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Abstract 
 

 

Optical fibres can transmit terabit per second of information over thousands of 

kilometres. Although impressive, this performance is quickly being used up by new 

internet applications. Thus there is a constant need for innovation in optical 

communications systems. One such innovation is multi-bound solitons, which are 

groups of pulses that maintain their spacing over extremely long distances, so do not 

interfere with one another.  

This thesis provides detailed studies of the generation, propagation and 

detection of bound solitons for telecommunications applications.  

For generation, nonlinear actively-mode-locked fibre lasers are studied in 

detail, using analysis, numerical simulations and experiments. Their stability under a 

wide variety of operating conditions is investigated. Stable bound solitons can be 

generated when the laser’s power is increased sufficiently. Excellent agreement 

between the simulated results and the experimental measurements for pulse width, 

pulse spectrum and RF spectrum is obtained. 

These bound solitons were then propagated through standard single-mode 

transmission fibre. Experimental measurements show that the solitons remain bound 

in a single span of fibre. Numerical simulations illustrate the dynamics of the solitons 

at various powers. Again, excellent agreement is found between experimental and 

numerical results. 



 vi

A novel technique for the detection and analysis of bound solitons is proposed. 

This uses bi-spectral analysis. A method of implementing bispectral analysis using 

four-wave mixing in optical fibres is investigated. 
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Chapter 1  

Introduction 
 

 

Optical fibre communication technologies can now support terabits per seconds 

(Tbps) data rate [1-3]; however, the network capacity is approaching the Shannon 

limit, which is imposed by the signal-to-noise ratio and the nonlinear effects [4]. In 

order to increase the limit, some technologies have been proposed recently such as 

advanced modulation formats [5-6], multi-carrier transmission of orthogonal 

frequency division multiplexing (OFDM) [7-10] and digital coherent detection [6, 9, 

11]. Another technique could be soliton transmission, a special pulse propagation 

scheme in balance between dispersion and nonlinear effect [12]. Nakazawa et al. [13] 

has demonstrated the 80 Gbit/s per channel soliton transmission at ultra-long 

transmission distance of ten thousands kilometres. Furthermore, this technique could 

be also preferred for optical packet switching due to fast switching rate and optical 

buffering of solitons [14-17]. 

One of the most important components in soliton transmission technique is the 

ultra-short pulse generator which is normally based on mode locking [18]. Ultra-short 

pulse generators can be used as data transmitters not only in soliton transmission 

systems [18], but also other systems such as optical time-division multiplexing 

(OTDM) systems [1, 19-20] and optical code-division multiple access (O-CDMA) 

systems [21]. They are also becoming more important in telecommunication systems 
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through various processing functions such as broad comb generation [10, 22], optical 

sampling or optical analog-to-digital conversion [23-28].  

Bound solitons [29-33] are groups of a few solitons that influence each other’s 

propagation velocities so that they maintain a constant timing between the solitons in 

the group. Multi-bound solitons suggest the group has three or more solitons within it. 

The relative phase of the solitons in the group can take on different values, such as 0, 

π, 0. This means that they could be used to convey information over large distances. 

This thesis reports on multi-bound solitons laser with an emphasis on actively 

mode-locked fibre lasers. As a new form of solitons, multi-bound solitons generated 

from the actively FM mode-locked fibre laser is considered as a potential data carrier 

in soliton transmission systems. Three main functions according to three basic parts of 

a communication system will be investigated. They are generation, propagation and 

detection of multi-bound solitons. 

1.1 MODE-LOCKED FIBRE LASERS AS ULTRA-SHORT PULSE 

GENERATORS 

Ultra-short pulse lasers are commonly classified by their gain medium such as, solid-

state, semiconductor or fibre. Each medium has its own advantages and 

disadvantages. In optical telecommunications, semiconductor and fibre gain media are 

most commonly used for generation of ultra-short pulses using techniques such as 

mode locking [34], gain switching [35] or external modulation [36]. Although 

semiconductor lasers offer a good engineering solution, mode-locked fibre lasers are 

being developed for optical communication systems [19, 37].  
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Mode locking is a technique for generating ultra-short pulses in fibre systems. 

When hundreds or thousands of longitudinal oscillation modes in a fibre cavity are 

forced to be in phase, short pulses are formed. The pulsewidth decreases when more 

longitudinal modes are phase-locked. It is important that mode-locked fibre lasers can 

directly produce hyperbolic secant pulses, which can propagate along transmission 

fibres as optical solitons. Soliton pulses are desirable in ultra-long haul transmission 

systems because they remain stability against perturbations of transmitting medium 

and keep the pulse shape undistorted during propagation. 

Like any mode-locked lasers, mode-locked fibre lasers can be classified into 

two basic categories: actively and passively mode-locked.  

1.1.1 Passive mode locking 

Passively mode-locked fibre lasers do not use an external driving signal. Mode 

locking is achieved using loss modulation mechanisms of the passive elements. Figure 

1-1 shows several configurations of passively mode-locked fibre lasers. The loss 

modulation is provided by: saturable absorption (SA) [38], nonlinear optical loop 

mirror (NOLM) [39] and nonlinear polarization rotation (NPR) [40]. The pulse 

shaping in all passively mode locked fibre lasers is based on intensity dependent 

discrimination, where the peak of optical pulse acquires the lowest loss while the 

temporal wings of the pulse experience a higher loss per roundtrip in the fibre cavity. 

After many roundtrips, the pulse is shortened until its bandwidth is limited by the gain 

bandwidth of the medium [34]. Because the operation of the NOLM and NPR are 

considered as fast saturable absorption processes, the width of their pulses is often 

very narrow, in the order of sub-300 fs [41-45]. Furthermore, it has been theoretically 
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and experimentally shown that a ring configuration of a mode-locked fibre laser will 

initiate mode-locking more easily at a lower threshold [46-47]. 

Although passively mode-locked fibre lasers can easily generate very short 

pulses with high peak powers, the repetition rates of their generated pulse trains is 

limited to around 100 MHz. The reason of limited repetition rate is due to that the 

length of the fibre cavity, which determines the fundamental frequency, is in the order 

of metres. This limitation prevents the passively mode-locked fibre lasers from being 

used in high data rate transmission applications. To increase the repetition rate in 

these fibre lasers, harmonic mode-locking, where multiple pulses coexist inside the 

fibre cavity can be employed. However, the output pulses may have amplitude and 

timing fluctuations, so they are unable to meet strict requirements in communication 

systems [48]. 

 

Figure 1-1 Typical configurations of passively mode-locked fibre laser: (a) Linear cavity configuration 

using a saturable Bragg reflector (SBR); (b) Figure-8 configuration based on nonlinear fibre loop 

mirror; (c) Ring configuration based on nonlinear polarization rotation. (PC: Polarization controller). 

1.1.2 Active mode locking 

Unlike passive mode-locking, active mode-locking has an element driven by 

an external electrical signal to modulate the loss or gain inside the fibre cavity. Most 
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actively mode-locked fibre lasers use integrated electro-optic LiNbO3 modulators for 

mode locking. There are two types of modulator: amplitude modulators and phase 

modulators. These correspond to two active mode-locking mechanisms: amplitude 

modulation (AM) and frequency modulation (FM). A typical configuration of an 

actively mode-locked fibre laser using an amplitude or phase modulator is shown in 

Figure 1-2(a). To provide a high repetition rate pulse train, the modulator is driven at 

a harmonic of the fundamental mode spacing of the fibre loop. In AM mode-locking, 

the loss of the cavity is periodically modulated and the pulse is built up at the times 

that correspond to minimum loss in the fibre cavity as described in Figure 1-2(b). FM 

mode-locking is carried out by repeatedly up or down frequency chirping, so after 

many roundtrips the pulse is built up and shortened because the chirped tails of the 

pulses experience higher loss than the unchirped centre of the pulse. Recent studies 

[49-51] have shown the superiority of the FM mode-locked fibre laser compared to 

the AM mode-locked fibre laser. Firstly, a phase modulator is easier to control than an 

amplitude modulator because it has no DC bias point, so it avoids the problem of DC 

bias drift. Secondly, the pulses obtained from the FM mode-locked fibre laser are 

generally shorter than those obtained from the AM mode-locked fibre laser, due to the 

pulse compression induced by group velocity dispersion (GVD) and chirping from 

phase modulation [52]. The performance of a FM mode-locked fibre laser can be 

improved further in optimal combination between GVD, phase modulation and 

nonlinear effects in design of the fibre cavity [53]. Furthermore, FM mode-locked 

fibre lasers using rational harmonic mode locking to increase repetition rate, produce 

pulses with stable amplitudes due to the uniformity of the phase modulation [54]. 

Some other advantages such as the reduction of timing jitter or smaller quantum 
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limited jitter [55] also make the FM mode-locked fibre laser more attractive in high-

capacity optical communication systems. 

 

Figure 1-2 Typical configuration of actively mode-locked fibre laser (a) A fibre ring configuration, (b) 

a description of pulse formation in active mode locking. 

Although actively mode-locked fibre lasers can produce short pulses at 

repetition rates of 10 – 40 Gigapulses/s, their pulsewidths are relatively wide, around 

a picosecond. The generation of sub-picosecond pulses at Gigapulses/s rates is 

especially important for Tbps transmission systems using OTDM [1]. Therefore it 

would be desirable to produce a sub-picosecond pulse train at a repetition rate of 10 – 

40 Gigapulses/s with a conventional high speed modulator. Hence there are some 

techniques to compress optical pulses from actively mode-locked fibre lasers, such as 

hybrid mode locking, which combines passive and active mode locking [56], 

asynchronous mode locking [57-58] and adiabatic soliton pulse compression through 

dispersion decreasing fibres [59]. 
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optical material under the influence of an applied field [60-62]. For silica glasses, 

used for optical fibres and some nonlinear waveguides, only the third-order 

susceptibility is responsible for nonlinear effects, through its contribution to the total 

polarization [60]. In general, nonlinear effects in optical fibre can be classified into 

two classes. One class refers to the energy transfer from the optical field to the 

propagation medium that is the result of stimulated inelastic scattering such as 

stimulated Raman scattering (SRS) and stimulated Brillouin scattering (SBS) [60]. 

Another class is governed by the third-order susceptibility χ(3) and responsible for 

most important nonlinear effects, which are called Kerr effects [61]. 

The Kerr effect is related to the intensity dependence of the refractive index or 

the nonlinear refractive index [60-61]. Important effects which originate from the 

nonlinear refractive index include third-harmonic generation (THG), four-wave 

mixing (FWM) and self-phase modulation (SPM), cross-phase modulation (XPM). 

Firstly, SPM refers to the self-induced phase shift experienced by an optical field 

during its propagation [60]. Because the phase change is proportional to the intensity, 

an optical pulse modulates its own phase with its intensity. The modulation of optical 

phase leads to frequency chirping related to the pulse shape. Therefore SPM is 

responsible for spectral broadening. In contrast to SPM, XPM and FWM effects 

require the participation of more than one optical fields, each having different 

wavelengths, direction or polarization state. The main difference between XPM and 

FWM is that the occurrence of FWM requires a specific phase matching condition 

[60, 62]. For XPM, an optical field with high intensity imposes a nonlinear phase shift 

on another field and this results in a spectral broadening similar to SPM. In FWM the 

interaction between optical fields creates new optical waves according to conservation 
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rules of energy-momentum. These Kerr effects are normally one type of the main 

impairments in optical transmission systems [62-63]. However, they are also very 

significant in photonic signal processing due to the instantaneous response of the 

third-order nonlinearity [64]. 

In certain conditions, the propagation of a special optical wave in a nonlinear 

medium, called an optical soliton, can occur. A first-order optical soliton is a solitary 

wave with an unchanging shape, because of the balance of nonlinear and linear effects 

in the medium. Optical solitons are normally classified into spatial and temporal 

solitons depending on the confinement of optical wave in time or space during 

propagation [65]. Spatial solitons remain confined and constant size of optical beams 

along propagation direction under the balance between spatial self-focusing and 

diffraction-induced spreading effects. Temporal optical solitons occur when there is a 

balance of the SPM with dispersion, to keep the pulse shape unchanged [65]. Due to 

this special feature, temporal solitons are very important in optical transmission 

applications, as well as the operation of mode-locked fibre lasers. 

The optical Kerr nonlinearity plays an important role in mode-locked fibre 

lasers. Using high-power amplification, the pulses in the fibre cavity attain high 

enough intensities to cause a sufficiently-large nonlinear phase shift to affect the pulse 

formation in the cavity. In particular, SPM and XPM are the most important effects, 

which determine the mechanism of pulse formation of most passively mode-locked 

fibre lasers through NOLM and NPR operations [39-40]. Together with dispersion, 

the nonlinear phase shift plays an important role in the evolution of mode-locked 

pulses, as well as in shaping the output pulses. Particularly, in the normal dispersion 

regime, parabolic pulses with high energy are normally formed rather than the 
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Gaussian pulses [66-67]. In the anomalous dispersion regime, soliton pulses are 

formed [39-40]. Although nonlinear effects are not required for active mode locking, 

they also significantly influence the shape of the output pulses. Some reports that 

analysed the actively mode-locked fibre laser, including the nonlinear effects, 

demonstrated the influence of SPM on ultrashort pulse generation [37, 68-70]. In 

general, SPM in the active mode-locked fibre causes pulse compression, based on the 

soliton effect [69], and suppression of supermode noise, which would cause an 

amplitude fluctuation induced by ASE noise [71]. Thus, a stable operating regime is 

only attained when the pulse power exceeds a certain value. Furthermore, for actively 

FM mode-locked fibre lasers, the presence of SPM in the cavity greatly modifies the 

up- and down-chirp caused by the phase modulation and so suppresses the relaxation 

oscillation which would cause intensity fluctuations [53, 72]. 

1.3 DETECTION OF ULTRA-SHORT PULSES IN FIBER OPTICS 

For broadband signals like ultra-short soliton pulses, their detection and 

characterization are challenging due to the limitation of instrumentation bandwidth in 

electrical domain. The bandwidth of signal can be broadened from hundreds of GHz 

to tens of THz using OTDM [1, 19-20] and multi-carrier transmission technologies [6-

10]. Moreover, advanced modulation formats can be applied in these technologies 

[10, 20], hence they can set new challenges such as phase information detection and 

phase preservation in signal processing. 

In order to overcome above challenges, ultra-fast photonic processing is 

required for detection. By shifting signal processing from the electronic domain to the 

photonic domain, the limitation of operation bandwidth is easily eliminated. Ultra-fast 
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photonic signal processing can be implemented by exploiting nonlinearity in optical 

guided systems such as optical fibres and nonlinear waveguides [61-62]. The 

autocorrelation methods, which are the most popular in ultra-short pulse 

characterization, can exploit optical nonlinear effects such as the second-harmonic 

generation [73] and the third-harmonic generation [74]. Dorrer and Maywar [75] have 

proposed RF spectrum analysis of broadband signal using nonlinear effects. A RF 

spectrum analysis of the signal with bandwidth of greater than 1 THz has been 

performed [76]. Besides many other signal processing functions exploiting Kerr 

effects can be implemented to overcome the bandwidth limitation in future networks 

[77-81].  

This rapid progress of nonlinear signal processing is due to the development of 

nonlinear devices. Initially, the dispersion shifted (DS) fibre was used as a highly 

nonlinear fibre (HNLF), because of its modified the fibre geometry [82]. The value of 

the nonlinear coefficient of this fibre is normally tens times higher than standard 

single mode fibre (SSMF), which is mainly achieved by reducing the fibre core area. 

Consequently, a length of DS-HNLF of hundreds of metres is required in some 

nonlinear signal processing applications. Recent advances in the development of 

HNLFs have attempted to reduce their required length and operating power in 

practical applications. Through modifying the fibre’s structure as well as the glass 

composition, many novel HNLFs such as photonic crystal fibres [83], microstructure 

fibres [84] and Bismuth-based or chalcogenide glass fibres [85-86] have been 

developed with the achieved nonlinear coefficients beyond hundreds to thousands 

times higher than that of SSMF. Another option is based on nonlinear waveguides to 

enable photonic signal processing in compact devices which has recently attracted a 
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lot attention in research [87-88]. The benefit of using nonlinear waveguides is the 

feasibility of the development of photonic integrated circuits (PICs) for all-optical 

signal processing. Recently, it has been shown that a dispersion engineered planar 

chalcogenide waveguide is an attractive candidate for photonic signal processing 

devices in future optical networks [87]. With the nonlinear coefficient of 

approximately 10000 W-1km-1, which is ten thousand times greater than that of SSMF, 

multi-function processing of optical signal at ultra-high speed has been demonstrated 

in compact devices [80-81]. 

1.4 MOTIVATION AND OBJECTIVES OF THE THESIS 

As demonstrated above, an actively FM mode-locked fibre laser can offer many 

advantages such as generation of a stable ultra-short pulse sequence at common 

transmission rates, synchronization with other electronic components in 

communication systems and low timing jitter. Moreover, active phase modulation has 

made an important contribution to shortening and stability of mode-locked pulses, 

especially in presence of dispersion and nonlinear effects [56-58]. Although actively 

mode-locked fibre lasers have been available commercial, they are still the subject for 

fundamental research, such as pulse dynamics in various operating conditions. On the 

other hand, it is important to explore the principles of operation of actively FM mode-

locked fibre lasers in order to discover new operation regimes. 

This thesis covers not only the generation of bound solitons, a new state in 

actively mode-locked fibre rings, but also investigates the dynamic characteristics of 

bound solitons when they propagate along optical transmission fibres. In periodic 

systems such as within mode-locked fibre lasers, solitons, or more correctly 
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dissipative solitons, experience periodically loss and gain effects and they behave in 

various interesting regimes. When the fibre ring cavity operates in strongly nonlinear 

regime, soliton pulses can exhibit several exciting characteristics such as bifurcation, 

period-doubling, chaos and specially bound states observed recently [29-33]. 

However, most research effort has focused on the passively mode-locked fibre laser 

systems [29-33, 89], it is only recently that attention has been paid to the actively 

mode-locked fibre laser system [90]. On the other hand, understanding the dynamic 

aspects of actively mode-locked soliton fibre lasers remains very challenging. The 

dynamic behaviours of soliton in the active mode-locked fibre laser are different from 

that in the passive mode-locked fibre laser due to the presence of a modulator. 

Moreover, the limitations of repetition rate and instability of bound solitons can be 

eliminated by active mode locking. 

The stability of bound solitons relates to the interactions in mode-locked fibre 

ring cavity that depends strongly on the phase difference between the individual 

solitons [91]. For a conventional system, a power spectrum or a Fourier transform of 

autocorrelation is popular technique to characterize the signal [92]. However this is 

not sufficient for phase modulated signals because the phase information is hidden in 

common power spectrum analysis. Instead of power spectrum characterization, the bi-

spectrum which is the Fourier transform of the triple-order correlation, can provide us 

not only magnitude information but also phase information [93]. It is especially useful 

in characterizing non-Gaussian nonlinear processes and so is applicable in many 

various fields such as signal processing, biomedicine and image reconstruction [94]. 

Therefore, using this technique to characterize the dynamic states of solitons in mode-
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locked fibre lasers is attractive. This thesis shows it can be a useful tool to analyse the 

behaviour of signals generated from these systems, such as multi-bound solitons. 

This thesis focuses on three issues: the generation, propagation and detection 

of multi-bound solitons. The first issue is the generation of multi-bound solitons using 

actively FM mode-locked fibre ring lasers. Mechanisms of multi-bound soliton 

formation in an actively fibre ring under high nonlinear scheme are investigated. In 

addition, the phase relationship between bound solitons and the influence of active 

phase modulation on the formation and the stability of multi-bound solitons are also 

discussed. The second issue is the propagation of multi-bound solitons along fibres. 

The dynamic behaviour of multi-bound solitons during propagation along the fibres 

will be investigated to examine them as potential data carriers. Finally, bispectrum 

techniques are proposed to characterize multi-bound solitons. By exploiting 

parametric process for signal processing, bispectrum estimation based on FWM effect 

will be examined.  

1.5 ORGANIZATION OF THE THESIS AND RESEARCH CONTRIBUTIONS 

This thesis is divided into three main parts. The first part is devoted to experimentally 

and numerically investigations of actively FM mode-locked fibre ring lasers as a 

multi-bound solitons generator. The second part focuses on experimental and 

numerical investigations of propagation of multi-bound solitons in fibres. The last part 

is numerical investigations of bispectrum technique for analysis of multi-bound 

soliton states and the third-order nonlinearity parametric process. Therefore, the thesis 

is organized in following manner: 
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Chapter 2 reviews the theory of mode-locked fibre laser. Firstly, the 

fundamentals of pulse propagation in nonlinear dispersive medium are introduced 

through important nonlinear Schrödinger equations and their analytical solutions. 

These equations also provide the theoretical basis for building theoretical models of 

mode-locked fibre lasers. A theoretical foundation of soliton generation in the 

nonlinear fibre ring resonators based on both passive and active mode-locking 

techniques is given in this chapter. 

Chapter 3 presents original experimental work on the actively FM mode-

locked fibre lasers to investigate soliton generation in single pulse scheme. Numerical 

simulations are also used to investigate the pulse formation inside the fibre cavity as 

well as to verify the experimental results. The effect of detuning of the FM mode-

locked fibre laser is experimentally and numerically investigated. The results obtained 

in this chapter are the foundations for the next chapters. 

Chapter 4 investigates multi-bound solitons in nonlinear fibre ring lasers. 

Firstly, a review of bound solitons generated by passively mode-locked fibre lasers is 

given. The mechanisms of bound soliton formation in the fibre ring cavity are 

introduced. Then the conditions of multi-bound soliton formation in an actively fibre 

ring laser are determined and discussed due to presence of the active phase 

modulation. Experiments on, and simulations of, the generation of multi-bound 

solitons in actively FM mode-locked fibre ring lasers are described in this chapter. For 

the first time, the existence of multi-bound solitons up to the fourth-order has been 

demonstrated. These results have been published in my papers [N1], [N5] and [N8]. 

Multi-bound solitons up to the sixth-order have been published in my papers [N3] and 

[N10]. 
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In actively FM mode-locked fibre ring lasers, the electro-optic (EO) phase 

modulator is a key component for not only mode locking but also multi-bound soliton 

generation. Therefore Chapter 5 is devoted to the influence of EO phase modulators 

on pulse shaping of multi-bound solitons. Measurements of the phase modulator’s 

dynamic response and half-wave voltage are implemented to show the difference 

between two typical types of EO phase modulators: lumped type and travelling-wave 

type. The influence of the EO phase modulator on the operating states of actively FM 

mode-locked fibre ring laser concentrates on two aspects; the artificial comb-filtering 

generated from the modal birefringence of the phase modulator and the chirping 

caused by the RF driving signal. These results show the modulator’s effect on 

wavelength tunability and stability of multi-bound solitons. These results have been 

published in my papers [N3], [N5], [N9] and [N12]. 

An advantage of the actively mode-locked fibre ring is that it can generate a 

stable periodic train of multi-bound solitons. Therefore Chapter 6 experimentally 

investigates propagation of multi-bound solitons in optical fibres. A theoretical basis 

of soliton transmission in optical fibres is also reviewed. Numerical simulations are 

also implemented to investigate the dynamic behaviour of different multi-bound 

solitons during propagation along the fibres. The results of this chapter have been 

presented in [N3], [N11]. 

Chapter 7 concentrates on photonic signal processing. Although an approach 

of temporal imaging based signal processing using EO phase modulator has been 

presented in [N6], most content of this chapter focus on photonic signal processing 

exploiting the parametric process in the third-order nonlinearity. Hence a fundamental 

theory of FWM is reviewed and then important applications based on FWM such as 
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parametric amplification and OTDM demultiplexing using nonlinear waveguides are 

examined via simulation. A part of these works has been presented in my paper 

[N13]. In another approach to characterize the phase modulated signal, bispectrum 

analysis is proposed. Therefore, the basis of bispectrum analysis is introduced before 

this technique is applied to the analysis of multi-bound solitons. This chapter also 

considers the possibility of bispectrum estimation based on FWM. The limitations of 

this estimation as well as its application in optical receivers have been discussed and 

presented in [N15]. 

Finally, the summary of all works and important conclusion obtained in this 

thesis are given and some directions of research for future works are presented in the 

last chapter. 

