5 260.1 130.1 120.3 1939 9.2 11.7 10.8 9.2 8.8 10.7
h=10 170.9 612.5 197.5 123.8 113.7 1744 9.1 10.7 9.5 8.5 8.6 10.0
h=11 113.7 531.3 144.9 100.1 101.8 1493 7.9 10.1 8.4 7.9 7.8 9.4
h=12 106.0 564.2 301.3 101.3 139.7 1604 7.9 10.5 9.8 7.8 8.7 9.7
h=13 98.4 529.9 102.1 87.8 98.5 126.5 7.9 10.3 8.2 7.7 7.7 8.6
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(continued)
MSE MAE

Horizon SMI-P SMI-A SMI-L Backward GAIM PPR  SMI-P SMI-A SMI-L Backward GAIM PPR
h=14 129.1 550.6 159.1 126.3 119.7 1615 9.1 11.8 9.7 8.9 8.8 9.7

h=15 128.4 590.0 149.2 121.3 109.8 1783 8.4 11.0 9.4 8.2 8.4 9.6

h=16 96.0 658.6 119.6 100.2 101.0 189.7 7.8 11.0 8.3 8.0 7.8 9.9

h=17 100.6 571.6 164.8 96.3 143.0 167.5 79 10.0 8.5 7.6 8.6 8.8

h=18 105.5 571.3 110.5 90.8 98.1 2179 8.2 10.2 8.4 7.8 7.6 10.6
h=19 1279 606.8 135.1 127.6 116.1 1889 9.2 12.1 9.3 9.2 8.6 10.4
h=20 129.2 541.5 132.2 121.7 115.5 166.4 8.7 11.2 8.8 8.4 8.6 9.0

h=21 99.0 6109 1004 101.4 98.9 1593 7.9 10.3 7.8 8.0 7.6 9.2

h=22 99.6 630.7 110.3 102.0 139.2 172.7 7.6 10.7 8.0 7.9 8.5 9.4

h=23 84.4 527.6 97.8 90.8 103.9 2295 7.5 10.1 7.9 7.7 7.8 10.8
h=24 141.4  520.5 133.9 124.1 117.0 211.6 9.6 11.1 9.4 8.8 8.6 11.1
h=25 107.9 611.5 116.8 124.6 104.2 238.0 8.2 11.4 8.7 8.5 8.4 10.2
h=26 101.6 541.7 94.6 98.1 100.4 2084 7.9 9.9 7.6 7.8 7.7 10.2
h=27 102.1  637.3 1019 102.2 138.8 1969 7.9 11.0 7.7 7.9 8.8 9.7

h=28 94.6 7354 102.2 99.5 129.5 209.2 7.8 11.3 8.0 7.9 8.3 10.4
h=29 124.1 570.2 124.3 1204 1144 2540 9.1 11.3 8.9 8.7 8.5 11.4
h=30 128.4 561.5 131.5 130.9 108.7 202.1 8.8 10.8 8.7 8.6 8.5 10.3
h=31 89.9 5279 98.6 98.7 95.5 2060 7.3 10.6 7.8 7.7 7.5 10.2
h=32 95.8 605.5 112.4 101.9 149.8 2164 7.9 10.8 8.3 8.1 9.0 10.2
h=33 106.3 6214 107.1 99.3 105.6 208.2 8.1 10.9 8.4 7.9 8.1 10.6
h=34 116.7 538.1 1345 1134 110.6 210.1 8.5 11.5 9.3 8.5 8.4 10.3
h=35 142.8 542.0 123.8 130.8 112.3 2828 9.2 11.0 8.6 8.7 8.5 11.5
h=36 93.9 491.5 96.5 95.0 94.9 226.0 7.5 10.1 7.7 7.7 7.5 10.5
h=37 102.0 546.0 117.2 1125 150.2 2449 7.8 11.2 8.5 8.5 9.0 11.1
h=38 95.5 280.5 105.5 103.0 128.4 256.2 7.7 9.6 8.4 8.1 8.2 11.2
h=39 132.5 201.1 132.7 119.5 119.2  247.7 9.3 9.5 9.2 8.8 8.7 11.5
h=40 131.8 257.8 1244 135.7 116.0 264.6 9.0 9.9 8.6 8.8 8.6 11.6
h=41 98.4 205.6 99.7 98.6 100.9 216.7 7.8 8.5 7.8 7.8 7.7 10.3
h=42 112.6 259.5 106.6 104.0 162.7 227.7 8.3 10.0 8.2 8.1 9.2 10.6
h=43 109.7 237.7 974 104.7 1109 2149 8.3 10.0 7.7 8.2 8.0 10.5
h=44 131.2 630.2 131.6 116.8 117.4 280.1 9.0 11.5 9.3 8.6 8.5 11.9
h=45 139.0 581.8 1241 1345 131.2 308.8 9.2 11.1 8.6 8.6 8.8 12.0
h=46 96.5 536.7 100.5 102.5 100.7 2929 7.7 10.5 7.9 7.8 7.7 11.8
h=47 114.5 556.7 123.2 107.8 1745 285.5 8.5 10.9 8.7 8.3 9.6 11.8
h=48 105.5 5324 993 105.1 110.2 315.1 8.3 10.9 8.0 8.1 8.1 11.8
h=49 131.9 4845 131.2 121.5 120.3 2573 9.1 11.1 9.3 8.8 8.8 11.1
h=50 155.0 551.1 1299 134.2 136.5 2923 9.3 11.4 8.8 8.9 9.0 12.2
h=51 103.6 619.2 100.0 100.1 101.8 2943 7.9 10.8 8.1 7.8 7.7 11.8
h=52 100.5 552.8 114.5 104.7 169.3 2952 7.9 10.8 8.5 8.2 9.6 11.8
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(continued)
MSE MAE
Horizon SMI-P SMI-A SMI-L Backward GAIM PPR  SMI-P SMI-A SMI-L Backward GAIM PPR
h=53 1044 597.1 1069 105.8 112.4 2956 8.1 10.3 8.3 8.1 8.1 12.4
h=54 125.6 5189 126.6 120.6 116.8 293.3 8.9 11.4 9.1 9.0 8.6 12.0
h=55 140.2 584.6 145.7 137.9 121.6 255.1 8.9 11.5 9.1 8.8 8.8 11.0
h=56 97.5 600.2 102.4 106.0 106.3 2659 79 10.5 8.1 8.2 8.0 11.6
h=57 1129 590.0 116.5 110.3 150.8 266.7 8.6 11.1 8.5 8.5 9.2 11.3
h=58 106.1 607.2 98.6 106.4 119.2 283.5 8.2 11.0 8.0 8.2 8.3 11.6
h=59 121.3 633.1 126.2 120.0 118.6 2494 8.9 12.0 9.1 8.9 8.7 11.9
h=60 132.3 681.6 136.1 1384 133.7 300.8 9.1 11.9 9.2 9.0 9.0 12.1
h=61 102.5 688.9 92.6 103.1 98.9 230.0 8.0 10.8 7.7 8.0 7.6 10.7
h=62 1149 635.7 119.2 107.0 153.1 237.6 8.6 11.1 8.5 8.2 9.0 11.2
h=63 123.2 620.7 93.7 108.8 124.4 268.0 8.4 10.8 7.8 8.1 8.1 12.1
h=64 135.6 560.0 132.8 128.8 122.2 3163 9.4 11.7 9.3 9.3 8.9 12.7
h=65 135.0 651.2 133.7 1328 128.6 316.6 9.0 11.4 8.9 8.7 8.9 11.9
h=66 100.6 688.0 107.9 109.7 102.7 258.8 79 11.0 8.1 8.3 7.9 11.3
h=67 103.0 608.7 122.0 104.5 144.7 198.3 8.0 10.5 8.6 8.2 8.7 10.5
h=68 107.4 483.8 108.7 110.1 123.8 284.7 8.3 10.4 8.3 8.3 8.4 12.0
h=69 129.2  642.7 1349 1254 1242 303.6 9.3 12.0 9.5 9.2 9.0 11.7
h=70 145.5 576.1 120.2 130.1 131.0 268.7 9.3 11.2 8.7 8.6 8.9 11.7
h=71 96.5 616.1 90.0 106.5 99.0 246.4 7.7 10.7 7.5 8.3 7.7 11.4
h=72 110.7 5249 110.3 108.4 152.8 283.5 8.6 10.5 8.2 8.3 9.0 11.7
h=73 99.5 628.3 107.8 1128 1242 237.1 8.0 11.0 8.1 8.4 8.3 12.0
h=74 137.0 6939 130.8 123.0 121.4 2858 9.6 12.0 9.3 9.1 8.9 12.1
h=75 130.9 380.8 139.8 1324 133.4 328.2 8.9 10.8 8.9 8.7 9.0 12.5
h=76 93.3 533.5 100.9 102.1 95.2 285.6 7.6 10.3 8.1 8.1 7.6 12.2
h=77 109.1 585.1 109.6 109.0 147.5 303.9 85 11.2 8.4 8.3 9.0 11.9
h=78 103.8 575.6 104.3 119.2 135.1 301.2 8.1 11.1 8.1 8.7 8.5 11.9
h=79 1349 564.1 141.3 1259 125.7 301.0 9.5 11.6 9.7 9.2 9.1 12.1
h=80 151.7 6229 1119 127.0 1299 3504 9.0 11.4 8.6 8.7 8.9 13.2
h=81 100.1 678.6 90.1 100.1 95.9 359.2 8.0 10.9 7.8 8.0 7.7 12.5
h=82 120.7 552.0 119.6 106.6 149.7 300.0 8.6 11.0 8.7 8.1 9.1 12.5
h=83 109.9 679.4 189.6 117.7 130.6 3152 8.6 11.3 9.6 8.6 8.4 12.9
h=84 1249 6389 181.7 1243 120.0 407.3 9.2 12.3 10.0 9.1 8.8 14.2
h=85 158.1 588.8 217.2 1243 126.4 3264 8.7 11.0 9.5 84 8.8 13.2
h=86 109.5 513.5 319.8 102.2 93.6 293.0 8.1 10.6 9.4 8.1 7.6 12.1
h=87 116.0 583.3 336.3 107.3 1479 323.7 84 11.0 9.8 8.2 9.0 12.8
h=88 105.0 470.7 332.6 121.0 125.1 337.1 84 10.8 10.1 8.6 8.4 13.6
h=89 132.8 543.0 3334 1219 116.6 297.2 9.4 11.9 10.6 9.1 8.6 12.1
h=90 121.2 5549 255.5 125.0 127.8 338.6 8.6 11.2 9.7 8.7 8.9 13.0
h=91 101.3 5544 160.5 99.5 92.1 2974 8.3 10.1 8.6 7.9 7.5 12.0
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(continued)
MSE MAE
Horizon SMI-P SMI-A SMI-L. Backward GAIM PPR SMI-P SMI-A SMI-L. Backward GAIM PPR
h=92 111.0 669.1 298.1 107.5 145.1 342.2 8.3 11.0 10.0 8.2 8.6 12.6
h=1:7 103.8 2829 142.0 107.6 117.9 149.1 8.1 9.6 8.6 8.2 8.3 9.2
h=1:14 111.7 4249 170.2 108.0 115.5 154.2 8.3 10.2 9.0 8.2 8.3 9.4
h=1:30 111.1 514.5 143.6 108.8 115.2 178.3 8.3 10.5 8.7 8.2 8.3 9.8
h=1:61 112.8 513.1 129.0 110.8 1189 220.2 8.3 10.6 8.6 8.3 8.4 10.6
h=1:92 114.7 538.2 140.5 1124 121.1 247.2 8.4 10.8 8.7 8.4 8.4 11.1

According to Table 2.2, SMI-P achieves the highest forecasting accuracy over the averaged short-term
horizon h = 1: 7, outperforming the other estimated SMI models and the benchmark methods.
However, as the forecast horizon increases, the Backward model yields the best overall performance.
Among the three SMI models, SMI-P performs best and continues to outperform the GAIM and PPR
models. It is worth noting that SMI-A produces comparatively higher forecast errors than all other
estimated models. This is likely because the Gurobi solver reported the optimisation problem as
non-convex for this model. As a result, due to the time limits and MIP gap constraints applied during

model fitting (see Section 2.4.3), only sub-optimal solutions were obtained.

Figures 2.3, 2.4, 2.5, and 2.6 depict the index variables selected within each of the 93 rolling windows,
for the estimated SMI-P, SMI-A, SMI-L, and Backward models, respectively. Each figure includes
a colour gradient column denoting the frequency with which each variable is selected across all
windows. Correspondingly, Tables 2.3, 2.4, 2.5, and 2.6 present the associated selection frequencies

for each model, thereby providing complementary information to the respective figures.

Table 2.3: Selection frequency of each index variable in the estimated SMI-P models for forecasting daily
mortality in summer across 93 rolling windows. The columns labelled Index Variable list
the variable names, while the columns labelled Selection Frequency show the number of
rolling windows in which each variable was selected. The columns are repeated for compact
presentation.

Index Variable  Selection Frequency Index Variable Selection Frequency

Deaths 01 58 Tmin 01 42
Deaths_02 41 Tmin_02 43
Deaths_03 43 Tmin_03 39
Deaths_04 40 Tmin_04 41
Deaths_05 40 Tmin_05 45
Deaths_06 40 Tmin_06 39
Deaths_07 41 Tmin_07 40

39



Optimal Predictor Selection for High-dimensional Nonparametric Forecasting

(continued)

Index Variable Selection Frequency Index Variable Selection Frequency

Deaths_08 41 Tmin_08 43
Deaths 09 40 Tmin_09 40
Deaths_10 37 Tmin_10 40
Deaths_11 40 Tmin_11 40
Deaths_12 39 Tmin_12 40
Deaths_13 44 Tmin_13 38
Deaths_14 40 Tmin_14 51
Tmax 72 Vp 50
Tmax 01 49 Vp_01 48
Tmax_02 68 Vp_02 47
Tmax_03 39 Vp_03 46
Tmax_04 40 Vp_04 45
Tmax_05 39 Vp_05 40
Tmax_06 41 Vp_06 41
Tmax_07 44 Vp_07 41
Tmax_08 40 Vp_08 39
Tmax 09 39 Vp_09 37
Tmax_10 40 Vp_10 41
Tmax_11 39 Vp_11 40
Tmax_12 40 Vp_12 41
Tmax_13 40 Vp_13 41
Tmax_14 39 Vp_14 41
Tmin 44

Table 2.4: Selection frequency of each index variable in the estimated SMI-A models for forecasting daily
mortality in summer across 93 rolling windows. The columns labelled Index Variable list
the variable names, while the columns labelled Selection Frequency show the number of
rolling windows in which each variable was selected. The columns are repeated for compact
presentation.

Index Variable  Selection Frequency Index Variable Selection Frequency

Deaths_01 44 Tmin_01 30
Deaths_02 29 Tmin_02 34
Deaths 03 31 Tmin_03 28
Deaths_04 27 Tmin_04 29
Deaths_05 27 Tmin_05 29
Deaths_06 29 Tmin_06 27
Deaths_07 31 Tmin_07 27
Deaths 08 28 Tmin 08 33
Deaths 09 27 Tmin_09 27
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(continued)

Index Variable Selection Frequency Index Variable Selection Frequency

Deaths 10 28 Tmin_10 28
Deaths_11 30 Tmin_11 27
Deaths 12 28 Tmin_ 12 28
Deaths_13 42 Tmin_13 28
Deaths_14 28 Tmin_14 42
Tmax 73 Vp 42
Tmax 01 52 Vp_01 49
Tmax_02 65 Vp_02 45
Tmax 03 33 Vp_03 39
Tmax_04 28 Vp_04 34
Tmax_05 29 Vp_05 37
Tmax_06 27 Vp_06 34
Tmax_07 38 Vp_07 30
Tmax_08 27 Vp_08 29
Tmax_09 28 Vp_09 28
Tmax_10 28 Vp_10 28
Tmax 11 28 Vp_11 29
Tmax_12 28 Vp_12 33
Tmax 13 31 Vp_ 13 28
Tmax_14 28 Vp_14 38
Tmin 32

Table 2.5: Selection frequency of each index variable in the estimated SMI-L models for forecasting daily
mortality in summer across 93 rolling windows. The columns labelled Index Variable list
the variable names, while the columns labelled Selection Frequency show the number of
rolling windows in which each variable was selected. The columns are repeated for compact
presentation.

Index Variable  Selection Frequency Index Variable Selection Frequency

Deaths_01 53 Tmin_01 28
Deaths 02 25 Tmin_02 27
Deaths_03 24 Tmin_03 23
Deaths_04 23 Tmin_04 23
Deaths 05 23 Tmin_05 28
Deaths 06 25 Tmin_06 23
Deaths_07 24 Tmin_07 23
Deaths 08 26 Tmin 08 26
Deaths 09 25 Tmin_09 23
Deaths 10 23 Tmin_10 23
Deaths 11 23 Tmin_11 24
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(continued)

Index Variable Selection Frequency Index Variable Selection Frequency
Deaths 12 23 Tmin_12 23
Deaths_13 32 Tmin_13 23
Deaths_14 23 Tmin_14 44
Tmax 77 Vp 37
Tmax 01 40 Vp_01 33
Tmax_02 61 Vp_02 35
Tmax_03 26 Vp_03 32
Tmax_04 23 Vp_04 27
Tmax_05 24 Vp_05 30
Tmax_06 23 Vp_06 26
Tmax_07 23 Vp_07 23
Tmax_08 24 Vp_08 25
Tmax_09 23 Vp_09 24
Tmax_10 22 Vp_10 25
Tmax 11 23 Vp_11 24
Tmax_12 23 Vp_12 29
Tmax 13 23 Vp_13 24
Tmax_14 24 Vp_14 29
Tmin 28

Table 2.6: Selection frequency of each index variable in the estimated Backward models for forecasting
daily mortality in summer across 93 rolling windows. The columns labelled Index Variable
list the variable names, while the columns labelled Selection Frequency show the number of
rolling windows in which each variable was selected. The columns are repeated for compact

presentation.
Index Variable  Selection Frequency Index Variable Selection Frequency
Deaths_01 43 Tmin_01 81
Deaths 02 56 Tmin_02 71
Deaths_03 69 Tmin_03 72
Deaths_04 68 Tmin_04 76
Deaths_05 80 Tmin_05 69
Deaths_06 72 Tmin_06 76
Deaths_07 53 Tmin_07 86
Deaths_08 45 Tmin_08 80
Deaths 09 79 Tmin_09 82
Deaths_10 71 Tmin_10 74
Deaths 11 52 Tmin_11 78
Deaths_12 46 Tmin_12 74
Deaths 13 59 Tmin_13 56
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(continued)

Index Variable Selection Frequency Index Variable Selection Frequency

Deaths_14 66 Tmin_14 52
Tmax 85 Vp 76
Tmax 01 75 Vp_01 40
Tmax_02 66 Vp_02 65
Tmax_03 44 Vp_03 78
Tmax_04 52 Vp_04 84
Tmax_05 54 Vp_05 79
Tmax_06 52 Vp_06 74
Tmax 07 60 Vp_07 74
Tmax_08 48 Vp_08 66
Tmax_ 09 42 Vp_09 87
Tmax_10 85 Vp_10 74
Tmax 11 82 Vp_11 87
Tmax_12 68 Vp_12 70
Tmax 13 58 Vp_13 69
Tmax_14 54 Vp_14 58
Tmin 78

Figures 2.3, 2.4, and 2.5 indicate that, among the three estimated SMI models, the SMI-L model yields
sparser results across a comparatively larger number of rolling windows. However, all three SMI
models also produce some rolling windows in which no index variables are selected. In contrast, Figure
2.6 shows that the estimated Backward models are generally denser than the SMI models, particularly
in comparison with SMI-A, despite both approaches beginning with the same full nonparametric
additive model. The greater density of the Backward models likely arises from their use of a direct
backward elimination procedure, which sequentially removes variables without applying coefficient
penalisation. In comparison, the SMI-A model employs iterative optimisation with penalisation,
simultaneously shrinking coefficients and grouping predictors, thereby promoting sparser solutions.
Note that the Backward model has not produced any rolling windows in which no index variables are

selected.

Among the 59 index variables, the current maximum temperature (Tmax), its first and second lags
(Tmax_01 and Tmax_02), and the first lag of the number of deaths (Deaths_01) consistently display
higher selection frequencies across all three estimated SMI models. In the case of the Backward model,

many additional variables show higher selection frequencies, reflecting its generally denser structure.

Examining the SMI models estimated in adjacent rolling windows reveals that periods of relatively

denser models are sometimes immediately followed by sparser models, or vice versa. Ideally, we would
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Figure 2.3: Plot illustrating the index variables (i.e. predictors considered for inclusion in the indices)
selected in the estimated SMI-P models for forecasting daily mortality in summer across 93
rolling windows. The colour gradient column on the left-hand side of the plot indicates the
selection frequency of each index variable across all rolling windows, with darker shades
representing higher selection frequencies and lighter shades representing lower selection
frequencies. A complementary table of selection frequencies is provided in Table 2.3.

expect models estimated in adjacent windows to have a similar structure. One possible explanation is
that the SMI Modelling algorithm becomes trapped in local minima. Two different solutions selected
in nearby windows may be close to each other in the solution space, but the algorithm converges to
one local minimum in one window and to another in the next, resulting in markedly different models
for adjacent windows. Additionally, in real-world scenarios, high correlations between predictors can
often result in multiple distinct models with comparable performance, a situation that appears to be
reflected in this empirical application. However, further research is required to better understand this

observation.

The rolling window model estimation procedure from which the above results were obtained was
carried out on the MonARCH (Monash Advanced Research Computing Hybrid) HPC Cluster using
parallelisation. This was necessary as the estimation of the SMI models, particularly due to their
automatic predictor selection and grouping mechanism implemented through an iterative optimisation

algorithm, was computationally intensive and time-consuming.
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Figure 2.4: Plot illustrating the index variables (i.e. predictors considered for inclusion in the indices)
selected in the estimated SMI-A models for forecasting daily mortality in summer across 93
rolling windows. The colour gradient column on the left-hand side of the plot indicates the
selection frequency of each index variable across all rolling windows, with darker shades
representing higher selection frequencies and lighter shades representing lower selection
frequencies. A complementary table of selection frequencies is provided in Table 2.4.

To indicate the comparative run times, the approximate times required to estimate each model
(including the three benchmark models) for the first rolling window are presented in Table 2.7. These
run times were recorded by estimating the models for only the first rolling window on an Apple
Silicon MacBook Pro equipped with an Apple M1 Pro chip and 16 GB of memory. Note that these
run times are reported as approximate indications of the computation time per rolling window; the
actual run times for each model on each rolling window may vary depending on the characteristics of

the data in that particular window.