A list of publications achieved through the stages of the thesis project is given 

in Appendix A. 
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Chapter 2  

Theory of mode-locked fibre lasers  
 

 

2.1 INTRODUCTION 

Mode-locked fibre lasers can be modelled as a quasi-lossless fibre transmission 

system. Therefore propagation of optical pulse inside a mode-locked fibre laser can be 

described by the nonlinear Schrödinger equation similar to that used in optical fibre 

links [95]. In this chapter, nonlinear Schrödinger equations are reviewed to describe 

the propagation of optical pulse in optical fibres. The generalized nonlinear 

Schrödinger equation can be easily modified to derive the master equations for mode 

locking and to develop a numerical model for a specific mode-locked fibre laser as 

described the next chapters. The conditions for mode locking and important operation 

modes of mode-locked fibre lasers are reviewed through analytical solutions of 

simplified master equations. 

2.2 THE NONLINEAR SCHRÖDINGER EQUATIONS 

2.2.1 Nonlinear Schrödinger equation 

For a full description of optical pulse propagation, we start with the generalized 

nonlinear Schrödinger equation (NSE) which can be derived from the wave equation 

by using method of separating variables [60]. This derivation follows Agrawal [60] 

and is included for completeness.  
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where A(z,t) is the slowly varying complex envelope propagating along z in the 

propagation medium, the effect of propagation constant β around the optical carrier 

frequency ω0 is Taylor-series expanded, R(t) is the nonlinear response function, and 

effcAn /20ωγ =  is the nonlinear coefficient. In most optical communication 

applications, optical pulses with the widths broader than 100 fs are employed, so 

Eq.(2-1) can be further simplified as [60] 
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  (2-2) 

where a frame of reference moving with the pulse at the group velocity vg is used by 

making the transformation ztvzt g 1/ βτ −≡−= , and the propagation constant is 

expanded up to the third order term that includes the group velocity dispersion (β2) 

and the third order dispersion (β3). In (2-2), the first moment of the nonlinear response 

function is defined as [60] 

0

( ') 'RT tR t dt
∞

≡ ∫          (2-3) 

which is responsible for Raman scattering effect and the second term in the right side 

of (2-2) is responsible for self-steepening effect. However, if the width of optical 

pulses is of the order of picoseconds, high-order effects such as self-steepening and 

Raman scattering can be ignored. Hence Eq.(2-2) becomes [60] 
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This equation can describe the most important linear and nonlinear propagation 

effects of optical pulse in optical fibres.  

If we further simplify the Eq.(2-4) by setting the attenuation factor and the 

third-order dispersion coefficient to zero, then the traditional NSE can be obtained as 

2
22

22
jA A i A A

z
β γ

τ
∂ ∂

+ =
∂ ∂

      (2-5) 

Eq.(2-5) is a well known equation in nonlinear fibre optics which is employed to 

explain propagation of optical solitary waves or solitons in nonlinear dispersive 

medium [60]. 

2.2.2 Ginzburg-Landau equation: A modified nonlinear Schrödinger 

equation 

Although the NSEs described above can be used to explain most of nonlinear effects 

including higher-order effects, they only describe the pulse propagation in passive 

nonlinear media without gain. In a propagation medium with gain as fibre amplifiers, 

the gain effect is required to be included into the NSE. The NSE equation with gain 

effect is also called the Ginzburg-Landau equation (GLE),  which can be also derived 

from the wave equation [96]. Beside the cubic GLE, an extended version is the quintic 

cubic G-L equation (QCGLE) which has also attracted considerable attention [97]. 

The GLEs play an important role in description of nonlinear systems including 

nonlinear fibre optics [64, 95, 97] as well as fibre lasers [98-99]. 

In general an amplification of optical pulse in active fibres with gain 

coefficient g(ω) can be simply given as follows [100] 

( , ) 1 ( ) ( , )
2

A z g A z
z
ω ω ω∂

=
∂

      (2-6) 
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For an approximation of homogeneously broadened system, the gain spectral shape 

takes a Lorentzian profile [64]: 

0
2 2( )

1 ( )g g

gg ω
ω ω ω

=
+ − Δ

      (2-7) 

where g0 is the maximum small signal gain, ωg is the atomic transition frequency and 

Δωg is the gain bandwidth which relates to the dipole relaxation time. The gain 

spectrum can be approximated by a Taylor series expansion in around ωg: 

( )2 2
0( ) 1 ( )g gg gω ω ω ω≈ − − Δ      (2-8) 

By substituting (2-8) into (2-6), and taking the inverse Fourier transform with 

assumption of the carrier frequency ω0 close to ωg, the propagation equation with 

amplification is obtained as follows  
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However, in many cases of pulse propagation, especially in the mode-locked fibre 

laser systems, the gain saturation plays an important role in pulse amplification. 

Therefore, the saturation need to be included in (2-9) by replacing g0 in gsat [64] 
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g zg z
P z P

=
+

      (2-10) 

and (2-9) is modified by using (2-10) as 
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where g0 is assumed to be constant along the active fibre or unsaturated gain 

coefficient, Psat is the saturated power of the gain medium, Pav is the average power of 

the signal at position z in the active fibre as [101] 
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For a full model of the pulse evolution in gain medium, other effects such as 

dispersion, nonlinear effects are also required to be included in (2-11). Hence, by 

combining two equations (2-11) and (2-4), a modified NSE can be obtained: 
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  (2-13) 

This is the cubic GLE which is normally used to describe pulse propagation in mode-

locked fibre lasers [95, 98-99]. 

2.2.3 Coupled nonlinear Schrödinger equations 

In some fibre systems where there are more than one polarization state present in the 

fibre, pulse propagation is described by two coupled nonlinear Schrodinger equations 

[60]. These equations are significant in the models relating to polarization states such 

as polarization mode dispersion in fibre transmission and nonlinear polarization 

rotation in passive mode locking [102-104]. 

By the same manner similar to the NSE for single mode, two coupled 

equations for the slowly varying polarization components of the optical field can be 

derived as follows [102]: 
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where Ax, Ay are the slowly varying envelopes of orthogonal polarization components, 

1 1, 1,x y gn cβ β βΔ = − = Δ is the , gnΔ is the group birefringence. 

With highly birefringent fibres, the terms 0exp( 2 )j zβ− Δ  and 0exp( 2 )j zβ+ Δ  

can be neglected due to their rapid oscillations and equations (2-14)-(2-15) become: 
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For an optical fibre with the length L, the phase variation of polarization components 

due to nonlinearity can be derived by considering the nonlinear term only in (2-16)-

(2-17) for simplicity  

( )22 2
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x
NL x yL A Aφ γ= +  and ( )2 22

3
y
NL y xL A Aφ γ= +    (2-18) 

and hence the angle of polarization rotation is given by 

( )2 2

3
y x

NPR NL NL y x
L A Aγϕ ϕ ϕ= − = −      (2-19) 

Note that this angle is zero when the light input is linearly polarized due 

to
22

x yA A= . On the other hand, the polarization ellipse rotates with nonlinear 

propagation in the fibre. 

2.3 OPTICAL SOLITONS 

2.3.1 Temporal solitons 

As mentioned in Chapter 1, optical solitons in fibre systems are temporal solitons 

formed by the balance between SPM and GVD effects during propagation. The 

propagation of optical soliton in nonlinear dispersive media such as optical 
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waveguides or fibres is governed by the standard NSE (2-5) derived in Section 2.2.1. 

By using the transformation of variables as following [64]: 

0/T τ τ=  , / Dz Lξ =  , Du L Aγ=      (2-20) 

where τ0 is a temporal scaling parameter often taken to be the input pulse width and 

2
0 2DL τ β=  is the dispersion length. Eq.(2-5) can be normalized to the (1+1)-

dimensional NSE as follows [64] 
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      (2-21) 

where s = sgn(β2)=±1 stands for the sign of the GVD parameter which can be positive 

or negative, depending on the wavelength. The nonlinear term is positive (+1) for 

optical fibres but may become negative (-1) for waveguides made of semiconductor 

materials. Thus there are two cases of basic propagation in optical fibres relating to 

the dispersion which is normally measured by the parameter 

22

1 2
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d v
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= = −⎜ ⎟⎜ ⎟
⎝ ⎠

      (2-22) 

where the dispersion parameter D is expressed in units of ps/(nm.km). For standard 

single mode fibre, D is positive or GVD is anomalous at wavelengths > 1.3 μm and D 

is negative or GVD is normal at wavelengths shorter than 1.3 μm. 
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Figure 2-1 Evolution of (a) the first order soliton, and (b) the second order soliton over 2 soliton 

periods. (Results obtained using MATLAB) 

Because of two possible signs of the GVD parameter, optical fibres can 

support two different types of solitons which are solutions of Eq.(2-21). In particular, 

Eq.(2-21) has solutions in the form of dark temporal solitons in case of normal GVD 

(s = +1) and bright temporal solitons in case of anomalous GVD (s = -1). These 

solutions can be found by the inverse scattering method [105]. In case of anomalous 

GVD, Eq.(2-21) takes the form 

2
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      (2-23) 

and the most interesting solution of (2-23) is the fundamental soliton with general 

form given by 

( , ) sech( ) exp( / 2)u T T jξ ξ=       (2-24) 

Thus at the input of the fibre, the soliton is given as (0, ) sech( )u T T=  and it can be 

converted into real units as follows: 
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(a) (b) 
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Solution (2-25) indicates that if a hyperbolic-secant pulse with peak power P0 which 

satisfies expression in (2-25), it can propagate undistorted without change in temporal 

and spectral shapes in an ideal lossless fibre at arbitrary distances as shown in Figure 

2-1(a). This result is obtained by using a simple MATLAB simulation with the code 

listed in Appendix B. This important feature results from the balance between GVD 

and SPM effects. When the peak power launched into the fibre is much higher, a 

higher-order soliton can be excited with the input form [60] 

(0, ) sech( )u T N T=        (2-26) 

where N is an integer represents for the soliton order and determined by 

2
2 0 0

2
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NL

PLN
L

γ τ
β

= =        (2-27) 

Different from the fundamental soliton, the temporal and spectral shapes of higher-

order solitons (N > 1) vary periodically during propagation with the period 0 2ξ π=  

or in real units 0 2Dz Lπ= . Figure 2-1(b) shows a periodic variation of second order 

soliton as an example. 

With s = +1 in case of normal GVD, Eq.(2-21) takes the form 
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− + =
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      (2-28) 

and solutions of (2-28) are dark solitons which is found by the inverse scattering 

method similar to the case of bright solitons. Solution of a fundamental dark soliton is 

given by [60, 106] 

[ ]( , ) cos tanh cos ( sin ) sin exp( )u T T j jξ φ φ ξ φ φ ξ= − −   (2-29) 
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The features of the dark soliton are a high constant power level with an intensity dip 

and an abrupt phase change at the centre depending on parameter φ. For φ = 0, the 

dark soliton is a black soliton with the zero dip and a phase jump of π at the centre. 

When φ ≠ 0, the dip intensity is non-zero and such solitons are called the grey solitons 

as shown in Figure 2-2. 

In general, solitons in fibre have attracted a lot of interest from researchers. In 

communication systems, the understanding of solitons is of importance in both 

transmission and signal processing [64, 106-107]. 
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Figure 2-2 (a) Intensity and (b) phase profiles of dark solitons for various values of the internal phase φ. 

2.3.2 Dissipative solitons 

The optical solitons mentioned above only exist in an ideal propagation medium that 

has no any perturbations such as loss and gain. In practical systems such as mode-

locked fibre lasers, the optical signal is periodically amplified to compensate the loss 

that it experiences in the fibre cavity. Thus there is a periodic variation of the pulse 

power which can form an index grating and induce modulation stability. It has been 

demonstrated that solitons are able to exist in these systems [64]. Therefore, 

propagation of optical pulse in this case should be described by the GLE (2-13) which 

(a) (b) 

φ = π/4

φ = π/6

φ = 0 

φ = π/4 

φ = π/6 

φ = 0
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includes the loss and gain effects. Similar to the standard NSE, it is useful to introduce 

the dimensionless variables and Eq.(2-13) becomes 
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     (2-30) 

where ( )2 2
0sat D gd g L ω τ= Δ , ( )sat Dg Lμ α= −    (2-31) 

Because Eq.(2-30) is not integrable, so a solitary-wave solution is guessed and its 

form is [64] 
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In this solution, Ns is represented for the order or amplitude of soliton, τ0 is the soliton 

width, q is the chirp parameter and κ is the phase shift during propagation. These 

parameters are determined by substituting it in Eq.(2-30) and balancing terms. They 

are [64] 
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Thus the width and the peak power of the soliton are determined by the system 

parameters such as loss, gain and its finite bandwidth. Different to solitons supported 

by NSE, the influence of these parameters plays an important role in the existence of 

solitons in these fibre systems. Due to periodic perturbations during propagation, 
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solitons dissipate their energy and this dissipation plays an essential role for their 

formation and stabilization. Such a soliton is often called a dissipative soliton, or an 

autosoliton due to its mechanism of self-organization [95]. In order to preserve the 

shape and energy, a balance between gain and loss mechanisms is required beside the 

balance between GVD and SPM. A frequency chirping can help to maintain the 

balance between gain and loss during propagation in a bandwidth-limited system and 

this explains why dissipative solitons are normally chirped pulses. 

2.4 GENERATION OF SOLITONS IN NONLINEAR OPTICAL FIBRE RING 

RESONATORS 

2.4.1 Master equation for mode locking 

Mode locking is a technique to force longitudinal oscillation modes of a laser in phase 

to generate short pulses. For mode-locked fibre ring lasers, an optical pulse in every 

round-trip experiences the same effects such as loss and gain as that in an equivalent 

transmission fibre span. Thus a circulation of the pulse inside the ring resonators is 

approximately equivalent to a propagation of the pulse in a fibre transmission link 

with infinite number of spans. That is, the circular cavity can be thought of as being 

rolled out into a long transmission system. Therefore the Eq.(2-13) can be used to 

describe mode locking in fibre lasers. However the variation of the pulse in round-trip 

time scale is considered, rather than in a distance scale. In addition, a modulation 

function M, which is responsible for various mode locking mechanisms, is necessary 

to be added into (2-13). Then Eq.(2-13) is modified by introducing new variables 

gT vξ= , where gv is the group velocity of the optical pulse, to obtain [68, 101, 108] 
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A further modification is implemented by multiplication of both sides in (2-37) with 

cL , the ring cavity length, and setting /c c gT L v=  which is the cavity period. Then 

(2-37) becomes 
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(2-38) 

Eq.(2-38) is the well-known master equation which was first derived by Haus [109] to 

describe mode locking in time domain. Thus there are two time scales in this 

equation: the time T is measured in terms of the cavity period or the round-trip time 

Tc, while the time τ is measured in terms of a pulse window. The term M, which 

depends on the mode locking mechanism: passive or active, is a function of amplitude 

and time in terms of time scale τ in every round-trip. In many theoretical studies on 

mode locking, Eq.(2-38) has been applied for the investigation of the pulse evolution 

in the cavity [34]. We note that the parameters in the master equation are averaged 

over the cavity for analysis. 

2.4.2 Passive mode-locking 

Passive mode locking in fibre ring lasers is normally based on the mechanisms of 

NOLM and NPR in the cavity as described in Figure 2-3(a)&(b). NOLM and NPR act 

as mode lockers due to their artificial saturable absorption. For a NOLM, a Sagnac 

interferometer, its transmittance varies as a function of pulse power P via [110-111] 

[ ]{ }1 0.5 1 cos 0.5 ( 1)T G PLγ= − + −      (2-39) 
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where G is the amplification factor and L is the length of Sagnac loop. While the 

transmittance of NPR structure using nonlinear birefringence can be given by [112]  

2 2 2 2 1cos cos sin sin sin 2 sin 2 cos( )
2 L NLT α ϕ α ϕ α ϕ φ φ= + + Δ + Δ  (2-40) 

where α is the angle between the polarization direction of the input light and the fast 

axis of optical fibre, φ is the angle between the fast axis of optical fibre and the 

polarization direction of the polarizer, LφΔ and NLφΔ are linear and the nonlinear 

phase difference between the two orthogonal polarization components, respectively. 

They are given by 

2 ( )y x
L L L y x

L n nπφ φ φ
λ

Δ = − = −      (2-41) 

cos 2
3

x y
NL NL NL

LPγ αφ φ φΔ = − = −      (2-42) 

where nx and ny are the refractive indices of the fast and slow axes of the optical fibre 

respectively, L is the length of the fibre in the cavity. 

Figure 2-3(c)-(d) shows the transmittances of fast saturable absorption based on 

NOLM and NPR respectively. Thus the peak of the pulse experiences a higher net 

gain than its wings, which shortens the pulse in every roundtrip. This mode locking 

mechanism is sometimes known as additive pulse mode locking (APM) [113] because 

pulse shaping is produced by the interference between the component pulses 

circulating in the cavity. 
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Figure 2-3 Really operation and transmittance of artificial fast saturable absorption based on (a&c) 

NOLM and (b&d) NPR, respectively. 

Fast saturable absorption mode locking can be theoretically described by 

introducing the saturable loss modulation into the master equation (2-38) [34]. The 

modulation of a fast saturable absorber Msa(t) can be modelled by [34] 
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      (2-43) 

where s0 is the unsaturated loss, Isat is the saturation intensity of the absorber. In the 

case of weak saturation ( 2
satA I≅ ), expression (2-43) can be expanded into a Taylor 

series to give  
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where sSAM is called the self amplitude modulation (SAM) coefficient [34]. The 

master equation of passive mode locking thus can be derived by using (2-38) and 

(2-44) 
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− +

 (2-45) 

We can simplify Eq.(2-45) by incorporating the unsaturated loss s0 into the 

loss coefficient and ignoring the effects of dispersion and nonlinearity [34] 
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c c sat SAM
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− = − +

∂ Δ ∂
   (2-46) 

This is the simplest case of passive mode locking where the pulse shaping is based on 

purely saturable absorption. The solution of Eq.(2-46) is a simple soliton pulse given 

by  

0
0

( ) sechA A ττ τ
⎛ ⎞= ⎜ ⎟
⎝ ⎠

      (2-47) 

By substitution of (2-47) into (2-46), the pulse width τ0 and relations between 

parameters of the system can be obtained [34] 
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       (2-48) 

and  2 2
0

' sat
sat

g

gg α
ω τ

− = −
Δ

      (2-49) 

Expression (2-48) can explain why the pulse width in passive mode locking is much 

shorter than that in active mode locking [34], because the loss modulation curve is 
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proportional to 2 2
0 0SAMs A τ , then the curvature of loss modulation increases faster 

when the pulse is shorter while it remains unchanged in active mode locking. 

However the effects of GVD and SPM are always significant to pulse shaping 

in practical passively mode-locked fibre lasers. Hence the master equation need to 

include these effects and is given by [34] 
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 (2-50) 

This equation has a simple steady state solution as following [114]:  
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      (2-51) 

where q is the chirp parameter and κ is the phase shift in every roundtrip. By using 

(2-51) as an anzat and balancing terms, the following pulse parameters and relations 

are obtained 
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Expression (2-53) indicates that a combination of anomalous GVD ( 2 0β < ) and SPM 

can give a zero chirp solution and the shortest pulses can be obtained in this case. For 

a small SAM coefficient and weak filtering, a soliton can be formed via the balance of 
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anomalous GVD and SPM. The SAM and filtering effects can be considered as weak 

perturbations in the fibre cavity. However they play an important role in stabilization 

of the pulse against noise build-up in the intervals between the pulses [34]. 

When solitons are periodically perturbed by the gain, loss, filtering and SAM 

effects inside the fibre ring cavity, they radiate, or generate continuum or dispersive 

waves [95]. If the continuum components shed by the soliton are phase matched from 

pulse to pulse, its energy can build up and sidebands appear in the spectrum where the 

frequency components with the relative phase of soliton and dispersive wave changes 

by an integer multiple (n) of 2π per round trip. These parasitic sidebands were first 

described and explained by Kelly [115]. This phenomenon is observed in most 

passively soliton fibre lasers. The positions of sidebands in the spectrum depend 

strongly on the dispersion of the fibre cavity via [116] 

( )

2
0

0 2
2 0.0787n

c FWHM

nn
cDL c

λλ λ
τ

Δ = ± −     (2-56) 

where n is the order of sideband, D is the fibre dispersion parameter in the cavity, 

τFWHM is the full-width at half-maximum of the pulse and λ0 is the centre wavelength. 

Thus from the positions of sidebands in the obtained optical spectrum the dispersion 

of the cavity can be estimated. 

2.4.3 Actively mode-locking 

Similar to passive mode locking, active mode locking can be described by a master 

equation with a proper AM or FM function. Actively mode-locked fibre lasers can 

experience different operation modes from linear to nonlinear depending on the power 
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level in the cavity. Therefore, these modes are represented by various master 

equations and their solutions show characteristics of mode-locked pulse. 

2.4.3.1 AM mode locking 

In AM mode locking, the amplitude modulation provides a time dependent loss. The 

pulse will form at time slots where the loss dips are below the gain level. The 

modulation of an amplitude modulator can be mathematically described by [68] 

[ ]( , ) 1 cos( )A AM mM T mτ ω τ= − −      (2-57) 

and the pulse evolution equation can be derived from general master equation (2-38) 

to describe AM mode locking as following [68] 
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where mAM is the modulation index, 2m mfω π=  is the angular modulation frequency. 

For actively AM mode locking, the modulation frequency (fm) is normally much 

higher than the cavity fundamental frequency (fc) and a harmonic of fc: m cf Nf= , N is 

the order of the harmonic. 

In case of pure AM mode locking, the effects of GVD and SPM are ignored. 

Additionally, a second order Taylor series expansion can be applied to the modulation 

function due to the pulse is only positioned at the minimum of the modulation curve. 

Then Eq.(2-58) becomes [117]: 
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The solution of this equation is a Gaussian pulse given by [117]: 
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This is the result predicted by Kuizenga-Siegman [52] and shows the pulse width τ0 is 

proportional to the inverse of the gain bandwidth and the modulation frequency. The 

eigenvalue of the equation can give the important condition of the mode-locked laser 

through the expression: 
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m gg l ω
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Δ

 (2-62)  where 
2

sat cg Lg =   and 
2

cLl α
=  

g and l parameters are considered as the gain and the loss within one round trip of the 

fibre cavity. Thus the expression (2-62) also indicates that the gain must be fixed at a 

certain value higher than the loss to compensate for the excess loss caused by the 

modulator and the filtering from the limited gain bandwidth [117]. This condition 

requires that the gain is sufficient for compensating the loss of the ring cavity. Optical 

fibre amplifiers are thus preferred to operate in the saturation region in the cases when 

the ring is either under modulation or no modulation states, to achieve stability of the 

total energy distributed in the ring. 

With presence of the GVD effect in the fibre lasers, the evolution of the pulse 

inside the fibre ring cavity satisfies the following equation [34]: 
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This is a Hermite’s differential equation and a stable solution of this equation takes 

the form [34] 
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where A0, τ0 are the amplitude and the width of the pulse respectively, q is the chirp 

parameter and κ is the phase shift in every roundtrip. This is a chirped Gaussian pulse 

with the pulse parameters obtained by balancing terms in (2-63) [117] 
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The result shows that if β2 = 0 (ignoring GVD effect), then the chirp factor q = 0 and 

κ = 0, subsequently the pulse width in (2-65) returns (2-61). Thus the presence of 

GVD can cause the generated pulse chirped. 

When the fibre cavity is pumped with sufficiently high power, the SPM effect 

is not negligible and included into the master equation as fully described in (2-58). 

With the addition of sufficiently negative GVD and SPM, the solitary pulse formation 

can be obtained and the solution of (2-58) is assumed to be a chirped secant 

hyperbolic pulse [117] 
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In nonlinear regime, the pulse is shortened by a combination of SPM and negative 

GVD similar to passive mode locking. However in order to shorten the pulse by 

soliton compression, two following conditions must be satisfied [118]: 

• The synchronisation between the modulator and the pulse train must be 

maintained or the solitons must be exactly retimed on each round trip. This is a 

common condition for stable operation of mode-locked fibre lasers against the 

thermal drift of the cavity length. This condition also ensures the phase 

matching that is the total phase of the lightwaves circulating in the ring cavity 

must be a multiple number of 2π. 