Table 2.7: Approximate run times for the estimated models for forecasting daily mortality in summer; in
the first rolling window.

Estimated Model Run Time

SMI-P 4.57h
SMI-A >24h
SMI-L 53.31m
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(continued)

Estimated Model Run Time

Backward >24h
GAIM 21.65s
PPR 1.30s

According to Table 2.7, among the three estimated SMI models, SMI-A is the most time-consuming.
Our experiments indicate that the run time of a SMI model depends on both the number of index
variables and the number of indices estimated within the model. The “Additive” initialisation employs
a nonparametric additive structure that assigns a separate index to each variable, thereby increasing
the number of indices to be estimated relative to the “PPR” or “Linear” initialisations, and consequently
raising the overall computational cost. However, as mentioned earlier, in this particular case, the
Gurobi solver identified the optimisation problem for SMI-A as non-convex, which resulted in an
extended computation time, reaching the time limit imposed for a single optimisation iteration
(i.e. 600 seconds) in most iterations. Among the three SMI models, SMI-L exhibits the shortest run

time, likely because it is initialised using a single-index structure.

We can observe that the Backward model also requires considerably more computational time, owing
to the large number of nonparametric components that must be estimated iteratively at each step
of the backward elimination procedure. In contrast, the GAIM and PPR models are computationally

efficient.

It is worth noting that SMI-P achieved forecasting performance only marginally lower than that of
the Backward model. Therefore, when considering the trade-off between computational time and
forecasting accuracy, the substantially longer run time required by the Backward model did not yield

a correspondingly greater improvement in forecasting performance compared with SMI-P.

2.4.2 Forecasting daily solar intensity
Next, we utilise the SMI Modelling algorithm to forecast daily solar intensity, using other weather

conditions.

Description of the data

We use solar intensity and other weather variables measured at the Davis weather station in Amherst,
Massachusetts, obtained from the UMass Trace Repository (The UMass Trace Repository 2023). The
data were recorded every five minutes from 21 February 2006 to 27 February 2013, using sensors

for measuring weather variables. We converted the five-minute data to daily data by averaging each
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Figure 2.5: Plot illustrating the index variables (i.e. predictors considered for inclusion in the indices)
selected in the estimated SMI-L models for forecasting daily mortality in summer across 93
rolling windows. The colour gradient column on the left-hand side of the plot indicates the
selection frequency of each index variable across all rolling windows, with darker shades
representing higher selection frequencies and lighter shades representing lower selection
frequencies. A complementary table of selection frequencies is provided in Table 2.5.

variable over each day. The main reason for this conversion is to reduce the inflated number of zeros

in the solar intensity series resulting from the absence of solar radiation during night-time.

Figure 2.7 shows the time plot of daily solar intensity over the entire period, clearly illustrating the

annual seasonality present in the data. The gaps represent days with missing observations.

Additionally, there are three distinct periods of unusual observations identifiable in the data: from
3 January 2011 to 24 February 2011, from 11 November 2011 to 6 December 2011, and from 16
September 2012 to 19 September 2012. These periods were treated as missing data and subsequently

removed from the analysis. The data set, after excluding these segments, is shown in Figure 2.8.

In Figure 2.9, the daily solar intensity is plotted against each of the predictors: temperature, dew
point, wind, rain, and humidity. We can observe that the relationships between these predictors and

the response are non-linear.
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Figure 2.6: Plot illustrating the index variables (i.e. predictors considered for inclusion in the indices)
selected in the estimated Backward models for forecasting daily mortality in summer across
93 rolling windows. The colour gradient column on the left-hand side of the plot indicates
the selection frequency of each index variable across all rolling windows, with darker shades
representing higher selection frequencies and lighter shades representing lower selection
frequencies. A complementary table of selection frequencies is provided in Table 2.6.
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Figure 2.7: Daily solar intensity in Amherst, Massachusetts, from February 2006 to February 2013—
before removing unusual observations.

48



Optimal Predictor Selection for High-dimensional Nonparametric Forecasting

400+
300 -
200 -

100 - ”

0 A

Solar intensity (watts per square metre)

2006-01-01  2007-01-01  2008-01-01  2009-01-01  2010-01-01  2011-01-01  2012-01-01  2013-01-01
Date

Figure 2.8: Daily solar intensity in Amherst, Massachusetts, from February 2006 to February 2013—
after removing unusual observations.

Predictors considered
1) Solar intensity lags:
Three lags of daily solar intensity (denoted Solar 01 to Solar_03) are used as predictors to incorporate

serial correlations present in the data into the modelling process.

2) Current weather variables and lags:

In addition to current temperature, dew point, wind speed, rain, and humidity (denoted Temp, Dewpt,
Wind, Rain, and Humid, respectively), the measurements of the three previous days (denoted Temp 01
to Temp_03, Dewpt_01 to Dewpt 03, Wind_01 to Wind_03,, Rain_01 to Rain_03, and Humid 01 to
Humid_03) for each of these weather variables are also included as predictors in the forecasting

model.

3) Calendar effects:

Finally, a calendar variable, day of the year (DOY), is incorporated into the model to account for
annual seasonality. This variable is included as a smooth function using Fourier terms. A Fourier
series approximates a periodic function using an infinite sum of sine and cosine terms (Tolstov 1976).
Since seasonal patterns are periodic, Fourier terms can be used as an alternative to seasonal dummy
variables in forecasting models, particularly for long seasonal periods. If m represents the seasonal
period, the Fourier terms that serve as predictor variables in a forecasting model can be expressed
as x1 , = sin(27t/m), x5, = cos(2mt/m), x5, = sin(4mt/m), x4, = cos(4nt/m), etc. (Hyndman &

Athanasopoulos 2021).

We consider the number of Fourier term pairs (sine and cosine), denoted by K, ranging from K =1
to K = 10, with m = 365.25 to account for leap years. The SMI model with “Linear” initialisation

is used to determine the number of Fourier term pairs that best capture the DOY effect, based on
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Figure 2.9: Daily solar intensity (from February 2006 to February 2013) plotted against temperature,
dew point, wind speed, rain, and humidity.

the validation set MSE. That is, SMI models are fitted using different numbers of Fourier term pairs,
and the number corresponding to the model that results in the lowest validation set MSE is selected.
This selection process is carried out within each rolling window in the time series cross-validation
procedure used to assess the forecasting performance of the estimated models. The details of the

cross-validation procedure are provided in the following section.

Modelling framework
The lags of solar intensity and the lags of weather variables are considered predictors that may enter
the indices. The Fourier terms capturing the day of the year effect are included in the model as linear

variables (so that they are not part of the indices).
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Hence, the relevant SMI model can be written as

q K
Solar = f3, + Z gi(Xa;)+ Z(QkDOY_Sk + 6,DOY _Ci) +¢,
j=1 k=1

where

* Solar is the vector containing daily observations of solar intensity;

* f, is the model intercept;

* g is the unknown number of indices to be estimated via the proposed algorithm;

* X is a matrix containing the p = 23 predictor variables that may enter the indices (i.e. solar
intensity, temperature, dew point, wind speed, rain, and humidity lags);

*aj,j=1,...,qare the index coefficient vectors, each of length p;

* &1,---,8q are unknown nonparametric functions;

* DOY S; and DOY _C;, k = 1,...,K are the sine and cosine terms of the Fourier term pairs
corresponding to the variable DOY (The number of pairs K is selected for each rolling window
separately, using the SMI model estimated with “Linear” initialisation.);

* O and &y, k=1,...,K are the coefficients of DOY_S;, and DOY G, respectively; and

e ¢ is the error term.

As in the previous application, a time series cross-validation procedure is implemented using a rolling
window forecasting approach. Each rolling training window comprises 1569 observations, on which
a SMI model is estimated. For each rolling training window, a subsequent validation window of 45
observations is used to tune the penalty parameters and to select the optimal number of Fourier term

pairs to capture the effect of the DOY variable.

Once the tuning of the two penalty parameters and the selection of Fourier terms are completed, the
models are re-estimated using the combined training and validation sets at each rolling window. The
initial training window spans from 21 February 2006 to 8 June 2010, and the windows are rolled
forward in increments of 10 observations, resulting in 93 windows. For each window, 30-step-ahead

forecasts are generated.

To ensure the reliability of the validation process, any window in which the first two-thirds of the
validation set consists of missing values is excluded, as it would not provide sufficient data to compute
a meaningful validation MSE. Furthermore, windows, where the test set contains any missing values,
are omitted to ensure that forecast errors can be calculated across the full forecast horizon in every
rolling window included in the analysis. After excluding such windows, a total of 55 rolling windows

remain.
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The forecasting accuracy of the model is evaluated using MSE and MAE. We assume that the future

values of the weather variables are known, thus making it a post hoc analysis.

Results

We estimated SMI models for the solar intensity data using three different initialisation options—
“PPR”, “Additive”, and “Linear” (denoted as SMI-P, SMI-A, and SMI-L, respectively). We tuned the
penalty parameters A, and A, within each rolling window using the greedy search procedure outlined
in Section 2.2.2. The length of the sequence of possible values for A, was set to 50 + 1 (including

Zero).

Table 2.8 presents the cross-validated MSE and MAE values for the estimated SMI models, as well as
all benchmark methods, across forecast horizons h = 1,...,30. The MSE and MAE values averaged
over the following periods—seven days (i.e. one week), 14 days (i.e. two weeks), and 30 days (i.e. one
month)—are also reported in Table 2.8. These are denoted ash=1:7,h=1: 14, and h =1: 30,

respectively.

Here, the GAIM was fitted by grouping the lags of each weather variable into a distinct group, resulting
in six indices. The number of indices of the PPR model was set to five, matching the number of
indices in the PPR model used for the initialisation of SMI-P. Note that the calendar variable DOY
was excluded when estimating the PPR model, as including separate linear terms is not feasible in a

PPR model.

According to the results, SMI-I. demonstrates the best forecasting performance among the three
estimated SMI models across the averaged horizons h =1: 7, h =1: 14, and h = 1: 30. All three
SMI models outperform both the GAIM and PPR models in terms of forecasting accuracy. However,
none of the SMI models surpass the performance of the Backward model, which achieves the highest
forecasting accuracy in this case. It is also worth noting that the GAIM yields the worst forecasting
accuracy in this application. However, in the previous application, it achieved the second-best
forecasting performance among the three benchmark models considered and outperformed both

SMI-A and SMI-L.

It is worth reflecting on the differences between the SMI model and the Backward model, which
demonstrates superior forecasting performance in both real-world forecasting problems presented
above. When estimating the Backward model, the model structure is predetermined, with each
predictor treated as an individual non-linear variable. In contrast, the SMI model adopts a more
general and objective approach, where both the number of indices and the grouping of predictors
within each index are automatically determined by the proposed algorithm. Consequently, the SMI

model faces a more challenging estimation task, given the limited prior information available about

52



Optimal Predictor Selection for High-dimensional Nonparametric Forecasting

Table 2.8: Cross-validated out-of-sample point forecast results for daily solar intensity. The column
Horizon indicates the forecast horizon (h). Columns 2-7 present the MSE values, and columns
8-13 present the MAE values for the estimated models: SMI-P, SMI-A, SMI-L, Backward,
GAIM, and PPR, respectively. The minimum MSE and MAE values for each forecast horizon
are shown in bold.

MSE MAE
Horizon SMI-P  SMI-A  SMI-L  Backward  GAIM PPR SMI-P SMI-A SMI-L. Backward GAIM PPR
h=1 2065.7 1899.5 1523.6 1266.0 2366.4 1483.2 345 33.0 32.3 27.8 38.2 28.1
h=2 1075.5 1433.5 949.5 1077.6 2285.8 1306.3 27.0 28.8 24.4 26.3 40.9 28.0
h=3 1622.9 1636.0 1295.7 1153.1 2177.8 1642.0 30.8 31.9 28.4 27.0 35.1 31.7
h=4 1308.7 1263.0 1281.2 1089.0 2158.1 1911.6 30.9 30.5 30.3 27.2 39.4 35.7
h=5 908.0 969.4 1193.8 1230.6 1967.5 1638.7 24.1 24.3 26.0 27.1 34.8 32.5
h=6 969.0 971.7 1018.5 938.7 2267.0 1721.6 24.5 25.7 25.9 23.7 35.1 31.6
h=7 1766.8 12679 1176.2 1160.4 1385.7 1841.6 30.6 26.6 25.7 23.7 28.1 32.5
h=8 1218.3 11279 12249 1141.6 24242 1977.4 26.7 26.9 27.5 26.3 39.6 36.1
h=9 1727.0 1361.4 1140.2 1288.8 2418.0 1887.9 32.0 28.9 25.6 28.2 38.3 33.8
h=10 1528.2 15859 1258.0 1164.9 1727.2 1821.8 30.6 30.8 26.8 25.6 35.2 30.0
h=11 2276.9 1524.2 1499.7 1179.7 2451.7 1864.8 35.2 30.3 31.1 26.6 38.2 33.7
h=12 1175.3 1174.6 913.3 1041.5 2407.7 1803.9 27.7 26.2 23.4 25.1 41.3 34.7
h=13 1550.6 1301.8 1500.0 1912.4 1993.8 23448 31.5 30.2 30.7 31.6 34.7 38.3
h=14 1294.5 1407.2 11069 1103.8 2266.0 21229 30.5 30.5 26.3 27.0 39.0 37.4
h=15 12789 12959 1198.8 1228.2 2075.0 1581.5 27.3 27.3 25.2 26.7 34.9 32.0
h=16 1684.7 1266.5 1269.6 1088.9 2140.8 1338.2 31.9 27.8 28.6 25.2 34.1 28.5
h=17 1575.6 1590.0 1168.1 1223.0 1562.6 2158.7 30.3 29.0 25.9 24.7 28.9 35.2
h=18 1299.8 1595.9 11189 1241.6 2636.4 2061.1 29.6 31.5 26.3 28.1 41.4 35.9
h=19 1967.1 1212.1 1075.8 1327.4 2369.7 2079.3 34.0 28.4 24.6 27.8 38.4 35.1
h=20 1369.9 1432.3 1434.6 1180.9 1953.1 2247.3 28.5 29.6 29.6 26.6 36.9 35.3
h=21 1329.3  1299.5 1721.7 1196.7 2488.8 2200.3 29.1 27.1 33.5 27.3 37.6 37.1
h=22 1412.2  880.5 1159.7 1195.1 2096.6 1680.0 28.4 22.1 26.6 27.0 37.2 31.3
h=23 2084.5 1370.6 14119 1999.7 2633.5 1886.0 33.5 29.8 29.7 33.0 40.8 33.2
h=24 1453.0 1539.5 1108.6 1117.7 2378.3 1892.6 29.8 32.0 26.6 27.7 40.2 35.2
h=25 1604.8 1478.0 1011.1 1173.0 2283.4 1915.1 30.6 29.6 24.0 26.1 36.0 36.2
h=26 1294.1 11894 1207.9 919.9 2407.2 1493.2 28.9 27.1 27.3 23.7 37.9 30.7
h=27 1730.8 1091.9 1250.6 958.4 1734.5 1950.7 28.6 24.4 25.8 22.5 31.6 33.5
h=28 2159.2 1445.3 1314.6 1404.2 2478.1 1910.1 33.9 29.3 27.9 31.0 39.5 35.3
h=29 1365.9 1316.7 1244.0 1251.7 2091.6 2153.0 29.5 27.9 27.9 26.6 35.9 35.1
h=30 1236.4 1409.7 1320.6 1162.2 1897.8 2405.6 28.8 28.4 27.4 26.2 34.6 35.3
h=1:7 1388.1 1348.7 1205.5 1130.8 2086.9 1649.3 289 28.7 27.6 26.1 35.9 31.4
h=1:14 1463.4 1351.7 1220.1 1196.3 2164.1 1812.0 29.8 28.9 27.5 26.7 37.0 33.1
h=1:30 1511.1 1344.6 1236.6 12139 2184.1 1877.4 30.0 28.5 27.4 26.8 36.8 33.6

its structure. Despite this demanding estimation problem, both SMI-P in the mortality forecasting
application and SMI-L in the solar intensity forecasting application achieved forecasting performance

close to that of the best-performing model.

Figures 2.10, 2.11, 2.12, and 2.13 present the index variables selected across the 55 rolling windows
for the estimated SMI-P, SMI-A, SMI-L, and Backward models, respectively. In each figure, a colour
gradient column indicates the frequency with which individual variables are selected throughout all
windows. The corresponding Tables 2.9, 2.10, 2.11, and 2.12 report these selection frequencies for

each model, providing complementary details to those shown in the figures.
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Figure 2.10: Plot illustrating the index variables (i.e. predictors considered for inclusion in the indices)
selected in the estimated SMI-P models for forecasting daily solar intensity across 55 rolling
windows. The colour gradient column on the left-hand side of the plot indicates the selection
frequency of each index variable across all rolling windows, with darker shades representing
higher selection frequencies and lighter shades representing lower selection frequencies. A
complementary table of selection frequencies is provided in Table 2.9.

Table 2.9: Selection frequency of each index variable in the estimated SMI-P models for forecasting
daily solar intensity across 55 rolling windows. The columns labelled Index Variable list
the variable names, while the columns labelled Selection Frequency show the number of
rolling windows in which each variable was selected. The columns are repeated for compact

presentation.

Index Variable  Selection Frequency Index Variable Selection Frequency
Solar 01 33 Wind_01 20
Solar 02 25 Wind_02 20
Solar 03 29 Wind_03 19
Temp 49 Rain 20
Temp 01 47 Rain_01 18
Temp 02 35 Rain 02 18
Temp 03 44 Rain_03 17
Dewpt 49 Humid 48
Dewpt_01 45 Humid_01 42
Dewpt_02 40 Humid_02 32
Dewpt_03 41 Humid_03 35
Wind 41
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Figure 2.11: Plot illustrating the index variables (i.e. predictors considered for inclusion in the indices)
selected in the estimated SMI-A models for forecasting daily solar intensity across 55
rolling windows. The colour gradient column on the left-hand side of the plot indicates the
selection frequency of each index variable across all rolling windows, with darker shades
representing higher selection frequencies and lighter shades representing lower selection
frequencies. A complementary table of selection frequencies is provided in Table 2.10.

Table 2.10: Selection frequency of each index variable in the estimated SMI-A models for forecasting
daily solar intensity across 55 rolling windows. The columns labelled Index Variable list
the variable names, while the columns labelled Selection Frequency show the number of
rolling windows in which each variable was selected. The columns are repeated for compact

presentation.

Index Variable Selection Frequency Index Variable Selection Frequency
Solar 01 39 Wind_01 33
Solar 02 35 Wind_02 33
Solar_03 37 Wind_03 31
Temp 53 Rain 35
Temp_01 50 Rain_01 32
Temp_ 02 39 Rain_02 31
Temp 03 47 Rain 03 32
Dewpt 52 Humid 53
Dewpt_01 47 Humid 01 50
Dewpt_02 46 Humid_02 38
Dewpt_03 43 Humid_03 43
Wind 47
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Figure 2.12: Plot illustrating the index variables (i.e. predictors considered for inclusion in the indices)
selected in the estimated SMI-L models for forecasting daily solar intensity across 55 rolling
windows. The colour gradient column on the left-hand side of the plot indicates the selection
frequency of each index variable across all rolling windows, with darker shades representing
higher selection frequencies and lighter shades representing lower selection frequencies. A
complementary table of selection frequencies is provided in Table 2.11.

Table 2.11: Selection frequency of each index variable in the estimated SMI-L models for forecasting
daily solar intensity across 55 rolling windows. The columns labelled Index Variable list
the variable names, while the columns labelled Selection Frequency show the number of
rolling windows in which each variable was selected. The columns are repeated for compact

presentation.

Index Variable  Selection Frequency Index Variable Selection Frequency
Solar 01 52 Wind_01 52
Solar 02 52 Wind_02 52
Solar 03 52 Wind_ 03 52
Temp 52 Rain 52
Temp 01 52 Rain 01 52
Temp 02 52 Rain 02 52
Temp 03 52 Rain 03 52
Dewpt 52 Humid 52
Dewpt_01 52 Humid 01 52
Dewpt_02 52 Humid_02 52
Dewpt_03 52 Humid 03 52
Wind 52
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Figure 2.13: Plot illustrating the index variables (i.e. predictors considered for inclusion in the indices)
selected in the estimated Backward models for forecasting daily solar intensity across 55
rolling windows. The colour gradient column on the left-hand side of the plot indicates the
selection frequency of each index variable across all rolling windows, with darker shades
representing higher selection frequencies and lighter shades representing lower selection
frequencies. A complementary table of selection frequencies is provided in Table 2.12.

Table 2.12: Selection frequency of each index variable in the estimated Backward models for forecasting
daily solar intensity across 55 rolling windows. The columns labelled Index Variable list
the variable names, while the columns labelled Selection Frequency show the number of
rolling windows in which each variable was selected. The columns are repeated for compact

presentation.

Index Variable Selection Frequency Index Variable Selection Frequency
Solar 01 45 Wind_01 50
Solar 02 49 Wind_02 52
Solar 03 52 Wind_03 54
Temp 55 Rain 46
Temp 01 52 Rain 01 45
Temp 02 52 Rain 02 50
Temp 03 47 Rain 03 49
Dewpt 48 Humid 51
Dewpt 01 51 Humid_01 49
Dewpt_02 44 Humid_02 48
Dewpt_03 52 Humid_03 47
Wind 38

Figures 2.10, 2.11, and 2.12 show that, unlike in the previous application—where SMI-L yielded

the sparsest results among the three estimated SMI models across many rolling windows—SMI-L
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in this case retained all index variables except in three rolling windows. In those three windows,
the model dropped all index variables and was estimated using only the Fourier terms representing
the DOY effect, which enter the model as separate linear predictors. Further investigation is needed
to determine the precise reason for this unexpected behaviour. Both SMI-P and SMI-A, however,

produced comparatively sparser models across several rolling windows relative to SMI-L.

As observed in the previous application, the SMI models estimated in adjacent rolling windows
occasionally display sequences of denser models that are immediately followed by sparser ones, or
vice versa. This behaviour is likely due to the same factors discussed earlier. According to Figure 2.13,
and consistent with the previous findings, the Backward model remains denser than both the SMI-P

and SMI-A models.

In both the SMI-P and SMI-A models, temperature, dew point, and humidity lags tend to be selected
with higher frequency compared with solar intensity, wind speed, and rainfall lags, the latter two

generally exhibiting the lowest selection frequencies overall.

Similar to the previous application, all model estimations in the rolling window procedure were carried
out on the MonARCH HPC Cluster using parallelisation. In Table 2.13, we report the approximate
run times for each model for the first rolling window, obtained by running the estimations on an
Apple Silicon MacBook Pro equipped with an Apple M1 Pro chip and 16 GB of memory. It should
again be noted that the actual run times for each model and rolling window may vary depending on

the characteristics of the data in that particular window.

Table 2.13: Approximate run times for the estimated models for forecasting daily solar intensity, in the
first rolling window.

Estimated Model Run Time

SMI-P 49.12m
SMI-A 1.40h
SMI-L 1.13m
Backward 50.59m
GAIM 15.40s
PPR 280ms

We observe a variation in run times similar to that of the previous application, where SMI-A requires
the greatest amount of time, while SMI-L exhibits a considerably lower run time among the three

estimated SMI models. However, it can be seen that the SMI-P and Backward models have recorded
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nearly similar run times in this application, in contrast to the longer run time of the Backward model

in the previous application. The GAIM and PPR models remain computationally efficient.

However, the most important point to note here is that the run times for this application are consid-
erably lower than those in the previous application, primarily due to the smaller number of index

variables used (23 index variables compared with 59 in the previous application).

2.4.3 Software

These two empirical applications were performed using the R statistical software (R Core Team 2024).
We developed the smimodel package for R—introduced in Chapter 4 of the thesis and available
at github.com/nuwani-palihawadana/smimodel—to implement the proposed SMI Modelling

algorithm.

We used the commercial MIP solver Gurobi (Gurobi Optimizer Reference Manual 2023) to
solve the MIQPs related to the proposed SMI Modelling algorithm, through the Gurobi plug-in
(ROI.plugin.gurobi, Schwendinger 2023) available from the R Optimization Infrastructure
(ROI, Theuf’l, Schwendinger & Hornik 2020; Hornik et al. 2023) package, with the parameter
configurations, MIPGap = 0.01 and TimeLimit = 600 seconds, in both the empirical applications.

The GAMs were fitted using the R package mgcv (Wood 2011, 2023).

2.5 Conclusion

In this chapter, we have presented a novel algorithm for estimating a nonparametric/semiparametric
additive index model with optimal predictor selection and predictor grouping, which we refer to
as a Sparse Multiple Index (SMI) Model. The SMI Modelling algorithm is an iterative procedure,
developed based on mixed integer programming to solve an {,- and {,-regularised non-linear least

squares optimisation problem with linear constraints.
The proposed SMI Modelling algorithm has a number of key features:

1) It performs automatic selection of both the number of indices and the predictor grouping when
estimating the nonparametric additive index model. Users are allowed to input the set of
predictors entering indices and a starting model (specifying index structure and a set of index
coefficients) to initialise the algorithm.

2) It performs automatic variable selection, which is particularly beneficial in high-dimensional
settings. These first two features contribute to an objective and principled estimation, reducing

subjectivity across users.
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3) It is capable of estimating a wide spectrum of models, from single index models (one index)
to additive models (the number of indices equals the number of predictors entering indices).
Hence, the SMI Modelling algorithm is a more general estimation tool for nonparametric
additive models.

4) It provides the flexibility to include separate non-linear and linear predictors in the model that

do not enter any indices, allowing the estimation of semiparametric additive models.

We demonstrated the performance of the proposed algorithm through a simulation study and two
empirical applications. In the first empirical application, the SMI model estimated with “PPR” initiali-
sation achieved the best forecasting performance among the three SMI models considered, whereas in
the second empirical application, the SMI model estimated with “Linear” initialisation performed best.
This suggests that the most suitable initialisation option depends on the data, and these two examples
do not provide sufficient evidence to establish a universally applicable initialisation method for the
SMI model across different scenarios. Therefore, as noted in Section 2.3, we encourage users to
follow a trial-and-error procedure to identify the most effective initialisation option for their specific

application.

Since the difficulty of specifying an initialisation that works in general is a limitation of the proposed
algorithm, an interesting future research problem would be to explore the potential for determining a

generalised initialisation for the SMI Modelling algorithm that works well across various applications.

This study should be viewed as a first attempt to develop a more objective methodology for variable
selection and model estimation in the broader class of nonparametric additive models for forecasting.
The SMI models were unable to outperform the backward elimination model in terms of forecasting
accuracy, in each of the two empirical applications presented. However, one of the estimated SMI
models always produced a model with forecasting performance close to that of the best model, while
the other benchmark models did not perform consistently across the two applications. An important
future research problem is, therefore, to evaluate the performance of the proposed SMI Modelling
algorithm on different data sets with diverse properties, identifying scenarios where it outperforms

the benchmark methods.

The MIQP in the algorithm is somewhat analogous to the best subset selection method frequently
used in least squares problems. Thus, another limitation of the proposed algorithm is the increase
in computational time as the number of predictors and indices increases. Therefore, it would be an
interesting research exercise to gain further insights regarding the algorithm to see what improvements

can be made to its design to reduce the computational cost in a high-dimensional context.
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Chapter 3

Uncertainty Estimation for High-dimensional

Nonparametric Forecasts

Point forecasts alone are considered inadequate unless they include an evaluation of their inherent
uncertainty. This chapter focuses on producing interval forecasts to estimate the uncertainty of the
point forecasts produced by the SMI model and other nonparametric additive models discussed in
Chapter 2. A novel methodology for constructing prediction intervals named Conformal Bootstrap
(CB) is introduced, a natural combination of block bootstrap and classical split conformal prediction.
The CB prediction intervals are compared with those produced by block bootstrap and existing
conformal prediction methodologies. This comparison is conducted within a generic online learning
framework, as proposed by Wang & Hyndman (2024), through empirical applications to forecast heat

exposure-related daily mortality and daily solar intensity.

3.1 Introduction

A point forecast is often considered insufficient without an accompanying assessment of the uncertainty
it entails. Prediction intervals are commonly used to quantify this uncertainty. As Chatfield (1993)
emphasised, it is important to provide interval forecasts (prediction intervals) alongside—or in place
of—point forecasts. Prediction intervals allow us to evaluate future uncertainty, develop diverse
plans for the range of possible future outcomes, and most importantly, perform careful and rigorous
comparisons among different forecasting models applicable to a particular forecasting problem
(Chatfield 1993). Hence, presenting prediction intervals is pivotal for planning and management in

most of the fields, and warrants more attention.
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Let y denote a time series yi,...,yr. Suppose we are interested in estimating the uncertainty
associated with the h-step-ahead point forecast J,, for the future observation y,,, conditional on
the observations up to time t. Assuming that the distribution of future observations, conditional on

the observations up to time t, is normal, a theoretical 100(1 — a)% prediction interval is given by

.)A/t+h|t t2,/9 X Ghs

where &, is an estimate of the standard deviation of the h-step forecast distribution, and z,/, denotes

the a/2 quantile of the standard normal distribution.

The main issue with theoretical prediction intervals is that they are particularly difficult to evalu-
ate in real-world applications—especially in multivariate models based on multiple equations or
incorporating non-linear relationships among variables (Chatfield 1993)—due to the difficulty or
impossibility of analytically calculating h-step forecast variances for h > 1. Consequently, various em-
pirical, simulation-based, and resampling methodologies have been developed over time to construct
prediction intervals without relying on distributional assumptions. For comprehensive discussions of
such procedures, refer to Chatfield (1993), Tian, Nordman & Meeker (2022) and Dewolf, Baets &
Waegeman (2023).

In this thesis, we focus on nonparametric additive index models for time series forecasting, which
often produce serially correlated forecast errors, making theoretical prediction intervals difficult to

compute.

Therefore, in this chapter, we first consider Block Bootstrapping (BB), the well-known resampling
procedure for time series (Politis 2003), to construct prediction intervals. Here, we adapt the generic
online learning framework proposed by Wang & Hyndman (2024) to introduce a time series cross-
validation algorithm for block bootstrapping. This results in multiple prediction intervals that can
be utilised to investigate the actual mean coverage of the estimated intervals, noting that the actual

coverage may differ from the nominal level.

Within the class of nonparametric additive index models, our primary focus is the SMI model intro-
duced in Chapter 2. Conventional approaches for constructing prediction intervals, such as block
bootstrapping, are likely to underestimate the intervals due to the model’s built-in variable selection
procedure. To overcome this limitation, we also examine Conformal Prediction (CP) (Vovk, Gammer-
man & Shafer 2005), a distribution-free method that provides theoretical coverage guarantees under
the assumption of exchangeable data. Although time series data inherently violate the exchangeability

assumption—rendering traditional CP methods theoretically invalid in such settings—we aim to
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evaluate their empirical performance in this context. In particular, we explore whether these meth-
ods produce well-calibrated intervals that compensate for the underestimation commonly observed
in models involving variable selection. This investigation is conducted within the online learning
framework mentioned earlier (Wang & Hyndman 2024), employing three existing CP techniques to

construct multiple prediction intervals.

Since block bootstrapping involves resampling blocks of in-sample residuals to construct prediction
intervals, it is capable of capturing any remaining serial correlation in the residuals. However,
block bootstrap is unable to capture the additional uncertainty introduced by forecasting predictor
variables in ex-ante forecasting, due to the use of in-sample residuals. On the other hand, split
conformal prediction uses a separate calibration test (non-overlapping with the training set) to obtain
out-of-sample errors, which are used to generate prediction intervals. Using out-of-sample forecast
errors allows split conformal prediction to capture the uncertainty introduced in ex-ante forecasting,
assuming future forecast errors for both the forecast variable and the predictors are similar to past
errors. However, it is difficult to account for the autocorrelation inherent in time series data through

classical split conformal prediction.

Therefore, we propose a novel methodology for constructing prediction intervals, named Conformal
Bootstrap (CB), a natural integration of block bootstrap and split conformal prediction. In the proposed
CB methodology, we first obtain out-of-sample forecast errors following the principles of split conformal
prediction. Next, in the case of autoregressive forecasting—where lagged responses are used as
predictors—we apply block bootstrap resampling to the one-step-ahead forecast errors. Conversely,
for non-autoregressive forecasting—where no response lags are included as predictors—we perform
bootstrapping by resampling the multi-step forecast errors at each time point as a whole. These
bootstrapped forecast errors are then used to generate possible future sample paths, from which
prediction intervals are constructed for the test set. This approach allows CB to account for both
the inherent temporal correlation in multi-step forecasts and the uncertainty arising from ex-ante

forecasting, effectively combining the strengths of block bootstrap and conformal prediction.

The organisation of the rest of the chapter is as follows. In Section 3.2, we discuss the BB and CP
methods used in this chapter to construct prediction intervals for the nonparametric additive models
of interest, while providing concise, but comprehensive algorithms for each method. The proposed
method, Conformal Bootstrap, is introduced in Section 3.3 as a novel approach for constructing
prediction intervals. Section 3.4 presents and evaluates the prediction intervals constructed using the
different methods employed, for the real-world problems of forecasting heat exposure-related daily

mortality and daily solar intensity. Final remarks are presented in Section 3.5.
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3.2 Methodology

3.2.1 Preliminaries

Let ¥ denote the time series y;,..., Y, and let our forecasting model be of the form

Ve=fla, a1, .. ;Q_, Ye1s-- > Yeei) + €5 (3.1)

where y, is the observed value of the response variable at time ¢, f is an arbitrary function, a, is
a vector of exogenous variables at time t, and the error term ¢, is stationary with mean zero and

constant variance 0'2.

Note that several lagged values of y, along with the lagged exogenous variables are included in the

model to partially account for the serial correlation present in the data.

We also define 2, = (y,, x;), to be the observation at time t, where x, = (@, @;_1, .-, Qt—s, Yi—1>--->Yik)

is a vector that contains all the predictors of interest at time t.

We estimate the forecasting model (Equation 3.1) using a training set {21, ..., 2;,}. Let the estimated

model be

3 =f(x,), (3.2)

where ¥, is the forecast for y, obtained through the estimated model, and f is the estimated forecasting

function. Then the model residuals are given by e, = y, — ¥,.

To test the coverage of the derived prediction intervals from various methods, we calculate the average
coverage of multiple prediction intervals constructed under a generic online learning framework as

proposed by Wang & Hyndman (2024).

3.2.2 Prediction intervals through block bootstrap

Here, we use the standard block bootstrap method for resampling residuals.

First, we estimate the forecasting model on the training set, {21, ..., 3;,}. Next, we derive the series
of in-sample residuals, ey, ..., e,.. We then randomly resample segments (or blocks) of residuals and

join them together to construct new simulated residual series.

If the residual series is identified as non-seasonal, we use the autocorrelation function (ACF) to
determine an appropriate block size. Specifically, we identify the last significant lag of the ACE subject
to a maximum number of lags considered, denoted lag.max. If the i™ lag is the last significant lag
within this limit, the block size is set to i. This helps to preserve remaining autocorrelation in the

residual series.
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If the residual series is seasonal, we apply the single season block bootstrap method (Hyndman & Fan

2010; Politis 2001), where the length of each block is chosen to be a multiple of the seasonal period

of the series.

The complete workflow to obtain prediction intervals for the test set via the block bootstrap is outlined

below.

Block bootstrap with time series cross-validation forecasting

1.

Sequentially split the data into an initial training window, {2,...,2,,}, and an initial test

window, {2;,41,.-.,2+x}, Where H is the forecast horizon of interest.

Train a forecasting model on the training window.

. Obtain the series of in-sample residuals, ey, ..., e;,.

Perform block bootstrapping by randomly resampling blocks of a selected length from the

residuals series, and generate a desired number of bootstrapped series of residuals.

. Obtain H-step-ahead simulated future values, ¥;41j¢rs-- -, ¥ er+H|er» fOT €ach bootstrapped series.

If no lagged responses were used as predictors in the forecasting model: Add first H elements
of each bootstrapped residuals series to the H-step-ahead point forecasts obtained to derive

simulated future sample paths.

If lagged responses were used as predictors in the forecasting model: Perform recursive

(autoregressive) forecasting.

i. Obtain the one-step-ahead point forecast.
ii. Add the first element of each bootstrapped series to the one-step-ahead forecast to obtain
one-step-ahead simulated future values.
iii. Use constructed one-step-ahead simulated future values as appropriate lagged responses
for the next observation, and obtain two-step-ahead point forecasts.
iv. Add the second element of each bootstrapped series to two-step-ahead point forecasts to
obtain two-step-ahead simulated future values.

v. Repeat the process iteratively until the desired forecasting horizon H is reached.

Calculate the required quantiles of the sets of simulated future values at each forecast horizon

to construct prediction intervals based on the desired nominal coverage (confidence) level.

Iteratively roll the training window forward by one observation, and then repeat steps 2—6 until

prediction intervals have been constructed for the entire test set.
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The sequential data-splitting process corresponding to the above time series cross-validation procedure

for the BB method is illustrated in Figure 3.1.

Time index

Figure 3.1: Diagram of the time series cross-validation procedure for BB method. White: unused data;
light blue: training data; orange: forecasts in test set.

A single iteration of the BB method described above is presented as an algorithm in Algorithm 1.

3.2.3 Prediction intervals through conformal prediction

Here we use three existing conformal prediction methods: Split Conformal Prediction (SCP), Weighted
Split Conformal Prediction (WSCP) and Adaptive Conformal Prediction (ACP), for computing pre-
diction intervals under the online learning framework proposed by Wang & Hyndman (2024). The

workflow is outlined as follows.

Conformal prediction with time series cross-validation forecasting
1. Sequentially split the data into an initial training window, {z,..., 2.}, an initial calibration
window, {2;,11,---,Ztr+tc}, and an initial test window, {2;,4c+1,- - -» Ztr+tc+H > Where H is the

forecast horizon of interest.

2. Estimate the forecasting model on the initial training window. Then obtain H-step-ahead

forecasts, J;ip|¢r, and compute the non-conformity scores as the forecast error s,y =
Ytr+h _)A/tr+h|tr’ for h = 1,...,H.
3. Perform cross-validation forecasting. Roll the training window forward one observation at a

time, while repeating step 2 until the non-conformity scores are obtained for the entire initial

calibration window.
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Algorithm 1 : Block bootstrap interval forecast (BB_ FORECAST)

1: procedure BB_FORECAST(response variable data {y,}|" ,, predictor variables data {xt}ir:ﬁH , fore-
casting model forecastModel, block size s, number of future sample paths to be generated
num. futures, significance level(s) a, whether to obtain recursive forecasts or not recursive
(default: FALSE), if recursive = TRUE: column indices of the test set to be filled with preceding

forecasts (i.e. lagged responses) colRange (default: NULL))

2: modelFit « forecastModel({y };",, {x.}{";)
3: predictions « predict(modelFit, {x, ir:tfﬂ, recursive, colRange)
4: bootstrap « BLOCKBOOTSTRAP(residuals(modelFit),s, num. futures) >

Block bootstrap method; return an H x num. futures matrix.

5: if recursive = FALSE then
6: foriin1toH do
7: possibleFutures[i, ] « predictions[i] + bootstrap[i, ]
8: end for
9: else
10: possibleFutures «— FUTURES (modelFit, {x, ;:gfﬂ, bootstrap, colRange) > Algorithm-2
11: end if
12: lowerQ « a/2
13: upperQ « 1—a/2
14: for jin1toHdo
15: QValues < quantile(possibleFutures| j, ], probs = (lowerQ, upperQ))
16: for k in 1 to length(a) do
17: lower[k][j] < QValues[1 : length(a)][k]
18: upper[k][j] <« QValues[(length(a) + 1) : length(QValues)][ k]
19: end for
20: end for
21: intervals « [lower, upper]
22: return intervals

23: end procedure

Algorithm 2 : Generating future sample paths with recursive forecasting (FUTURES)

1: procedure FUTURES(fitted model fitted_model, test set for which forecasts are required
newdata, an nrow(newdata) x num. futures matrix of bootstrapped residual series bootstrap,
column indices of the test set to be filled with preceding forecasts (i.e. lagged responses)
colRange)
futures[1, ] « predict(fitted_model, newdata[l, ]) + bootstrap[1, ]
for i in 1 to length(futures[1, ]) do
newdatalList[i] « newdata
newdatalList[i] « FILL_IN(newdatalList[i], colRange, futures[1,i]) >
Fill-in the appropriate cells of colRange (lagged responses) in newdatalList[i], using futures[1, i].

6: for j in 2 to (nrow(newdatalist[i]) - 1) do
7: futures[j, i] « predict(fitted_model, newdataList[i][j, ]) + bootstrap[j, i]
8: newdatalList[i] « FILL_IN(newdataList[i], colRange, futures[j,i]) >

Fill-in the appropriate cells of colRange (lagged responses) in newdataList[i], using futures[j, i].
9: end for
10: futures[nrow(newdataList[i]), i] — predict(fitted_model,
newdataList[ i ][nrow (newdataList[i]), ]) + bootstrap[nrow(newdataList[i]), i]
11: end for
12: return futures
13: end procedure
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4. Apply the conformal prediction method of interest: SCE WSCE or ACBE to compute H-step
prediction intervals of a desired nominal coverage by calculating the required lower and upper

quantiles of the non-conformity scores obtained on the initial calibration window in step 3.

5. Iteratively roll the initial training window and calibration window forward one observation at a

time and repeat steps 2—4, until the prediction intervals are obtained for the entire test set.

The relevant sequential data-splitting process is illustrated in Figure 3.2, while a single iteration of

the above procedure for obtaining CP intervals is presented in the following Algorithm 3.

Algorithm 3 : Conformal prediction interval forecast (CP_FORECAST)

1: procedure CP_FORECAST(response variable data {y,}!"*"°, predictor variables data {x,}"} "

forecasting model forecastModel, forecast horizon H, length of the rolling training set tr, length
of the rolling calibration set tc, significance level(s) a, whether to obtain recursive forecasts or not
recursive (default: FALSE), if recursive = TRUE: column indices of the test set to be filled
with preceding forecasts (i.e. lagged responses) colRange (default: NULL), other arguments
passed to CP methods ...)

2: indx « seq(from = tr,to = tr + tc,by = 1)

3: for i in indx do

4: modelFit[i] « forecastModel({yt}i:i_trﬂ, {xt}i:i_trﬂ)

5: predictions[i, ] < predict(modelFit[i], {x, lt:IlTIH, recursive, colRange)

6: errors[i, ] « {y; if:fﬂ — predictions[i, ]

7: end for

8: intervals «— SCP or WSCP or ACP (predictions, errors, a, ...) >
Apply the CP method of interest.

9: return intervals

10: end procedure

3.3 Conformal bootstrap

Block bootstrapping involves resampling blocks of in-sample residuals to simulate future sample
paths. By resampling blocks rather than individual residuals, this approach more effectively captures
autocorrelation present in the data. However, the use of in-sample residuals hinders the ability to

account for the uncertainty introduced by forecasting predictors in ex-ante forecasting.

In contrast, SCP splits the data into non-overlapping training, calibration, and test sets, where the
forecasting model is trained on the training set, and non-conformity scores (forecast errors) are
calculated on the calibration set, which are in turn used to derive prediction intervals for the test set.
This use of out-of-sample non-conformity scores allows us to capture the uncertainty introduced in
ex-ante forecasting, assuming future forecast errors for both the forecast variable and the predictors
are similar to past errors. However, accounting for the autocorrelation in the data will be problematic

in conformal prediction.
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Hence, we propose the Conformal Bootstrap (CB) method, which integrates the key ideas of the two
preceding methods. The proposed CB method first generates out-of-sample forecast errors (i.e. non-
conformity scores on a calibration set) through sequential data splitting, as in SCP. These out-of-sample
forecast errors are then resampled using a block bootstrap procedure. Specifically, if autoregressive
forecasting is performed (i.e. when lagged responses are used as predictors), block bootstrapping
is applied to the one-step forecast errors from the calibration set. Conversely, if non-autoregressive
forecasting is used (i.e. when no response lags are included as predictors), bootstrapping is applied to
the multi-step forecast errors at each time point, treating them as a whole. Next, these bootstrapped
forecast errors are used to simulate potential future sample paths that form the basis for constructing
prediction intervals for the test set. This approach helps preserve the temporal dependencies inherent

in multi-step forecasts during the construction of prediction intervals.

Thus, CB allows us to account for both the temporal correlation in multi-step forecasts, and additional
uncertainty brought into the process by ex-ante forecasting, exploiting the strengths of both block

bootstrap and SCP. The workflow of the proposed method is as follows.