• The excess loss of the continuum which is determined by the eigenvalue of 

(2-58) must be higher than that of the soliton. The resulting condition is [108] 
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   (2-70) 

In (2-70), on the right side is the loss experienced by the soliton, and on the 

left side is the loss of the continuum. In addition, the modulation must not 

drive the soliton into instability. The condition for suppression of energy 

fluctuations of the soliton can be obtained from soliton perturbation theory 

[108, 118-119]: 
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From above conditions, the mode-locked pulse can be compressed with the width 

much shorter than that predicted by Kuizenga-Siegman [52]. The factor of pulse width 

shortening R can be found as follows [68] 
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The condition (2-72) determines the lower limit of the pulse width with the help of 

SPM and negative GVD. The possible pulse width reduction is proportional to the 

fourth root of dispersion that indicates the need of excessive amount of dispersion to 

maintain a stable soliton while suppressing the continuum [68]. 

2.4.3.2 FM mode locking 

In contrast to AM mode locking, FM mode locking is based on a periodic chirping 

caused by phase modulation [52]. When the modulation frequency is exactly a 

harmonic of the fundamental frequency, the phase matching condition is satisfied for 

resonance of optical waves in the cavity. In frequency domain, the sidebands 

generated by phase modulation are matched to the axial modes of the cavity. While in 

time domain, the pulses are built up at the extremes of the modulation cycles. At these 

temporal positions, the optical waves are no chirped and thus the optical waves are 

constructively summed when they are in phase, while they are destructively interfered 

at other temporal positions due to repeatedly linear chirping in the cavity. 

Phase modulation of the optical field can be described by the function [101, 

120] 

( , ) cos( )F FM mM T jmτ ω τ=      (2-73) 

where mFM is the phase modulation index. When using the expression of phase 

modulation for mode locker, FM mode locking can be described by the master 

equation as following [120] 
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Because the pulse is formed in only the narrow part of modulation period, the 

modulation function can be approximated to the second order of the Taylor expansion. 

Then Eq.(2-74) can be simplified by ignoring the nonlinear effect [53]: 
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 (2-75) 

Therefore Eq.(2-75) describes the FM mode locking in linear regime. Similar to AM 

mode locking, the solution of this equation is a chirped Gaussian pulse given by 

(2-64) [34]. By the same techniques as in previous sections, the pulse parameters in 

this case can be obtained 
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In the simplest case, i.e the pure FM mode locking with β2 = 0, the generated 

pulse is always chirped with q = ±1 due to phase modulation. On the other hand, the 

pulses generated from a FM mode-locked laser can be located at either extreme up-

chirp (q > 0) or down-chirp (q < 0) of the modulation cycle in the absence of 

dispersion and nonlinearity that can create a switching between these two states in a 

random manner [52]. However in presence of dispersion effect, this switching can be 

suppressed as possibly indicated in (2-79) which is the expression of the excess loss 
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of the cavity. If β2 < 0 (anomalous dispersion), the excess loss at the up-chirp half 

cycle is lower than that at down-chirp cycle (q > 0) and vice versa. Thus the pulses 

located at positive half-cycles are preferred in the anomalous dispersive fibre cavity 

while they located at negative half-cycles are preferred in the normal dispersive fibre 

cavity [51]. On the other hand, the pulse in the up-chirp cycle is compressed by the 

dispersion while the down-chirp pulse is broadened in the anomalous GVD cavity. 

This shortened up-chirp pulse experiences less chirp after passing the phase modulator 

which reduces the loss due to the filtering and gain bandwidth limitation effects. The 

up-chirp pulse is finally dominant in the anomalous GVD cavity. This stability of the 

mode-locked pulse in the FM fibre ring laser has been theoretically studied in [53]. 

In nonlinear regime, the SPM is also significant in pulse shaping [121]. 

Similar to AM mode locking, the solitons are formed inside the fibre cavity with the 

balance between GVD and SPM effects. To generate stable solitons, the required gain 

for noise must be higher than that for the soliton and the condition for stability can be 

obtained by the perturbation soliton theory [120] 

2

22 2 2
0

2Re
2 3
FM m sat sat

c g g

jm g gj
L
ω β

ω ω τ
⎡ ⎤

+ >⎢ ⎥
Δ Δ⎢ ⎥⎣ ⎦

     (2-80) 

In (2-80) the left side is the loss of the ASE noise and the right side is the loss of the 

soliton. Tamura and Nakazawa [53, 71] also indicated that the pulse energy 

equalization occurs in the support of SPM and filtering effect when the dispersion of 

the cavity is anomalous. This stability of the soliton in presence of the third-order 

dispersion in a FM mode-locked fibre laser have been numerically investigated in 

[51]. 
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Beside the synchronous mode-locking in FM mode-locked fibre laser, another 

mechanism for mode-locking based on asynchronous phase modulation has been 

proposed by Doerr et al. [56]. In this scheme, asynchronous modulation is obtained by 

detuning of modulation frequency with a proper amount. However, in order to 

generate a stable soliton train, the detuning is required to remain within a limit which 

satisfies the following condition [120]: 
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With a small detuning within this limit, the soliton can overcome the frequency shift 

to remain the mode-locked state [120]. When the detuning exceeds the above limit, 

the noise can build up and destroy the solitons. The fibre laser will operate in FM 

oscillation state if the modulation frequency is moderately detuned. In this regime, the 

output has a constant intensity but a periodical chirp and its optical spectrum is hugely 

broadened [122]. The transition from the FM oscillation state to phase mode locking 

has complex behaviour at smaller detuning where the relaxation oscillations can occur 

with different properties [72]. In this state, the noise can build up faster than the 

soliton to become the new pulse and replace the old one. The cause of relaxation 

oscillation is the change of the cavity loss when the modulation frequency is detuned 

[122]. The pulse passes through the modulator with a small time shift from the 

extremes of the modulation cycles which increase the loss of the pulse while the ASE 

noise gets more gain at the extremes of modulation cycles where the loss in the cavity 

is lowest. When the detuning becomes larger, a new pulse can build up from the ASE 

noise while the old pulse decays and disappears finally. This process is periodically 

repeated and this repetition can satisfy the phase matching condition for resonance in 
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the fibre ring cavity which leads to the relaxation oscillation [72]. In this state, the 

output is periodically strong spikes but with lower average power because more 

power is stored in the cavity from resonance. The relaxation oscillation can occur 

several times due to the central mode hopping in detuning process [123]. The 

supermode noise can be dramatically enhanced between these transitions by getting 

the excess energy from the cavity through matching between the relaxation oscillation 

frequency and the frequency of beating between the modulation sidebands and lasing 

modes [123]. 

2.4.3.3 Rational harmonic mode locking 

In active mode locking, one way to increase the repetition rate is to use the rational 

harmonic mode locking by tuning the modulation frequency to a rational number of 

the cavity fundamental frequency [124]: 

c
m c

ff Nf
M

= ±        (2-82) 

where N, M are integers and N is the harmonic order; M can be considered as 

multiplication factor. 

 

Figure 2-4 A rational harmonic mode locking (a) in frequency domain, (b) in time domain with N = 2 

and M = 3 as an example. 
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To understand the rate multiplication in rational harmonic mode locking, a 

simple description in frequency domain is shown in Figure 2-4(a). In the frequency 

domain, the harmonics of modulation frequency would be only matched to the 

different multiples of the cavity modes when the modulation frequency is detuned by 

fc/M. Thence the repetition rate of the output pulse can be multiplied by a factor of M. 

The mechanism can be understood in time domain as described in Figure 2-4(b). 

When the fibre laser is detuned by a ratio fc/M, the difference between the cavity 

round-trip time and N times the modulation frequency is equal to the time delay 

experienced by a pulse after one round trip. On the other hand, the phase delay of a 

pulse between consecutive round trips is proportional to 2πN/M and the pulse returns 

to its original positions after M round trips. As a result, there are M sets of pulses in 

one round trip window resulting in a multiplied repetition rate. 

Because of the pulse distribution over a non-uniform modulation profile, the 

output pulses suffer from large amplitude fluctuations which limit the application of 

rational harmonic AM mode locking in practical systems. Several methods such as 

nonlinear optic methods [125-126] and modulator transmittance adjustment [127-129] 

have been proposed for pulse amplitude equalization. 

For FM mode locking, the situation is different to the AM mode locking, as it 

has been shown that the rational harmonic mode locking is due to the contributions of 

harmonics of the modulation frequency in the amplified electrical driving signal [54]. 

The higher order harmonics are generated from the power amplifier operating in 

saturated scheme. Therefore, the phase of the optical field at the output of the phase 

modulator can be modulated via 
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( )j t
out inE E e ϕ=         (2-83) 

where Ein, Eout are the optical field at the input and output of the phase modulator 

respectively, and ϕ(t) varies corresponding to the driving signal. In the case of the 

amplified signal, this variation can be represented by a summation of a series of 

cosine functions as following 

1
( ) cos( 2 )k m k

k
t m k f tϕ π θ

∞

=

= +∑      (2-84) 

where fm is the modulation frequency, mk and θk are the modulation index and the 

phase delay bias for each frequency component respectively. From analysis in [54], 

the field of the optical signal experiences an average phase modulation after M round 

trips of 

1
( ) cos( 2 )M kM m kM

k
t Mm kM f tϕ π θ

∞

=

= +∑     (2-85) 

Thus when the modulation frequency fm is detuned as specified in Eq.(2-82), the 

modulation effect of lower order harmonics of the fm are cancelled and only the 

frequency component of M times the modulation frequency is enhanced, and becomes 

dominant after M round trips [54]. On the other hand, the effective phase modulation 

curve with the number of cycles multiplied by M times in the same transmission 

window is proven in Figure 2-5. Because of mode locking based on frequency 

chirping, the generated pulse train in FM rational mode locking does not suffer from 

unequal amplitude problem [54]. 
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Figure 2-5 Average phase modulation profile at different detuning fc/M with M = 1-4 to achieve rational 

harmonic mode locking in the FM mode-locked fibre laser. The driving signal of phase modulator is 

modelled with magnitudes of higher harmonic components as follows: m2 = 0.008m1, m3 = 0.07m1, m4 

= 0.0035m1.  

2.5 CONCLUDING REMARKS 

In this chapter, the fundamentals of optical pulse propagation and mode locking 

mechanisms have been reviewed. In order to obtain a stable pulse train from active 

mode locking, some conditions have been summarized and explained. In an active 

mode-locked fibre laser with sufficiently high gain, the SPM effect becomes 

significant for pulse compression inside the anomalous dispersion average cavity to 

generate solitons. 

 

 

M = 1 M = 4M = 3 M = 2 
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Chapter 3  

Actively FM mode-locked fibre lasers: 

Experiment and Simulation 
 

 

3.1 INTRODUCTION 

By using an electro-optic phase modulator as a mode locker, the actively mode-locked 

fibre ring laser can generate a high speed pulse train with high performance such as 

narrower pulsewidth, higher stability in both harmonic mode locking and rational 

harmonic mode locking. Moreover, many interesting operation modes only exist in 

the FM mode-locked fibre ring lasers such as asynchronous mode locking [56], 

transitions states from CW scheme to mode-locked scheme [122-123]. 

In this chapter, an actively FM mode-locked fibre ring laser (FM-MLFRL) 

will be constructed to demonstrate soliton generation in which the erbium gain 

medium is used for amplification inside the cavity. Different states from detuning to 

mode-locked will be experimentally investigated to show the complex behaviour of a 

FM-MLFRL. In addition, a numerical model is also developed to simulate the FM-

MLFRL. This model is used to verify the experimental characterization of the FM-

MLFRL. The results obtained in this chapter provide a basis for further research in the 

next chapters. 
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3.2 ACTIVELY FM MODE-LOCKED FIBRE RINGS: EXPERIMENT 

3.2.1 Experimental setup 

Figure 3-1 shows the experimental setup of the FM-MLFRL. In this setup, an erbium 

doped fibre amplifier (EDFA) MOABF-17 (Lightwaves2020) pumped at 980 nm is 

used in the fibre ring to moderate the optical power in the loop for mode locking. This 

amplifier operates in the saturation region and the output power can be adjusted by 

varying the pump power or the current of the pump laser diode. A 50 m Corning 

SMF-28 fibre is inserted after the EDFA with the aim of enhancing the nonlinear 

phase shift through the SPM effect as well as ensuring that the average dispersion in 

the fibre ring is anomalous which is important in designing a stable soliton fibre laser 

[53]. By measuring the input and output power of the EDFA, the total loss of the 

cavity can be estimated. This loss consisting of the insertion loss of the phase 

modulator and connections is approximately 10.5 dB to 11 dB in our setup. We note 

that the loss can vary due to change in the polarization state. 

 

Figure 3-1 Experimental setup of the actively FM mode-locked fibre laser. 
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An electro-optic integrated phase modulator (PM-315P, Crystal Technology) 

is used as a mode locker and controls the states of locking in the fibre ring. At the 

input of the phase modulator, a polarization controller (PC), consisting of two quarter-

wave plates and one half-wave plate, is used to control the polarization of light which 

is required to minimize the loss cavity and influences to stable formation of solitons. 

The phase modulator with half-wave voltage (Vπ) of 9 V is driven by a sinusoidal 

signal generated from a signal generator (HP-8647A) in the region of 1 GHz 

frequency. The RF sinusoidal wave is amplified by a broadband RF power amplifier 

(DC7000H) with 18 dB gain which can provide a maximum saturated power of 

approximately 19 dBm at the output. Thus the phase modulation index of ~1 radian 

can be achieved for mode locking. The fundamental frequency of the fibre laser cavity 

is determined by tuning the modulation frequency to lock the fibre laser at different 

harmonics. In this setup the fundamental frequency of the fibre cavity is 2.2802 MHz, 

which is equivalent to the delay of the 90 m total length of the fibre ring. 

The output of the mode locked laser is extracted using the 90:10 coupler. This 

is monitored by an optical spectrum analyser (HP-70952B) and a repetitive sampling 

oscilloscope (Agilent DCA-J 86100C) with an optical bandwidth of 65 GHz. Because 

fibre laser operates at only 1 GHz, the bandwidth of the oscilloscope is wide enough 

to measure pulse widths greater than 10 ps. For pulse widths less than 10 ps, the rise 

time of the oscilloscope (7.4 ps) should be considered using 2 2
p meas equiτ τ τ= − , where 

τp, τmeas and τequi are the estimated and measured pulse widths and the rise time of the 

oscilloscope respectively. A RF spectrum analyser (FS315 Rohde&Schwarz) with 

frequency range up to 3 GHz was also used to determine the stability of the generated 

pulse train. 
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Beside the conventional ring structure as described above, another setup of the 

actively MLFRL using EO phase modulator which is based on the Sagnac loop 

interferometer (PMSL) also has been implemented in our experiment. In this setup as 

shown in Figure 3-2, the phase modulator is placed at the middle of a fibre Sagnac 

loop. Because of the insertion of the 3 dB coupler in the PMSL, the total loss of the 

ring cavity is about 16 dB which is much higher than that of the conventional FM-

MLFRL. 

 

Figure 3-2 Experimental setup of the actively mode-locked fibre laser using phase modulated Sagnac 

loop (PMSL) (a) Schematic diagram of whole fibre ring laser, (b) Detailed diagram of the PMSL. (PC: 

Polarization controller). 

3.2.2 Results and discussion 

This section presents the results obtained from characterization of the FM-MLFRL 

setup above to show different operation modes including soliton generation, detuning 

effect and rational harmonic mode locking. 
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3.2.2.1 Soliton generation 

By setting the saturated power of the EDFA of 5 dBm, a stable pulse train was 

generated at the 438th harmonic of the fundamental cavity frequency. Figure 3-3(a-c) 

shows the time trace and spectrum of the generated mode-locked pulse. The temporal 

and spectral widths of the pulse are 12.5 ps and 0.23 nm respectively. This result 

indicates that the pulse is transform-limited with a time-bandwidth product of 0.36. 

Because no optical band-pass filter is used in the setup, the emission wavelength of 

the fibre laser is around 1560 nm where the gain of the EDFA is maximum. The 

stability of the mode-locked pulse train is demonstrated by the RF spectrum shown in 

Figure 3-3(d). A supermode noise suppression ratio (SMSR) of higher than 45 dB was 

achieved without any feedback circuit for stabilization. 

With the aim of increasing the phase modulation index, the phase modulator 

PM-315P was replaced by the phase modulator Covega’s Mach-40-27 which has a 

half-wave voltage of only 4 V at the 1 GHz modulation frequency. It is surprising that 

a wider pulse sequence at the higher modulation index of 2.3 radians was obtained in 

this setup, with the same intracavity optical power as in the previous setup. Figure 3-4 

shows the waveform and the corresponding optical spectrum of the mode-locked 

pulse generated from this setup. The pulse broadening in this case indicates a 

limitation of the gain bandwidth in the cavity, which could relate to the phase 

modulators, and will be explained more detail in Chapter 4. 
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Figure 3-3 Waveforms of (a) the pulse train, and (b) the single pulse, (c) corresponding optical 

spectrum, (d) RF spectrum of the mode-locked pulse generated from the FM-MLFRL. 

   

Figure 3-4 (a) Waveform and (b) spectrum of the mode-locked pulse generated from the FM mode-

locked fibre ring laser using the phase modulator Mach-40-27. 
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effect comes from the fact that the phase modulator is optimized for only one 

transmission direction. The transmission of the PMSL output is given by [130] 

2 ( )( ) sin
2
tT t ϕ φΔ +⎡ ⎤= ⎢ ⎥⎣ ⎦

     (3-1) 

where Δφ(t) is the differential phase caused by the driving signal between two passage 

directions, φ is the bias differential phase. Thus in this configuration of the actively 

MLFRL, the PMSL can be considered as an amplitude modulator without the bias 

drift problem and possibly polarization dependence [130-131]. Expression (3-1) 

shows that the intensity modulation of the PMSL can operate at double the 

modulation frequency [132]; however, the mode-locked pulses at the peaks of the 

transmission acquire residual chirp from phase modulation [133]. This chirp will 

affect to the pulse characteristics as well as stability in the same way as in the actively 

FM-MLFRL. Figure 3-5 shows the time trace of the pulse train at 1 GHz generated 

from this configuration. High cavity loss reduces the efficiency of soliton 

compression effect in the fibre laser. Additionally, the PMSL is equivalent to an 

amplitude modulator, so that the modulation index depends on the intensity 

modulation curve converted from the phase modulation. With small phase modulation 

index the modulation index of the PMSL is also small. Therefore the width of the 

generated pulse is about 100 ps and the pulse shape with the product of time-

bandwidth of 0.7 is a chirped pulse rather than a soliton.   
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Figure 3-5 Waveform of the pulse train generated from the mode-locked fibre laser using PMSL 

3.2.2.2 Detuning effect and relaxation oscillation 

When the modulation frequency fm is detuned, the fibre laser can experience various 

regimes. The transition state shows complex behaviours such as relaxation oscillation 

and excess noise enhancement as mentioned in Chapter 2. In our setup, the fibre laser 
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differences of polarization components that can lead to a sufficiently NPR for a hybrid 
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as follows: 
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spectrum. At large mfΔ , the optical spectrum is similar to CW signal due to 

the limitation of resolution in the OSA, while the RF spectrum cannot identify 

the first harmonic component of fm as shown in Figure 3-8(a). When the 

effective modulation index is sufficient, by decreasing mfΔ , the optical 

spectrum is broadened with a double-peak shape due to the energy going to the 

optical frequencies far from the centre carrier mode as shown in Figure 3-6 

(a). The spectrum keeps broadening when mfΔ  is reduced close to 2 kHz for 

Case A and 4 kHz for Case B. Figure 3-8(b) also shows the typical RF 

spectrum in this regime, which indicates strong supermode noise and a broad 

linewidth of each sidemode due to the beating between the cavity modes and 

the modulation frequency. Moreover the strength of the first harmonic is 

increased according to the reduction of mfΔ . 

• When 0.3 kHz 2 kHzmf< Δ < for Case A and 0.8 kHz 4 kHzmf< Δ <  for 

Case B, the fibre laser enters a transition regime where many complex 

behaviours such as the relaxation oscillations as well as the enhanced 

supermode noise status can occur [123]. The double-peak spectrum 

broadening becomes maximum before the energy at the main carrier grows 

according to the reduction of detuning as shown in Figure 3-6(b). Between the 

FM oscillation and mode locking regimes, the relaxation oscillations (RO) as 

well as the enhanced supermode noise status have been also observed. In the 

first half of the detuning range where mfΔ  is large, the time trace shows a 

high intensity with a nearly constant envelope in which the signal under the 

envelope varies continuously and rapidly in time domain. When the detuning 
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deceases further, the envelope of the high intensity is more deeply modulated 

as shown in Figure 3-7(a). Because the supermode noise is still dominant noise 

source, the RF spectrum exhibits behaviour similar to shown in Figure 3-8(b). 

Using a narrower resolution bandwidth, the beat noise between the modulation 

sidebands and the cavity modes of about 10 kHz can be observed as in Figure 

3-8(c). At the lower limit of the detuning range, in the transition regime, when 

the detuning is decreased to around 500 Hz, the RO becomes stronger as an 

enhanced excess noise [123]. In this state, the building up of new pulses and 

the decay of old pulses can occur at the same time, thus the pulses exhibit a 

rapid variation of both amplitude and time position within the modulation 

cycle. Therefore, in this state the time trace of the signal is observed as noisy 

pulses as shown in Figure 3-7(b). The corresponding optical spectrum shows 

ripples in the envelope as shown in Figure 3-6(c). If the optical power in the 

cavity is further increased, the optical spectrum can exhibit sidebands as seen 

in Figure 3-6(d), which indicates the existence of ultra-short pulses with high 

peak power in this state. Figure 3-8(d) show the RF spectrum with strong 

sidebands of 2 kHz formed by beating between the modulation frequency and 

the RO frequency. 

• When 0.3 kHzmfΔ < for Case A and 0.8 kHzmfΔ <  for Case B, the mode-

locked state can be identified by a clear pulse shape in the time trace, a sudden 

disappearance of the ripple in the optical spectrum and a sufficient suppression 

of supermode noise. When the detuning is reduced to a small amount that is 

within a specific limitation as specified in (2.81) or no detuning, the mode 

locking can be achieved to generate the stable pulse train as shown in Figure 
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3-3. By providing a sufficient gain in the cavity the RO noise suppression 

greater than 40 dB and the supermode noise suppression greater than 45 dB 

can be achieved in our setup without using any stabilization technique.  

 

  

   

Figure 3-6 Optical spectra at different frequency detuning regimes: (a) FM oscillation, (b) Entering the 

transition regime, (c) Enhanced relaxation oscillation in the transition regime, and (d) Relaxation 

oscillation at higher optical power level. 
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Figure 3-7 Time traces in the transition regime: (a) at larger half of the detuning range, and (b) at 

smaller half of the detuning range when the relaxation oscillation is enhanced. 
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Figure 3-8 RF spectra in different regimes: (a) CW-like regime, (b) FM oscillation regime and 

transition regime in span of 20 MHz, (c) at larger half of the detuning rang in the transition regime in 

span of 100 kHz, and (d) Enhanced relaxation oscillation in transition regime in span of 100 kHz. 

In the transition regime, it is really interesting that the existence of ultra-short 

pulses with very high peak power is observed when the detuning is about 500 Hz, 

with appropriate adjustment of polarization controller. Figure 3-9 shows the spectrum 

Time (500 ps/div) 

In
te

ns
ity

 (a
.u

) 

Time (500 ps/div)

In
te

ns
ity

 (a
.u

) 

(b) (a) 

(a) (b)

(c) (d)

Span: 100 kHz Span: 100 kHz 

Span: 10 MHz Span: 20 MHz 



 59

and the time trace of this state in Case A. In this figure the time trace shows the 

generated pulses with very narrow width and a constant high peak power but a strong 

timing jitter, while the optical spectrum shows a broad spectral width and Kelly 

sidebands [115] generated by the resonance of dispersive waves and the generated 

pulses. These results indicate clearly the existence of solitons in this state. Based on 

the spectral width of 1.58 nm, the pulse width is approximately about 1.8 ps which is 

obviously impossible to resolve by the oscilloscope. From the sideband locations, the 

total cavity dispersion estimated by expression (2.56) is of about -0.0172 ps2/m. High 

stability of the optical spectrum also demonstrates that solitons are stably formed 

inside the cavity. It is believed that the passive mode locking based on NPR plays a 

key role in this state. This process can be explained as follows: when the cavity is 

slightly detuned, the relaxation oscillation occurs in which the pulses in form of 

spikes acquire so high peak power that the NPR becomes significant in the weak 

birefringence cavity. In a favourable condition, by changing the settings of the 

polarization controller, the passive mode locking based on NPR can be achieved to 

shape the pulse circulating in the cavity. Thus the fibre laser in this state operates 

similar to a hybrid passive-active mode-locked laser [134-136]. In order to verify this 

passive mechanism, the RF modulation signal was turned off, however the optical 

spectrum with sidebands still remained for at least five minutes before it disappeared. 