Conformal bootstrap with time series cross-validation forecasting
1. Sequentially split the data into an initial training window, {2z, ..., 2.}, an initial calibration
window, {211, -, Ztr+tc}, and an initial test window, {2;,4rc+1»- - -» Ztr+cc+m > Where H is the

forecast horizon of interest.

2. Estimate the forecasting model on the initial training window. Then obtain H-step-ahead

forecasts, J;,p|¢r, and non-conformity scores, s, ihjer = Yer4h — Ver+hler> fOTh=1,...,H.

3. Perform cross-validation forecasting. Roll the training window forward one observation at a
time, while repeating step 2 until the non-conformity scores are obtained for the entire initial

calibration window.

4. Once multi-step-ahead forecast errors for the entire initial calibration window have been
obtained, use the model estimated on the most recent training window to generate H-step-

ahead simulated future values.

* If no response lags were used as predictors in the forecasting model:
i. Treat the forecasting errors s, .y ,h =1,...,H, at each time point t = tr,...,tr + tc—1
as a whole, and perform bootstrapping across time t to obtain a desired number of

bootstrapped samples.
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ii. Add the multi-step forecast errors corresponding to each bootstrapped sample to the point
forecasts at the respective horizons in the test window, to derive simulated future sample
paths.

* Ifresponse lags were used as predictors in the forecasting model:

i. Apply block bootstrapping to the one-step forecast errors from the calibration window,
using a block size of H, to obtain the desired number of bootstrapped samples.

ii. Generate forecasts for the test window step by step, recursively adding the block-

bootstrapped one-step forecast errors, to construct simulated future sample paths.

5. Calculate the required quantiles of the sets of simulated future values at each forecast horizon

to construct prediction intervals based on the desired nominal coverage.

6. Iteratively roll the initial training window and calibration window forward one observation at a

time, and repeat steps 2-5, until the prediction intervals are obtained for the entire test set.

Figure 3.2 illustrates the sequential data-splitting process relevant to the CB method, and a single

iteration of the above procedure for constructing CB intervals is detailed in Algorithm 4.

[ I I |
1 tr tr + tc T

Time index

Figure 3.2: Diagram of the time series cross-validation procedure for CP and CB methods. White: unused
data; light blue: training data; dark blue: forecasts in calibration set; orange: forecasts in
test set.
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Algorithm 4 : Conformal bootstrap interval forecast (CB_FORECAST)

1: procedure CB_FORECAST(response variable data {y,}."}“*~1  predictor variables data

{xt}i’:gt”H , forecasting model forecastModel, forecast horizon H, length of the rolling training
set tr, length of the rolling calibration set tc, number of future sample paths to be generated
num. futures, significance level(s) a, whether to obtain recursive forecasts or not recursive
(default: FALSE), if recursive = TRUE: column indices of the test set to be filled with preceding

forecasts (i.e. lagged responses) colRange (default: NULL))

2: indx < seq(from = tr,to = tr + tc,by = 1)
3: for i in indx do
4: modelFit[i] « forecastModel({yt}i:i_trﬂ, {xt}i:i_trﬂ)
5: predictions[i, ] « predict(modelFit[i], {x, ltJ;IlTIH, recursive, colRange)
6: errors[i, | « {y, ii?ﬂ — predictions[i, ]
7: end for
8: if recursive = FALSE then
9: bootstrap «— BOOTSTRAP(errors, num. futures) >
Bootstrap method; return an H x num. futures matrix. >
Treat sy 1|¢, .-, Se4+4|c at €ach time point t = tr,...,tr + tc —1 as a whole, and bootstrap across t.
10: for jin 1 to H do
11: possibleFutures[ j, ] « predictions[tr + tc, j] + bootstrap[j, ]
12: end for
13: else
14: bootstrap « BLOCKBOOTSTRAP(errors[ , 1], num. futures)

Block bootstrap method; return an H x num. futures matrix.
Block bootstrap one-step forecast errors, using a block size of H.

15: possibleFutures < FUTURES (modelFit[tr + tc], {x, i;ﬁﬁ?ﬂ, bootstrap, colRange) b
Algorithm-2
16: end if

17: lowerQ « a/2
18: upperQ <~ 1—a/2
19: for kin 1 to H do

20: QValues < quantile(possibleFutures[k, ], probs = (lowerQ, upperQ))
21: for [ in 1 to length(a) do

22: lower[l][k] « QValues[1 : length(a)][1]

23: upper[l][k] < QValues[(length(a) + 1) : length(QValues)][!]

24: end for

25: end for

26: intervals « [lower, upper]

27: return intervals

28: end procedure

3.4 Empirical applications

3.4.1 Forecasting daily mortality
Here, we return to the heat exposure-related daily mortality forecasting problem discussed in Chapter 2.
In this chapter, we present interval forecasts to estimate the uncertainty associated with the point

forecasts generated by selected nonparametric additive models.
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Recap of data and forecasting models

Data: For this analysis, we consider daily mortality and heat exposure data for the metropolitan area
of Montreal, Québec, Canada, from 1990 to 2014, covering the months of June, July, and August
(i.e. summer). The daily all-cause mortality data were obtained from the National Institute of Public
Health, Québec, while DayMet, a 1km x 1km gridded data set (Thornton et al. 2021), was used to

extract daily temperature and humidity data (Masselot et al. 2023).

Predictors: The four main predictors considered in this empirical study are lags of daily deaths,
maximum temperature, minimum temperature, and vapour pressure (to represent the level of
humidity). Specifically, 14 lags of daily deaths are used as predictors in an attempt to incorporate
serial correlation present in the data into the modelling process. In addition to current maximum and
minimum temperatures, temperature measurements up to 14 days prior are also considered predictors
in the forecasting model. We believe that 14 lags of temperature measurements are sufficient to
account for the cumulative impact of current and recent past temperatures on a person’s heat exposure.
Similarly, the current value and 14 lags of vapour pressure are also included as predictors. Finally, a
couple of calendar variables (day of the season (DOS) and Year) are incorporated into the model to

capture the annual trend and seasonality.

Forecasting models: We use the SMI model (as proposed in Chapter 2) estimated with the “PPR”
initialisation (SMI-P), a nonparametric additive model with backward elimination for variable selection
(Backward), the Group-wise Additive Index Model (GAIM), and the Projection Pursuit Regression
(PPR) model as the nonparametric models for generating point forecasts. The “PPR” initialisation was
selected for the SMI model estimation as it demonstrated the best forecasting performance compared

to other initialisation options in Chapter 2. For more details on the models, refer to Chapter 2.

Data split: When applying the BB, CB and CB methods under the online learning process, the length
of the rolling training window is set to 1748 observations (i.e. tr = 1748 in Figures 3.1 and 3.2).

Hence, the initial training window contains data from 1990 to 2008.

During the online updating process, the full SMI model estimation procedure, including penalty
parameter tuning, is performed only on the initial training window. First, this initial training window
is split into a training set of 1656 observations (i.e. data from June 1990 to August 2007) and a
validation set of 92 observations (i.e. data from June 2008 to August 2008). The SMI model is then
estimated on the training set, while the validation set is used for tuning the penalty parameters. Once
tuning is completed, the SMI model is re-fitted to the entire initial training window (i.e. the combined

training and validation sets).
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To reduce computational cost, the estimated index structure (i.e. the number of indices and the
grouping of predictors within indices) obtained from the initial training window is held fixed for all
subsequent rolling windows by setting the £, penalty parameter, Ay, to zero. The model is re-estimated
at each rolling training window (of size 1748) using this fixed structure. Additionally, the £, penalty

parameter, A,, is also fixed at the value selected via greedy search on the initial training window.

Similarly, for the Backward model, estimation with variable selection is performed only on the initial
training window. The training portion of this window (1656 observations) is used to fit the model,
while the validation portion (92 observations) is used for variable selection. Once variable selection
is completed, the Backward model is re-fitted to the entire initial training window (i.e. the combined
training and validation sets). Subsequently, using the predictors selected from the initial training

window, Generalised Additive Models (GAMs) are estimated for all subsequent rolling windows.

Since no variable or model selection is involved in estimating the GAIM or PPR models—and hence they
are computationally efficient—these two models are re-estimated for each rolling training window

during the online updating process.

The data from 2009 to 2014 (552 observations) are used as calibration/test sets for generating interval
estimates. In the CP and CB methods, a rolling calibration window of length 300 (i.e. tc = 300 in
Figure 3.2) is used. Since the BB method constructs prediction intervals using in-sample residuals, it
does not require a separate calibration set. Therefore, the entire set of 552 observations is used as the
test set. As a result, the BB method uses a longer test set compared to the CP and CB methods (see
Figure 3.1) and consequently constructs a greater number of prediction intervals for each forecast

horizon.

It is also important to note that CP methods construct prediction intervals separately for each forecast
horizon, whereas the CB method generates multi-step prediction intervals simultaneously. Therefore,
the CB method constructs a slightly higher number of intervals at each forecast horizon h > 1. However,
in our analysis of the prediction intervals estimated using the different methods, we consider an equal
number of intervals for each method, selecting those corresponding to the time indices common to

all three methods.

In each method for generating prediction intervals, we consider 92-step-ahead forecasting, corre-
sponding to 92 days in the summer season (i.e. H = 92 in in Figures 3.1 and 3.2). Since lags of
the response variable (number of daily deaths) are used as predictors in the forecasting models,
we perform recursive/autoregressive forecasting to obtain 92-step-ahead forecasts. However, as we
use data only for the summer season, the time series contains gaps between years, which makes it

impossible to perform autoregressive forecasting when moving from one year to the next. Therefore,
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we assume that the lags of the number of daily deaths required to obtain the forecast for the first day
of each summer season are known, and continue to perform autoregressive forecasting for the rest of
the season. We also assume that the future values of the maximum and minimum temperatures and

vapour pressure are known for use in forecasting; thus, this is a post hoc analysis.

Furthermore, when forecasting for the test set, as well as when generating future sample paths in the
BB and CB methods, the predictor variables treated non-linearly in each of the nonparametric models
are truncated to lie within the in-sample range to avoid extrapolation from splines, as discussed in
Section 2.2.2. However, note that, as in Chapter 2, the two calendar variables are not truncated, as

doing so would be inappropriate given the nature of these variables.

Interval forecasts

Block bootstrap:

The standard BB method is applied (using Algorithm 1 given in Section 3.2.2) to construct prediction
intervals on the test set, with a nominal coverage of 95%. The block size is set to 50, the maximum of
the last significant lags of the autocorrelation functions (ACF) of the in-sample residuals of the fitted
models, subject to lag.max = 50. Thus, the block size is large enough to capture the dependence
structure in the time series, while ensuring the comparability of the estimated prediction intervals

across models.

The lower and upper bounds of the estimated prediction intervals by BB for the four nonparametric
additive models considered are shown in Figure 3.3. Here, we have chosen the forecast horizons

1,46 and 92 for illustrative purposes.

According to Figure 3.3, the prediction intervals estimated using BB for the SMI-P, Backward, and
GAIM models show no notable differences. However, in comparison, the intervals for the PPR model
appear to be narrower. It is important to note that, compared to the other three nonparametric models
considered here, the PPR model has a dense structure in which all predictor variables enter into every
estimated index. This leads to overfitting in rolling training sets, resulting in lower in-sample residual
variance relative to other models, and consequently producing narrower prediction intervals under

the BB method.

Conformal prediction:

Three CP methods—SCB WSCP with exponential weights, and ACP—are applied here using Algorithm
3 provided in Section 3.2.3, to construct 95% prediction intervals for the point forecasts obtained
from all four estimated nonparametric additive models. In ACB following Gibbs & Candes (2021),

the step size parameter y for updating the significance level a is set to 0.005.
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Figure 3.3: Interval forecasts for daily mortality in summer; obtained using the BB method at forecast
horizons 1, 46, and 92, for the SMI-P, Backward, GAIM, and PPR models. The lower and
upper bounds of the prediction intervals are shown as green and orange lines, respectively,
while the observed time series is plotted in grey.

The lower and upper bounds of the prediction intervals estimated by SCB WSCB and ACP for the four

nonparametric additive models considered are shown in Figures 3.4, 3.5, and 3.6, respectively.

According to Figures 3.4, 3.5, and 3.6, the prediction intervals estimated for the SMI-P, Backward,
and GAIM models using the three CP methods are broadly similar, whereas those for the PPR model
are noticeably wider, especially at longer forecast horizons. This behaviour can be partly explained
by the overfitting nature of the PPR model, as discussed earlier. Due to in-sample overfitting, the
estimated PPR model performs comparatively poorly on out-of-sample data, resulting in a higher
out-of-sample error variance than the other models. Since CP methods rely on out-of-sample forecast
errors, this is reflected in the form of wider intervals for the PPR model. Moreover, as we are
performing autoregressive forecasting, the multi-step forecast errors accumulate over time, which

further increases the width of the intervals at longer forecast horizons for the PPR model.

Conformal bootstrap:
We applied the proposed CB method using Algorithm 4 provided in Section 3.3 to construct 95%

prediction intervals for the point forecasts obtained from all four nonparametric additive models.

The lower and upper bounds of the estimated prediction intervals by CB for the four nonparametric

additive models considered are shown in Figure 3.7.
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Figure 3.4: Interval forecasts for daily mortality in summer, obtained using the SCP method at forecast

horizons 1, 46, and 92, for the SMI-P, Backward, GAIM, and PPR models. The lower and
upper bounds of the prediction intervals are shown as green and orange lines, respectively,
while the observed time series is plotted in grey.
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Figure 3.5: Interval forecasts for daily mortality in summer, obtained using the WSCP method at forecast

horizons 1, 46, and 92, for the SMI-P, Backward, GAIM, and PPR models. The lower and
upper bounds of the prediction intervals are shown as green and orange lines, respectively,
while the observed time series is plotted in grey.
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Figure 3.6: Interval forecasts for daily mortality in summer, obtained using the ACP method at forecast

horizons 1, 46, and 92, for the SMI-P, Backward, GAIM, and PPR models. The lower and
upper bounds of the prediction intervals are shown as green and orange lines, respectively,
while the observed time series is plotted in grey.
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Figure 3.7: Interval forecasts for daily mortality in summer, obtained using the CB method at forecast

horizons 1, 46, and 92, for the SMI-P, Backward, GAIM, and PPR models. The lower and
upper bounds of the prediction intervals are shown as green and orange lines, respectively,
while the observed time series is plotted in grey.
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As shown in Figure 3.7, the prediction intervals estimated using CB for all four models do not exhibit
any notable differences, except that the intervals for the PPR model at h = 1 appear slightly wider
than those of the other models. This slightly wider interval for the PPR model at h = 1 can again be
attributed to the same reason discussed earlier. In particular, since the CB method involves generating
autoregressive sample paths (as response lags are included as predictors in forecasting models), it
uses only one-step-ahead out-of-sample forecast errors, in contrast to the multi-step errors used in
the CP methods discussed previously. Therefore, the accumulation of large forecast errors for the PPR
model is not as prominent as in the CP methods, resulting in narrower CB intervals at longer forecast

horizons compared to the CP intervals.

The mean (actual) coverage of the estimated prediction intervals by different methods, for all four
models, across forecast horizons is plotted in Figure 3.8, where the nominal coverage of 0.95 (95%)
is denoted by a dashed grey horizontal line in each plot. The mean widths of the estimated intervals

are also presented in Figure 3.9 for comparison.
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Figure 3.8: Mean coverage of the prediction intervals for daily mortality in summer over forecast horizons
for the SMI-P, Backward, GAIM, and PPR models. The nominal coverage (0.95) is indicated
by a dashed grey horizontal line.

Figure 3.8 shows that the prediction intervals constructed using the BB method yield mean coverage
below the nominal level across all four models and forecast horizons. Moreover, the mean coverage
of the BB prediction intervals is generally lower than that of the intervals produced by the three CP

methods for all models and horizons. As shown in Figure 3.9, the BB intervals are also narrower than
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Figure 3.9: Mean width of the prediction intervals for daily mortality in summer over forecast horizons
for the SMI-P, Backward, GAIM, and PPR models.

the CP intervals. It is important to note here that the BB method relies on in-sample residuals. In
contrast, the CP methods rely on out-of-sample forecast errors, and it is typical for out-of-sample
errors to have higher variance than in-sample residuals. This explains the narrower BB intervals for

each forecasting model compared to the CP intervals, leading to under-coverage.

The mean coverage of the CP intervals estimated for the PPR model shows less variation around the
nominal coverage of 0.95 compared to the other three models. Although there is a slight drop in mean
coverage after h = 50, it is not substantial, and the coverage generally fluctuates around the nominal
level. When the mean widths of the estimated CP prediction intervals in Figure 3.9 are considered,
the mean widths for the SMI-P, Backward, and GAIM models are similar to each other. However, the
mean widths of the CP intervals for the PPR model are larger than those of the other three models
and increase with the forecast horizon. This observation is again related to the overfitting nature
of the PPR model, which leads to out-of-sample errors with higher variance compared to the other
models. These wider intervals for the PPR model have consequently resulted in better actual mean

coverage than for the other models.

When the CB method is considered, its mean coverage is comparable to—or in some cases better
than—that of all other methods for the SMI-P, Backward, and GAIM models, up to approximately
h = 50. However, as the forecast horizon increases, the coverage declines and falls below that of the

CP methods. While CB prediction intervals outperform BB intervals in terms of mean coverage at
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shorter horizons for these three models, their coverage patterns become similar at longer horizons.

For the PPR model, the mean coverage of the CB intervals generally resembles that of the CP methods.

The better performance of the CB method compared to the BB method—at least up to h = 50—can
be attributed to the key methodological difference between the two: the BB method uses in-sample
residuals, while the CB method uses out-of-sample (one-step-ahead) forecast errors. Although both
are theoretically one-step-ahead errors, as discussed earlier, out-of-sample errors typically have a
higher variance than in-sample residuals, resulting in comparatively wider intervals and consequently

better coverage.

When comparing the CB and CP methods, one of the main differences is that CP methods use multi-
step forecast errors, in contrast to the one-step-ahead errors used by the CB method. Although
the autoregressive generation of sample paths in CB partly compensates for the error accumulation
associated with multi-step forecast errors—as used in CP methods—this compensation appears
insufficient at longer forecast horizons. As a result, the coverage of the CB method decreases relative

to that of the CP methods.

Through our analysis, we observed that truncating predictor values to lie within the in-sample range
during the generation of autoregressive sample paths in the CB method may contribute to this
behaviour. It is important to clarify that in both CP and CB methods, predictor truncation occurs when
generating point forecasts for the calibration set, which are then used to compute the out-of-sample
forecast errors for constructing prediction intervals. However, while CP methods construct prediction
intervals independently at each forecast horizon, the CB method generates possible future sample
paths autoregressively across forecast horizons. In the latter case, predictor truncation is applied a
second time when simulating future values at each forecast horizon. We believe this may adversely
affect the width of the CB intervals by artificially narrowing them. Further research is needed to

better understand this behaviour and to identify potential solutions to address this limitation.

3.4.2 Forecasting daily solar intensity
Next, we consider the daily solar intensity forecasting problem discussed in Chapter 2. Here, we
present interval forecasts to estimate the uncertainty associated with the point forecasts generated by

selected nonparametric additive models.

Recap of data and forecasting models
Data: For this application, we use data on solar intensity and other weather variables measured at
the Davis weather station in Amherst, Massachusetts, obtained from the UMass Trace Repository (The

UMass Trace Repository 2023). Five-minute interval measurements were available from 21 February
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2006 to 27 February 2013, which we converted to daily data by averaging each variable over each

day.

Predictors: Lags of daily solar intensity, temperature, dew point, wind speed, rain, and humidity
are the six main predictor variables used in this application. Specifically, three lags of daily solar
intensity are included as predictors to incorporate, at least partially, the serial correlation present
in the data into the modelling process. In addition to the current values of temperature, dew point,
wind speed, rain, and humidity, measurements from the previous three days for each of these weather
variables are also included as predictors in the forecasting model. A calendar variable, day of the
year (DOY), is also incorporated into the model as a smooth function using Fourier terms, to capture

annual seasonality.

Forecasting models: We use the SMI model estimated with the “Linear” initialisation (SMI-L), as
it exhibited the best forecasting performance compared to other initialisation options in Chapter 2.
As in the previous empirical application, we also use the Backward, GAIM, and PPR models as
additional nonparametric models for generating point forecasts. For further details on these models,

see Chapter 2.

Data split: When applying the BB, CB and CB methods, the length of the rolling training window is
set to 1614 observations (i.e. tr = 1614 in Figures 3.1 and 3.2). Hence, the initial training window

contains data from 21 February 2006 to 23 July 2010.

As in the previous application, during the online updating process, the SMI model is estimated
with penalty parameter tuning only on the initial training window, after which the estimated index
structure is held fixed for the subsequent rolling training windows. To this end, the initial training
window is split into a training set of 1569 observations (i.e. data from 21 February 2006 to 8 June
2010) and a validation set of 45 observations (i.e. data from 9 June 2010 to 23 July 2010), where
the SMI model is estimated on the training set, and the penalty parameter tuning is based on the

validation set MSE.

As in Chapter 2, we consider the number of Fourier term pairs (K) ranging from K =1 to K = 10,
and use the SMI model with the “Linear” initialisation to determine the number of pairs that best
capture the day of the year effect, based on the validation set MSE. The SMI model (with “Linear”
initialisation) estimated with K = 9 yields the lowest validation set MSE on the initial training window.
Therefore, K = 9 is used as the number of Fourier term pairs when estimating all the forecasting

models considered. Once penalty parameter tuning and the selection of Fourier terms are completed,

the SMI model is re-fitted to the entire initial training window.
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Similarly, for the Backward model, variable selection is performed only on the initial training set. The
model is fitted on the training portion of the data, and the variable selection is based on the validation
portion of the data. Once this is completed, the model is re-fitted to the entire initial training window.
Then using the selected predictors, GAMs are estimated for each subsequent rolling training window.
The GAIM and PPR models are re-estimated for each rolling training window in the usual way during

the online updating process, as no variable or model selection is involved in their estimation.

The data from 24 July 2010 to 27 February 2013 (950 observations) are used as calibration/test sets
for generating interval estimates. In the CP and CB methods, a rolling calibration window of length

500 (i.e. tc = 500 in Figure 3.2) is used.

In each method for generating prediction intervals, we consider 30-step-ahead forecasting (i.e. H = 30
in in Figures 3.1 and 3.2). Similar to the previous application, since lags of the response variable
(daily solar intensity) are used as predictors in the forecasting models, we perform autoregressive

forecasting to obtain these 30-step-ahead forecasts.

As noted in Chapter 2, the data set contains missing values. Therefore, during the time series cross-
validation procedure, if any of the 30-step windows used to generate point forecasts on the calibration
set (denoted in dark blue in Figure 3.2) contain missing values, those cross-validation iterations are
omitted. This ensures that point forecasts can be generated across the full forecast horizon in every
rolling window included in the analysis. Furthermore, if the first two-thirds of any rolling test window
(denoted in orange in Figure 3.2) contains missing values, or if the relevant forecasting model is
unavailable due to omissions in the previous cross-validation step, those test windows are excluded
from the generation of future sample paths, as they are either unable to produce a sufficient number
of non-missing forecasts or cannot produce forecasts at all due to the absence of a valid forecasting

model.

We assume that the future values of temperature, dew point, wind speed, rain, and humidity are
known for use in forecasting; thus it is a post hoc analysis. Moreover, when forecasting for the test
set and generating future sample paths in the BB and CB methods, the predictor variables treated
non-linearly are truncated to lie within the in-sample range. For the analysis of the prediction intervals
generated by the different methods, we use the same number of intervals for each method by selecting

those corresponding to the time indices shared across all three approaches.

Interval forecasts
Block bootstrap:
The standard BB method is applied to construct prediction intervals on the test set, with the nominal

coverage of 95%. The block size is taken as 45, the maximum of the last significant lags of the
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autocorrelation functions (ACF) of the in-sample residuals of the fitted models, subject to lag.max

= 50.

The lower and upper bounds of the estimated prediction intervals by BB for the four nonparametric
additive models considered are shown in Figure 3.10. Here, we have chosen the forecast horizons

1,15 and 30 for illustration.
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Figure 3.10: Interval forecasts for daily solar intensity, obtained using the BB method at forecast horizons
1, 15, and 30, for the SMI-L, Backward, GAIM, and PPR models. The lower and upper
bounds of the prediction intervals are shown as green and orange lines, respectively, while
the observed time series is plotted in grey.

According to Figure 3.10, the BB prediction intervals estimated for the SMI-L, Backward, and PPR
models show no notable differences, whereas those for the GAIM appear noticeably wider. This can
be attributed to poor in-sample fitting performance observed during the cross-validation process,
where many rolling windows produced non-convergent GAIMs. As a result, the GAIM exhibited
higher in-sample residual variance relative to the other three models, leading to wider BB prediction

intervals.

Conformal prediction:
We applied conformal prediction methods—SCB WSCP with exponential weights, and ACP—to
construct 95% prediction intervals for all four nonparametric additive models. Similar to the previous

application, the step size parameter y for updating the significance level a in ACP is set to 0.005.
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The lower and upper bounds of the estimated prediction intervals by SCBE WSCE and ACP for the four

nonparametric additive models considered are presented in Figures 3.11, 3.12, and 3.13, respectively.
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Figure 3.11: Interval forecasts for daily solar intensity, obtained using the SCP method at forecast
horizons 1, 15, and 30, for the SMI-L, Backward, GAIM, and PPR models. The lower and
upper bounds of the prediction intervals are shown as green and orange lines, respectively,
while the observed time series is plotted in grey.

As shown in Figures 3.11, 3.12, and 3.13, the prediction intervals estimated using the three CP
methods for the SMI-L and Backward models exhibit no notable differences. However, the intervals
estimated for the GAIM are wider than those of the other models. The prediction intervals for the PPR
model are also slightly wider than those for the SMI-L and Backward models, particularly towards the

end of the test set, and show more fluctuation across the test period.

The wider intervals for GAIM are due to underfitting during estimation, which leads to poor forecasting
performance and increased forecast error variance. However, the CP prediction intervals for GAIM
remain narrower than those produced by the BB method, consistent with our finding that the in-
sample residuals of GAIM often exhibit higher variance than its out-of-sample errors across many
cross-validation steps—also a result of underfitting. The slightly wider intervals for the PPR model
are attributed to its dense structure, which results in overfitting and, consequently, higher variance in

out-of-sample forecast errors compared to the SMI-L and Backward models.
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Figure 3.12: Interval forecasts for daily solar intensity, obtained using the WSCP method at forecast
horizons 1, 15, and 30, for the SMI-L, Backward, GAIM, and PPR models. The lower and
upper bounds of the prediction intervals are shown as green and orange lines, respectively,
while the observed time series is plotted in grey.
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Figure 3.13: Interval forecasts for daily solar intensity, obtained using the ACP method at forecast
horizons 1, 15, and 30, for the SMI-L, Backward, GAIM, and PPR models. The lower and
upper bounds of the prediction intervals are shown as green and orange lines, respectively,
while the observed time series is plotted in grey.
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Conformal bootstrap:
The proposed CB method is applied here to construct 95% prediction intervals for the point forecasts

obtained from all four nonparametric additive models.

The lower and upper bounds of the prediction intervals estimated by CB for the four nonparametric

additive models considered are presented in Figure 3.14.
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Figure 3.14: Interval forecasts for daily solar intensity, obtained using the CB method at forecast horizons
1, 15, and 30, for the SMI-L, Backward, GAIM, and PPR models. The lower and upper
bounds of the prediction intervals are shown as green and orange lines, respectively, while
the observed time series is plotted in grey.

According to Figure 3.14, similar to the previously examined methods, the intervals for GAIM appear
slightly wider than those of the other models. However, the CB intervals for GAIM are narrower
than those produced by the previously considered CP methods. This difference is likely due to the
CB methods using only one-step-ahead forecast errors, whereas the CP methods rely on multi-step

forecast errors.

The mean (actual) coverage of prediction intervals estimated by different methods, for all four
estimated models, across forecast horizons, is plotted in Figure 3.15, where the nominal coverage
of 0.95 (95%) is denoted using a dashed grey horizontal line in each plot. The mean widths of the

estimated intervals are also presented in Figure 3.16.

According to Figure 3.15, the mean coverages of the prediction intervals estimated for SMI-L using

the three CP methods and the CB method follow a similar pattern across forecast horizons, remaining
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Figure 3.15: Mean coverage of the prediction intervals for daily solar intensity over forecast horizons for
the SMI-L, Backward, GAIM, and PPR models. The nominal coverage (0.95) is indicated
by a dashed grey horizontal line.
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Figure 3.16: Mean width of the prediction intervals for daily mortality in summer over forecast horizons
for the SMI-L, Backward, GAIM, and PPR models.
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close to the nominal 95% level. The BB prediction intervals, however, show mean coverage below
the nominal level, which is expected given that the variance of in-sample residuals is typically lower

than that of out-of-sample forecast errors.

As with SMI-L, the mean coverages of the prediction intervals estimated for the Backward model using
the CP and CB methods evolve similarly across forecast horizons, although in this case, they tend to
slightly exceed the nominal level. The BB intervals for the Backward model achieve mean coverage

that remains close to the nominal level across all horizons.

It is notable that the coverage performance of the CB method differs between the two empirical
applications. While the CB method failed to achieve nominal coverage at longer forecast horizons for
both the SMI-L and Backward models in the previous application, it performs comparably to the CP
methods in the context of the current application. In this setting, using only one-step-ahead forecast
errors in the CB method, as opposed to multi-step errors in the CP methods, does not reduce its

coverage performance.

As discussed in the previous application, the truncation of predictors when generating future sample
paths in the CB method appears to have some influence on the estimated intervals. However, this
effect is not consistent and likely depends on the characteristics of the data. In some cases, it may
lead to artificially narrow CB prediction intervals. In the present application, the impact of this effect
seems less pronounced than in the previous one. A detailed investigation into the impact of predictor

truncation on the coverage performance of the CB method is left for future research.

In the case of GAIM, the CP and CB methods exhibit mean coverages lower than that of the BB method.
The mean coverage for BB fluctuates around the nominal level, with slight over-coverage observed
at certain forecast horizons. Such a result deviates from the general pattern observed for the other
models, where the CP and CB methods typically achieved better coverage than the BB method. This
different behaviour can be attributed to the issue discussed earlier: due to the poor fit of the GAIM,
its in-sample residuals exhibit greater variance than the out-of-sample forecast errors. As a result, the
BB method produces much wider intervals for GAIM (as clearly shown in Figure 3.16), which in turn
leads to better coverage. The lower coverage of the CB intervals compared to the CP intervals for
GAIM may result from a combination of using only one-step-ahead forecast errors and the truncation

of predictor variables, as previously discussed.

Notably, as shown in Figure 3.16, the ACP method produces infinite-width intervals for GAIM at
several forecast horizons—an issue known to occur with this method. This is because ACP does

not enforce any measure to prevent the significance level a, at time t from reaching a, < 0 (or
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occasionally a; > 1, even though this is rare since a is typically small) during the online updating

process, which can lead to infinite intervals (Zaffran et al. 2022).

For the PPR model, all three CP methods show slight over-coverage, while the BB and CB intervals
exhibit under-coverage—except that the CB intervals achieve nominal coverage at h = 1. The under-
coverage of the BB intervals can again be attributed to the overfitting issue discussed earlier, which
results in much lower in-sample residual variance compared to the out-of-sample forecast error

variance for the PPR model.

However, the under-coverage of the CB intervals contrasts with the better coverage observed for
the CB method in the other models considered in this application. In this instance, it appears that
the one-step-ahead forecast errors used in the CB method have not sufficiently accounted for the
accumulation of errors in the multi-step forecasts as in the CP methods. Additionally, the truncation
of predictors when generating sample paths autoregressively might also contribute to this issue. As
noted earlier, these two factors appear to influence the coverage performance of the CB intervals
differently, depending on the characteristics of the data and the forecasting model used. Therefore,

further investigation into this issue would be beneficial.

3.5 Conclusion

In this chapter, we focused on constructing prediction intervals to quantify the uncertainty associated
with point forecasts produced by the SMI model and other nonparametric additive models studied
in Chapter 2. First, we employed block bootstrapping (BB) and three existing conformal prediction
(CP) methods to generate interval forecasts within the generic online learning framework proposed
by Wang & Hyndman (2024). We then introduced a novel methodology for constructing prediction
intervals, referred to as Conformal Bootstrap (CB). The CB method is a natural amalgamation of block

bootstrapping and classical split conformal prediction, combining the strengths of both approaches.

We investigated the characteristics and behaviour of the prediction intervals generated by each method
through two empirical applications: forecasting heat exposure-related daily mortality and daily solar

intensity.

The results showed that the coverage performance of the methods was not consistent across the two
applications, suggesting that performance is largely influenced by factors such as the characteristics

of the data, the forecasting model used, and the forecast horizon.

Both the BB and the proposed CB methods generally exhibited better coverage performance in the solar

intensity forecasting application compared to the mortality forecasting application. Specifically, the
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BB method, which showed under-coverage across all models in forecasting daily mortality, achieved
mean coverage close to the nominal level for the SMI-L, Backward, and GAIM models when forecasting
daily solar intensity. It is worth noting, however, that the forecast horizon in the mortality forecasting

application was longer than that used in the solar intensity forecasting application.

Notably, the pattern of mean coverages for the PPR model across forecast horizons—particularly
with BB and CB—differed from what is observed in the other three models across both empirical
applications. A key structural difference of the PPR model is that all predictor variables contribute
to every estimated index (i.e. linear combination), whereas in the other models, each predictor is
assigned to only one index. This dense structure in PPR likely introduces more complex interactions
among predictors, increasing the risk of overfitting compared to the other relatively simpler models.
These complexities influence the performance of the prediction interval generation methods when

applied to the PPR model, depending on the data characteristics in a given application.

Interestingly, for GAIM in the solar intensity forecasting application, the CP and CB methods exhibited
mean coverages lower than that of the BB method—unlike what is observed for the other models.
The variance of the in-sample residuals was higher than that of the out-of-sample forecast errors for
GAIM in many of the cross-validation steps, due to poorly fitted models. This resulted in wider BB
intervals—as shown in Figure 3.16—which, in turn, led to higher coverage. Additionally, the use of
one-step-ahead forecast errors (as opposed to the multi-step-ahead errors used in CP), and the possible
influence of predictor truncation during the generation of sample paths, may have contributed to the
comparatively lower coverage performance of the CB method. However, further analysis would be

required to understand this behaviour better.

Although time series data typically violate the exchangeability assumption underpinning the CP
methods, the three methods considered—split conformal prediction (SCP), weighted split conformal
prediction (WSCP) with exponential weights, and adaptive conformal prediction (ACP)—generally
performed well across models in both applications. While theoretical coverage guarantees are not
expected under such conditions, the empirical results suggest that these methods can still be effective

in practice.

The prediction intervals generated using the proposed CB method demonstrated calibration and
sharpness that were generally comparable to those of the CP methods, sometimes performing slightly
worse, but outperforming the BB method in most cases. This aligns with our expectations, given that
CB combines elements of both BB and SCP However, further research is needed to identify the specific

scenarios in which CB outperforms existing methods in terms of actual coverage performance.
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Chapter 4

smimodel: An R Package to Estimate
Sparse Multiple Index Models for Non-

parametric Forecasting

Nonparametric additive models have been applied in various fields, yet their implementation poses
several unresolved challenges. A key issue is the selection of predictor variables from the available
predictors to include in the model in high-dimensional settings. A critical challenge also lies in deciding
how to group predictor variables to model interactions. We have proposed the Sparse Multiple Index
(SMI) Modelling algorithm in Chapter 2, which performs automatic predictor selection and predictor
grouping, providing an objective and principled estimation method for nonparametric additive index
models to address the aforementioned challenges. Here we describe the R package smimodel, an
open-source, automated implementation of the SMI Modelling algorithm. The package also provides
implementations of the block bootstrap and conformal bootstrap methods used to generate prediction

intervals, as described in Chapter 3.

4.1 Introduction

Nonparametric additive models have recently gained popularity as a versatile statistical tool in various
forecasting and prediction applications (Hyndman & Fan 2010; Du, Cheng & Liang 2012; Goude,
Nedellec & Kong 2014; Wood 2017; Ravindra et al. 2019; Ho, Chen & Hwang 2020; Boente &
Martinez 2023; Ibrahim et al. 2023). However, when applied to high-dimensional data, model
estimation is challenging, mainly due to the need to estimate many nonparametric functions. This

naturally leads to the assumption of sparsity in real-world scenarios, where only a limited set of
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predictors and their interactions are considered relevant. A review of related previous studies reveals
a considerable degree of subjectivity in the process of selecting predictor variables and grouping
them for modelling interactions. These choices are typically based on empirical exploration or expert

knowledge.

Chapter 2 of this thesis proposed the Sparse Multiple Index (SMI) model, which uses algorithmic
predictor selection and grouping to address the above-stated challenges, with a particular focus on
time series forecasting. Chapter 3 of this thesis further extended the proposed forecasting workflow
by discussing techniques for estimating the uncertainty of point forecasts generated via nonparametric
additive models and proposed Conformal Bootstrap (CB), a novel method for constructing predic-
tion intervals. Disseminating these methods to a wider audience for the benefit of the forecasting

community is the next step.

The Comprehensive R Archive Network (CRAN) hosts several packages for estimating nonparamet-
ric/semiparametric additive models using various techniques, with mgcv (Wood 2011, 2023) and
gam (Hastie 2024) being two of the most widely used. In this thesis, we are interested in time
series forecasting applications with numerous lagged variables as predictors that exhibit complicated
interactions. A class of models which is well suited to this type of forecasting problem is distributed
lag models (DLMs). There are a number of packages on CRAN that are designed to estimate DLMs in
various circumstances, including dLagM (Demirhan 2020), which fits DLMs for time series regression,
dlnm (Gasparrini 2011), which provides functions to fit linear and non-linear DLMs, and dlmtree
(Mork, Im & Wilson 2024), which fits DLMs based on a Bayesian additive regression tree framework.
While the mgcv package is not specifically designed for DLMs, Wood (2017) provided an example
of estimating a DLM with mgcv to forecast daily death rates based on multiple lags of air pollutant
measurements and interactions between the corresponding lags of two pollutants through a sum of
multiple nonparametric components. However, none of the above packages provides functionality to

estimate linear indices by grouping predictors or to perform predictor selection.

The package cgaim (Masselot et al. 2023) provides functions to fit constrained (or unconstrained)
groupwise additive index models using predetermined groups of predictors. Although the focus of
the package is not on forecasting or prediction, but rather on inference and interpretation of the
estimated indices, the model fitting functions provided can be used for such purposes. However,

cgaim does not have the capability to perform automatic predictor grouping or variable selection.

To our knowledge, no existing open-source software provides an objective and principled predictor
selection and predictor grouping method for estimating nonparametric additive index models. There-

fore, we have developed the R package smimodel, which provides an implementation of the SMI
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Modelling algorithm that automates the parsimonious estimation of nonparametric additive index

models, thus filling a noticeable gap in the field of nonparametric forecasting.

The rest of this chapter has the following structure. Section 4.2 introduces smimodel with details of
the package infrastructure, installation instructions, and details of additional software requirements.
In Section 4.3, the functionality of the package is demonstrated using a real-world problem of
forecasting daily electricity demand. Section 4.4 provides comparisons with some selected existing
packages related to nonparametric additive models and DLMs. The conclusions of the chapter are
presented in Section 4.5 with a discussion of the limitations of the package and the future improvement

plans.

4.2 About smimodel

The main purpose of smimodel is to provide functions for estimating SMI models for nonparametric
forecasting and prediction. As is apparent, the name smimodel stands for sparse multiple index model.
While the functions of the package are designed to work with tidy temporal data in the tsibble
format (Wang, Cook & Hyndman 2020), the underlying SMI model is inherently flexible and not
constrained by any temporal features. This makes the model applicable beyond time series forecasting

and allows it to be used with a wide variety of data, including non-temporal, cross-sectional data sets.

4.2.1 Installation

The current version of smimodel can be installed from GitHub as follows.

## Install ~smimodel”
# dinstall.packages("pak")

pak: :pak("nuwani-palihawadana/smimodel")

The smimode’l package is actively developed and maintained, and the latest updates are publicly

available on GitHub at github.com/nuwani-palihawadana/smimodel.

4.2.2 Other software requirements

Gurobi solver

The estimation of the SMI model is based on an iterative procedure that is developed using mixed
integer programming (MIP) to solve an {£,- and {,-regularised non-linear least squares optimisation
problem with linear constraints. We use the commercial MIP solver Gurobi (Gurobi Optimizer Reference
Manual 2023) to solve the mixed integer programes, as it is the fastest and the most powerful MIP

solver currently available. Hence, users of smimodel are required to have an active installation of
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Gurobi on their local machines to use the SMI model estimation functions. If not, an error will be

raised.

As Gurobi is a commercial software, users are required to obtain a licence for Gurobi before they can
install or use it. Gurobi provides a free licence for academics affiliated with recognised educational
institutions. Therefore, an academic can register for a free account with their verified institutional
email and then request a free academic licence. A user who is not affiliated with a recognised
educational institution may need to purchase a licence for long-term use. However, a free 30-day

trial can be requested for an evaluation licence.

Fortunately, Gurobi provides extensive documentation (https://docs.gurobi.com/current/) on both
installation and usage, as well as active support through the Gurobi Help Centre (https://support.

gurobi.com/hc/en-us). For more helpful resources, users of smimodel can refer to its README file.

R package gurobi
Once the Gurobi solver is installed on the user’s local machine, the next step is to install the Gurobi R
interface through the gurobi R package, which enables the use of Gurobi within R. This package is

not available on CRAN and is distributed exclusively with the Gurobi software suite.

4.2.3 Main functionality and design
Key functionalities

The key functions of smimodel and their roles within the overall process are briefly illustrated in

Figure 4.1.
Residuals & fitted values
Model fitting augment()
greedy_smimodel()
model_smimodel() o
Predictions
Data &
other required e bt predict()
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Figure 4.1: Workflow diagram illustrating the key functionalities of smimodel.
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SMI model

As previously mentioned, the package smimodel is primarily developed to implement the SMI
Modelling algorithm for estimating SMI models in the context of nonparametric forecasting and
prediction. The main function for SMI model estimation is greedy_smimodel(). This function
estimates a SMI model with a preferred initialisation option (refer Section 2.2.2), while tuning the
two penalty parameters, Ay and A,, corresponding to the £, penalty and £, penalty, respectively in
the SMI model optimisation problem (refer Section 2.2.1). The tuning is performed through a greedy
search over a partially data-derived grid of possible values. (Refer Section 2.2.2 for details about the

greedy search.)

Alternatively, the function model_smimodel() estimates a SMI model using user-specified values
for the two penalty parameters, along with a chosen initialisation option. However, since the best
penalty parameter values are typically identified through hyperparameter tuning, the use of the

greedy_smimodel() function is recommended.
Other nonparametric models

The smimodel R package also provides functionality to fit several benchmark comparison methods,
including the nonparametric additive model with backward elimination (Backward, Fan & Hynd-
man 2012), the group-wise additive index model (GAIM), and the projection pursuit regression
model (PPR, Friedman & Stuetzle 1981). These methods can be implemented using the functions
model_backward(), model_gaim(), and model_ppr (), respectively. These functions are designed
to follow a syntax and output format consistent with greedy_smimodel() and model_smimodel()

where possible, for ease of use and interchangeability.

A special feature of the model fitting functions in smimode is their ability to fit multiple models based
on a grouping variable inherent in the data set. When fitting multiple models, the grouping variable
should be specified as the key of the data set in tsibble format, which is then passed to the model
fitting function. If the data set does not have a key, the model fitting functions will automatically
create a dummy key with a single level, fitting a single model to the entire data set. It is important to
note that the functions model_gaim() and model_ppr () are wrappers around cgaim: :cgaim()
(only supporting unconstrained GAIMs) and stats: :ppr (), respectively, to facilitate the fitting of

multiple models based on a grouping variable.

The package smimodel uses the standard S3 generic system of R, and adheres to the tidyverse
framework. Therefore, each of the model fitting functions assigns a separate class to the model object

returned, where the classes smimodel, backward, gaimFit and pprFit correspond to the models
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fitted using greedy_smimodel() /model_smimodel(), model_backward(), model_gaim() and
model_ppr (), respectively. All these model object classes return a special type of tibble (Miiller
& Wickham 2023), and hence inherit the classes c("tb1_df", "tbl", "data.frame"). The
package provides a separate augment method for each class to obtain fitted values and residuals of

the fitted model, and a predict method to obtain forecasts/predictions on a given test set.
Prediction intervals

Another key feature of smimodel is its support for prediction interval methods, which quantify
the uncertainty associated with the point forecasts produced by the nonparametric models fitted
using the aforementioned model fitting functions. The bb_cvforecast () and cb_cvforecast()
functions apply block bootstrap (BB) and conformal bootstrap (CB) techniques, respectively, to
construct prediction intervals via time series cross-validation, as explained in Chapter 3. These func-
tions support the smimodel, backward, gaimFit, and pprFit classes. Additionally, the functions
avgCoverage() and avgWidth() compute the mean coverage and mean width of the estimated
prediction intervals, respectively, serving as wrappers for conformalForecast: :coverage() and

conformalForecast: :width() (Wang & Hyndman 2025).