Owing to the detuning, solitons experience a frequency shift that results in temporal 

variation of the pulses or timing jitter. Moreover this state operates in additive-pulse 

mode locking (APM) regime, it is easily prone to dropout as demonstrated in Figure 

3-9(b) by the base line at the bottom of the pulse trace. This state is also observed in 

Case B, although it is more difficult for adjustment due to insufficient NPR effect in a 
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shorter fibre cavity. By carefully adjusting the polarization controller, solitons 

generated by this mechanism in Case B can be obtained as shown in Figure 3-10, 

however they are less stable. With the first sideband spacing of 3.95 nm, the average 

GVD of the cavity estimated by Expression (2.56) is about -0.0144 ps2/m. The 

estimation of the average GVD is valid due to a reduction of the dispersion in Case B 

of -1.1 ps2 which is exactly equivalent to a 50 m SMF-28 fibre. 

  

Figure 3-9 Spectrum and time trace of the hybrid mode locking state in Case A with an insertion of 

100-m SMF-28 fibre into the ring cavity. 

  

Figure 3-10 Spectrum and time trace of the hybrid mode locking state in Case B with an insertion of 

50-m SMF-28 fibre into the ring cavity. 
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3.2.2.3 Rational harmonic mode locking 

As described in Section 2.4.3.3, rational harmonic mode locking can be implemented 

in the actively FM mode-locked fibre laser by the higher-order harmonics of the 

amplified driving signal. By using a RF spectrum analyser, the magnitude of the 

harmonics at the output of the power amplifier is measured as a function of the RF 

input power. Figure 3-11 shows the measured results which indicate a strong increase 

of the second harmonic while the magnitude of the first harmonic remains unchanged 

at 19 dBm when the RF input power is greater than 2 dBm. Higher-order harmonics 

such as the third- and fourth-order harmonics are slightly enhanced at input powers 

higher than 5 dBm. The magnitudes of the high-order harmonics determine the 

modulation index of the corresponding rational harmonic mode locking. 
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Figure 3-11 Output power of the 1st, 2nd and 3rd harmonics as a function of the RF input power 

When the modulation frequency is detuned by amount of ±fc/2 and ±fc/3 from 

the 438th harmonic of the cavity frequency, pulse trains at the repetition rate of double 

and triple modulation frequency are generated as shown in Figure 3-12 at the RF input 

power of the power amplifier of 7 dBm. The pulse train for the second-order rational 

harmonic mode locking shows a better quality than that at the third order rational 
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harmonic mode locking due to higher modulation index of the second harmonic 

component. Other order rational harmonic mode locking such as the 4th and the 5th 

orders also can be obtained by an appropriate detuning but gives very low stability 

due to weak strength of the corresponding harmonic components in the driving signal. 

    

Figure 3-12 Time traces of the pulse trains in (a) the second- and (b) the third-order rational harmonic 

mode locking. 

Similarly, the rational harmonic mode-locking can be achieved in the mode-

locked fibre laser using PMSL for the repetition rate multiplication by detuning to 
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intensity transmission window can be obtained. In fact, the intensity modulation curve 

of the PMSL depends strongly on the phase modulation profile. If the phase 

modulation curve is distorted, the higher order harmonics in the resulted intensity 

modulation signal are also strongly enhanced to facilitate the rational harmonic mode 

locking. By detuning the modulation frequency of ±fc/M with M from 2 to 6, the 

repetition rate of the pulse train is multiplied by a factor M as shown in Figure 3-13. 

However the amplitude of pulses is unequal because of the non-uniformity of the 

intensity modulation profile. 
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Thus the pulse trains at the output of the mode-locked fibre ring laser using 

PMSL show the problem of non-uniform amplitude which is disadvantage of rational 

harmonic mode locking using amplitude modulation. While the uniform pulse trains 

are always generated by phase modulation in rational harmonic mode locking if the 

strength of higher order harmonic component is sufficiently high in the driving signal. 

 

 

Figure 3-13 Time traces of (a) the second-order, (b) the third-order, (c) the fourth-order, (d) the fifth-

order, and (e) the sixth-order rational harmonic mode locking in the fibre ring laser using PMSL. 
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3.3 SIMULATION OF ACTIVELY FM MODE-LOCKED FIBRE LASER 

3.3.1 Numerical simulation model 

Although a FM mode locking can be theoretically described by the master equation 

with averaged parameters, it is difficult to solve this equation to find an analytical 

solution including all of important effects. Therefore in order to understand the 

physical processes occurring inside the fibre ring cavity, a numerical model is 

developed in this chapter. The model of mode-locked fibre laser with a ring 

configuration consists of basic components similar to that in the experimental setup. 

 

Figure 3-14 Schematic diagram of the numeric model for an actively FM mode-locked fibre ring laser. 

Figure 3-14 shows the block diagram of the numerical model for an actively 

FM mode-locked fibre ring laser. In this model, a slowly varying envelope of the 

optical pulse passes through each component once in each round trip. This process 

will be repeated until a desired solution is obtained. Thus the envelope function of the 

pulse at the nth round-trip can be given by 
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where An, An-1 are the complex amplitude of the pulse at the nth and the (n-1)th round-

trips respectively, L̂ , M̂ , F̂ and ˆ
gF  are the operators representing for the loss of the 

cavity, the modulation mechanism, the passive and active fibres respectively. Based 

on physical mechanisms well understood, the operators or the models of the 

components inside the ring cavity can be exactly described and the effect of each 

component is individually considered in the model. 

Firstly, the operators F̂ and ˆ
gF which describe propagation of the optical field 

in optical fibres can be modelled by the generalized NSE (2.13) which can be 

rewritten for convenience as follows [96] 

( )
2 3

23
2 2 2 3

1
2 6 2

sat
sat

g

jgA j A A i A A g A
z

ββ γ α
ω τ τ

⎛ ⎞∂ ∂ ∂
+ + − = + −⎜ ⎟⎜ ⎟∂ Δ ∂ ∂⎝ ⎠

  (3-3) 

In case of passive fibre, the gain factor is set to zero, but the gain factor with 

saturation is nonzero in active fibre for amplification in the EDFA, and modelled by 

using Eqs.(2.10) and (2.12). The ASE noise generated from the EDFA is also included 

at the end of the active fibre. The ASE noise in one polarisation is modelled as an 

additive complex Gaussian-distributed noise with a variance given by 

2 ( 1)ASE sp ASEh n G Bσ ν= −       (3-4) 

where h is Plank’s constant, ν is the optical carrier frequency, G is the gain coefficient 

and BASE is the optical noise bandwidth and nsp is the spontaneous factor which relates 

to the noise figure NF of the EDFA as follows 

. 1
2( 1)sp
NF Gn

G
−

=
−

       (3-5) 
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Eq.(3-3) for both active and passive fibres can be solved by using well-known split-

step Fourier method in which the fibre is split into small sections of length and the 

linear and nonlinear effects are alternatively evaluated between two Fourier-transform 

domains respectively [60]. 

Secondly, the operator M̂  for an EO phase modulator is given by 

0
ˆ exp[ cos( ( ) )]m sM jm ω τ τ φ= + Δ +      (3-6) 

where m is the phase modulation index, φ0 is the initial phase and ωm = 2πfm is the 

angular modulation frequency, assumed to be a harmonic of the fundamental 

frequency of the fibre ring, Δτs is the time shift which is caused by detuning and given 

by 

m h
s

c

T T T
T

τ −
Δ =        (3-7) 

where 1m mT f= is the modulation period, h cT T N=  with Tc is the cavity period and 

N is the harmonic order, T is the time in terms of the round trip duration. 

Beside the attenuation of optical fibres, there are some losses inside the cavity 

such as coupling loss, insertion losses of the modulator and connectors. All these 

losses need to be included into the simulation and combined into the total cavity loss 

factor. The influence of this loss is given as 

20ˆ 10 dBlL =         (3-8) 

where ldB is the total loss of the cavity in dB. Thus this effect in turn determines the 

required gain coefficient of the EDFA to ensure that the gain is sufficient to 

compensate the total loss in a single round trip for stable lasing operation. 
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Equations (3-3)-(3-8) provide a full set of equations for numerical simulation 

of an actively FM mode-locked fibre ring laser. Due to the recursive nature of pulse 

propagation in a ring cavity, the operators are repeatedly applied to the complex 

envelope of the pulse to find a stable solution. The complex amplitude of the output is 

used as the input of the next round-trip and stored for display and analysis. In 

simulation of pulse formation, a complex Gaussian-distributed noise of -10 dBm is 

used as a seeding signal. Depending on the strength of the effects in the model, a 

stable pulse can be found in 500 round trips or even up to 10000 round trips. Number 

of samples in simulation window as well as the step-size in spatial domain is properly 

chosen to minimize numerical errors in calculation. Particularly, the number of 

samples in a modulation period is 4096 and the spatial step-size is from 2 m to 5 m to 

keep the maximum nonlinear phase shift below 0.05 rad in each step. 

Table 3-1 Parameter values used in simulations of the FM mode-locked fibre laser 

SMF
2β = -21.7 ps2/km for 2 0β < , 

SMF
2β = +21.7 ps2/km for 2 0β >  

γSMF = 0.0014 W-1/m, 

αSMF = 0.2 dB/km 

LSMF = 80 m 

LEDF = 10 m 

2
EDFβ = 19 ps2/km, 

γEDF = 0.0023 W-1/m, 

αEDF = 0.5 dB/km 

Psat = 5 ÷ 8 dBm 

g0 = 0.315 m-1  

NF = 5 dB 

Δωg = 16 nm, 

fm ≈ 1GHz, 

m = 0.05π - 1π rad 

λ = 1559 nm 

SMF – Standard single mode fiber, EDF – Erbium doped fiber, NF – noise figure of the EDFA 

3.3.2 Results and discussion 

3.3.2.1 Mode-locked pulse formation 

By using the numerical model described above, the pulse formation in the FM mode-

locked fibre ring laser can be investigated. Table 3-1 summarizes all parameters used 
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in the simulations. Figure 3-15(a) shows an evolution of the mode-locked pulse built 

up from the noise at m ~ 1 radian in the ring cavity with an anomalous 2β of -0.0171 

ps2/m. Figure 3-15(b) plots the peak power as a function of round trip number. The 

steady state is only reached after 5000 round trips and a damped oscillation occurs in 

initial stage of pulse formation process. Figure 3-16 shows the time trace and the 

spectrum of mode-locked pulse at steady state. It is noted that the pulse with the width 

of 11.6 ps is well fitted to a secant hyperbolic pulse rather than a Gaussian pulse; 

however, its spectrum exhibits no sideband due to weak dispersive waves in the 

cavity. 
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Figure 3-15 (a) Numerical simulated evolution of the mode-locked pulse formation from the noise, (b) 

Variation of the peak power 5000 round trips in the anomalous average dispersion cavity. 
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Figure 3-16 (a) Numerical simulated time trace and (b) the corresponding spectrum of mode-locked 

pulse at steady state in the anomalous average dispersion cavity. 
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Figure 3-17 Variation of mode-locked pulse parameters as a function of the phase modulation index in 

the anomalous average dispersion cavity. 
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Figure 3-18 Numerical simulated waveforms in steady state of mode-locked pulses at two different 

modulation indices (a) m = 0.87 radian, and (b) m = π radian. 

The effect of the phase modulation index m on the mode-locked pulse is also 

numerically investigated by varying the index in a range from 0.175 radian to π radian 

and the results are shown in Figure 3-17. The increase in modulation index shortens 

the pulse width. At the index lower than 0.5 radian, the rate of pulse shortening is 

stronger due to the soliton compression effect which results from the dominant SPM 

effect in pulse shaping. However, at a modulation index higher than 0.5 radian where 
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the active phase modulation becomes a stronger contributor to pulse shaping, the 

reduction of the pulse width is slow and almost linear. The chirp of the pulse increases 

with the increase in the phase modulation index and the pulse diverges from the 

secant hyperbolic profile and becomes closer to a Gaussian pulse at a higher 

modulation index. Figure 3-18 shows the waveforms of the generated pulse at two 

different modulation indices with the Gaussian fit and secant hyperbolic fit curves. 
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Figure 3-19 Variation of mode-locked pulse as a function of the phase modulation index in the normal 

average dispersion cavity. 

Instead of an anomalous dispersion cavity, the sign of dispersion in the fibres 

is reversed to provide a normal dispersion cavity with 2β of +0.0213 ps2/m. With the 

same conditions of mode locking, the mode-locked pulse in the normal dispersion 

cavity is wider and higher chirped than that in the anomalous dispersion cavity. The 

parameters of the mode-locked pulse as a function of the modulation index in the 

normal dispersion cavity are depicted in Figure 3-19. The pulse is also shortened with 

the increase in the phase modulation index. Evolution of mode-locked pulse in the 

normal average dispersion cavity at m ~ 1 radian is shown in Figure 3-20(a). Figure 
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3-21 shows the pulse profile in time domain and its spectrum at steady state, that 

indicates a parabolic pulse rather than a soliton or Gaussian pulse. Furthermore, in the 

initial stage of the pulse formation, there is an existence of dark soliton embedded into 

the background pulse growing up as shown in Figure 3-20(b). It is understood that in 

this stage the accumulated phase modulation is relatively weak, so that the SPM effect 

is dominant due to the high gain from the EDFA. The dark soliton formation occurs 

from the balance of normal GVD and SPM effects, yet the dark soliton is unstable. It 

experiences a periodic variation of time position (dotted line in Figure 3-20(b)) and 

decays due to the chirping caused by active phase modulation. Figure 3-22 shows the 

waveform with a dip at near centre of the background pulse and its phase profile with 

a phase change of about π/2 at the dip at the 2900th round trip. Because the intensity of 

the dip which also varies along the evolution is nonzero, the formed dark soliton is 

referred to as the gray soliton rather than the black soliton [65]. The existence of dark 

soliton only remains until the accumulated phase shift is sufficient to lock a pulse at 

the minimum of modulation cycle. 
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Figure 3-20 (a) Numerical simulated evolution of mode-locked pulse formation from noise in the 

normal average dispersion cavity over 8000 round trips, (b) The evolution in the first 4000 round trips 

showing the dark soliton formation (black dotted line) embedded in the background pulse. 
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Figure 3-21 (a) Simulated waveform and (b) spectrum of mode-locked pulse at steady state in the 

normal average dispersion cavity.  
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Figure 3-22 (a) Simulated waveform and (b) its phase profile at the 2900th round trip showing a gray 

soliton embedded in the building-up pulse. 

In the FM mode-locked fibre laser, the pulse formation at up-chirping or 

down-chirping cycles depends on the dispersion of the cavity which is anomalous or 

normal [51, 53]. On the other way, the pulse switching between positive and negative 

modulation cycles is suppressed due to the presence of GVD effect. Figure 3-23 

shows evolutions of the mode-locked pulses built up from noise in normal and 

anomalous dispersive fibre rings in one modulation period. The modulation curve is 

phase shifted by π/2 to display both up-chirp and down-chirp cycles in the same 

simulation window. The dashed lines in the graphs indicate the phase modulation 

(a) (b) 

(a) (b) 
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curve applied in every round-trip. Thus the pulse is built up only at the extreme of the 

up-chirp cycle in the anomalous dispersion cavity or only at the extreme of the down-

chirp cycle in the normal dispersion cavity. 

 

Figure 3-23 Numerical simulated evolution of mode-locked pulse built up from noise in (a) anomalous 

dispersion cavity, and (b) normal dispersion cavity at the same phase of modulation curve. 

3.3.2.2 Detuning operation 

Detuning moves the modulation frequency away from a harmonic of the cavity 

frequency. The pulse passes through the modulator at different times relative to the 

modulation each round trip and so experiences a frequency shifting [137]. During 

propagation through the dispersive fibre, the frequency shift imparts a temporal shift 

relative to the modulation curve. However, a large detuning can destroy a stable mode 

locking state due to a fast varying of the modulation cycle between successive round-

trips and so the fibre laser falls into the FM oscillation regime, which generates a 

highly chirped signal [122]. Figure 3-24 shows the numerical simulated results in time 

and frequency domains when the modulation frequency is detuned by 6 kHz. The 

pulse evolution shown in Figure 3-24(a) indicates spike-like patterns, changing from 

one round trip to the next one. An example of unstable waveform in time domain at 

the 5000th round trip is shown in Figure 3-24(b) and its spectrum in Figure 3-24(c) is 

Phase modulation curve

(a) (b) 
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broadened with two peaks as observed in the experiment. By taking the average of the 

waveforms over the last 500 round trips, a waveform with the envelope modulated at 

fm can be observed in Figure 3-24(d). 

When the detuning is slightly moderate, the phase variation of the modulation 

cycle between successive round trips is sufficiently slow to enable the pulse to build 

up in the cavity with adequately high gain. However the built-up pulses experience 

the frequency shift induced by detuning that leads to the variation of temporal position 

and higher loss to be decayed [72]. Relaxation oscillation behaviour occurs in this 

state as shown in Figure 3-25(a) at the detuning of 1 kHz. Repetition of the process 

consisting of the pulse decay and the pulse building up exhibits turbulence-like 

behaviour as seen in contour plot view in Figure 3-25(b). Figure 3-25(c) show a 

typical time trace of this state at the 5000th round trip in which there are three pulses 

existing simultaneously in the same modulation cycle. In this figure, the lowest pulse 

close to the extreme of modulation cycle is the new pulse building up from noise, the 

middle pulse with highest peak power and narrow width is experiencing the time shift, 

while the last pulse with lower peak, which is far from the extreme is decaying due to 

higher loss. The built-up pulses can survive in around 500 to 1000 round trips. 

Because very narrow pulses of 2.5 ps are generated in this case, the corresponding 

spectrum exhibits sidebands as shown in Figure 3-25(d). 
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Figure 3-24 (a) Numerical simulated evolution of the signal circulating in the cavity, (b) the waveform 

of the output over 5000 round trips, (c) the spectrum and (d) the waveform averaged over last 500 

round trips when the modulation frequency is detuned by 6 kHz. 

When the detuning is small enough, the cavity still remains mode-locked state 

as in asynchronous mode locking [56]. However the mode-locked pulse can 

experience a variation of temporal position induced by the frequency shift and the 

dispersion of the cavity. Figure 3-26 shows the behaviour of the mode-locked pulse 

when the modulation frequency is detuned by 0.25 kHz. The contour plot in Figure 

3-26(b) indicates that the pulse still can overcome the detuning problem to stabilize in 

the cavity. 
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Figure 3-25 (a) Numerical simulated evolution of the signal circulating in the cavity, (b) contour plot 

view of the evolution, (c) the time trace of the output over 5000 round trips, (d) the spectrum averaged 

over last 500 round trips when the modulation frequency is detuned by 1 kHz with a higher gain factor 

g0 = 0.315 m-1 and Psat = 8 dBm. 
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Figure 3-26 (a) Numerical simulated evolution of the mode-locked pulse circulating in the cavity, (b) 

contour plot view of the evolution when the modulation frequency is detuned by 250 Hz. 
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3.4 CONCLUDING REMARKS 

Actively mode-locked fibre ring lasers using EO phase modulators have been 

experimentally demonstrated for generation of sequence of short pulses. The obtained 

results also indicate that the FM mode-locked fibre laser offers a better performance 

in terms of pulse width and stability than the mode-locked fibre laser using PMSL 

which acts as an amplitude modulator. The rational harmonic mode locking has been 

achieved by the enhancement of higher order harmonics in the electrical driving 

signal applied to the optical modulator. Moreover, detuning effects in the fibre laser 

have been characterized through the time traces, optical spectrum and RF spectrum 

analysis. All obtained results indicated complex behaviour in the transition regime in 

which the hybrid passive-active mode locking can be achieved to generate solitons 

with narrow pulse width. 

Furthermore, a numerical model of the FM mode-locked fibre ring laser has 

also been developed to investigate the physical processes occurring inside the fibre 

cavity. The formation of mode-locked pulse in various conditions of the cavity has 

been numerically studied to demonstrate that indeed, short pulses generated from the 

FM mode-locked fibre laser system are chirped solitons. The model has also been 

used to reproduce all possible operations of the FM mode-locked fibre laser including 

the detuning effect in the experiment to demonstrate the validity of the model that will 

be used for the next chapters. 
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Chapter 4  

Multi-bound solitons 
 

 

4.1 INTRODUCTION 

Optical solitons have attracted considerable attention in research not only for their 

generation techniques but also for their propagation dynamics. The understanding of 

soliton dynamics is of much significance for soliton applications in communications 

and signal processing. Therefore, extensive studies on soliton interactions have been 

performed [1-9]. For practical dissipative systems such as mode-locked fibre lasers, 

the interaction between solitons can be theoretically described by the complex 

Ginzburg-Landau equation (CGLE) [91, 138-139] instead of the standard nonlinear 

Schrödinger equation, which is only valid in conservative systems. Hence the 

interaction of solitons described by the CGLE has attracted considerable attention in 

theoretical studies. Malomed [140-141] analysed the interaction of slightly 

overlapping CGLE solitons and firstly predicted about the formation of stable dual- 

and multipulse bound states of solitons. Then Akhmediev et al. [139] numerically 

investigated the interaction of the CGLE solitons by using two-dimensional phase 

space approach. They also found the stable solution of dual and multi-pulse bound 

solitons with a π/2 phase difference between them. These theoretical results opened a 

new research direction on states and dynamics of short pulses in the mode-locked 

fibre lasers. 
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It has taken one decade since Malomed’s prediction to experimentally 

demonstrate the existence of the bound solitons in the passively mode-locked fibre 

laser using NPR technique [29]. Then, bound solitons were also reported in a 

passively mode-locked fibre laser using NOLM [142]. Most numerical and 

experimental investigations on various operation modes and dynamics of bound 

solitons have been implemented in the passively mode-locked fibre lasers [29-32, 45, 

142-151]. However, there was an interesting question about the existence of bound 

solitons in actively mode-locked fibre lasers. The bound soliton pairs but not multi-

bound solitons with more than two solitons in bound states was experimentally 

observed for the first time in the actively FM mode-locked fibre laser [152]. Multi-

bound solitons can be considered as a special state in which many solitons bind 

together to form a stable bunch of solitons through effective interactions in specific 

propagation conditions. Unlike high-order solitons whose shapes vary periodically 

during propagation, multi-bound solitons can remain their parameters such as 

temporal separation and shape unchanged in the propagation condition. 

In this chapter, we will demonstrate the existence of multi-bound solitons with 

more than two solitons in bound states generated from the actively FM mode-locked 

fibre laser. The formation mechanism and the characteristics of multi-bound solitons 

are also described and discussed. 

4.2 BOUND SOLITONS IN PASSIVE MODE LOCKING 

4.2.1 Multi-pulsing operation 

Bound soliton states can be considered as one of the multiple soliton operation modes 

of the passively mode-locked fibre laser [153]. On the other hand, the formation of 
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bound solitons relates to multi-soliton operation and effective interactions between 

solitons inside the nonlinear fibre cavity. In strongly nonlinear regime of operation, 

passively mode-locked fibre lasers exhibit a multi-pulsing behaviour. The existence of 

multiple solitons in the cavity also refers to the soliton energy quantization effect 

which limits the peak power of solitons in specific conditions. Efforts have been 

achieved [32, 96, 154-156] to find mechanisms of multi-pulse formation that is 

important for optimization and design of passively soliton fibre lasers. 