Input requirements

Data format requirements

All the model fitting functions in the smimodel package accept only tsibble format data sets.
For time series data, the index of the tsibble should be a date-time, date, or time-span variable
indicating the time index of the time series variable we want to forecast. It is important to ensure that
there are no additional date-time, date, or time-span variables in the data set other than the index,
as such variables could interfere with the various data conversions and mathematical operations
performed within the model fitting functions. As mentioned above, the SMI model formulation does
not depend exclusively on any temporal features and can therefore be used with cross-sectional data.
In such a case, a numeric variable can be used as the index when constructing the tsibble, instead

of a date-time, date, or time-span variable, acting as a dummy index.
Variable specification

The model fitting functions in smimodel identify the response and predictor variables by different
arguments. The argument yvar takes the name of the response variable as a character string. The
arguments index.vars, s.vars, and linear.vars accept the names of the predictor variables
based on their roles in the model: index.vars for variables involved in linear indices, s.vars for

variables entering the model non-linearly, and linear.vars for variables entering the model linearly.
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The specific assignment of predictor variables to these arguments depends on the type of model being

estimated.
Validation settings

In greedy_smimodel(), the best penalty parameter values are selected based on the combination
of values that gives the lowest MSE on a validation set that is non-overlapping with the training set.
Moreover, in model_backward (), the optimal model is obtained based on a validation set. Hence,
in these two instances, it is required to pass a separate validation data set in addition to the training

data set through the argument val.data in the corresponding model-fitting functions.
Handling of lagged variables

If lags of a particular variable are used as predictors in time series forecasting problems, the input
tsibble should contain those lagged variables. The lag_matrix () function provided in the package

can be used to construct those lagged variables as required.

When lags of the response variable are used as predictors, recursive (autoregressive) forecasting is
performed when generating forecasts on a test set, or on a validation set for computing forecast error
during penalty parameter tuning or model selection. In such cases, the lagged response variables
must be positioned sequentially in increasing lag order (i.e. lag 1, lag 2, ..., lag m, where lag m is the
maximum lag) in the test or validation set, with no breaks in the sequence—even if some intermediate

lags are not used as predictors in the model.

Additionally, the recursive argument should be set to TRUE to indicate that recursive forecasting is
required, and the range of column numbers corresponding to the lagged response variables must be
specified using the recursive_colRange argument. These arguments should be provided in the
greedy_smimodel() and model_backward() functions (for validation set forecasting), and in the

predict() function when forecasting on a test set.
Other inputs

As explained in Chapter 2, when generating out-of-sample forecasts/predictions using models that
include splines to estimate non-linear link functions, the values of predictor variables treated non-
linearly are truncated to fall within the training data range to avoid extrapolation with splines.
However, in real-life forecasting/prediction scenarios, there may be predictors for which such trun-
cation is not appropriate (see, for example, Section 2.4.1). If such predictors are present, their
names should be specified using the exclude. trunc argument in both the greedy_smimodel()
and model_backward () functions, which involve forecasting/predicting for a validation set used

in parameter tuning/model selection. The same argument should also be specified when forecast-
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ing/predicting for a test set using the predict() function. By default, this argument is set to

NULL.

There are several other arguments related to the model structure and the estimation process, depending
on the model fitted, as well as Gurobi-related arguments in the SMI model estimation functions.
Default values are provided for these arguments, while the user can modify them if necessary,
depending on the forecasting/prediction problem of interest. See the package documentation for

more details on the arguments.

Package dependencies

The smimodel package utilises several existing R packages in its implementation, including the
following. The R Optimisation Infrastructure (ROI) package (Theuf’]l, Schwendinger & Hornik 2020;
Hornik et al. 2023) is used to set up the optimisation problems and as the main communicator
between the Gurobi R interface and the optimisation problems. Nonparametric additive models
are estimated using the mgcv package (Wood 2011, 2023). Note that here, we use penalised cubic
regression splines to estimate the non-linear functions. The cgaim package (Masselot et al. 2023) is

used in instances where GAIMs are estimated. The stats package is used for estimating PPR models.

4.3 Usage of smimodel

In this section, we illustrate the functionality of the smimodel package using an example of daily
electricity demand forecasting. As the focus of this thesis is on nonparametric forecasting, we use
a time series forecasting problem to demonstrate the functionality of the package. However, as

mentioned above, the package could also be used for non-temporal prediction problems.

43.1 Data

We use the data set vic_elec from the tsibbledata R package (O’'Hara-Wild et al. 2022), which
was originally provided by the Australian Energy Market Operator (AEMO). It contains half-hourly
electricity demand data from 2012 to 2014 in Victoria, Australia. The data set also contains half-hourly
temperature readings from the Melbourne Regional Office weather station, and a binary variable

indicating whether a given day is a public holiday.

For this demonstration, we convert the half-hourly demand data into daily data by taking the sum of
the electricity demand measurements over each day. We also consider the daily maximum temperature
(hereafter referred to as “temperature”), derived from the available half-hourly data, as a predictor

variable.
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## Load required packages
library(smimodel)
library(dplyr)
library(ggplot2)
library(lubridate)
library(tidyr)
library(tsibble)

library(tsibbledata)

## Data preparation: Convert half-hourly data into daily data
vic_elec_daily <- vic_elec |>
index_by(Date = date(Time)) |>
summariise(
Demand = sum(Demand) / 1le3,
Temperature = max(Temperature),
Holiday = any(Holiday)
)

vic_elec_daily

# A tsibble: 1,096 x 4 [1D]

Date Demand Temperature Holiday

<date> <dbl> <dbl> <1gl>
1 2012-01-01 222. 32.7 TRUE
2 2012-01-02 258. 39.6 TRUE
3 2012-01-03 267. 31.8 FALSE
4 2012-01-04 223. 25.1 FALSE
5 2012-01-05 211. 21.2 FALSE
6 2012-01-06 210. 23.6 FALSE
7 2012-01-07 203. 29 FALSE
8 2012-01-08 193. 27.8 FALSE
9 2012-01-09 214. 24 FALSE
10 2012-01-10 215. 19.6 FALSE

# i 1,086 more rows

Here, the index of the tsibble is the variable Date.
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Predictors considered

In this example, we use the following variables as predictors in the forecasting models.
1) Electricity demand lags:

The lags of the daily electricity demand are used as predictors to incorporate the serial correlation
present in the data into the modelling process (Fan & Hyndman 2012). Here, we consider seven lags

of electricity demand (i.e. one week of historical demand measurements).
2) Current temperature and temperature lags:

Due to thermal inertia in buildings, the electricity demand on a given day depends not only on
the temperature on that day but also on historical temperatures. Hence, in addition to the current
temperature, we consider a seven-day history, i.e. seven lags of the temperature, as predictors in the

model.
3) Calendar effects:

Finally, a couple of calendar variables, day of the week (DOW) and holiday effect (Holiday) (with four
levels: “holiday”, “day before holiday”, “day after holiday”, and “not a holiday”) are included in the

model to capture daily and weekly seasonalities.

Thus, we prepare the data set as follows, with all the required predictor variables. Note that we use

lag_matrix() from smimodel to construct the lagged demand and temperature variables.

## Data preparation: Add required predictor variables
vic_elec_daily <- vic_elec_daily |>
# Rename Demand and Temperature variables
rename (Demand_lag_000 = Demand,
Temp_lag_000 = Temperature) |[>
mutate (
# Add lagged Demand
Demand_lag = lag_matrix(Demand_lag_000, 7),
# Add lagged Temperature
Temp_lag = lag_matrix(Temp_lag_000, 7)
) >
unpack(c(Demand_lag, Temp_lag), names_sep = "_") |>
# Add calendar variables

mutate(
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DOW = factor(wday(Date, label = TRUE), ordered = FALSE),
Holiday = case_when(
Holiday ~ "Holiday",
lead(Holiday, 1) ~ "Day before holiday",
lag(Holiday, 1) ~ "Day after holiday",
TRUE ~ "Not a holiday"
)
Holiday = factor(Holiday)
ME
# Reorder columns
select(Date, DOW, Holiday, starts_with("Demand"), starts_with("Temp")) |>
# Convert to a “tsibble”
as_tsibble(index = Date)

vic_elec_daily

# A tsibble: 1,096 x 19 [1D]

Date DOW Holiday Demand_lag_000 Demand_lag_001 Demand_lag_002

<date> <fct> <fct> <dbl> <dbl> <dbl>
1 2012-01-01 Sun Holiday 222. NA NA
2 2012-01-02 Mon Holiday 258. 222. NA
3 2012-01-03 Tue Day after holi~ 267. 258. 222.
4 2012-01-04 Wed Not a holiday 223. 267. 258.
5 2012-01-05 Thu Not a holiday 211. 223. 267.
6 2012-01-06 Fri Not a holiday 210. 211. 223.
7 2012-01-07 Sat Not a holiday 203. 210. 211.
8 2012-01-08 Sun Not a hol-iday 193. 203. 210.
9 2012-01-09 Mon Not a holiday 214. 193. 203.
10 2012-01-10 Tue Not a holiday 215. 214. 193.

# 1 1,086 more rows

# 1 13 more variables: Demand_lag_003 <dbl>, Demand_lag_004 <dbl>,

# Demand_lag_005 <dbl>, Demand_lag_006 <dbl>, Demand_lag_007 <dbl>,
# Temp_lag_000 <dbl>, Temp_lag_001 <dbl>, Temp_lag_002 <dbl>,

# Temp_lag_003 <dbl>, Temp_lag_004 <dbl>, Temp_lag_005 <dbl>,

# Temp_lag_006 <dbl>, Temp_lag_007 <dbl>
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We use data from the first two years, 2012 and 2013, as the training set to estimate the forecasting
models. Data from January 2014 to February 2014 are set aside as a validation set, which is used to
tune the penalty parameters (1, and A,) when estimating the SMI models and to perform model

selection for the nonparametric additive model using backward elimination.

In both cases, once penalty parameter tuning or model selection is completed, the final model is
re-fitted by default to the combined training and validation sets. This behaviour can be overridden by
setting refit = FALSE in the respective model-fitting functions to fit the model only to the training

set.

The data from March 2014 to December 2014 are used as the test set to evaluate the forecasting
performance of the fitted models, amounting to a 306-step-ahead (or 10-month-ahead) forecast. (We
use a long test set here because we later construct prediction intervals, which require a long test set

to carry out the time series cross-validation procedure.)

## Data split
# Training
train <- vic_elec_daily |>
filter (Date <= "2013-12-31")
# Validation
val <- vic_elec_daily |>
filter(Date >= "2014-01-01" & Date <= "2014-02-28")
# Test
test <- vic_elec_daily |>

filter(Date >= "2014-03-01")

4.3.2 Modelling framework
When estimating a SMI model, the lagged electricity demand variables and the lagged temperature
variables are taken as predictors that can enter the indices, while the variables DOW and Holiday are

included as linear predictors in the model.
Thus, the corresponding SMI model can be expressed as
q 6 3
Demand = f3; + Z gi(Xaj)+ Z 0, DOW,. + Z 6;Holiday; + ¢,
j=1 k=1 =1
where

* Demand is the vector of daily electricity demand observations;
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Bo is the model intercept;

q is the unknown number of indices to be estimated by the SMI Modelling algorithm;
* X is a matrix containing the predictor variables that can enter the indices (i.e. electricity demand
lags and temperature lags);

*a;,j=1,...,q, are the index coefficient vectors;

* &1,---,8q are unknown nonparametric functions;
* DOW,, k=1,...,6, are the six dummy variables representing the seven days of the week;
e O, k=1,...,6, are the corresponding coefficients;

* Holiday;, [ =1,...,3, are the three dummy variables representing the four levels of the Holiday
variable;
* §;,1=1,...,3, are the corresponding coefficients; and

e ¢ is the error term.

When estimating a nonparametric additive model with backward elimination, all of the above index
variables are considered as single non-linear predictors, as no indices are estimated in the model. The
treatment of the predictors in a GAIM will be similar to that of the SMI model (except for the fact that
the predictors are grouped in advance). The two linear variables (i.e. the calendar variables) will not
be included in estimating a PPR model, as there is no possibility of including separate linear variables
in stats: :ppr (), where all the provided predictors are considered as index variables, which is an

inappropriate treatment for categorical variables.

4.3.3 Implementation

SMI model estimation
Here, we demonstrate how to estimate SMI models using the smimodel package, with simultaneous

penalty parameter tuning.

First, we fit a SMI model with the "ppr" initialisation option (SMI-P), which is the default option in

the greedy_smimodel() function.

# Fit SMI model with "ppr" dinitialisation
smimodel_ppr <- greedy_smimodel(data = train,
val.data = val,
yvar = "Demand_lag_000",
index.vars = colnames(vic_elec_daily)[5:19],
linear.vars = c("DOW", "Holiday"),

nlambda = 20,
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recursive = TRUE,

recursive_colRange = 5:11)

In this case, the argument data is used to specify the training data set, while the argument val.data
is used for the validation data set, which is employed to tune the penalty parameters. The response
variable is specified using the yvar argument. The predictors that may enter the indices—the seven
lagged demand variables, current temperature, and the seven lagged temperature variables (columns
5 to 19 in the data set)—are specified using the index.vars argument. The calendar variables, DOW

and Holiday, are specified as linear predictors using the linear.vars argument.

Since we use the default initialisation option, there is no need to specify it explicitly in the function
call. In the "ppr" initialisation option, the SMI model estimation algorithm is initialised with a PPR
model. When fitting a PPR model, it is necessary to specify how many indices are to be estimated for
the model. The num_1ind argument to greedy_smimodel() accepts this input, with a default value
of five. In this example, we use the default number of indices (i.e. five) for the initial PPR model

fitted, so the argument does not need to be explicitly specified.

Given that the lags of the response variable itself are used as predictors in the model, autoregressive
forecasting must be performed in the validation set. Therefore, we indicate the requirement for
autoregressive forecasting by setting recursive = TRUE, and provide the range of column numbers

in the data set corresponding to the seven lagged demand variables in recursive_colRange.

The greedy_smimodel() function determines the maximum value for the penalty parameter A, say
Ao .-max, using the scale of the first term of the SMI model objective function (refer to Section 2.2.1).
It determines a pseudo minimum value, as a fraction of A;.max. The default fraction used is
0.0001, which can be adjusted by changing the value of the argument lambda.min.ratio. Once the
maximum and pseudo minimum values are determined, a sequence of values for A, is constructed on
a logarithmic scale, with zero added as the minimum of the A, sequence. The argument nlambda

determines the length of this sequence (excluding zero), and, in this case, we use 20 values.

Next, we look at the estimated model.

# Returned smimodel object

smimodel_ppr

Fitted SMI Model(s):
# A tibble: 1 x 2

key fit
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<chr> <list>

11 <named list [6]>

greedy_smimodel() returns an object of class smimodel, which is a tibble with two columns:
key indicates the level of the grouping variable (if multiple models are fitted), and it contains the
information of the fitted model corresponding to the key. As we fit a single model for the entire data

set (no grouping variable), the returned smimodel object is a tibble with a single row.

Each element in the column f+it (here we have only one element) contains a 11 st with six elements:
initial, a list containing information on the model initialisation; best, a list containing
information on the optimised/final SMI model fit; best_lambdas, a numeric vector of selected
penalty parameter values; lambda®_seq, the sequence of values for A used to construct the initial
grid; lambda2_seq, the sequence of values for A, used to construct the initial grid; and searched,
a tibble containing the penalty parameter combinations searched during the greedy search and the

corresponding validation set MSEs.

Here, we can see that the selected penalty parameter combination is (1g, A1,) = (0, 10%), indicating

that no £ penalty was applied in model estimation.

# Best penalty parameter combination

smimodel_pprS$fit[[1]]Sbest_lambdas

[1] 0 10000

The details of the estimated SMI model can be obtained as follows, where the sparse matrix in the

first part of the printed output shows the estimated index structure of the SMI model.

# Estimated model

smimodel_pprS$fit[[1]]Sbest

SMI Model Fit:
Index coefficients:
15 x 3 sparse Matrix of class "dgCMatrix"
index1l index2 index3
Demand_lag_001 0.71662585
Demand_lag_002 . . 0.15415451
Demand_lag_003 0.11385967
Demand_lag_004 . . 0.08883482

Demand_lag_005 0.04379256
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Demand_lag_006 . . 0.06654211
Demand_lag_007 0.04513242

Temp_lag_000 . -0.82643919
Temp_lag_001 . . 0.29927157

Temp_lag_002 -0.08058950

Temp_lag_003 . -0.05198032
Temp_lag_004 . -0.04805902
Temp_lag_005 . -0.07352147
Temp_lag_006 . . 0.11919403
Temp_lag_007 . . 0.27200296

Response variable:

[1] "Demand_lag_o0o60"

Index variables:
[1] "Demand_lag_001" "Demand_lag_002" "Demand_lag_003" "Demand_lag_004"
[5] "Demand_lag_005" "Demand_lag_006" "Demand_lag_007" "Temp_lag_000"
[9] "Temp_lag_o01" "Temp_lag_002" "Temp_lag_003" "Temp_lag_004"

[13] "Temp_lag_0065" "Temp_lag_006" "Temp_lag_007"

Spline variables (non-index):

NULL

Linear variables:

[1] "DOW" "Holiday"

GAM Fit:
Family: gaussian

Link function: -+identity

Formula:
Demand_lag_000 ~ s(indexl, bs = "cr") + s(index2, bs = "cr") +

s(index3, bs = "cr") + DOW + Holiday
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Estimated degrees of freedom:

4.95 6.55 4.83 total = 26.33

REML score: 2575.443

According to the output above, the SMI Modelling algorithm has estimated three indices and has not

dropped any predictor from the model.

To obtain the fitted values and residuals of the estimated SMI model in an organised format as a
tibble, we can use the augment () function, which will call the augment. smimodel method to

generate the output.

# Using augment function

augment (smimodel_ppr)

# A tibble: 783 x 3

Index .resid .fitted
<date> <dbl> <dbl>
1 2012-01-08 -2.86 196.
2 2012-01-09 -6.93 221.
3 2012-01-10 -2.77 218.

4 2012-01-11 -0.769 218.

5 2012-01-12 0.799 218.

6 2012-01-13 2.34 214.
7 2012-01-14 8.74 186.
8 2012-01-15 7.15 182.
9 2012-01-16 10.9 242.
10 2012-01-17 24.1 265.

# 1 773 more rows

The autoplot() function can be used to plot the fitted smooths/splines corresponding to each of

the estimated indices of the fitted SMI model, which calls the autoplot.smimodel method.

# Plot the estimated smooths

autoplot(smimodel_ppr)
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Next, we estimate two more SMI models with two other initialisation options: "additive" (SMI-A)
and "linear" (SMI-L), for comparison purposes. Here, we have to explicitly pass the initialisation

option we want to use in the argument initialise.

# Fit SMI model with "additive" 1dinitialisation
smimodel_additive <- greedy_smimodel(data = train,
val.data = val,
yvar = "Demand_lag_000",
index.vars = colnames(vic_elec_daily)[5:19],
linear.vars = c("DOW", "Holiday"),
initialise = "additive",
nlambda = 20,
recursive = TRUE,

recursive_colRange = 5:11)

# Best penalty parameter combination
smimodel_additivesfit[[1]]Sbest_lambdas
[1] 169.5129 10000.0000

# Estimated index structure

smimodel_additivesfit[[1]]$bestSalpha
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15 x 3 sparse Matrix of class "dgCMatrix"
index1 index2 index3
Demand_lag_001 0.7022630

Demand_lag_002 0.1912722

Demand_lag_003 . . 0.01673196
Demand_lag_004 . 0.02023022
Demand_lag_005 . . 0.02410018

Demand_lag_006 0.1064648

Demand_lag_007 . 0.01194447
Temp_lag_000 . 0.80060888
Temp_lag_001 . . 0.24389897
Temp_lag_002 . . 0.34066982
Temp_lag_003 . 0.07773119
Temp_lag_004 . . 0.09775953
Temp_lag_005 . 0.08948524
Temp_lag_006 . . 0.10591822
Temp_lag_007 . . 0.17092132

For SMI-A, the selected penalty parameter combination is (1o, A,) = (169.5129,10%). The fitted

model includes all the available predictors, and three indices are estimated.

# Fit SMI model with "linear" dinitialisation
smimodel_linear <- greedy_smimodel(data = train,
val.data = val,
yvar = "Demand_lag_000",
index.vars = colnames(vic_elec_daily)[5:19],
linear.vars = c("DOW", "Holiday"),
initialise = "linear",
nlambda = 20,
recursive = TRUE,

recursive_colRange = 5:11)

# Best penalty parameter combination

smimodel_Tlinearsfit[[1]]Sbest_lambdas

[1] 104.3942 0.0000
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# Estimated index structure

smimodel_TlinearS$fit[[1]]$bestSalpha

15 x 2 sparse Matrix of class "dgCMatrix"
index1 index2
Demand_lag_001 0.21796644
Demand_lag_002 -0.02691696
Demand_lag_003 . 0.02821929

Demand_lag_004 0.01227509

Demand_lag_005 . -0.02429662
Demand_lag_006 . 0.20999853
Demand_lag_007 . -0.09609086

Temp_lag_000 0.40407551

Temp_lag_001 -0.23444288
Temp_lag_002 . -0.44926630
Temp_lag_003 . 0.05941088

Temp_lag_004 -0.04408303
Temp_lag_005 . -0.13271751
Temp_lag_006 -0.06024010

Temp_lag_007

For SMI-L, the selected penalty parameter combination is (A, A5) = (104.3942,0). The fitted model

estimates two indices, and the seventh temperature lag has been dropped.

Benchmark models
Next, we look at how to estimate a few other nonparametric models using smimodel as benchmarks

for comparing the forecasting performance of the estimated SMI models.

First, we estimate a nonparametric additive model with backward elimination (Fan & Hyndman 2012)

(Backward) using the function model_backward().

# Fit nonparametric additive model with backward elimination
backward <- model_backward(data = train,

val.data = val,

yvar = "Demand_lag_000",

s.vars = colnames(vic_elec_daily)[5:19],

linear.vars = c("DOW", "Holiday"),
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recursive = TRUE,

recursive_colRange = 5:11)

Note that we have included the lagged demand and lagged temperature variables in the s.vars
argument, as opposed to index.vars when estimating the SMI models, because, in this case, we are
estimating an additive model, not an index model, and these predictors enter the model as individual
non-linear variables (not grouped into indices). All other arguments remain the same as for the SMI

model estimation.

Now, we examine the estimated model.

# Returned backward object

backward

Fitted Model(s):
# A tibble: 1 x 2
key fit
<chr> <1list>

11 <gam>

The model object returned is of the class backward, which is again a tibble with two columns: key
and fit. In this case, each element in the fit column is a gam object (Wood 2023, 2011), providing
information about the fitted additive models corresponding to each key. As we are fitting a single

model to the entire data set, the backward object returned in this case is a single-row tibb1le.
We can access the fitted gam object as follows.

# Fitted additive model

backwardsfit[[1]]

Family: gaussian

Link function: -ddentity

Formula:

Demand_lag_000

?

+s(Demand_lag_003, bs = "cr") + s(Demand_lag_004,

bs = "cr") + s(Demand_lag_006, bs = "cr") + s(Demand_lag_007,

+

bs = "cr") + s(Temp_lag_000, bs = "cr") + s(Temp_lag_001,

bs = "cr")

+

s(Temp_lag_002, bs = "cr") + s(Temp_lag_003,
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bs = "cr") + s(Temp_lag_007, bs = "cr") + DOW + Holiday

Estimated degrees of freedom:
3.24 1.00 1.39 1.00 6.94 5.89 1.00

4.01 3.84 total = 38.31

REML score: 2754.274

According to the above output, we can observe that the Backward model has dropped the first, second

and fifth lags of electricity demand, as well as the fourth, fifth and sixth lags of temperature.

Next, we estimate a groupwise additive index model (GAIM) using the function model_gaim(). As
this model does not perform variable selection or parameter tuning, a separate validation set is not
required. To ensure comparability of forecasting performance with the SMI models and the Backward
model (which are re-fitted on the data set combining the training and validation sets after penalty
parameter tuning or model selection), we estimate the GAIM directly on the combined training and

validation data set.

# Data set combining training and validation

combinedData <- bind_rows(train, val)

# Fit groupwise additive index model

gaim <- model_gaim(data = combinedData,
yvar = "Demand_lag_000",
index.vars = colnames(vic_elec_daily)[5:19],
index.ind = c(rep(1, 7), rep(2, 8)),

linear.vars = c("DOW", "Holiday"))

The new argument used here is index.ind. Since predictors must be pre-grouped when fitting
a GAIM, we group all the lagged electricity demand variables into one group and all the lagged
temperature variables into another, resulting in two indices for the model. This grouping of the
variables should be specified using the index.ind argument, which should be a numeric vector
assigning a group index to each predictor in the index.vars argument. Accordingly, we pass a
vector containing seven ones (indicating that the first seven variables—i.e. the seven demand lags—
should enter the first index) and eight twos (indicating that the next eight variables—i.e. the current
temperature and the seven temperature lags—should enter the second index) in the index.ind

argument.
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As no validation set forecasting occurs when estimating a GAIM, the function call does not include

the recursive or recursive_colRange arguments.

# Returned gaimFit object

gaim

Fitted Model(s):
# A tibble: 1 x 2
key  fit
<chr> <1list>

11 <cgaim>

The model object returned from model_gaim() is of the class gaimFit, which is again a tibble
with the two usual columns. Each element in the f+it column is a cgaim object (Masselot et al. 2023),

which can be accessed as follows.

# Fitted gaim model

gaim$fit[[1]]

Formula:

Demand_lag_000 ~ g(Demand_lag_001, Demand_lag_002, Demand_lag_003,
Demand_lag_004, Demand_lag_005, Demand_lag_006, Demand_lag_007) +
g(Temp_lag_000, Temp_lag_001, Temp_lag_002, Temp_lag_003,

Temp_lag_004, Temp_lag_005, Temp_lag_006, Temp_lag_007) +

DOW + Holiday

Coefficients:
(Intercept) Demand_lag_001 Temp_lag_000 DOwW Holiday

225.712161 21.821048 8.056363 14.871267 5.677247

Indices weights:
Demand_lag_001
Demand_lag_001 Demand_lag_002 Demand_lag_003 Demand_lag_004 Demand_lag_005
0.66380425 -0.12333619 0.07650766 0.03304612 -0.02171711
Demand_lag_006 Demand_lag_007
0.07156957 -0.01001911

Temp_lag_000
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Temp_lag_000 Temp_lag_001 Temp_lag_002 Temp_lag_003 Temp_lag_004 Temp_lag_005
0.41375636 -0.14374285 -0.09616561 0.04855670 -0.13736280 0.05307141
Temp_lag_006 Temp_lag_007

-0.03257577 -0.07476850

Residual sum of squares: 72.65604

Finally, we fit a projection pursuit regression (PPR) model using the function model_ppr ().

# Fit projection pursuit regression model
ppr <- model_ppr(data = combinedData,
yvar = "Demand_lag_000",
index.vars = colnames(vic_elec_daily)[5:19],

num_ind = 5)

As mentioned earlier, when estimating a PPR model, we need to specify the number of indices to
be estimated, which in this case is done using the argument num_1ind. Here, we set the number of

indices as five to match the number of indices in the PPR model used to initialise SMI-P.

# Returned pprFit object

ppr

Fitted Model(s):
# A tibble: 1 x 2
key fit
<chr> <1list>

11 <ppr.form>

The model object returned from model_ppr () is of the class pprF1it, which is once again a tibble
with two columns. Each element in the fit column is a ppr.form object (see stats: :ppr()),
which is a 1ist containing information about the fitted model. The estimated index coefficients can

be found as follows.

# Estimated index coefficients

ppr$fit[[1]]S$alpha

term 1 term 2 term 3 term 4
Demand_lag_001 0.2711403542 -0.0215396033 -0.043452028 -0.142853293

Demand_lag_002 -0.1484608094 0.0278252642 -0.017158869 0.168480327
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Demand_lag_003 0.
Demand_lag_004 -0.
Demand_lag_005 -0.
Demand_lag_006 0.
Demand_lag_007 0.
Temp_lag_000 0.
Temp_lag_001 -0.
Temp_lag_002 0.
Temp_lag_003 0.
Temp_lag_004 -0.
Temp_lag_005 0.
Temp_lag_006

Temp_lag_007

Demand_lag_001 0.
Demand_lag_002 -0.
Demand_lag_003 0.
Demand_lag_004 -0.
Demand_lag_005 0.
Demand_lag_006 -0.
Demand_lag_007 0.
Temp_lag_000 -0
Temp_lag_001 0.
Temp_lag_002 0.
Temp_lag_003 -0
Temp_lag_004 0.
Temp_lag_005 0.
Temp_lag_006 -0
Temp_lag_007 -0.

Obtaining forecasts

0788787900 -0.

0056658336 0.

0646555587 0.

1071655387 0.

1140027983 0.

7189727625

1892982047 0.

0160559732

0008285177 0.

2049374216

2493395900

.2300761660 0.

.3992595084 0.

term 5

06799731

06938484

12344298

16036131

06733398

02939108

02888241

.40678190

40792519

50351755

.39333495

27181367

02165478

.29916427

19851613

0081368260

0044392121

0228034834

0215746246

0482778325

.9169970372

0136004812

.0982028035

0088597218

.0006327645

.2673720004

1703408385

2099158410

-0.

.032387660

.003955462

038391788

.017709905

.046710673

. 749596364

.313072502

.148056240

.026484296

.056418348

.044845986

.234601165

.500020363

-0.

.029176754

.073975586

.032850229

.003293433

.053517469

.176321522

.095062901

.521506459

.165651261

.153989309

525606536

.450248530

.314158086

Next, we look at how to obtain forecasts on the test set from the models we fitted above. We use the

predict() function for this purpose, which will call the relevant S3 method for each corresponding

model class.
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For demonstration purposes, we obtain forecasts on the test set using SMI-P as follows. In this case,

the predict() function calls the predict.smimodel method.

# Obtaining forecasts of the test set using SMI-P

predictions_smimodel_ppr <- predict(object = smimodel_ppr,
newdata = test,
recursive = TRUE,

recursive_colRange = 5:11)

Here, the object argument takes the fitted model object, and the newdata argument takes the data
set on which we need to obtain forecasts. The recursive and recursive_colRange arguments
function similarly to those in the model-fitting functions, as we also perform autoregressive forecasting
on the test set. The use of the predict() function is the same for all the other models we fitted

above.

This call to the predict() function returns a tsibble that contains the newdata, along with
additional columns generated during the forecasting process. The .predict column in this tsibble
stores the generated forecasts. We will extract and print the response variable data and the generated

forecasts below.

# Forecasts

predictions_smimodel_ppr[ , c("Demand_lag_000", ".predict")]

# A tibble: 306 x 2
Demand_lag_000 .predict
<dbl> <dbl>

1 194. 186.
2 184. 177.
3 228. 214.
4 255. 243.
5 235. 237.
6 217. 226.
7 216. 219.
8 195. 199.
9 201. 205.
10 214. 218.

# i 296 more rows
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Once we have forecasts on the test set, we can compute forecast error measures to evaluate the
forecasting performance of the estimated models. In the smimodel package, we currently have two
functions, MSE () and MAE (), which correspond to two commonly used error measures, Mean Squared
Error and Mean Absolute Error, respectively. If other error measures are required, users of smimodel

currently need to rely on other packages.

We demonstrate the usage of the aforementioned functions using SMI-P as follows. The forecast

errors on the test set must be provided in the residuals argument.

# Forecast error measures
actual <- predictions_smimodel_ppr$Demand_lag_000

predictions <- predictions_smimodel_pprS$.predict

MSE(residuals = actual - predictions)

[1] 80.63169

MAE (residuals = actual - predictions)

[1] 6.563263

We can calculate the forecast errors for all the models we estimated above in the same way, and

Table 4.1 below summarises the results.

Table 4.1: Out-of-sample point forecast results for daily electricity demand. The columns Model, Pre-
dictors and Indices indicate the name of the fitted model, the number of predictor variables
used /selected (if predictor selection is performed), and the number of indices estimated by the
fitted model, respectively.

Test Set
Model Predictors Indices MSE MAE
SMI-P 17 3 80.632 6.563
SMI-A 17 3 80.999 6.789
SMI-L 16 2 310.327 14.731
Backward 11 72.166 6.331
GAIM 17 2 13990.017 104.170
PPR 15 5 477.330 16.259

Based on the results above, the Backward model demonstrates the strongest forecasting performance

in this example. However, the SMI models estimated using both “ppr” and “additive” initialisations
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(i.e. SMI-P and SMI-A) produce forecast errors that are close to those of the best-performing model.
This finding is consistent with our observations in the empirical applications discussed in Chapter 2,
where the Backward model again achieved the best performance, and at least one of the SMI models—

estimated with different initialisations—performed similarly well.

Here, the GAIM exhibits notably large forecast errors. Throughout our experiments in this research, we
have observed that the forecasting performance of GAIM is inconsistent. In Chapter 2, it delivered the
second-best performance among the three benchmark models and outperformed SMI-A and SMI-L in
the mortality forecasting task. However, it yielded the poorest results in the solar intensity forecasting
application. This inconsistency is particularly evident at longer forecast horizons, where forecasts
from GAIMSs can become unstable and errors accumulate rapidly—especially in autoregressive settings.
This may explain the current result, as we use a relatively large test set here (forecasting 10 months

ahead) in an autoregressive context.

Uncertainty estimation
Next, we explore the functionalities that smimodel provides for generating prediction intervals to

estimate the uncertainty of the point forecasts obtained using the nonparametric additive models.

As mentioned in Section 4.2.3, the smimodel package implements the block bootstrap (BB) and

conformal bootstrap (CB) methods discussed in Chapter 3 for generating prediction intervals.
First, we demonstrate the usage of the bb_cvforecast () function to apply the BB method.

In the bb_cvforecast() function, the object argument takes the fitted model object, and the
data argument takes the data set. The full set of predictors used when fitting the model (i.e. index
variables, non-linear variables and linear variables) should be specified in the predictor.vars

argument, and the forecast horizon is passed to the h argument.

The season.period argument specifies the length of the seasonal period if the residual series of the
fitted model exhibits seasonality. This value is used to determine the block size in the BB method. As
explained in Section 3.2.2, if the residual series is non-seasonal, the last significant lag of the ACF
of the residuals, subject to a maximum number of lags considered, is used as the block size, which

should be passed to season.period.

Here, we use the above estimated SMI-P as an example, and use the feasts: :ACF() (O’Hara-Wild,
Hyndman & Wang 2024) function below to obtain the ACF plot of the residual series of the fitted

model.
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# Preparing a tsibble with the residuals series of SMI-P

res <- tibble(
index = seq(l, length(smimodel_pprs$fit[[1]]$bestSgam$residuals)),
SMIModel_PPR = smimodel_ppr$fit[[1]]S$bestSgam$residuals) |>

as_tsibble(index = {index)

# ACF of the residuals series of SMI-P
acf_smimodel_ppr <- feasts::ACF(.data = res,
y = res$SMIModel_PPR,

lag_max = 790)

# ACF plot
acf_smimodel_ppr |>
autoplot() +
labs(x = "Lag", y = "ACF") +

theme_bw ()

ACF

0 200 400 600 800
Lag

Figure 4.2: The ACF plot of the residual series of SMI-P
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According to the ACF plot above, it appears that the estimated SMI-P has not sufficiently captured
the autocorrelation present in the data, as the ACF remains significant for a large number of lags,

including the first few. This also leads to some seasonal variation remaining in the residuals.

In this particular example, this observation is understandable, as the selected ¢, penalty parameter,
A5, for the model was 10000—a very large value that caused the estimated coefficients for the lagged
electricity demand variables to be heavily shrunk. The excessive shrinkage imposed has resulted in
smaller coefficient estimates, limiting the ability of the lagged variables to effectively capture the

autocorrelation structure.

Therefore, in this case, it is not practical to determine the block size based on the significant lags of
the ACF plot. If we attempt to set the block length as the seasonal period length, it would be too long,
preventing us from constructing a sufficient number of blocks from the available data to generate

many simulated residual series. Thus, applying the BB method in this example is not very meaningful.

However, simply to demonstrate the use of arguments, we present the call for the bb_cvforecast()

function below.

# Set a seed

set.seed(12345)

# BB prediction intervals through time series cross-validation
bb <- bb_cvforecast(object = smimodel_ppr,

data = vic_elec_daily,

yvar = "Demand_lag_000",

predictor.vars = colnames(vic_elec_daily)[c(5:19, 2:3)],
h = 30,

season.period = 1,

num. futures = 1000,

level = c(80, 95),

window = NROW(train) + NROW(val),

recursive = TRUE,

recursive_colNames = colnames(vic_elec_daily)[5:11])

Note that, in this case, we specify h = 30, indicating that we perform 30-step-ahead forecasting.
Moreover, we have specified season.period = 1, in which case the BB method reduces to standard
bootstrapping. The num. futures argument specifies the number of possible future sample paths (or
the number of bootstrap series) to generate, while the level argument sets the confidence level(s)

for the prediction intervals.
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The window argument specifies the rolling window length used in time series cross-validation. If set
to NULL, an expanding window approach is employed instead. In this case, we use a rolling window
strategy, with the rolling training window length set equal to that of the initial training set used for
estimating the SMI model (including penalty parameter tuning—that is, the original training plus
validation sets). It is important to note that at each cross-validation step, there is a training window
used for model fitting, and a separate test window of length 30 (as h = 30) which is not used in

model training. Prediction intervals are generated for this test window, as described in Section 3.2.2.

The column names of the lagged response variables in the data set are passed to the
recursive_colNames argument. (See the package documentation for details on other ar-

guments not explicitly mentioned in the function call above, as default values are used.)

It is also necessary to set a seed before calling the bb_cvforecast () function to ensure reproducibility,

as random resampling is used in the block bootstrap procedure.

The bb_cvforecast() function returns an object of class bb_cvforecast, which is a list containing
10 elements. The mean element contains the point forecasts generated at each cross-validation step as
a multivariate time series, where the h'" column contains the point forecasts for the forecast horizon
h. The time index corresponds to the period for which the forecast is produced. The lower and
upper elements are lists containing the lower and upper bounds, respectively, for the prediction

intervals generated at each confidence level and can be accessed as follows.

# Lower bounds of the 95% prediction intervals
bb$lowers$™95%
# Upper bounds of the 95% prediction intervals

bbSupper$™95%"

Each of these is a multivariate time series with the same dimensional characteristics as mean. For

details on the other elements in a bb_cvforecast object, refer to the package documentation.

Next, we explore how to generate conformal bootstrap (CB) prediction intervals using the

cb_cvforecast() function.

# Set a seed

set.seed(12345)

# CB prediction intervals through time series cross-validation
cb <- cb_cvforecast(object = smimodel_ppr,

data

vic_elec_daily,

yvar = "Demand_lag_000",
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predictor.vars = colnames(vic_elec_daily)[c(5:19, 2:3)],
h = 30,

ncal = 100,

num. futures = 1000,

level = c(80, 95),

window = NROW(train) + NROW(val),

recursive = TRUE,

recursive_colNames = colnames(vic_elec_daily)[5:11])

The key additional argument in cb_cvforecast() is ncal, which specifies the length of the rolling
calibration window used to compute non-conformity scores (i.e. out-of-sample forecast errors) at each
cross-validation step. Note that each cross-validation step involves three distinct windows: a training
window (window) for model fitting, a calibration window (ncal) for calculating non-conformity
scores, and a test window (h) for generating prediction intervals. The calibration window is not used
for model training, and the test window is used solely for evaluating prediction intervals—it is not

involved in either model fitting or the calculation of non-conformity scores.

Aswith bb_cvforecast(), it is important to set a seed before calling the cb_cvforecast () function

to ensure reproducibility.

The cb_cvforecast () function returns an object of the class cb_cvforecast, which has a similar

structure to bb_cvforecast. See the package documentation for details.

To calculate the mean (actual) coverage and the mean width of the constructed prediction intervals,
we can use the avgCoverage () and avgWidth() functions, respectively. The mean element in the
output of both functions provides the mean coverage and mean width, respectively. For details on
the other elements of the output, see the package documentation. Note that, as previously men-
tioned, avgCoverage () and avgWidth() are wrappers for conformalForecast::coverage()

and conformalForecast: :width() (Wang & Hyndman 2025), respectively.

# Mean coverage

coverage <- avgCoverage(object = cb, level = 95)
coverage$mean

# Mean width

width <- avgWidth(object = cb, level = 95)

width$mean
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4.4 Comparison of computational performance

As mentioned in Section 4.1, several R packages are available for estimating nonparametric additive
models and distributed lag models, both of which are related to the SMI model—the main focus of
the smimodel package. In this section, we compare the computational performance of the main SMI
model estimation function smimodel: : greedy_smimodel (), with three different models from three
commonly used packages: mgcv (Wood 2023, 2011), dLagM (Demirhan 2020), and dlnm (Gasparrini

2011). We continue using the electricity demand forecasting example for this comparison as well.

First, we consider the estimation of SMI models with the three initialisation options ("ppr",
"additive", and "linear") we presented previously, as the run time and memory usage may differ

based on the initialisation option used.

Next, we estimate a generalised additive model (GAM) using the mgcv: : gam() function, where we
treat the seven electricity demand lags, current temperature, and seven temperature lags as non-linear

variables, and the two calendar variables, DOW and Holiday, as linear variables.

Then, an autoregressive distributed lag model (ARDL) is estimated using the dLagM: :ard1Dlm()

function, which is a linear model.

Next, we fit a distributed lag non-linear model (DLNM) using the dlnm package. The dlnm
package does not provide a single function to fit a DLNM directly. Therefore, we first use the
dlnm: :crossbasis() function to generate two cross-basis matrices: one for the first lag of
electricity demand and six lags of it (i.e. seven demand lags are included as predictors), and another
for the current temperature and its seven lags (i.e. current temperature and seven temperature lags
are included in the model as predictors). Then, we use the constructed cross-basis matrices to fit a
GAM (using mgcv: : gam()), while taking the two calendar variables as linear variables. We combine
the above two steps into a new function as follows for this comparison. Note that we use penalised
cubic regression splines in both mgcv: :gam() and dlnm: :crossbasis() (option "cr'") to match

the type of splines we use in estimating SMI models.

# A new function to estimate a DLNM using “dlnm” package
dlnm_function <- function(){
# Basis matrix for demand lags

cb.demand <- dlnm::crossbasis(x = combinedData$Demand_lag_001,

lag = 6,
argvar = list(fun = "cr"),
arglag = list(fun = "cr"))
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# Basis matrix for temperature lags
cb.temp <- dlnm::crossbasis(x = combinedData$Temp_lag_000,

lag = 7,

argvar = list(fun = "cr"),

arglag = list(fun = "cr"))

?

mgcv: :gam(formula = Demand_lag_000 cb.demand + cb.temp + DOW + Holiday,
data = combinedData,

method = "REML")

In addition, we also compare smimodel: : greedy_smimodel () with a groupwise additive index
model (GAIM) fitted using the cgaim: :cgaim() (Masselot et al. 2023), although the cgaim package
was not originally designed for forecasting or prediction purposes. Similarly to the GAIM fitted in
Section 4.3.3, we group the seven electricity demand lags into one group, and the current temperature
and the seven temperature lags into another group, resulting in two indices for the GAIM estimated.

The two calendar variables are treated as linear variables, as usual.

We use the bench: :mark() function to perform the intended comparison, through 10 runs of each
model-fitting expression as follows. This is run on an Apple Silicon MacBook Pro laptop with an

Apple M1 Pro chip and 16 GB of memory.