There are three main mechanisms of multi-pulse formation that limit the peak 

power of the pulse circulating in the cavity: 

• The first mechanism relates to the pulse splitting due to the limited gain 

bandwidth [154]. Under highly nonlinearity due to strong pumping, the mode-

locked pulse is compressed by SPM effect so that its spectrum is broadened so 

wide that some frequency components can exceed limited bandwidth of the 

gain medium. Consequently, the pulse experiences higher extra loss of the 

cavity and splits into two pulses with wider pulse-widths or narrower spectral 

width to avoid this loss. 

• According to the above mechanism, a pulse would experience a compression 

process until its width is so narrow that to be split into two wider pulses. In 

conditions of the fibre laser; however, solitons are considerably chirped by 

SPM and the gain bandwidth limitation effect. A generation of sub-pulses 

from an initial pulse can occur because of strong chirping after a number of 

roundtrips [96]. These sub-pulses can keep growing to have the same width 

and amplitude. According to dissipative soliton theory [65, 95], this second 

mechanism of the multi-pulse generation can be also identified. Due to 
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dissipative nature of the fibre lasers, the dispersive waves are generated by 

shedding the energy of the soliton during circulating in the cavity. In a 

strongly pumped gain medium, a part of the dispersive waves acquires 

sufficient gain to grow and evolve into a new dissipative soliton with the width 

and amplitude specified by the fibre cavity parameters [156]. 

• The third mechanism of multi-pulsing is based on the cavity effect which 

relates to the transmittance of the cavity formed by NPR or NOLM. As 

explained in Chapter 2 (Section 2.3.2), the transmittance of the fibre cavity in 

both techniques using NPR and NOLM is a sinusoidal function of the 

nonlinear phase delay. Thus there are two distinct regimes of operation in a 

period of the transmittance curve (see Figure 2-1). In the first half, the 

transmittance increases with increasing intensity. While the transmittance 

decreases with increasing intensity in the second half. The maximum of the 

transmittance curve is also the transition point between two regimes. For mode 

locking, the cavity operates in the first regime due to the characteristic of 

saturable absorption [112]. When the nonlinear phase delay is sufficient in 

soliton operation of the fibre laser, the cavity can be dynamically switched 

from the saturable absorption mode to the saturable amplification mode that 

limits the peak of solitons generated inside the cavity [136]. For NPR 

technique, the switching point between two modes can be adjusted by 

changing the setting of polarization controllers to change the linear phase 

delay. As a result of the cavity feedback, the peak power of soliton is limited 

which is responsible for the multi-pulse operation in the cavity [153]. 
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4.2.2 Bound states in a passively mode-locked fibre ring 

Although multi-pulsing operation was experimentally observed in early 1990s [157-

158], it was only in 2001 that the bound state of solitons was confirmed 

experimentally on soliton formation in a passively mode-locked fibre laser using NPR 

technique [29]. This observation started to stimulate research interest in new states of 

solitons in the mode-locked fibres. Grelu et al. [31, 144] then has also reported the 

experimental observation of two, three and multi-bound solitons with the separation 

between adjacent pulses varying from case to case. By using a strictly dispersion 

managed fibre cavity, multi-pulse solitons can be formed with a fixed pulse separation 

[150]. In the bound state, the multi-pulse bound solitons function as a unit and they 

also behave similar to a single soliton in the cavity such as forming states of bound 

multi-pulse solitons or period-doubled, period-quadrupled and chaotic states [32]. The 

investigation of bound solitons was extended in fibre lasers operating in large normal 

cavity dispersion regimes where the pulse shape is parabolic rather than hyperbolic 

secant [159]. Besides, bound soliton pairs were also observed in dispersion 

imbalanced – nonlinear optical loop mirror (DI-NOLM) figure-8 fibre lasers [143]. 

The research efforts on bound solitons are still in progress and the latest report has 

shown the observation of bound state of 350 pulses or a “soliton crystal” in a NPR 

mode-locked fibre laser; a record in number of pulses in bound state [160]. 

The formation of bound states following the pulse splitting process in passive 

mode locking can be affected by various interaction mechanisms among solitons 

inside the cavity. Depending on the setup of the fibre laser, one or more than one 

interaction mechanisms become stronger than the others and determine the formation 

and the dynamics of bound solitons. In passively mode-locked fibre lasers, there are a 
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variety of possible interaction mechanisms that relate to different modes of bound 

solitons as follows: 

- Gain depletion and recovery [161]: The interaction between pulses with the 

transient depletion and recovery dynamics of the gain medium. The pulses 

effectively repel each other due to a group velocity drift caused by the time-

dependent gain depletion acting in conjunction with the gain recovery. This 

mechanism is significant in stabilization of pulse spacing in harmonic mode 

locking. 

- Acoustic effect and electrostriction [162]: Due to the intense electric field, the 

pulses can distort the fibre material to generate acoustic waves during 

propagation of the next pulse. This electrostriction induces a small frequency 

shift between pulses that leads to an effective attraction. 

- CW component – soliton interaction: In some given settings of the passively 

mode-locked fibre laser using NPR, a CW component can coexist with the 

solitons in the cavity. It has been experimentally shown that the CW 

component causes the central frequency shift in each soliton [147]. When the 

CW component becomes unstable, solitons acquire different frequency shifts 

which result in their various relative velocities in the cavity. This interaction is 

also responsible for motion mode and harmonic mode locking in passively 

mode locked lasers [163]. 

- Soliton-soliton interaction [60]: This direct interaction between solitons is 

from the nature of fundamental solitons which can attract or repel each other 

depending on their relative phases. A repulsive force appears between solitons 

when their phase difference is π/2 or higher, while an attraction occurs 
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between in-phase solitons. In general, this interaction is considerably effective 

only when the solitons is sufficiently close together. 

- Soliton-dispersive wave interaction: During circulating in the cavity, solitons 

radiate dispersive waves or continuum due to periodically varying 

perturbations of the cavity such as losses, bandwidth limited gain [60]. The 

dispersive waves create a local interaction which can generate an attractive or 

repulsive force between solitons [164-165] 

When solitons interact together through these mechanisms, different bound 

states can be formed inside the fibre cavity. Depending on the strength of binding 

between solitons, bound solitons can be classified into two basic types [45]: loosely 

and tightly bound solitons. For the former type, solitons are often bound together into 

a bunch of solitons with the temporal separation between pulses which is much larger 

than their pulse width. Therefore the loosely bound solitons have weak binding energy 

and they would be easily destroyed by environmental perturbations [148, 166]. Due to 

wide separation between solitons, the long-range interactions such as two first 

mechanisms play a dominant role in formation of loosely bound solitons. Self-

stabilization of this state can be achieved by the balanced interplay between these 

mechanisms [167]. 

For tightly bound solitons, two last mechanisms play a major role in formation 

of bound states. Because solitons in this type are closely separated, the local 

interactions are attributed to the binding energy between solitons which determines 

characteristics and dynamics of bound solitons. It has been shown that the direct 

soliton interaction mainly contributes to the formation of tightly bound solitons with 

discrete fixed separations [150]. It should be noted that pulses formed in the fibre 
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lasers are often chirped solitons, so the direct interaction among them is not like that 

of standard unchirped solitons. Therefore, the overlap of oscillating tails of solitons 

results in an effective binding between them to obtain a stable bound state. However, 

it was believed that the dispersive wave-soliton interaction also affects to the state to 

generate various dynamics of bound solitons [165]. Due to strong binding energy, the 

tightly bound soliton behaves as a unit and exhibits all features of single soliton pulse 

such as collision, harmonic mode locking, and evenly bound state. 

Summarily, all various interactions among solitons always coexist in the 

passive mode-locked fibre laser, however only one or two of them play a key role in 

formation and characteristic of bound solitons. And existence of other interactions 

also contributes to the dynamics of bound states. In other words, the bound soliton is 

only one of multi-pulse operations in specific conditions of the cavity settings.  

4.3 BOUND SOLITONS IN ACTIVE MODE LOCKING 

4.3.1 Multi-bound solitons condition 

In active mode locking, although the multi-pulsing operation is harder than that in 

passive mode locking due to higher loss of the cavity, it still occurs under strong 

pumping mode of the gain medium. Mechanisms of pulse splitting in active mode 

locking are also similar to the mechanisms described in passive mode locking [153, 

156]. However the width of pulse in active mode locking is much wider than that in 

passive mode locking, the contribution of the limited bandwidth of the gain medium 

in the peak power limiting effect is negligible except either a band-pass filter inserted 

into the ring or an intrinsically filtering effect from the ring cavity narrow sufficiently 

the gain bandwidth. Therefore splitting of a single pulse into multi pulses only occurs 
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in an actively fibre cavity when the power in the fibre ring increases above a certain 

mode locking threshold. At higher power, higher order solitons can be excited and in 

addition the accumulated nonlinear phase shift in the loop can be so high that a single 

pulse breaks up into many pulses [96, 157]. The number of pulses depends on the 

optical power in the ring, so there is a specific range of power for each splitting level. 

The fluctuation of pulses may occur at region of power where there is a transition 

from the lower splitting level to the higher. Moreover, the chirping caused by phase 

modulator in the loop also makes the process of pulse conversion from a chirped 

single pulse into multi-pulses taking place more easily [168-169]. In hybrid mode-

locked fibre lasers using NPR for pulse shaping, the peak power limiting effect is 

caused by the additive pulse limiting (APL) effect [136]. By a proper setting of the 

cavity parameters, the cavity can be switched from additive-pulse mode locking 

(APM) regime to APL regime that can clamp the peak of solitons at a certain level. 

Because the pulse splitting only occurs at specific positions around the loss 

minima of the modulation curve in the cavity, the split pulses are closely separated 

and the tightly bound states are supposed to be the only mode existing in the actively 

mode-locked fibre lasers. Hence there are effective interactions among these pulses to 

stabilize the multi-bound states in the cavity, in other word, the multi-bound solitons 

are formed and stabilized by the balanced interplay between these interactions. The 

direct soliton interaction, which is influenced by the relative phase difference of the 

carrier under the envelope of adjacent pulses, is believed to contribute significantly in 

formation of bound solitons. However, for a actively FM mode locked fibre laser, 

another interaction among pulses needs to be considered due to the linear chirping 

caused by active phase modulation. Particularly, the multi-bound soliton sequence is 
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only stably formed at the up-chirping half-cycle in the case of an anomalous path-

averaged dispersion fibre ring [53]. On the other hand the bound soliton pulses should 

be symmetrically distributed around the extreme of the positive phase modulation 

half-cycle where the pulses acquire up-chirping as described in Figure 4-1. Thus the 

group velocity of the lightwave, induced by anomalous dispersion, contained within 

the first pulse of the soliton bunch is decreased after passing through the phase 

modulator; while the last pulse of the bunch receives opposite effect, which is 

enhancement of group velocity [152, 170]. The variation of the group velocity 

between pulses creates an attractive force that pulls them to the extreme of modulation 

half-cycle similar to the jittering control in soliton transmission systems [170-172]. 

Thus another interaction between the solitons is required to balance the effective 

attraction by linear chirping and it is the direct soliton interaction. A repulsive force 

which is sufficient enough to balance with the effective attractive force appears only 

in case of the π phase difference between adjacent pulses [173-175]. For other phase 

differences, there is an energy exchange or an attraction between pulses that possibly 

do not conform to a stable multi-bound pulse sequence. Thus we can generate the 

multi-soliton bound states using an appropriate phase modulation profile that can even 

be the high order harmonics of the modulation frequency. Therefore, in a specific 

mode-locked fibre laser setup, beside the optical power level and net dispersion of the 

fibre cavity, the modulator-induced chirp or the phase modulation index determine not 

only the pulse width but also the temporal separation of bound-soliton pulses at which 

the interactive effects cancel each other. 
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Figure 4-1 Effective interactions in multi-bound solitons (a) Dual-soliton bound state, and (b) Triple-

soliton bound state. 

The presence of a phase modulator in the cavity to balance the effective 

interactions among bound-soliton pulses is similar to the use of this device in a long 

haul soliton transmission system to reduce the timing jitter or to suppress soliton 

interactions [170-172], for this reason the simple perturbation theory can be applied to 

understand the role of phase modulation on mechanism of multi-bound solitons 

formation. The field of a multi-soliton bound state can be described as following: 

1
( , )

N

bs i
i

u u z t
=

=∑         (4-1) 

and  { }0sech ( ) / exp( )i i i i iu A t T T j j tθ ω= − −     (4-2) 

where N is number of solitons in the bound state, T0 is pulse width of soliton and Ai, 

Ti, θi, ωi represent the amplitude, position, phase and frequency of soliton 

respectively. In the simplest case of multi-soliton bound state, N equals 2 or we 

consider the dual-soliton bound state with the identical amplitude of pulse and the 

phase difference of π value (Δθ = θi+1 - θi = π), the ordinary differential equations for 

the frequency difference and the pulse separation can be derived by using the 

perturbation method [170] 
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where β2 is the averaged group-velocity dispersion of the fibre loop, ΔT is pulse 

separation between two adjacent solitons (Ti+1 – Ti = ΔT) and 2 (2 )m m cm Lα ω= , Lc is 

the total length of the ring, m is the phase modulation index, ωm is the angular 

modulation frequency. Eqs. (4-3) and (4-4) show the evolution of frequency 

difference and position of bound solitons in the fibre ring in which the first term on 

the right hand side represents the accumulated frequency difference of two adjacent 

pulses during a round trip of the fibre ring and the second one represents the relative 

frequency difference of these pulses when passing through the phase modulator. In the 

steady state, the pulse separation is constant and the induced frequency differences 

cancel each other. On the other hand, if setting Eq. (4-3) to zero we have 
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We can see from (4-5) the effect of phase modulation to the pulse separation 

and β2 and αm must have opposite signs which mean that in an anomalous dispersion 

fibre ring with negative value of β2, the pulses should be up chirped. With a specific 

setup of the actively FM fibre laser, when the magnitude of chirping increases, the 

bound pulse separation decreases subsequently. The pulse width also reduces 

according to the increase in the phase modulation index and modulation frequency, so 

that the ratio ΔT/T0 can change not much. Thus, the binding of solitons in the FM 

mode-locked fibre laser is assisted by the phase modulator. Bound solitons in the ring 
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experience periodically the frequency shift and hence their velocity in response to 

changes in their temporal positions by the interactive forces in equilibrium state. 

In principle, thus multi-bound solitons can be also generated in any actively 

mode-locked fibre laser including amplitude mode locking with an appropriate 

frequency chirping in the cavity. Controllability of linear chirping in the amplitude 

modulator is hence required in order to maintain a balance in steady state. Moreover, 

a frequency shifting facilitates a pulse splitting due to broadening the pulse spectrum 

in a limited gain bandwidth [169]. 

4.4 GENERATION OF MULTI-BOUND SOLITONS IN ACTIVELY FM 

MODE-LOCKED FIBER LASER 

4.4.1 Experimental setup 

An actively FM-MLFRL which is similar to that described details in Chapter 3 has 

been setup to generate multi-bound solitons. Initially, we used the experimental setup 

of the FM mode-locked fibre laser as shown in Figure 4-2(a). Because the EDFA in 

this setup has low gain and saturated power that was insufficient for multi-pulse 

operation, hence two EDFAs with 12 dBm maximum output were used for the 

experiment of multi-bound soliton generation [176]. However this setup was limited 

in its number of bound solitons due to the limitation of the saturation power of the 

EDFA. Moreover, the ASE noise was enhanced by the presence of two EDFAs in the 

ring that degraded the performance of the bound solitons. Therefore the setup 

described in Chapter 3 for the generation of asingle-soliton train is used (See Figure 

3-1). The experimental setup of the actively FM-MLFRL for generation of multi-

bound solitons is shown again in Figure 4-2(b). In this setup, only one EDFA with 

higher gain and maximum saturated power of 17 dBm is used. The modulation 
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frequency of about 1 GHz is selected to generate the bound solitons. The output is 

characterized to estimate the performance of the bound states by the instruments HP-

70952B for optical spectrum measurement, an Agilent DCA-J 86100C with optical 

bandwidth of 65 GHz for waveform measurement and a FS315 for RF spectrum 

measurement (see Chapter 3 for more details). 

       

Figure 4-2 The experimental setups for multi-bound soliton generation (a) using two EDFA with low 

gain and saturated power, (b) using one EDFA with high gain and saturated power. 

4.4.2 Results and discussion 

In the initial setup, the generation of multi-bound solitons in the active MLFL has 

been achieved [176], yet the number of bound solitons was limited up to the 

quadruple state due to the limitation of the saturated power of the EDFA. In the next 

setup, we have extended the experimental investigation with the bound states of up to 

the 6th order. By adjusting the polarization states together with the total stored optical 

power in the cavity, the multi-soliton bound states are obtained as shown in Figure 

4-3. When the average optical power is increased to a certain level, the bound states 

are correspondingly switched to higher order states with larger number of solitons. A 

slight adjustment of polarization controller is necessary to stabilize the bound states. 

EDFA

EDFA 
PM PC

Coupler 90/10 

OSA

Signal 
generator 

Oscilloscope

SM
F-28 EDFA 

PM PC 

Coupler 90/10 

OSA

Signal 
generator 

Oscilloscope

SM
F-28 



 92

Figure 4-3(a)-(e) shows the traces and spectra of the lowest to highest order bound 

states, the sextuple-soliton bound state. The significant advantage of the active fibre 

laser is the ease of generation of multi-soliton bound sequence at moderately high 

modulation frequency as shown in Figure 4-4. 

     

  

   

Figure 4-3 Oscilloscope traces (1) and optical spectra (2) of (a) dual-soliton, (b) triple-soliton, (c) 

quadruple-soliton, (d) quintuple-soliton and (e) sextuple-soliton bound states. 
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Figure 4-3 Continued. 

 

Figure 4-4 Time-domain oscilloscope traces  of  (a) triple-soliton,and (b) quadruple-soliton sequence at 

modulation frequency ~ 1GHz. 
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bound states is also confirmed through the shapes of modulated optical spectra as 

compared to the conventional spectrum of the single soliton state. When the multi-

bound states appear after the optical power in the cavity is increased to an appropriate 

level, there is a sudden change of the optical spectrum. The symmetry of spectra in 

Figure 4-3(a2)-(e2) indicates a relative phase difference of π between two adjacent 

bound solitons. The dashed-dot lines show the envelope of modulated spectra that 

correspond to the spectrum of a single soliton pulse. The suppression of the carrier at 

the centre of the pass-band spectrum further confirms the π phase difference between 

adjacent pulses, especially the pair of the dual-bound solitons. The distance between 

the two spectral main lobes is exactly correlated to the temporal separation between 

two adjacent pulses in time domain. The specific shape of spectrum depends on 

number of solitons in the bound states which can be odd or even. In the case of even-

soliton bound states such as dual-soliton and quadruple-soliton bound states there is 

always a dip at the centre of spectrum, while there is a small hump in the case of odd-

soliton bound state such as triple-soliton bound state and quintuple-soliton bound 

state. The small hump at centre of spectrum is formed by interaction between next 

neighbouring pulses which are in-phase in bound states. This is similar to the case for 

quadrature phase shift keying modulation format which is well known in the field of 

digital communications [177]. When the phase difference moves away from π value, 

the modulation and symmetry of spectrum vary accordingly. For the sextuple-soliton 

bound state, its spectrum is weakly modulated due to the variation of phase difference 

induced by ASE noise. The change in relative phase locking influences to the 

interaction of adjacent pulses or the performance of bound soliton output as in Figure 

4-3(e). 
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Figure 4-5 The variation of the characteristics with the number of solitons in the bound states (a) 

pulsewidth and temporal separation, (b) ratio between pulsewidth and separation, (c) peak power, (d) 

corresponding average power of the cavity. 

All the important measurements of the multi-bound solitons are summarised in 

Figure 4-5, which plots the average values of the pulsewidth (τ ), the time separation 

between pulses (Δτ), the maximum peak power of a soliton pulse (P0) and average 

optical power ( P ) inside the fibre ring against the number of bound solitons. Figure 

4-5(a) shows the variation of the pulsewidth decreasing with respect to the increase in 

number of pulses in bound states. This is due to pulse compression effect, the self 

phase modulation, enhanced by higher optical power level in the cavity at higher 

order bound states. Whilst the temporal separation between pulses in the multi-bound 

state also accordingly decreases to remain a ratio between separation and pulsewidth 
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nearly unchanged which is approximately three as shown in Figure 4-5(b). The onset 

power level of the energy stored in the ring is 7.5, 12, 17, 30 and 40 mW for the 

generation of dual, triple, quadruple, quintuple and sextuple states respectively. 

   

Figure 4-6 Time traces of dual-bound solitons in rational harmonic mode locking schemes: (a) the 

second order rational harmonic (~2GHz), (b) the third order rational harmonic (~3GHz). 

Similar to a single-soliton state, rational harmonic mode locking of multi-

bound solitons can be also obtained. Figure 4-6 shows the time traces of dual- and 

triple-bound solitons at the second and third rational harmonic mode locking after 

increasing properly the intra-cavity saturated power as well as the RF input power to 

enhance the second harmonic of modulation frequency. With an appropriate phase 

modulation profile which is formed by detuning amount of ±fc/2, the multi-bound 

solitons in rational harmonic mode locking are generated in the same interaction 

mechanism with the same characteristic as those in the conventional harmonic mode-

locking. However the temporal separation between solitons in this case is smaller than 

that in conventional harmonic mode locking due to higher chirp rate of higher order 

harmonics of modulation frequency. Thus, the multi-bound solitons can exist in 

various regimes of operation similar to the conventional single pulse mode. 
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When the higher order bound solitons operate at higher power level, they are 

more sensitive to the change in polarization state even multi-wavelength operation can 

occur [178-180]. This effect is disadvantageous to the multi-bound soliton operation 

due to the reduction of energy of the operating wavelength from other excited 

wavelengths [179]. On the other hand, higher order bound solitons are more sensitive 

to fluctuations of the environmental condition. In experimental conditions, these 

polarization effects are usually controlled by a polarization controller [134-135], 

especially at the input of integrated optical modulator so as only one polarized state 

can be normally preferred through the modulator and hence the forcing of the 

matching condition of this polarized state. Moreover, the increase in saturated power 

in the fibre cavity allows generation of higher order bound soliton states, yet the ASE 

noise is also enhanced under strong pumping scheme in the EDFAs [181]. If the phase 

noise induced by ASE noise is sufficient, it affects not only to the phase matching 

conditions of the fibre ring but also to the phase locking between adjacent pulses as 

discussed above. Figure 4-7 shows the RF spectra of the dual- and quadruple-bound 

soliton trains to estimate the stability of the multi-bound soliton train. From the results 

of RF spectrum analysis, the SMSR is higher 45 dB for the dual-bound soliton, but it 

is reduced to 40 dB for the quadruple-bound soliton. Obviously, there are more 

fluctuations in higher order bound states or they are more sensitive to the 

environmental conditions. However there are small fluctuations in amplitude and 

temporal position of the solitons in the bound states as indicated by a broadening of 

the spectral line in insets of Figure 4-7. In the experiment, it has been found that the 

tuning of polarization controller becomes harder to obtain a stable bound state when 

number of solitons in the bound state is larger. 
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Figure 4-7 The RF spectra of the dual-bound soliton (a&b), and (c&d) the quadruple-bound soliton in 

spans of 10 MHz and 10 kHz. 

    

Figure 4-8 Time traces of the unstable pulse at the optical power levels of (a) quadruple-bound and (b) 

quintuple-bound solitons respectively. 

Although the EO phase modulator plays a key role as a mode locker in our 
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polarization dependent mechanisms such as polarization dependent loss (PDL) and 

polarization dependent gain (PDG) are enhanced due to the phase modulator is also a 

polarizing element [182-183]. Hence the variation of the polarization state, which can 

be caused by fluctuations of the environmental condition, changes the total loss or the 

gain of the cavity which affects to the shaping, the formation as well as the parameters 

of multi-bound solitons. We have found that a stable of multi-bound state is only 

obtained by proper polarization settings. If changing setting of the polarization 

controller, beside the stable multi-bound states observed above, a unstable pulse 

regime has been obtained. Figure 4-8 shows the time traces of the noisy pulses at the 

power levels of the quadruple- and quintuple-bound solitons respectively. Although 

the pulses cannot be resolved in the traces, the widths of these pulses are exactly the 

same width as the bunch of corresponding bound solitons. This regime seems to be 

multi-pulsing operation but unstable. Optical spectra of these states are slightly 

modulated and varied similar to Figure 4-3(e2). The pulses in the bunch, which might 

be in phase, move and even collide together or oscillate very fast around the extreme 

of the modulation cycle. As a result the pulses cannot be clearly isolated in the bunch. 