# Using “bench;:mark()"
comparison <- mark(
# smimodel: :greedy_smimodel()
# SMI-P
greedy_smimodel(data = train,
val.data = val,
yvar = "Demand_lag_000",
index.vars = colnames(vic_elec_daily)[5:19],
linear.vars = c("DOW", "Holiday"),
nlambda = 20,
recursive = TRUE,
recursive_colRange = 5:11),
# SMI-A
greedy_smimodel(data = train,

val.data = val,
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yvar = "Demand_lag_000",
index.vars = colnames(vic_elec_daily)[5:19],
linear.vars = c("DOW", "Holiday"),
initialise = "additive",
nlambda = 20,
recursive = TRUE,
recursive_colRange = 5:11),
# SMI-L
greedy_smimodel(data = train,
val.data = val,
yvar = "Demand_lag_000",
index.vars = colnames(vic_elec_daily)[5:19],
linear.vars = c("DOW", "Holiday"),
initialise = "linear",
nlambda = 20,
recursive = TRUE,
recursive_colRange = 5:11),
# mgcv::gam()

gam(formula = Demand_lag_000 ~ s(Demand_lag_001, bs = "cr") +

s(Demand_lag_002, bs

"cr") + s(Demand_lag_003, bs "cr') +
s(Demand_lag_004, bs = "cr") + s(Demand_lag_005, bs = "cr") +

s(Demand_lag_006, bs = "cr") + s(Demand_lag_007, bs

Ilcr-ll) +
s(Temp_lag_000, bs = "cr") + s(Temp_lag_001, bs = "cr") +
s(Temp_lag_002, bs = "cr") + s(Temp_lag_003, bs = "cr") +

s(Temp_lag_004, bs = "cr") + s(Temp_lag_005, bs = "cr") +

s(Temp_lag_006, bs = "cr") + s(Temp_lag_007, bs "cr') +
DOW + Holdiday,
data = combinedData,
method = "REML"),
# cgaim::cgaim()
cgaim(formula = Demand_lag_000 ~ g(Demand_lag_001, Demand_lag_002,
Demand_lag_003, Demand_lag_004,
Demand_lag_005, Demand_lag_006,

Demand_lag_007) +
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g(Temp_lag_000, Temp_lag_001, Temp_lag_002, Temp_lag_003,
Temp_lag_004, Temp_lag_005, Temp_lag_006, Temp_lag_007) +
DOW + Holdiday,
data = combinedData),
# dLagM::ard1lDlm()
ardlDlm(formula = Demand_lag_000 ~ Temp_lag_000 + DOW + Holiday,
data = combinedData,
pP=7,9=T1,
remove = list(p = list(DOW = 1:7, Holiday = 1:7))),
# dlnm

dlnm_function(),

min_time = Inf,
iterations = 10,
max_iterations = 10,

check = FALSE

The output from the above function call provides measurements of run time and memory usage for

the models compared, and is summarised in Table 4.2.

Table 4.2: Summarised information on the computational performance of smimodel::greedy smimodel()
and functions from other packages chosen for comparison.

Run Time
Expression Minimum  Median Total Memory Allocation
smimodel::greedy smimodel() - PPR 13.7m 13.95m 2.36h 148.8GB

smimodel::greedy smimodel() - Additive 29.49m 30.1m 5.02h 200.6GB

smimodel::greedy smimodel() - Linear 3.5m 3.54m 36.11lm 48.5GB
mgcv::gam() 3.4s 3.41s 34.12s 283.4MB
cgaim::cgaim() 1.49s 1.54s 16s 249.4MB
dLagM::ardIDIm() 28.37ms  28.89ms  302.1ms 28.2MB
dlnm_function() 677.91ms 680.58ms 6.81s 107.3MB
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According to Table 4.2, the estimation of the SMI model with simultaneous penalty parameter tuning
using the smimodel: :greedy_smimodel() function is computationally expensive compared to
other models, recording the highest run time and total memory allocation over 10 runs. This outcome
is expected due to the limited input information provided on the model structure, the large number of
MIP iterations performed, and the estimation of several non-linear functions. Here, it is also important
to note that the inclusion of the £, penalty renders the SMI model estimation problem NP-hard. As
a result, smimodel: : greedy_smimodel() undertakes a particularly complex and computationally

intensive estimation task.

Notably, as observed previously in Chapter 2, SMI model estimated with "additive" initialisation
requires more time and memory than other initialisation options. The computational cost of SMI
model estimation depends on the number of index variables used and the number of indices in
the model. Since the “additive” initialisation constructs the model using a nonparametric additive
structure, where each variable is assigned to a separate index, the number of indices to be estimated

is greater than that of the "ppr" or "linear" options, thereby leading to higher computational costs.

4.5 Conclusion

This chapter has introduced the R package smimodel, a new open-source software designed for
nonparametric forecasting and prediction. While there are several R packages available for estimating
nonparametric additive models, to the best of our knowledge, none support principled predictor
selection and grouping, simultaneously with model estimation. Typically, achieving this requires
expert input, especially in high-dimensional settings. smimodel addresses this gap by providing an au-
tomated implementation of the Sparse Multiple Index (SMI) Modelling algorithm, which automatically
selects and groups predictors, simultaneously with the estimation of a nonparametric additive index
model, through a user-friendly interface. Thus, smimodel—as a statistical forecasting/prediction
tool—has the potential to improve the quality and the objectivity of nonparametric model estimation.
It has broad applicability in various domains, from academic research to industry, and can be effective

even for forecasters without specialised domain knowledge in their particular application of interest.

In addition, the package provides implementations of two prediction interval generation methods:
block bootstrap (BB) and conformal bootstrap (CB). These methods enable uncertainty estimation
for point forecasts generated by the nonparametric models available in smimodel. We believe
that this combination of model estimation and prediction interval generation capabilities offers a

comprehensive workflow for time series forecasting. It is particularly useful for addressing challenging
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real-world forecasting problems that involve a large number of predictor variables with non-linear

and complex interactions, using a statistical approach.

One of the main limitations of smimodel is the computational cost involved in SMI model estimation,
due to the challenging estimation task it faces with the limited prior information about model structure.
As the smimodel package is actively developed and maintained, we are continuously working on
optimising the functions and researching improvements to the algorithm to reduce the computational

cost, especially in high-dimensional settings.

As demonstrated in Section 4.3.3, the model fitting functions in smimodel currently require users
to specify the names of the response and predictor variables as character strings through separate
arguments. To improve usability and consistency with existing regression-type modelling packages in
R, we plan to adopt a formula interface that accepts a standard formula object, replacing the current

argument-based approach.

Moreover, when lags of the response variable are used as predictors in time series forecasting problems,
users of smimodel currently need to explicitly include these lagged variables in the data set provided
to the model fitting functions. We plan to enhance smimodel by enabling the automatic generation
of lagged variables within the model fitting functions, taking away this additional task from the users

in the future.

The current version of smimodel offers limited functionality for visualising various aspects of the
estimated models, apart from the autoplot.smimodel method for plotting estimated smooth terms
in a SMI model. To improve model analysis and interpretation, we plan to introduce additional

functions to generate useful visualisations.
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Chapter 5

Conclusion

This thesis investigates nonparametric additive index models as a flexible and comprehensible al-
ternative to traditional time series forecasting methods, which typically rely on strong parametric
assumptions and time series-specific structures. The proposed models capture non-linear relationships
by expressing the forecast target as a function of one or more linear combinations of predictors,
without relying on strict distributional assumptions or the underlying characteristics of the time
series. Although these models are based on a regression framework and not inherently designed for
time series forecasting, we demonstrate their potential in real-world applications. This final chapter
provides an overview of the thesis, critically evaluating the proposed methodologies and key findings.

It also discusses the limitations of the study and suggests avenues for future research.

5.1 Discussion of results and contributions

The challenges outlined at the beginning of this thesis—the presence of non-linear predictor-response
relationships, high-dimensionality, and the need for transparency in model structure and estimation—

have shaped the direction and contributions of this research.

In recent years, nonparametric additive models have been used as a predictive tool in several studies
across different application areas (Fan & Hyndman 2012; Du, Cheng & Liang 2012; Goude, Nedellec
& Kong 2014; Ho, Chen & Hwang 2020; Boente & Martinez 2023). However, existing approaches to
model estimation often depend on manual intervention, where decisions about which variables to
include and how to model their interactions are largely informed by expert intuition, rather than by

objective, data-driven methods.
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Therefore, the primary objective of Chapter 2 of this thesis was to introduce a modelling framework
based on nonparametric additive index models that is capable of capturing complex predictor in-
teractions while automating both variable selection and grouping. To this end, we proposed the
Sparse Multiple Index (SMI) Modelling algorithm. This is an iterative procedure that employs mixed
integer programming to solve an £,- and £,-regularised non-linear least squares optimisation problem,

subject to linear constraints, for the estimation of a nonparametric additive index model.

The proposed SMI Modelling algorithm is distinguished by its structural flexibility. Unlike traditional
statistical models, where the structure of the model is predetermined, the SMI model does not require
the user to predefine its index structure—namely, the number of indices and the assignment of
predictor variables to each index. Instead, the algorithm automatically identifies the optimal index
structure in conjunction with model estimation. To initiate the iterative procedure, the user simply
provides a set of candidate predictors and an initial model structure. Another notable feature of the
algorithm is its ability to perform automatic variable selection without manual input. Given a pool of
potential predictors entering indices, the algorithm determines the most relevant subset for inclusion

in the final model.

Thus, this study offers three fundamental contributions. First, the proposed SMI Modelling algorithm
introduces automatic predictor selection for nonparametric additive index model estimation, reducing
reliance on user domain expertise. To our knowledge, this is the first instance of such a capability
being incorporated into a nonparametric additive index model estimation algorithm. Second, owing to
its flexible structure, the SMI model encompasses a wide range of models—from single index models
(where all predictors are combined into a single index) to additive models (where each predictor has
its own index). Furthermore, it accommodates additional non-linear and linear predictors, enabling
semiparametric model estimation. Hence, the SMI Modelling algorithm serves as a general estimation
tool for the broader class of nonparametric and semiparametric additive models. Third, although
employed as a forecasting tool in this study, the SMI model does not rely on time series-specific
features. As a nonparametric regression model, it can be applied to a variety of prediction tasks,
including those involving cross-sectional data. This broad applicability positions the SMI model as a

versatile solution for numerous real-world predictive problems.

In Chapter 2, we demonstrated the use and performance of the proposed SMI model through two
empirical applications—forecasting heat exposure-related daily mortality and daily solar intensity. We
compared the forecasting accuracy of the estimated SMI models against three benchmark models. In
both cases, the SMI models were unable to outperform the nonparametric additive model estimated

using backward elimination for variable selection (Backward), while the other benchmark models did
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not exhibit consistent performance across the two applications. However, in each case, at least one of
the SMI models (among those estimated with different initialisation options) achieved forecasting

performance close to that of the Backward model.

This raises a point of discussion regarding the possible reasons for the SMI model to exhibit inferior
forecasting performance compared to the Backward model. A key difference lies in model structure—
the Backward model, being a nonparametric additive model, has a predefined structure, and employs
a straightforward backward elimination procedure for variable selection. As a result, the Backward
model follows a clear and direct estimation process. In contrast, as explained earlier, the SMI model
adopts a much more flexible approach to determining the index structure. This structure is identified
automatically through a data-driven algorithm that simultaneously performs predictor selection and
model estimation. Consequently, the estimation process for the SMI model is inherently more complex
and introduces additional optimisation challenges. This may explain why the SMI model performs

comparably but not better than the simpler Backward model.

A second consideration is the impact of the £, and £, penalty terms in the estimation of the SMI
model, as they have a substantial effect on its forecasting accuracy. Accordingly, the tuning of the
corresponding penalty parameters, Ay, and A,, plays a critical role. Our experiments revealed that, at
times, the selected penalty parameter values—especially A,, associated with the ridge penalty—are
too large, resulting in excessive shrinkage of the estimated coefficients toward zero. This suggests
that the current method for determining the grid of candidate penalty values may be too dispersed.
As a result, the greedy search procedure used for tuning may fail to explore the optimal region of the
parameter space effectively. We believe that refining this search strategy to better identify the ideal
range of penalty parameter values would improve the forecasting performance of the SMI model. We

leave this refinement as a direction for future research.

Once a forecasting model capable of generating point forecasts is in place, the next step in the
forecasting workflow is to construct prediction intervals to quantify forecast uncertainty. Accord-
ingly, Chapter 3 of this thesis focused on exploring prediction interval construction methods for

nonparametric additive index models.

This part of the study makes two key contributions. First, it evaluates the applicability of block
bootstrapping (BB) and three existing conformal prediction (CP) methods—Split Conformal Prediction
(SCP), Weighted Split Conformal Prediction (WSCP), and Adaptive Conformal Prediction (ACP)—for
generating prediction intervals in the context of nonparametric additive index models. Second, it
proposes a novel method named Conformal Bootstrap (CB), which combines elements of both block

bootstrapping and split conformal prediction to construct prediction intervals.
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In Chapter 3, we assessed the empirical coverage performance of each method using the same two
real-world forecasting problems presented in Chapter 2. For the heat exposure-related daily mortality
application, we considered 92-step-ahead forecasts, and for the daily solar intensity application, we
considered 30-step-ahead forecasts. In each case, we evaluated the average empirical coverage of
the 95% prediction intervals generated by each method across the full forecast horizon. The results
showed that BB intervals often led to under-coverage, except for the GAIM and Backward models in
the solar intensity forecasting task. In contrast, the three CP methods generally produced the most

reliable long-run coverage across both applications.

The proposed CB method, which combines block bootstrap with split conformal prediction, was
expected to achieve coverage performance equal to or better than each of its component methods.
In the mortality forecasting application, it generally delivered empirical coverage similar to the CP
methods at shorter forecast horizons and comparable to the BB method at longer horizons. In the solar
intensity forecasting problem, it performed similarly to the CP methods across all horizons for the SMI
and Backward models. However, it exhibited notable under-coverage for the PPR model—potentially
due to a combination of factors: overfitting arising from the model’s dense structure relative to the
other, more parsimonious models; the use of only one-step-ahead forecast errors, as opposed to the
multi-step errors used in the CP methods that demonstrated better coverage; and the truncation
of predictors during the generation of sample paths. Further investigation is required to better

understand the factors contributing to the underperformance of the CB method in certain settings.

After establishing the methodological framework for time series forecasting using nonparametric
additive index models in Chapter 2 and Chapter 3, the next stage was to facilitate the use of these
proposed methods by making them available to potential users. To achieve this, the development
of open-source software that automates the SMI Modelling algorithm became the central focus of

Chapter 4 in the thesis.

The primary contribution of Chapter 4 is smimodel—an open-source R package developed to im-
plement the SMI Modelling algorithm for estimating nonparametric additive index models. While
several existing R packages offer tools for estimating various types of nonparametric additive and
distributed lag models—two model classes closely related to the SMI model—none provide the
integrated capabilities of automated predictor selection, model structure determination, and model
estimation. Moreover, smimode' incorporates two methods for constructing prediction intervals, BB
and CB, which enable uncertainty estimation for point forecasts generated from the nonparametric

additive models offered in the package. Although there is room for improvement, as discussed in
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Section 4.5, we believe smimodel marks a significant step towards making advanced nonparametric

modelling accessible to a wider audience, including users without deep statistical expertise.

5.2 Future work

This section explores future research directions informed by the current study. While some of these
ideas were briefly discussed at the end of Chapters 2 to 4 to maintain the coherence of each chapter,

this section expands and builds upon them.

A key limitation of the proposed SMI Modelling algorithm is its lack of a generalised initialisation
option that guarantees optimal performance across diverse data sets and applications. Throughout
the experiments conducted in this thesis, it became evident that the effectiveness of the algorithm’s
initialisation is highly data-dependent. Consequently, the choice of initialisation strategy plays a
pivotal role in determining forecasting accuracy. Therefore, an important direction for future research
would be to explore and develop an initialisation method that can adapt to various types of data,
ensuring that the SMI Modelling algorithm consistently delivers strong forecasting performance across
a broad range of applications. Such a study would not only enhance the model’s generalisability but

also improve its applicability in real-world scenarios, where data characteristics can vary considerably.

Alternatively, another avenue worth exploring is the use of ensembles of SMI models estimated using
different initialisations. By estimating multiple models with varying initialisations and combining
their forecasts—either through averaging or weighted ensembling—it may be possible to improve the
robustness and stability of the model, particularly in data sets with complex structures. This approach
could mitigate the algorithm’s sensitivity to the chosen initialisation and provide better forecasting

performance in practical applications.

Another limitation in estimating a SMI model is the computational cost, especially when dealing with
many predictors and indices. The complexity of the model increases with dimensionality, leading to
longer processing times and greater demands on computational resources. Thus, addressing these
computational challenges is crucial for ensuring the algorithm’s practical usability. An important
research challenge is to explore enhancements to the proposed algorithm, both methodologically and
programmatically, to improve the computational efficiency of the model estimation process. Achieving
this would enable the application of the SMI model to larger data sets and more complex applications,

thereby increasing its utility in diverse domains where high-dimensional data is prevalent.

We acknowledge that the applications presented in this thesis are not diverse or challenging enough

to draw generalised conclusions about the forecasting performance of the proposed SMI model.
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Therefore, an interesting direction for future research would be to evaluate the SMI Modelling
algorithm across a wide-ranging problem space, where the data sets display a broad spectrum of
characteristics (Kang, Hyndman & Smith-Miles 2017). Additionally, it would be valuable to investigate
how different types of problems, each with distinct structural properties, impact the forecasting
performance of the SMI Modelling algorithm. This would help identify the conditions under which
the algorithm outperforms benchmark methods, as well as the circumstances where its limitations
become apparent. Conducting an instance space analysis (Smith-Miles et al. 2014) would provide
deeper insights into how the algorithm can be further refined, offering potential improvements not

only in forecasting accuracy but also in the computational efficiency discussed earlier.

The SMI Modelling algorithm is an iterative method based on mixed integer programming, designed
to solve a non-linear least squares optimisation problem with ¢, and {, regularisation under linear
constraints, where the ¢, penalty introduces sparsity into the estimation process through best subset
selection. A potential avenue for future research would be to examine the effectiveness of alternative
regularisation strategies, particularly combining ¢, and £, penalties, or employing an elastic net
penalty (Zou & Hastie 2005)—i.e. a combination of {; and ¢, penalties—for variable selection
(Mazumder, Radchenko & Dedieu 2023; Hazimeh & Mazumder 2020) in the context of nonparametric
additive index models. These alternative strategies were not explored in the present work, as they
fell outside the scope of this thesis. Furthermore, it may be worthwhile to consider restructuring
the SMI model penalty function—currently defined by a combination of £, and £, regularisation—in
a manner analogous to the elastic net, utilising a single regularisation parameter A and a mixing
parameter a. Such a reformulation could yield improvements towards computational efficiency in

the estimation process.

Although the discussions in this thesis are based on the assumption that y,, the response variable
at time t, is a scalar, the need for models capable of handling multivariate responses is evident in
many real-world applications. For instance, in electricity demand forecasting, it is often necessary to
predict demand simultaneously across different population groups or geographical regions. There are
several studies on multivariate single index models. For example, Feng, Xiao & Chi (2021) proposed a
sparse multivariate single index model that incorporates multiple matrix-level penalties to enable
effective variable selection, while Tian & Qiu (2023) developed a multivariate single index framework
tailored to analyse longitudinal data with multiple response variables. In light of these developments,
extending the SMI Modelling algorithm to accommodate multivariate responses represents a promising

direction for future research, with the potential to significantly broaden the model’s applicability.
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On the other hand, forecasting vectorial targets such as regional electricity demand naturally involves
a hierarchical structure, where forecasts at lower levels (e.g. individual regions) must align with
aggregated totals (e.g. national demand). Moreover, incorporating probabilistic forecasts in this
context—known as probabilistic hierarchical forecasting—is an active area of research, with several
applications in energy systems and related fields (Ben Taieb, Taylor & Hyndman 2021; Zheng et al.
2025). Therefore, another important future research direction would be to extend the SMI Modelling

framework to support hierarchical structures and probabilistic forecast reconciliation.

This thesis aimed to develop a statistical model capable of effectively capturing complex temporal
patterns and non-linear predictor-response relationships in time series forecasting. Unlike deep
learning models, the proposed SMI model emphasises transparency in its structure and estimation.
In recent years, there has been a natural tendency to explore the potential application of machine
learning models in real-world forecasting problems. For example, the use of neural network models
in groundwater level forecasting was studied by Clark et al. (2020) as a modern approach to time
series regression. The authors compared the performance of classical Autoregressive Integrated
Moving Average (ARIMA) models, several Feed-forward Neural Network (FFNN) models, and Long
Short-Term Memory Networks (LSTM) in forecasting groundwater levels. Therefore, a compelling
direction for future research would be to compare the forecasting performance of the SMI model

against “black-box” deep learning methods, potentially uncovering valuable insights.

In addition, it would be worthwhile to explore hybrid modelling approaches that embed SMI-like
structures within deep learning architectures. For instance, integrating single-index or additive-index
structures into neural networks may offer a balance between interpretability and modelling flexibility,

potentially reducing computational costs while enhancing predictive performance.

In Chapter 3 of the thesis, we examined several methods for generating prediction intervals to quantify
uncertainty in point forecasts obtained from nonparametric additive models. We introduced the
CB method as a natural extension of two existing approaches, which did not consistently achieve
the expected performance across all settings. Hence, an important direction for future work is to
investigate the conditions under which the CB method provides reliable empirical coverage, as well

as the scenarios where its performance declines.

It would also be worthwhile to extend the CB method by incorporating adjustments such as weighting
the calculated quantiles, as in WSCP (Barber et al. 2023), or using adaptive significance levels, as
in ACP (Gibbs & Candés 2021; Zaffran et al. 2022; Gibbs & Candes 2024). These methods, which
have been shown to handle non-exchangeable data effectively, may enhance the performance of CB

in time series settings.
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Furthermore, in Chapter 3, the investigation of CP methods for uncertainty estimation in nonpara-
metric additive models was limited to SCB WSCE and ACP. Future research could benefit from
evaluating the performance of more recent conformal prediction approaches tailored to time series
data—particularly Autocorrelated Multi-step Conformal Prediction (AcMCP), introduced by Wang &

Hyndman (2024)—in this context.

In particular, extending the CB method to incorporate these recent developments related to conformal
prediction in time series settings would be a valuable direction for future research, especially in terms

of improving the reliability of CB prediction intervals.

Moreover, it would be worthwhile to explore the development of an iterative method for online
adaptation of the CB approach, as well as existing CP methods for uncertainty quantification in non-
parametric additive models, as re-estimating models in a rolling window framework is computationally

intensive.

In Chapter 3, we focused solely on constructing prediction intervals for the conditional mean (i.e. point
forecasts). We did not consider a fully distributional approach, as it was beyond the scope of the
present work. Thus, an important avenue for future research would be to explore the use of methods
such as Generalised Additive Models for Location, Scale, and Shape (GAMLSS) (Rigby & Stasinopoulos
2005; Stasinopoulos et al. 2024) to adopt a direct distributional approach. Furthermore, it would be
of interest to extend the SMI Modelling algorithm to a nonparametric quantile regression framework,
building on methodologies developed in quantile GAMs—for example, as implemented in the ggam R

package (Fasiolo et al. 2021).
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