Therefore, the traces of these states on oscilloscope are seen like noisy waveforms. 

Different from passively mode-locked fibre lasers, the active phase 

modulation contributes significantly to the formation and the stability of multi-bound 

soliton states. Figure 4-9 shows experimental results of the influence of chirping, 

which is directly proportional to phase modulation index, on temporal separation 

between adjacent pulses at different bound states. The phase modulation index is 

calculated from the driving voltage level of the phase modulator. When the chirp rate 

increases, the relative variation of group velocity between adjacent pulses is 
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enhanced. Thus the increase in frequency chirping reduces the temporal separation 

which is necessary to keep the frequency shift between these pulses unchanged in the 

cavity with a specific average dispersion. The decrease in time separation in 

experimental results show a nearly linear function of the phase modulation index that 

should be an exponential function as shown in (4-5). This can be due to the small 

range of the phase modulation index. In addition, because the pulse width of the 

triple-bound soliton is narrower that of the dual-bound soliton, the pulses acquire a 

smaller chirp that results in the lower rate of decrease in the time separation in the 

triple-bound soliton as seen in Figure 4-9. 
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Figure 4-9 Variation of time-separation of dual and triple bound soliton states with respect to the phase 

modulation index. (Lines are linear fits). 
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4.4.3 Simulation 

4.4.3.1 The formation of multi-soliton bound states 

To understand the operation of multi-bound solitons in the actively FM mode-locked 

fibre laser, we have numerically investigated the process of multi-bound soliton 

generation in the FM-MLFRL by using the numerical simulation model developed in 

Chapter 3 for actively FM mode-locked fibre laser. Firstly, we have simulated the 

formation process of bound states in the FM mode-locked fibre laser whose main 

parameters are shown in Table 4-1. The lengths of the active fibre and passive fibre 

are chosen to get the cavity’s average dispersion 2β = -10.7 ps2/km. Figure 4-10 

shows a simulated dual-soliton bound state building up from initial Gaussian-

distributed noise as an input seed over the first 2000 round-trips with Psat value of 8 

dBm and g0 of 0.36 m-1. The built-up pulse experiences transitions with large 

fluctuations of intensity, position and pulse width during the first 1000 roundtrips 

before formation of the bound soliton state. Figure 4-10 (b&c) shows the time 

waveform and spectrum of the output signal at the 2000th round trip. 

Table 4-1 Simulation parameters of the multi-bound soliton formation 

SMF
2β = -21 ps2/km, 

γSMF = 0.0019 W-1/m, 

αSMF = 0.2 dB/km 

LSMF = 80 m 

LEDF = 10 m 

ErF
2β = 6.43 ps2/km, 

γEDF = 0.003 W-1/m, 

αEDF = 0.5 dB/km 

Psat = 8-14 dBm, 

g0 = 0.35-0.45 m-1, NF = 5 dB 

Δωg = 16 nm, 

fm ≈ 1GHz, 

m = π/3 

λ = 1559 nm 

lcav = 11 dB 
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Figure 4-10 (a) Numerically simulated evolution of the dual-soliton bound state formation from noise, 

(b) The waveform, (c) the spectrum, and (d) the phase at the 2000th roundtrip. 

(a)

(b)

(c)

(d)



 103

-200 -100 0 100 200
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

Time (ps)

In
te

ns
ity

 (a
.u

)

-4 -3 -2 -1 0 1 2 3 4

-110

-100

-90

-80

-70

-60

-50

-40

-30

-20

-10

0

Bandwidth (nm)

Po
w

er
 s

pe
ct

ra
l d

en
si

ty
 (a

.u
)

-50 0 50
100

101

102

103

104

105

106

107

108

Time (ps)

P
ha

se
 (r

ad
)

 

Figure 4-11 (a) Numerically simulated evolution of the triple-soliton bound state formation from noise, 

(b) The waveform, (c) the spectrum, and (d) the phase at the 5000th roundtrip. 
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The bound states with higher number of pulses can be formed at higher gain of 

the cavity, hence when the Psat and unsaturated gain g0 are increased to 11 dBm and 

0.38 m-1 respectively, which is enhancing the average optical power in the ring, the 

triple-soliton bound steady-state is formed from the noise seeded via simulation as 

shown in Figure 4-11. In the case of higher optical power, the fluctuation of signal at 

initial transitions is stronger and it needs more round trips to reach to a more stable 

triple-bound state. The waveform and spectrum of the output signal from the FM 

mode-locked fibre laser at the 5000th round trip are shown in the Figure 4-11 (b) & (c) 

respectively. 

Although the amplitudes of the pulses are not equal, indicating the bound state 

can require a larger number of round trips before the effects in the ring balance, the 

phase difference of pulses accumulated during circulating in the fibre loop is 

approximately π, which is indicated by strongly-modulated spectra. In particular from 

the simulation result, the phase difference between adjacent pulses is 0.98π in case of 

the dual-pulse bound state and 0.89π in case of the triple-pulse bound state. These 

simulation results reproduce the experimental results (shown in Figure 4-10(d) & 

Figure 4-11(d)) discussed above to confirm the existence of multi-soliton bound states 

in a FM mode-locked fibre laser. 

The cavity requires higher gain to form multi-bound states than that in stable 

or steady states. By adjusting the parameters of gain medium after multi-pulse state 

formed in the cavity, stable multi-bound soliton states can be generated after at least 

10000 round trips. Figure 4-11(a) shows the contour of the dual-bound soliton 

formation in 10000 round trips of the ring cavity. In this simulation, the gain factor is 

reduced from 0.37 m-1 to 0.35 m-1 at the 2000th roundtrip (the dash line). In the first 
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2000 round trips, the dual-bound soliton is formed, yet unstable with strong 

fluctuation of the peak power. Then the fluctuation is reduced by the reduction of gain 

factor and the generated dual-bound soliton converges to stable state after 10000 

round trips as shown in Figure 4-11(b). Figure 4-11 (c) and (d) shows the waveform 

and the phase of the output at the 10000th round trip. Similarly, the parameters of gain 

medium are also adjusted to obtain stable higher order multi-bound solitons. Figure 

4-12 and Figure 4-13 show the simulated results of the triple-bound soliton and the 

quadruple-bound soliton formation processes respectively. For the triple-bound 

soliton, the gain factors are kept the same values as those in case of the dual-bound 

soliton, but the saturated power Psat is increased to 11 dBm instead of 8 dBm. A 

variation of peak power and evolution of the triple-bound soliton formation with the 

gain switching at the 2000th round trip are shown in Figure 4-13(a) and (b). For the 

quadruple-bound soliton, both the initial gain and adjusted gain factors are increased 

to higher values which are 0.4 m-1 and 0.377 m-1 respectively at the Psat of 11 dBm. 

Figure 4-13 (b) shows a damping of the peak power variation after the gain 

adjustment to reach to a stable triple-bound soliton state, however the peak power of 

the quadruple-bound soliton still oscillates evenly after 10000 round trips as seen in 

Figure 4-14 (b). Thus it indicates a more sensitivity of the higher order multi-bound 

soliton to the operating condition. The sensitivity also exhibits through the uniform of 

pulse intensity in the bound state and the relative phase difference which is decreased 

from π in the dual-bound soliton to 0.87π in the quadruple-bound soliton as shown in 

Figure 4-12(c)-(d), Figure 4-13(c)-(d) and Figure 4-14(c)-(d). 
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Figure 4-12 (a) Contour plot of simulated evolution of the dual-soliton bound state formation from 

noise, and (b) variation of the peak power with the gain switching at the 2000th round trip, (c) the 

waveform (Inset: the corresponding spectrum), and (d) the phase at the 10000th roundtrip. 
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Figure 4-13 (a) Contour plot of simulated evolution of the triple-soliton bound state formation from 

noise, and (b) Variation of the peak power with the gain switching at the 2000th round trip, (c) The 

waveform (Inset: the corresponding spectrum), and (d) the phase at the 10000th roundtrip. 
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We note that a stable multi-bound soliton is difficult to be formed in the cavity 

without the adjustment of the gain parameters. With the high gain, the multi-bound 

soliton can be generated but unstable or becomes a quasi-stable with a periodic 

variation of soliton parameters in bound state. With the low gain, the nonlinear phase 

shift is not sufficient to generate desirable higher order multi-pulse state, while it is 

too strong for stable lower order multi-bound state. Different from passive mode 

locking, the pulse splitting in our system is caused by the excitation of higher order 

soliton and nonlinear chirping rather than an energy quantization mechanism. 
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Figure 4-14 (a) Contour plot of simulated evolution of the quadruple-soliton bound state formation 

from noise, and (b) Variation of the peak power with the gain switching at the 3000th round trip, (c) 

The waveform (Inset: the corresponding spectrum), and (d) the phase at the 10000th roundtrip. 
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4.4.3.2 Evolution of the bound soliton states in a FM fibre loop 

Obviously, multi-bound solitons can be stably generated in the phase modulated fibre 

cavity. On the other hand, bound solitons with the relative difference of π given by 

(4-1)-(4-2) are considered as a stable solution of the actively FM mode-locked fibre 

laser. By using the multi-soliton waveform in (4-1)-(4-2) as input, we have simulated 

the stability of multi-bound solitons in the active FM mode-locked fibre laser. Figure 

4-15 shows the evolutions over 2000 roundtrips of the dual- and triple-bound solitons 

in the cavity. Because the bound solitons are really chirped pulses, while the input in 

simulation is unchirped, there is a damping oscillation of bound solitons in the initial 

stage that is considered as a transition of solitons to adjust their own parameters to 

match to the parameters of the cavity. However the multi-bound solitons easily reach 

a stable state after only a few hundred round trips.  

  

Figure 4-15 Evolution of (a) dual-bound soliton and (b) triple-bound soliton with a relative phase 

difference of π in the FM fibre ring cavity. 

Simulation results on characteristics of multi-bound solitons after 5000 

roundtrips are also shown in Figure 4-5 for comparison by using the experimental 

parameters of multi-bound solitons as the initial parameters. Generally, the simulated 
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there are discrepancies of the peak and average power levels between the simulated 

and experimental pulses, especially at higher order soliton bound states. The level of 

discrepancy varies from 0.1 dB to 3 dB for peak power of 1000 to 1800 mW 

respectively. While the experimental results show a nearly linear dependence of the 

peak power on the order of bound state, the simulation results show an exponential 

variation. Hence there is also a difference of average power of the cavity between 

them. However both sets of results indicate an exponential dependence of the cavity 

average power on the order of bound soliton state. There are some reasons taking into 

account the discrepancy as follows: Firstly, the parameters of the fibre cavity used in 

the simulation is not totally matched to those in our experiment; Secondly, when the 

real pulse width at higher order bound soliton state is narrower, the accuracy in the 

pulse width measured on the oscilloscope is reduced, although the influence of rise-

time of the oscilloscope was considered in estimation. Furthermore, the variation of 

the polarization state becomes stronger at higher power level of the cavity that also 

increases the error in the power measurement. Hence the error between simulation and 

experimental results increases at higher order of the soliton bound state. 

In addition, the higher order multi-bound soliton is more sensitive to the cavity 

parameter settings. Figure 4-16(a) shows an unstable state evolving in the FM fibre 

ring cavity. Multiple pulses are generated in the cavity, yet it is difficult to acquire the 

phase difference of π and uniform between pulses. In other words, the balance in the 

effective interaction between pulses is difficult to be achieved, the pulses can 

therefore collide and vary rapidly in both amplitude and time position. However this 

rapid variation only occurs in a limited time window around the extreme of the 

modulation cycle as indicated by the dash lines in Figure 4-16(b). By taking average 
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over last 2000 round trips, the waveform and its spectrum, which can be represented 

for a dynamical state, are shown in Figure 4-16(c) and (d) respectively. The wave 

form which is like a noisy pulse and the spectrum which is slightly modulated are 

similar to what is observed in the experiment (see Figure 4-8). 
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Figure 4-16 (a) Simulated evolution of multi-bound soliton in unstable condition over 5000 round trips, 

(b) Contour plot view of the evolution, (c) The waveform, and (d) corresponding spectrum averaged 

over last 2000 round trips. 

4.5 RELATIVE PHASE DIFFERENCE OF MULTI-BOUND SOLITONS 

4.5.1 Interferometer measurement and experimental setup 

The relative phase difference plays a key factor in stability as well as determination of 

various modes of the bound soliton states. For passive mode locking, although the 

relative phase between the bound solitons of π has been confirmed in some 

(a) (b)

(c) (d)
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experimental works [143, 146], other relative phases have been also demonstrated 

[31, 143, 145]. The relative phase difference is of importance in determination of 

dynamics of the bound solitons in the fibre laser system. In particular, the bound 

solitons with π/2 phase difference can collide either elastically or inelastically with a 

single soliton depending on its initial phase [144]. On the other hand, the bound 

solitons can change their relative phase when the setting of the cavity change.  

 

Figure 4-17 A description of two possibilities of phase difference between neighbouring pulses (a) 

Solitons between neighbouring bunches are in phase, (b) Solitons between neighbouring bunches are 

out of phase. 

In contrast to passive mode locking, only the bound solitons with a π phase 

difference are generated stably in the actively mode-locked fibre laser system. This 

has been confirmed by their symmetrically modulated spectra (See Figure 4-3). In 

each bunch of bound solitons, adjacent pulses are out of phase to form a stable bound 

state through the balanced interplay of effective interactions. However, if the multi-

bound soliton is considered as a unit like single pulse state, there might be two 

possibilities of the multi-bound soliton trains: one in which solitons between 

neighbouring bunches are in phase and another in which solitons between 

neighbouring bunches are out of phase as described in Figure 4-17. On other hand, 
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there may be a phase inversion between bunches of bound solitons. To check the 

dynamics of the relative phase difference in multi-bound soliton train which is 

impossible to be identified through the optical spectrum measurement, an 

interferometer measurement has been proposed and implemented. Figure 4-18 shows 

the schematic of the measurement based on an asymmetrical Mach-Zehnder fibre 

interferometer (MZI). The intensities of the interference patterns at two output ports 

of the asymmetrical MZI can be given by 

2 21' 1' 21 1
2 2( ) ( )out in in dI E j E t E t T= = + −     (4-6) 

2 22' 2' 1 1
2 2( ) ( )out in in dI E jE t jE t T= = + −     (4-7) 

where Ein is the input field of the MZI which is the field of multi-bound soliton train, 

Td is the variable time delay between two arms. Depending on adjustment of the time 

delay, the pulses of two multi-bound solitons on two arms would interfere 

constructively or destructively over the overlapped positions at the output coupler.  

 

Figure 4-18 Experimental setup and principle of the interferometer measurement 

MZI – Mach-Zehnder fibre interferometer
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Figure 4-19 Calculated patterns of the triple-bound solitons overlapped over two pulses at two outputs 

of MZI (a) Constructive interference, and (b) Destructive interference. 

Thus if there is no dynamically phase inversion between bunches of bound solitons or 

the phase difference of ±π between multi-bound solitons keeps unchanged, the 

interference patterns of two outputs would be fixed and contrary to each other when 

the multi-bound solitons between two arms are overlapped over one or two pulses. In 

case of the triple-bound solitons as an example, the calculated patterns of constructive 

and destructive interferences with two overlapped pulses at the outputs are shown in 

Figure 4-19. On the contrary, the interference patterns are dynamically varied between 

two output ports depending on the phase states of multi-bound solitons between two 

arms. 

In the experimental setup as shown in Figure 4-18, the asymmetric fiber 

interferometer is built by two 3 dB couplers which are connected together by optical 

fibers to form two arms of MZI. A tunable delay line of 80 ps delay time is inserted 

into an arm of MZI to sufficiently provide an overlapping of MBS between two arms 

at the output coupler. The amplitude of overlapped pulses at the output ports (1’and 

2’) of MZI depends on phase difference of solitons in bound states. This determines 

either constructive and/or destructive interferences in time domain at overlapped 

positions. The interference patterns at two output ports are simultaneously monitored 

by two ports on the high speed oscilloscope. 
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4.5.2 Results and discussion 

The initial phase delay between two arms of the MZI is adjusted by the fibre length 

difference between two arms, on the other way, the time difference between multi-

bound solitons in two arms is initially about 75 ps as shown in Figure 4-20(a). By 

adjusting the tuneable delay line, a specific overlapping between two triple-bound 

solitons can be achieved. Figure 4-20(b) and (c) show, as an example, the interference 

patterns of triple-bound soliton state over two overlapped pulses at port 1’ and 2’ 

respectively. The results also indicates that the practical value of phase difference is 

not totally equal to π due to the peak power of overlapped pulses at port 1’ and port 2’ 

which is only three times higher and lower than that of input pulses respectively. 

However the interference patterns are not steady but alternatively changed between 

two ports. The alternating change of the patterns between two ports indicates that a 

phase inversion periodically occurs. For single pulse scheme in active mode locking, 

J. O’Neil et al. [90] has theoretically demonstrated that only the pulse train in which 

neighbouring pulses are out of phase is stable in the cavity. Therefore in multi-bound 

states, it is understandable when solitons are out of phase not only in the bunch but 

also between bunches. Because there is a phase shift in each roundtrip that is 

accumulated during circulating in the cavity, the phase inversion occurs after the 

accumulated phase shift is integer multiple of 2π. This is also confirmed by simulation 

result as shown in Figure 4-21 to indicate a periodic variation of the phase difference 

between –π and π. 
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Figure 4-20 The time traces of triple-bound solitons (a) before overlapped, (b) overlapped at port 1’ 

and (c) overlapped at port 2’ of MZI. 
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Figure 4-21 Periodic variation of the phase difference of triple-bound soliton over 200 round trips 

which is simulated in Figure 4-15(b). 

4.6 CONCLUDING REMARKS 

The important mechanisms as well as interactions in bound soliton formation of 

mode-locked fibre lasers have been reviewed. Formation of multi-bound solitons in 

active mode locking has been also explained to show the role of phase modulation in 

the balanced interplay between interactions of multi-bound solitons. 

The generation of stable multi-soliton bound states in a FM mode-locked fibre 

laser has been experimentally and numerically demonstrated. It has been 

demonstrated that it is possible to generate the bound states from dual to sextuple 

states provided that there is sufficient optical energy circulating in the fibre ring. 

Multi-bound soliton states in a phase modulated fibre ring are rigorously explained 
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based on the phase matching and chirping effects of the lightwave and the velocity 

variation of the optical pulses in a dispersive fibre ring. Experimental and numerical 

results have confirmed the stable existence of multi-bound solitons with phase 

difference of ±π between neighbouring solitons. However it is more sensitive to the 

cavity settings as well as the external perturbations at the higher order multi-bound 

soliton states. 
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Chapter 5  

Effect of the phase modulator on multi-

bounding in soliton formation 
 

 

5.1 ELECTRO-OPTIC PHASE MODULATORS 

Integrated-optic modulators including the electro-optic (EO) phase modulators have 

become essential components in optical transmission systems and photonic signal 

processing because of their advantages such as free- or adjustable-chirp, small size 

and compatibility with other optical fibre components [184]. For an actively mode-

locked fibre laser, an EO phase modulator acts as the mode-locker, hence its 

characteristics influence significantly to the performance as well as the operation 

modes of pulses in the fibre cavity. In this thesis we have used two models of 

integrated EO phase modulators: one is a PM-315P (Crystal Technology) and the 

other is a Mach-40-27 (Covega). This chapter first characterises these types of 

modulators, then reports on their effects on soliton formation. 

Depending on the geometry of the electrodes, an integrated LiNbO3 modulator 

can belong to one of two types: lumped-type modulator or travelling-wave type 

modulator.  
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5.1.1 Lumped-type modulator 

A LiNbO3 phase modulator consists of a titanium-diffused single-mode waveguide 

and a pair of oriented electrodes [107]. Titanium waveguides can support both 

transverse electric (TE) and transverse magnetic (TM) optical polarisations. Due to 

the crystal symmetry in LiNbO3, there are two useful crystal orientations Z-cut and 

X-cut, which take advantage of the strongest EO coefficient. For an X-cut device, the 

waveguide is symmetrically located between two electrodes as shown in Figure 5-1. 

In a Z-cut device with the optical axis perpendicular to the surface, one of the 

electrodes is directly placed on the waveguide and an optical isolation layer is inserted 

between the waveguide and the electrode to avoid increased optical losses. 

Application of the electrical driving voltage to the electrodes causes a small change in 

the refractive index of the waveguide, and the phase of the optical signal passing 

through the modulator can be consequently changed as [185] 

3
eff eff

V L Vr n
V dπ

πϕ π
λ

Δ = = Γ      (5-1) 

where V is the applied voltage, Vπ is called half-wave voltage or the voltage required 

for inducing a phase change of π, L is the length of the electrode, λ is the wavelength, 

reff is the appropriate electro-optic coefficient, neff is the unperturbed refractive index, 

d is the separation between electrodes, and Γ is the overlap factor between the electric 

field and the optical mode field, which is an important parameter to optimize the 

modulator design. 
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Figure 5-1 Geometries of LiNbO3 phase modulators 

A lumped-type EO phase modulator is illustrated in Figure 5-2. In this 

configuration, the RF driving voltage is directly fed to the electrodes whose lengths 

are small compared to the drive-signal wavelength, and the modulation bandwidth is 

limited by the RC time constant of the electrode capacitance (C) and the parallel 

termination resistance (R), as follows 

3
1

dBf
RCπ

=         (5-2) 

The termination resistance is normally set to 50Ω to allow broadband 

matching to a 50Ω driving source. For low operating voltage, the modulator of longer 

interactive lengths is required, but the capacitance of the electrode increases, which 

limits the maximum frequency of operation. It is difficult to fabricate a lumped-type 

EO phase modulator with a broad bandwidth and low operating voltage. On other 

words, lumped-type EO phase modulators can operate at frequency of a few GHz with 

the expense of low Vπ. 
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Figure 5-2 Two types of EO phase modulator: (a) Lumped-type, (b) Travelling-wave type 

5.1.2 Travelling-wave modulator 

In order to increase the modulation bandwidth, travelling-wave electrodes are 

preferably used. Travelling-wave electrodes are designed as transmission lines, fed at 

one end and terminated with a resistive load at the other end as shown in Figure 

5-2(b). The optical signal in the waveguide and the electrical signal in the electrode 

propagate the same direction. Because the effective refractive index of the electrical 

wave nm is about twice that of the optical wave no, there is a velocity mismatch 

between the electrical wave and the optical wave that limits the modulation bandwidth 

as follows [186] 

[ ]3
1.4

( )dB
o m

cf
L n n

=
−

       (5-3) 

where c is the velocity of light in vacuum, L is the length of the electrode. 

Much effort has been put into designing travelling-wave modulators to match 

the velocities of the electrical and optical waves, and thus to improve the frequency 

response characteristics [187-189]. To obtain the velocity matching, the effective 

index of the electric wave nm is lowered by using effectively a dielectric buffer layer 

between the electrode and the waveguide. Based on this concept, many structures of 
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the travelling-wave electrode have been proposed to produce the EO modulators with 

broad bandwidth of tens GHz and low Vπ [187-189]. Note that the modulator only 

works well if the lightwave propagates in the same direction as the electric wave. 

5.2 CHARACTERIZATION MEASUREMENTS 

5.2.1 Half-wave voltage 

In some options for half-wave voltage (Vπ) measurement, the direct optical spectrum 

analysis offers an accurate and simple solution, in the case where the modulation 

sidebands can be resolved by the OSA. When CW light passes through a phase 

modulator, its spectrum is broadened by generation of modulation sidebands. The 

strength of sidebands is proportional to the modulation index and the sideband 

positions. The optical field in frequency domain of a phase modulated CW signal can 

be mathematically expressed by Fourier expansion as 

0( ) exp( ) ( ) ( ) exp( )k
o i k m

k
E E j t j J m jk tω ω ω

∞

=−∞

= ∑    (5-4) 

where ω0, ωm are the carrier frequency and RF modulation frequency respectively, 

0 mkω ω ω= + , k is the sidemode index which is an integer, Jk is the kth-order Bessel 

function of first kind, and Eo, Ei are the output and input fields of the phase modulator 

respectively. Thus, the intensity of each sidemode measured on an OSA is 

2
0( ) ( )o m i kI k I J mω ω+ =       (5-5) 

where m is the modulation index and related to the Vπ by (5-1) and 2I E= .  
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Figure 5-3 Variation of (a) normalized optical intensity for carrier and sidemodes, and (b) ratio R1,0 as a 

function of phase modulation index m. 

Expression (5-5) shows a relationship between the modulation index and the intensity 

at a specific sideband that varies as a Bessel function as shown in Figure 5-3. Based 

on optical spectrum analysis, there are some approaches for the Vπ measurement such 

as the carrier nulling method [190] and the relative sideband/carrier intensity ratio 

method [191]. Because RF amplifiers generally do not produce a sufficient drive 

voltage, the relative first sideband/carrier intensity ratio is the most suitable method 

for small signal modulation that is used for our measurement. 

 

Figure 5-4 The OSA-based Vπ measurement setup 

The measurement setup and the components are depicted in Figure 5-4. The 

two phase modulators (PM-315P and Mach-40-27) were characterised by OSA at 

modulation frequency of 1 GHz. For a conventional OSA, the resolution is limited to 
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resolve the modulation sidemodes at such a low frequency. Thus a high-resolution 

spectrum analyser (Agilent 83453B) was used for this measurement. This OSA has a 

resolution of 20 MHz, so the intensity of the 1 GHz sidemodes can be clearly 

displayed as shown in Figure 5-5. At a specific RF driving power the modulation 

index m is calculated from the relative intensity ratio between the carrier and the first 

sidemode R1,0: 

2
0 1

1,0 2
0 0

( ) ( )( )
( ) ( )

o m

o

I J mR m
I J m
ω ω
ω
±

= =      (5-6) 

which is measured by the OSA. By varying the RF driving voltages, the Vπ of two 

phase modulators can be then determined from the slope of the linear fit line as shown 

in Figure 5-6. The estimated Vπ of PM-315 was 8.87 V and the Vπ of Mach-40-27 was 

3.93 V. These results agree with the specifications provided by the manufacturers. 

 

Figure 5-5 Optical spectra of the signal modulated by phase modulators: (a) PM-315P, (b) Mach-40-27 

at the same RF driving level of 19 dBm. 

(a)
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Figure 5-5 Continued. (Note the different scales). 
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Figure 5-6 Phase modulation index calculated from measured relative intensity ratio R1,0 at 1 GHz as a 

function of RF driving voltage for two models: (a) PM-315P, and (b) Mach-40-27. 

5.2.2 Frequency response 

The frequency response of the EO phase modulator is an important characteristic 

which indicates the variation of the modulation efficiency over a range of frequencies. 

Because optical phase modulators only modulate the phase of optical carrier, it is 

impossible to measure the modulator’s response with a direct-detection photodiode. A 

(a) (b)

Vπ = 3.93 VVπ = 8.87 V

(b)
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conversion of phase modulation into amplitude modulation needs to be done for this 

measurement. There are several techniques which have been proposed to implement 

this operation: using a Mach-Zehnder interferometer [190], using a Fabry-Perot 

interferometer as an optical discriminator [192], and using a Sagnac loop 

configuration [193]. However the Mach-Zehnder interferometer technique and the 

Fabry-Perot interferometer technique are limited in use due to their complexity and 

reliability, the last technique provides an efficient and simple way of measuring the 

dynamic response for all types of EO phase modulators with high resolution. 

Especially, various types of the phase modulator can be identified through this 

measurement. 

 

Figure 5-7 The measurement setup of the frequency response 

The setup of the frequency response measurement based on a Sagnac loop is 

shown in Figure 5-7. This configuration is similar to the configuration of PMSL 

described in Chapter 3. Only main difference is the position of the phase modulator in 

the Sagnac loop is off-centre. Two counter-propagating optical waves are phase 

modulated and then coherently summed at the output 3-dB coupler. This process 

converts phase modulation into intensity modulation, so that the response of phase 
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modulator can be measured by a network analyser (Agilent HP8753D) and an S-

parameter test set (Agilent HP85046A). The polarization is optimized by the 

polarization controller to maximize the optical power passing through the lithium 

niobate optical waveguide. Thus the transfer function for this structure, which can be 

detected by the network analyser, is given by [193] 

( )2 2
0 0

1( ) ( ) 1 ( ) 2 ( )cos ( )
2 PMH f l K f f f f Rη η φ⎡ ⎤= ℜ + −⎣ ⎦   (5-7) 

where: lPM is the insertion loss of phase modulator, K0(f) is the modulation response 

parameter, R0 is the load resistance, ℜ is the detector responsivity, φ(f) is the phase 

difference and η(f) is the ratio of backward to forward phase modulation index which 

relates to the signal transit time τL [186] as follows 

sin(2 )( )
2

L

L

ff
f
π τη

π τ
=        (5-8) 

This structure is also a notch filter applied in photonic signal processing [194], so that 

the frequency response of the phase modulator should be the envelope of the periodic 

notch filter response. The free spectral range (FSR) of the notch response relates to 

the phase difference by 

( ) 2f fφ π τ=  and 1

notch

L
FSR c n

τ Δ
= =     (5-9) 

where τ, ΔL are the time delay and the length difference between two sides of the 

Sagnac loop respectively. In order to measure accurately the frequency response of 

the modulator, FSR of the notch response must be as small as possible to give a high 

resolution, which is the reason why the phase modulator must be located off-centre of 
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the loop. In our setup, the length difference ΔL is about 3.5 m that gives a FSR of 58 

MHz. 

With a frequency range up to 3 GHz, the network analyser may not cover 

whole bandwidth of the phase modulators. However this measurement allows an 

identification of different types of the phase modulator. Figure 5-8 shows the 

frequency responses for two phase modulators, and indicates the difference between 

them. For a lumped-type modulator such as PM-315P, the ratio η keeps unchanged 

over the bandwidth of the phase modulator, so the notch response shows deep notches 

and a flat passband within the bandwidth as shown in Figure 5-8(a). The envelope of 

this response gives exactly the dynamics response of the phase modulator with the 

measured 3-dB bandwidth of 2.7 GHz. For a travelling-wave modulator, the velocity 

mismatch effect causes the notch depth to disappear at certain frequencies, fk, which 

are related to the transit time τL as follows [186] 

2k
L

kf
τ

=  with k = 1,2,...     (5-10) 

The measured notch response of the phase modulator Mach-40-27 with the null 

frequency f1 of 2.27 GHz is shown in Figure 5-8 that indicates a response of the 

travelling-wave modulator. And the net dynamic response of the modulator can be 

also obtained by a correction of the envelope of the measured notch response from the 

known function η(f). More importantly, the interactive length of the electrode in the 

travelling-wave modulator can be estimated from the transit time τL. For the Mach-40-

27 modulator, the interactive length about 32 mm is calculated from the transit time of 

0.455 ns. The length of waveguide in this modulator would be much longer than that 

of the electrode due to a polarizer integrated in the phase modulator [195]. 
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Figure 5-8 Measured frequency notch response of the phase modulators (a) lumped-type PM-315P, (b) 

travelling-wave type Mach-40-27 within measured frequency range up to 3 GHz. 

Thus from the characterization measurements of two phase modulators, the 

difference between lumped-type modulator and travelling-wave modulator has been 

identified. For the modulator PM-315P, a lumped type, the short length of electrodes 

has been verified by its high Vπ and flat frequency response over the measurement 

bandwidth. Similarly, for the modulator Mach-40-27, a travelling-wave type, long 

electrodes and waveguide have been verified by its low Vπ and the velocity mismatch 

in frequency response measurement. 

5.3 COMB SPECTRUM OF AN ACTIVELY FIBER RING RESONATOR 

USING A PHASE MODULATOR 

5.3.1 Birefringence and comb spectrum in the fibre ring using phase 

modulator 

Because the integrated EO modulators normally contain polarizing elements, the 

birefringence effect always exists in an actively fibre ring laser, even if the 

birefringence of other components such as optical fibres can be ignored. In fact, a 

Ti:diffused electro-optic LiNbO3 phase modulator (PM) can support both TE and TM 

(a) (b) 
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modes propagating at different ordinary and extraordinary effective indices. Although 

the polarization state is usually controlled by the polarization controller, especially at 

input of integrated EO modulator so as only one polarized state can be preferred 

through the modulator and hence the forcing of the matching condition of this 

polarized state, there is still an asymmetrically simultaneous existence of two 

polarization modes in the ring, especially in the Ti:diffused waveguide. Thus these 

modes with different phase delays can couple and interfere at the output of the 

modulator to form an artificial birefringence filter, known as a Lyot filter, in the ring 

cavity [196]. Hence the output spectral response of the ring cavity is similar to that of 

a Mach-Zehnder interferometer, the all-pass filter with nulls and maxima [197-198]. 

The output transmittance of the ring cavity using EO phase modulator is simply given 

by [197] 

2 2gT cos ( / )φ= Γ Δ        (5-11) 

where Γg is the insertion loss of waveguide depending on the input polarization states 

and the gain bandwidth of the EDFA, Δφ - the effective phase difference between TE 

and TM modes. Because no polarization maintaining (PM) fibre is used, the effective 

phase difference in the cavity is dominated by the birefringence of the Ti:diffused 

waveguide. Therefore, the phase difference is given as 

2 effl nπ
φ

λ
Δ

Δ =         (5-12) 

where l is the waveguide length, Δneff is the effective index difference between TE and 

TM modes. The interference between two polarization modes generates a comb-like 

spectrum with spacing or free spectral range (FSR) 
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2
effl nδλ λ= Δ        (5-13) 

On the other hand, the gain spectrum in the fibre cavity is modulated when the waves 

propagate through the phase modulator. 

    

Figure 5-9 The comb-like optical spectra in two setups of the fibre ring laser using (a) model PM-315P 

and (b) model Mach-40-27 respectively. 

With two models of phase modulator are used in the experiment, the comb-

like optical spectra were measured by appropriate setting to display in OSA. Figure 

5-9 shows the optical spectra in CW operation mode of the ring cavities using models 

PM-315P and Mach-40-27 respectively. The emission wavelength is located on one of 

the maxima of the comb-like response where the gain is maximized. For the ring 

using model PM-315P, the average FSR is 2.15 nm in a bandwidth of about 12 nm, 

while the average FSR of the ring using model Mach40-027 is only 0.45 nm in a 

bandwidth of about 10 nm as observed in Figure 5-9. Based on the characterization 

and the physical dimensions of two these models, the waveguide lengths of PM-315P 

and Mach-40-27 are assumed to be 16 mm and 64 mm respectively. Thus the FSRs of 

comb-like spectral response in cases of two models, calculated by Eq. (5-13), are 

2.0254 nm and 0.4668 nm respectively when the effective index difference of TE and 

TM modes of 0.08 is used [199]. We have examined the birefringence of the ring 
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cavity in both cases by changing the optical fibres of different lengths. The FSRs 

remain unchanged in all cases that has proven that the birefringence is mainly 

determined by the Ti:diffused waveguide. These results are reasonable and agree with 

the results obtained from OSA. The existence of parasitic birefringence in the 

integrated EO phase modulators forms naturally a comb-like filter which affects to 

mode locking schemes and characteristics of mode-locked pulse train. 

5.3.2 Discrete wavelength tuning 

One of the influences of the comb-like filtering effect is a discrete wavelength tuning 

in the FM mode-locked fibre ring laser. In our mode-locked fibre lasers, the mode 

locking happens only at the peaks of the comb-like optical spectrum where the 

lightwaves acquire sufficient energy gain to satisfy the mode locking condition. The 

wavelength of the sequence of the mode-locked pulses can be tuned by only changing 

the modulation frequency of the phase modulator. Thus the wavelength tuning is 

based on the matching of the dispersed spectrum of the pulse sequence, hence tuning 

of the pulse central passband [200-202]. Hence the tuning range of the laser depends 

on the profile of gain spectrum and the total dispersion of the cavity. Because the gain 

spectrum is modulated by the interference between two polarization modes, so the 

modulation frequency tuning is required by amount of [200] 

2
m cav

m
f DLf

m
δλδ = −         (5-14) 

where fm is the modulation frequency, m is the harmonic order, D and Lcav are the 

average dispersion and the total length of the ring cavity respectively. The tuning is 

only achieved in a specific range of wavelengths to prevent the competition of the 
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CW modes which suppress the mode locking at other matched wavelengths although 

the comb-like spectrum can be observed in most of phase modulators. 
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Figure 5-10 (a) The mode-locked wavelength versus modulation frequency and (b) Measured 

characteristics of mode-locked pulse over the tuning range. 

In the setup using the phase modulator Mach-40-027 with an integrated 

polarizer at its output, mode locking is achieved at modulation frequency of about 1 

GHz. A 100m long Corning SMF-28 fibre is inserted after the PM to ensure that the 

average dispersion in the loop is anomalous. The total loop length is 190 m 

corresponding to a mode spacing of 1.075 MHz. By tuning the modulation frequency, 

the light-waves in the cavity are mode-locked to generate a short pulse sequence at the 

wavelength corresponding to one of the peaks of the comb spectrum as shown in 

Figure 5-9. A 0.46 nm average spacing between two adjacent mode-locked 

wavelengths is achieved. By adjusting the PC to optimize the gain spectrum, we can 

tune over 18 different wavelengths (1554-1562 nm) by simply changing the 

modulation frequency of 1.35 kHz as shown in Figure 5-10(a). These measured 

parameters agree with the theoretically predicted values, which are of 0.4578 nm and 

1.27 kHz respectively. Figure 5-10(b) shows the pulsewidth and time-bandwidth 

product (TBP) of mode-locked pulse at 18 wavelengths. The average TBP of 0.8 

indicates that the output pulses are highly chirped and they can be compressed by 

(a) (b)
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using a suitable dispersive fibre at the output of the laser. In wavelength tunable 

harmonically mode-locked fibre laser, the supermode noise is normally an important 

issue which requires some methods of suppression to improve performance of the 

generated pulse train [202]. It is worth noting that the mode-locked pulses at all 18 

wavelengths are very clean which is seen from the time trace and its corresponding 

RF spectrum shown in Figure 5-11. When the fm is tuned by amount of δfm/2 the mode 

competition occurs strongly which degrades the waveform of the output as shown in 

Figure 5-12. On the other hand, this is the transition state for switching to adjacent 

spectral peak, the mode locking cannot be totally achieved. When the wavelength is 

tuned to the edge of gain spectrum, multi-wavelengths operation of the laser can be 

easily excited and it also affects the performance of mode-locked pulses as shown in 

Figure 5-13.  
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Figure 5-11 An example of (a) the time trace and (b) RF spectrum of the mode-locked pulse sequence 

at one of tuned wavelengths. 
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Figure 5-12 (a) Optical spectrum and (b) time trace of the output when modulation frequency fm is 

tuned by ±δfm/2. 

 

   

Figure 5-13 (a) Optical spectrum and (b) time trace of mode-locked pulse when the wavelength is tuned 

at the edge of gain spectrum. 

Similarly, wavelength tuning operation is also observed in the setup using the 

phase modulator PM-315P although it is more difficult in adjustment of the 

polarization controller to obtain a sufficient gain bandwidth covering the tuning range 

of wavelength because of a wide spacing between comb peaks. Only three 

wavelengths at the peaks of the comb-like spectrum are tuned with changing the 

modulation frequency of 3.1 kHz in this setup to obtain a high-quality pulse train with 

characteristics summarised in Table 5-1. 
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Table 5-1 Pulse characteristics at tuned wavelengths of the FM mode-locked laser using the modulator 

PM-315P 

 {Wavelengths (nm) 1555.98 1558.03 1560.14 

Pulse width (ps) 11.9 13 11.3 

Spectral width (nm) 0.237 0.24 0.26 

TB product 0.3525 0.405 0.3672 

 

5.4 INFLUENCE OF PHASE MODULATOR ON MULTI-BOUND SOLITONS 

5.4.1 Formation of multi-bound solitons 

The existence of comb-like filtering effect in the cavity using EO phase modulator 

influences remarkably to the characteristics of generated pulses. The artificial filter 

based on the birefringence of the cavity limits the gain bandwidth and contributes to 

the mechanism of pulse broadening due to the limitation of pulse spectrum. This 

effect has been experimentally demonstrated by the results of pulse width obtained 

from two setups of the mode-locked fibre lasers using the modulators PM-315P and 

Mach-40-27. Although the modulator Mach-40-27 is driven at much higher 

modulation index compared to the modulator PM-315P because of lower Vπ, the pulse 

generated from the setup using Mach-40-27 modulator is more than twice as wide as 

that generated from the setup using PM-315P modulator. With a much smaller width 

due to broader gain bandwidth, the pulse generated in the case of PM-315P has a high 

peak power to create a sufficiently nonlinear phase shift which is necessary for pulse 

splitting in the cavity. Moreover the effective interactions between pulses in bound 

states also depend on the pulse width through the overlap of long pulse tails and the 

chirping caused by phase modulation. In the case of PM-315P, the chirp imposed on 

the generated pulses with sufficient small width allows an effective attraction to 
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balance the repulsion to generate a stable bound state. In contrast, a distinct bound 

state cannot be observed in the case of Mach-40-27 with wider generated pulses as 

mentioned in Chapter 3. In this case wider pulses obtain higher chirp from phase 

modulator to result in a stronger attraction. At once the repulsion force from direct 

interaction becomes weaker. Therefore, a balanced interaction cannot be achieved in 

this case to generate a bound state with obviously resolved pulses although the cavity 

is strongly pumped. A state of mode-locked pulse with two-hump generated from the 

setup using Mach-40-27 has been observed as shown in Figure 5-14. This result may 

be a new solution of the fibre laser system, yet the time separation between two 

humps less than 20 ps may also indicate a strong attraction between two adjacent 

pulses. 

     

Figure 5-14 A mode-locked state generating a two-hump pulse in the cavity using the phase modulator 

Mach-40-27. (a) Single pulse trace, (b) Pulse train trace. 
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Figure 5-15 A switching from the triple-bound soliton into the dual-bound soliton after an adjustment 

of the polarization controller. (a) Spectrum of triple-bound soliton, (b) Spectrum of dual-bound soliton 

with an adjacent wavelength in FM mode. 

Furthermore, the polarization sensitivity of the cavity also increases because of 

the inherently birefringence of the waveguide. Under strong pumping scheme, some 

effects such as spectral hole burning (SHB) and polarization hole burning (PHB) are 

enhanced in the gain medium, and these make polarization-dependent loss and gain 

become more complex [203-206]. Inhomogeneous broadening of the gain spectrum 

associated with SHB and PHB effects excites multi-wavelength emission in the fibre 

ring laser which results in a gain competition between different emission wavelengths. 

Normally only one of emission wavelengths satisfies the phase locking condition in 

the cavity to generate a pulse train, while other wavelengths may operate in CW mode 

or FM mode depending on the polarization setting in the cavity. Thus if the 

polarization setting is not optimized, the gain of the mode-locked wavelength can be 

reduced that results in a switching from higher-order bound solitons to lower-order 

bound solitons. Figure 5-15 shows a typical example of switching from the triple-

bound soliton into the dual-bound soliton after the polarization controller is slightly 

adjusted. The gain reduction of the mode-locked wavelength always accompanies 

with the gain enhancement of adjacent wavelengths as shown in Figure 5-15(b). 
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Therefore, it is understandable that the higher-order bound states are more sensitive to 

polarization settings. However, the polarization dependent gain effect also provides a 

flexible mechanism for stabilization of bound state by adjusting the input polarization 

state of the phase modulator. If the gain is too high, multi-bound solitons can fall into 

unstable state because of the phase fluctuation which leads to a breakdown of 

interactive balance between pulses. Therefore, a reduction of gain from tuning the 

polarization state can pull the ring laser back to the stable operation region. 

5.4.2 Limitation of multi-bound soliton states 

According to the interaction mechanism of bound solitons in the actively mode-locked 

fibre ring laser, an effective repulsion is induced by linear chirping caused by periodic 

phase modulation or a balanced interaction between solitons is only achieved around 

the extreme of modulation cycle where approximates as a parabolic function. 

However, this approximation is no longer valid if the width of the bunch is so wide. 

Deviation from linear chirping increases when number of solitons in bound states 

increases. Thus the pulses at edge of the bunch would experience a nonlinear chirping 

rather than linear chirping which influences the balanced interaction of bound 

solitons. This explains why the trace of sextuple-bound solitons looks noisy because 

of oscillation of solitons in the bound state and the spectrum is slightly modulated due 

to change in the relative phase difference. It has also shown that the higher-order 

multi-bound solitons are more sensitive to environmental perturbations such as 

temperature variation. When the fluctuation of cavity length due to causes a slight 

detuning, the outer pulses in multi-bound state would be most affected by the 

frequency shifting which breaks the balance in soliton interaction.  
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Figure 5-16 (a) Experimentally measured variation of threshold splitting power with the phase 

modulation index of the bound soliton states. (b) Simulated variation of the peak power in dB of the 

triple-bound state with the phase modulation index. 

The chirping rate determines the separation between bound solitons as 

described in Chapter 3. The chirp effect and the number of soliton in the bound states 

are also correlated. Figure 5-16(a) depicts the experimental threshold power for the 

creation of dual- and triple-soliton bound states against the phase modulation index, 

(a) 

(b) 
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which indicates the increase of required splitting optical power when the chirping is 

increased. An increase in the chirp rate requires a higher threshold power to maintain 

a specific number of pulses in the bound state. When the phase modulation index 

increases, the expansion of signal spectrum is enhanced. This is advantageous in not 

only shortening the pulse width, but also in more tightly binding the pulses due to the 

increase in number of phase-locked modes. However, the increase in chirping rate 

also causes an energy transfer to sidebands stronger which can degrade the soliton 

content of pulse sequence. Although the up-chirped pulse is further compressed by 

anomalous dispersion of the fibre ring at higher modulation index, larger frequency 

chirp at pulse edges also may require higher energy contained in the pulses. This 

tendency agrees with the theoretical analysis of soliton production from the chirped 

pulses in [207-208]. At a low phase modulation index, the chirping is almost 

unaffected by the threshold power due to weak binding of the bound solitons. 

Consequently, the waveforms of the bound states are noisier and more sensitive to 

phase fluctuations caused by the amplification stimulated emission (ASE) noise or the 

random polarization variation of the guided medium. A simulation result of the power 

limit of the cavity to maintain the bound state is shown in Figure 5-16(b). The rates of 

increasing and decreasing of peak power of bound solitons are indicated showing two 

distinct regions of operations, the triple and the double bound separated by the dashed 

bold line. This limit line (dashed bold line) is obtained when a minimum power level 

circulating in the cavity is required to maintain the bound state that divides the graph 

into the triple and double bound regions. At a specific modulation index, when the 

average power of the cavity decreases, the variation of the peak power is stronger. 

When the power is lower than the limit line, the higher order soliton bound state 
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switches to the lower order soliton bound state. This tendency also indicates that the 

increase in chirping diminishes the number of solitons in the bound state at a specific 

optical power level as shown in Figure 5-17(a) & (b). These figures show the 

evolution of the triple-soliton bound state in the cavity at the same average power 

level but different phase modulation indices which correspond to the points A and B 

respectively in Figure 5-16(b). 

    

Figure 5-17 (a) & (b) Simulated evolution of the triple-soliton bound state at operation points A & B 

respectively in Figure 5-16(b). 

(a) (b)
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Figure 5-18 Splitting of multi-bound solitons: (a) dual-bound soliton, (b) triple-bound soliton, (c) 

quadruple-bound soliton, and (d) sextuple-bound soliton, into lower-order bound solitons. 

Thus, the phase modulation profile affects significantly to multi-bound soliton 

states. In other words, multi-bound states can be modified by variation of modulation 

curve of the phase modulator. Enhancement of higher-order harmonics in the 

modulation signal is the simplest way to modify the phase modulation profile. Similar 

to the rational harmonic mode locking, the higher-order harmonics of modulation 

frequency is strongly enhanced by saturation of the RF power amplifier. When the 

levels of the second- and the third-harmonics are sufficiently high to distort the phase 

modulation profile, multiple linear chirps in each modulation cycle can be created. In 

particular, there are two linear chirps in each modulation cycle created by increase in 

the input power of the RF amplifier higher than 2 dBm in our setup. In fact a sub-

modulation cycle would appear aside the main cycle due to the enhancement of the 
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second harmonics in the modulation signal. When the laser is locked in harmonic 

mode locking scheme instead of rational harmonic mode locking at the same optical 

power level of various multi-bound solitons, the multi-bound solitons with smaller 

number of solitons are formed at two linear chirp positions as shown in Figure 5-18. 

The distortion of phase modulation profile splits higher-order bound solitons into two 

groups of lower-order bound solitons within the same cycle. Moreover the change in 

the higher-order harmonics level also changes the distortion which varies the chirp 

rate between two groups of solitons. Figure 5-19 shows a variation of time separation 

between two solitons split from the dual-bound soliton state as a function of the RF 

input power. Thus the time separation reduces according to the reduction of the higher 

harmonic level in the modulation signal. When the RF input power is decreased to 2 

dBm, two groups of bound soliton emerge together to form higher-order multi-bound 

soliton with number of solitons equal to total of solitons in two groups. The 

emergence of two bound soliton groups is due to the almost disappearance of sub-

modulation cycle generated by the second harmonic RF signal. It is interesting to 

show that the change in temporal separation is a complete linear function of the 

second harmonic RF power as shown in Figure 5-20. 
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Figure 5-19 Time traces shows the variation of time separation between two solitons split from dual-

bound soliton versus the change in RF input power: (a) 7 dBm, (b) 6 dBm, (c) 5 dBm, (d) 4 dBm, (e) 3 

dBm, and (f) 2.5 dBm. 
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Figure 5-20 Correlation between the temporal spacing between two groups of bound soliton and the 

second harmonic RF power. 

5.5 CONCLUDING REMARKS 

In this chapter, we have demonstrated the influence of the EO phase modulator on 

multi-bound solitons. The influence is reflected through two aspects of the phase 

modulator which consists of the inherent birefringence in the Ti:LiNbO3 waveguide 

and the phase modulation profile or chirp rate caused by the modulation signal. Two 

typical phase modulators have been described and characterized to indicate a 

difference in structure between the lumped-type and the travelling-wave type that 

influence to operation modes of the mode-locked fibre laser. Because an artificial 

comb-like response can be formed in the ring cavity by the birefringence of the 

integrated phase modulators, a narrow FSR in the response for the phase modulator 

with long waveguide can limit the pulse shortening and multi-bound soliton 

formation. Moreover, the ability of discrete wavelength tuning can be implemented in 

the fibre laser through simple tuning of modulation frequency. 
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Mode-locking and multi-bound soliton operation in the actively FM-MLFRL 

is supported by linear chirping which can be approximated by a sinusoidal 

modulation. Besides the temporal separation of adjacent pulses, the optical power 

threshold for splitting the solitons and the number of solitons in the bound states are 

influenced by the chirp rate induced by this phase modulation. When the modulation 

profile is modified by the enhancement of higher order harmonic in the driving 

modulation signal, higher order multi-bound solitons can be split into lower order 

multi-bound solitons with controllable temporal separation between them. More 

importantly, the experimental results have demonstrated the ability of control through 

the active device such as EO phase modulator that is important in potential 

applications.  
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Chapter 6  

Transmission of multi-bound solitons in 

fibres 
 

 

6.1 INTRODUCTION  

Temporal solitons are attractive for long haul fibre transmission systems due to their 

preservation of shape during propagation in nonlinear dispersive medium. In theory, 

the soliton only remains unchanged in ideal transmission medium without any 

perturbation such as loss and noise. Therefore, the understanding of soliton 

propagation characteristics in real fibre systems is of significance to the design of an 

optical communication link. Moreover, there is a difference between the propagation 

of solitons in a ring such as a mode-locked fibre laser and a real fibre transmission 

link. It must be noted that the length of the mode-locked fibre ring is much shorter 

than the dispersion length of the fibre, LD, and the pulse sequence is thus operating in 

the near field region in which the chirp of the lightwave occurs significantly, 

especially at the edges of the pulses; While the distance of each span in the fibre link 

is longer than the dispersion length. Therefore distinct transmission conditions are 

required to ensure that solitons can be recovered at the end of the link.  

Although a number of reports on bound soliton states in mode-locked fibre 

lasers have been published [30, 45, 144-152, 160], to date there is no report on the 

propagation dynamics of multi-bound solitons in optical fibre. The difficulty of the 
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generation of stable bound soliton sequence in passive mode-locked fibre laser may 

have prevented the investigation of their propagation and related dynamics. As 

described in above chapters the actively FM mode-locked fibre laser offers significant 

advantage in generation of ultra-stable multi-bound soliton sequence at modulation 

frequency that would be important for propagation in optical fibre. Dynamics of 

multi-bound solitons are an important issue for investigation. The obtained results are 

significant to possibly potential applications of bound soliton lasers. 

6.2 SOLITON PROPAGATION IN OPTICAL FIBRES 

6.2.1 Loss management 

Because the dispersion or GVD value is unchanged along optical fibres, the balance 

between GVD and SPM in soliton transmission would be only achieved if the soliton 

pulse was not attenuated during propagation. For a lossy fibre in the real transmission 

system, a reduction of the peak power over distance leads to a soliton broadening. The 

broadening of a soliton can be understood by the reduction of SPM effect resulting 

from the reduced peak power that makes the impact of dispersion effect stronger 

during propagation. When the fibre loss is assumed as a weak perturbation of NLSE, a 

change in soliton parameters under the influence of the fibre loss has been 

investigated by using the variation method [209]. Variations of soliton amplitude and 

phase along the fibre can be given by 

( )( ) expη ξ ξ= −Γ  and [ ]( ) (0) 1 exp( 2 ) (4 )φ ξ φ ξ= + − − Γ Γ    (6-1) 

where DLαΓ = and Dz Lξ = , α is the loss coefficient of the fibre. An exponential 

decrease in soliton amplitude weakens the SPM effect; hence soliton is also 

broadened with the same manner [60]: 
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0 0( ) exp( ) exp( )T z T T zξ α= Γ =      (6-2) 

where T0 is the initial width of unperturbed soliton, T is the width of soliton at 

distance z. It notes that a linear increase in pulse width occurs in the linear 

propagation scheme [60]. When the peak power is considerably attenuated at long 

distance, the SPM effect can be negligible and solitons behave like non-solitary 

pulses. Therefore the exponential dependence of soliton width over the distance is 

only valid at the distance where αz is less than 1 [210]. 

In order to overcome the broadening problem due to fibre loss, periodic 

amplification of soliton is required to maintain the soliton’s energy. A lumped 

amplification scheme can be used in fibre link for this purpose [211]. Solitons which 

propagate in this scheme are called “path-average solitons” [210]. Similar to the 

mode-locked fibre ring system, the adjustment of soliton in the fibre following the 

amplifier can lead to a shedding a part of soliton energy as dispersive waves which are 

accumulated to a considerable level over a large number of amplifiers. In order to 

keep the variations of the soliton’s shape and power negligible, two conditions to 

operate in the average-soliton regime must be satisfied [60, 210] 

- The amplifier spacing LA must be much smaller than the dispersion length LD 

(LA << LD). This condition is required to keep radiation of dispersive waves 

negligibly small because the energy of dispersive waves is inversely 

proportional to the dispersion length LD. 

- The input peak power of soliton must be larger than that of fundamental 

soliton by a factor 

0

ln
1

sP G G
P G

=
−

      (6-3) 
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where Ps, P0 are the peak powers of the path-average soliton and the 

unperturbed soliton respectively, G is the amplifier gain factor. This condition 

is to make certain that the average peak power over the LA is sufficient to 

balance the GVD effect. 

The soliton energy varies periodically in each span due to the fibre loss, hence other 

parameters of soliton such as the width and the phase also change accordingly. 

However the soliton still remains unchanged at ultra-long distances if the above 

conditions are satisfied. 

It is impractical to satisfy the first condition when conventional transmission 

fibres with LD of about 10 – 20 km are used for the long-haul transmission system 

[212-213]. If the LA is short, there are some disadvantages such as high cost and large 

accumulated ASE noise resulting from compensating a large loss. To facilitate the 

first condition, a distributed amplification scheme such as Raman amplification can be 

employed [214-215]. The variation of peak power along each span is considerably 

reduced by Raman amplification because the amplification process takes place along 

the transmission fibre, allowing a transmission with LA >> LD. However an unstable 

soliton transmission can occur due to the resonance of the dispersive waves and 

solitons when 4A DL L π≥ , which needs to be considered carefully in the design of 

soliton transmission system [216]. 

6.2.2 Dispersion management 

The problem of soliton broadening in lossy fibre can be also overcome by using 

dispersion-decreasing-fibre (DDF), which has its dispersion decreasing exponentially 



 151

corresponding to the attenuation of the fibre. From the variation of soliton amplitude 

in (6-1), the variation of the GVD in DDF follows a function as  

2 2( ) (0) exp( )z zβ β α= −       (6-4) 

Thus the reduction of the GVD is proportional to the reduction of the SPM effect; 

hence solitons can remain unchanged during propagation in the DDF. However, the 

use of DDF in practical transmission systems is not feasible because of the availability 

of the DDF as well as the complexity of the system design. Furthermore, the 

performance would be degraded because the average dispersion along the link is 

large. Although this scheme is disadvantageous to the system, it is commonly applied 

for pulse compression based on soliton effect [217-218]. 

Therefore, another option is the use of dispersion management which uses 

alternating positive and negative GVD fibres. This arrangement is commonly 

employed in high speed transmission systems today because it offers a relatively 

improvement in performance [219-220]. Hence using periodic dispersion map along 

the fibre link has attracted extensive attention for its ability in soliton transmission. 

Both theoretical and experimental research has shown the advantages of dispersion-

managed (DM) solitons [221-223]. Owing to alternating the sign of the fibre 

dispersion in one map period, average GVD of whole link can be kept in small value 

while the GVD of each section is large enough to suppress the impairments such as 

four-wave mixing and third order dispersion. Two important parameters of the map 

are the average GVD of the whole link 2β and the map strength Sm which are defined 

as follows [60] 

2 2
2

n n a a

n a

l l
l l

β ββ +
=

+
, 2 2

2
n n a a

m
FWHM

l lS β β
τ
−

=     (6-5)  



 152

where β2n, β2a are the GVD parameters in the normal and anomalous sections of 

lengths ln and la respectively, τFWHM is the full width at half of maximum (FWHM) . It 

has been shown [224] that the shape of DM solitons is closer to a Gaussian pulse 

rather than a “sech” shape and their parameters such as the width, peak power and 

chirp vary considerably in each map period. Therefore depending on the map 

configuration, input parameters of DM solitons should be carefully chosen to ensure 

that the pulse can recover its state after each map period [225]. In addition, the peak 

power enhancement of DM soliton compared to the constant-GVD soliton allows an 

improvement of performance in terms of signal to noise ratio while suppression of 

timing jitter by reducing the average GVD. Interestingly, it has been confirmed that 

DM solitons exist not only in anomalous average dispersion ( 2 0β < ) but also in 

normal average dispersion scheme ( 2 0β > ) [226]. However the existence of DM 

soliton in the map with 2 0β > is obtained only when the strength of map Sm is greater 

than a critical value Scr which is approximately 4 [223]. Hence it is not surprising to 

observe the existence of solitons in the mode-locked fibre laser with normal average 

dispersion. 

Interaction between solitons is an important issue in practice. Because the 

properties of DM solitons are different from the average-GVD solitons, the evolution 

and dynamics of DM solitons have become more attractive [227-233]. Theoretical 

studies have shown that a strong interaction prevents the DM solitons in a positive 

average GVD map from practical high speed transmission applications, although they 

can exist [227]. This also indicates a complexity in dynamics of DM solitons in 

propagation, beside a single soliton solution some complex solutions of DM soliton 
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can exist in specific dispersion maps. In one study on a high-order DM soliton [228] a 

stable evolution of antisymmetric (antiphase) solitons occurred along the fibre even 

for ultra-long distances. Recently, dispersion management has been also proposed to 

support a transmission of a bisoliton which consists of two DM solitons with zero-(in-

phase) or π-(antiphase) phase difference [229]. By selecting appropriate parameters of 

DM map and input pulse, a stable propagation of in-phase bisoliton for single channel 

and antiphase bisoliton for WDM has been confirmed through numerical simulation 

[229]. In other studies, a structure called “soliton molecules” consisting of one dark 

and two bright solitons, which is similar to an asymmetrical soliton, has been 

numerically and experimentally demonstrated [230-233]. 

We can see that the soliton complexes in above studies have a structure similar 

to pairs of bound solitons generated from the mode-locked fibre lasers. Stable 

propagation of the soliton complexes can offer new coding schemes for soliton 

transmission systems. In conventional coding scheme, data bits “1” or “0” is 

represented by presence or absence of a soliton pulse in each time slot. In one 

proposal, using the soliton complex such as bisoliton for new coding scheme provides 

code states with a redundant bit for error prevention [229]. Therefore it is necessary to 

have a new optical source which can generate the complex soliton like a bisoliton, for 

new coding schemes. With ability of multi-bound solitons generation, the actively 

FM-MLFRL offers more states for coding scheme that allows an improvement of 

performance and transmission of more than one data bit in each time slot. Hence the 

propagation characteristics of multi-bound solitons generated from the actively FM 

mode-locked fibre laser is of significant for potential applications of multi-bound 

soliton lasers in telecommunication systems. 
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6.3 TRANSMISSION OF MULTI-BOUND SOLITONS   

6.3.1 Experimental setup 

To investigate the propagation dynamics of multi-bound solitons, various multi-bound 

solitons with ultra-high stability from dual- to quintuple- states are generated by 

carefully optimizing the locking conditions of the fibre ring. These states are then 

propagated through standard single mode optical fibres (SSMF) to investigate their 

propagation dynamics, as shown in Figure 6-1. The length of the fibre is varied to 

prove the interaction between the soliton pulses. The estimated full width half-

maximum (FWHM) of individual pulse of original dual-bound soliton (DBS), triple-

bound solitons (TBS) and quadruple-bound solitons (QBS) are 7.9, 6.9 and 6.0 ps 

respectively. The time separation between two adjacent pulses is about 3 times of 

FWHM pulse width. The repetition rate of these multi-bound soliton sequences is 

about 1 GHz. 

In this setup, a booster EDFA is used before the transmission section to 

specify the power of multi-bound solitons launched into the SSMF. Through 

adjustment of the launched power, the multi-bound solitons can propagate under 

various transmission conditions from linear to nonlinear schemes. Two rolls of 

standard single mode fibre with lengths of 1 km and 50 km are used for the 

investigation. After propagation, the outputs such as time trace and spectrum are 

monitored by the oscilloscope and the OSA respectively. 
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Figure 6-1 Experimental setup for propagation of multi-bound solitons in standard single fibre. 

6.3.2 Results and discussion 

It is obvious, but worth mentioning, that the binding property of the solitons 

circulating in the fibre ring, is different under the case when they are propagating 

through the optical fibre. In the propagation these individual solitons would be 

interacting with each other and naturally they are no longer supported by periodic 

phase modulation as when circulating in the ring laser. When propagating through a 

dispersive fibre, the optical carrier under the envelope of generated multi-bound 

solitons are influenced by the chirping effects, thence the overlapping between the 

soliton pulses. When the accumulated phase difference of adjacent pulses is π, the 

solitons repel each other [173-175].  In other words, the solitons in their multi-bound 

states acquire the down chirping effect when propagating in SSMF due to its group 

velocity dispersion (GVD) induced phase shift. Hence, within the group of multi-

bound solitons the front-end soliton would travel with higher positive frequency shift, 

thus higher group velocity than those at back-end of the multi-bound group which is 

influenced with lower negative frequency shift. Therefore, the time separation 

between adjacent pulses varies with the propagation distance. The variation of the 

time separation between pulses depends on their relative frequency difference. Figure 
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6-2 shows the waveforms and their corresponding spectra of triple-bound solitons 

after propagating over 50 km fibre with different launched powers. 

     

     

      

Figure 6-2 The waveforms and corresponding spectra of the triple-bound soliton at launching powers of 

(a-d) 4.5 dBm (Pl < Psol), (b-e) 10.5 dBm (Pl < Psol) and (c-f) 14.5 dBm (Pl > Psol) respectively. 
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Figure 6-3 The waveforms of the dual-bound soliton at launching powers of (a) 4.5 dBm (Pl < Psol), 

and (b) 17 dBm (Pl > Psol) respectively after propagating through 50 km SSMF. 

  

Figure 6-4 The waveforms of the quadruple-bound soliton at launching powers of (a) 5 dBm (Pl < Psol), 

and (b) 16.5 dBm (Pl > Psol) respectively after propagating through 50 km SSMF. 

In all cases, the time separation significantly increases compared to the initial 

state due to the repulsion. In the ideal condition of propagation, direct interaction is 

the only factor that influences to the time position and the pulse shape of solitons in 

bound states. However, propagation in a real optical fibre is considerably influenced 

by perturbations such as loss of fibre and the initial launched powers (Pl) of solitons. 

The loss of fibre always leads to the broadening of bound solitons. Figure 6-5(a) and 

(b) shows the dependence of pulse width and temporal separation of various multi-

bound solitons with the launched power as a parameter. We observe similar dynamics 
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in the propagation of dual, quadruple and quintuple groups of solitons. In general, an 

increase in launched power leads to a enhanced shortening of the pulsewidth or a 

broadening of bound solitons at lower rate, thence a reduction of the pulse temporal 

separation due to the enhancement of nonlinear self-phase-modulation phase shift. 

Unlike the nearly linear variation of the pulsewidth, curves of the temporal separation 

show a nonlinear dependence on launch power. As observed in Figure 6-5(b), two 

distinct areas of the curves can be observed as separated at points A, B and C. The 

intersection points A, B, C of the two tangential curves corresponds to the average 

soliton power (Psol) of the bound state. On the other hand, the points A, B & C 

correspond to the minimum powers to launch the bound pulses for soliton 

propagation. For the transmission over standard single mode fibre, it is observed that 

with the experimental parameters of the multi-bound solitons, the estimated average 

soliton powers for DBS, TBS and QBS are 11, 13.5 and 15.2 dBm respectively. 

0 5 10 15 2020

40

60

80

100

120

Power (dBm)

Pu
ls

ew
id

th
 (p

s)

 

 
Simulation-BSP
Experiment-BSP
Simulation-TBS
Experiment-TBS

 

Figure 6-5 The launching power dependent variation of  (a) pulsewidth, and (b) time separation, and (c) 

peak power ratio of different multi-soliton bound states after 50 km propagation distance. 
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Figure 6-5 Continued. 

At Pl lower than Psol, and in addition to the fibre attenuation, the power of 

multi-bound soliton is not sufficient to balance the GVD effect. As a result, the pulse 

widths are rapidly broadened by self- alignment of the multi-bound solitons due to the 

perturbations accompanied by partly shading their energy in form of dispersive waves 
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[60]. The broadening of such dispersive wave is accumulated along the transmission 

fibre and oscillations are formed around the multi-bound solitons as shown by the 

ripple of the tail of the soliton group in Figure 6-2(a1). Furthermore, the rate of 

broadening of the pulses is faster than that of the temporal separation at low launched 

powers leading to the enhancement of the overlapping between pulses. Therefore, the 

pulse envelope is consequently modulated by the interference of waves with the phase 

modulation effect due to the GVD that is the same as the fractional temporal Talbot 

effect [234-235]. Because of the parabolic symmetry of the anomalous GVD-induced 

phase shift profile around multi-bound solitons with a relative phase difference of π, 

the energy of the inner pulses is shifted to the outer pulses, hence decreases of the 

amplitude of inner pulses. The frequency components of the inner pulses obtain a 

higher relative velocity or propagate faster than those of the edge pulses that result in 

the energy transfer from the inner to the outer. This pattern also reconfirms the 

relative phase difference of π in the bound state. 

In contrast, at Pl > Psol, the multi-bound states operate in nonlinear 

transmission scheme where the solitary waves are supported because the SPM phase 

shift is increased to balance the GVD effect. The pulse width becomes narrower and 

the ripple of the pulse envelope is lower with higher level of launched power. For the 

dual-bound soliton, there is no difference in peak power of two pulses in bound state. 

For the bound states with the number of solitons greater than two, however, there is 

high difference between the inner and the outer pulses because of the energy transfer 

at Pl < Psol. Owing to the soliton content in pulses is enhanced at the average soliton 

power, hence there is a jump of peak power ratio between inner and outer pulses as 

shown in Figure 6-5(c). 
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6.4 DYNAMICS OF MULTI-BOUND SOLITONS IN TRANSMISSION 

To verify the experimental results as well as to identify the evolution of multi-bound 

solitons propagation in the fibre, we model the multi-bound solitons as [236] 

1

N
bs ii

u u ( z,t )
=

=∑         (6-6) 

with N is number of solitons in bound state, and 

[ ]{ }0i i iu A sec h t iq exp( j )θ= − ,       (6-7) 

where Ai and q0 are amplitude and time separation of solitons respectively and the 

phase difference Δθ = θi+1 - θi = π. The propagation of multi-bound solitons in SSMF 

is governed by the nonlinear Schrödinger equation with the input parameters as those 

obtained from the experiment. Shown together with experimental results in Figure 6-5 

(a)-(c) is the simulation evolution of the parameters (solid curves) over 50 km 

propagation of various orders of multi-soliton bound states. The simulated evolution 

of the triple-bound soliton is shown in Figure 6-6 over 50 km SSMF, while Figure 6-7 

shows the pulse shape and corresponding spectrum of the outputs at various launched 

power levels. The simulated results generally agree well with those obtained in the 

experiment (see Figure 6-2 and Figure 6-5 for comparison). The small residual chirp 

caused small difference between the experimental and numerical results. 
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Figure 6-6 Numerically simulated evolutions of the triple-bound soliton over 50 km SSMF propagation 

at Pl of respectively (a) 5 dBm, (b) 10 dBm and (c) 14 dBm 
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Figure 6-7 Row (a) Numerically simulated output pulse shape and Row (c) optical spectrum of triple-

soliton bound state over 50 km SSMF propagation at Pl of respectively 5 dBm, 10 dBm and 14 dBm. 

The simulated dynamics of multi-bound solitons consisting of DBS and TBS 

during propagation are shown from Figure 6-8 to Figure 6-9. In each figure the 

evolution of multi-bound solitons parameters such as the pulse width, the temporal 

separation between solitons, the ratio between the pulse width and the pulse 

(b) 

(a) 

(c) 

(d)

(e)
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separation and the peak power of the solitons, is simulated along the transmission 

fibre with different launched powers. The difference between lower and higher 

launching powers also obviously exhibit in simulated results. When the launched 

powers is far from the soliton power Psol, there is oscillation or rapid variation of 

parameters at initial propagation distance due to the adjustment of multi-bound 

solitons to perturbations of propagation conditions as mentioned above. The pulses 

are compressed at Pls higher than Psol, while they are rapidly broadened at Pls lower 

than Psol. The slow variation of parameters occurs at Pl close to Psol. However, the 

time separation of solitons remains unchanged in the propagation distance of one 

soliton period. We have validated this prediction in our experiment by using 1 km 

SSMF for transmission. 
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Figure 6-8 Evolution of numerically simulated dual-soliton bound state after 50 km propagation 

distance of SMF-28 fibre: (a) pulse width, (b) temporal separation, (c) ratio between pulse width and 

separation, and (d) peak power. 
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Figure 6-9 Evolution of numerically simulated triple-soliton bound state after 50 km propagation 

distance of SMF-28 fibre: (a) pulse width (b) temporal separation (c) ratio between pulse width and 

separation (d) peak power ratio between inner pulse and outer pulse. 

Another important property of multi-bound solitons is the phase difference 

between the pulses that can be determined by the shape of the spectrum. We have 

monitored the optical spectrum of the multi-bound solitons at both the launched end 

and the output of the fibre length. The modulated spectrum of multi-bound solitons is 

symmetrical with carrier suppression due to a relative phase relationship of π between 

adjacent solitons. After 50-km propagation at low Pl, both experimental and simulated 

results show that the spectrum of multi-bound solitons is nearly same as that at the 

launched end (see Figure 6-2(d) and Figure 6-7(d)). In a linear-like scheme where the 

SPM effect is negligible, the GVD only modulates the spectral phase which modifies 

the temporal profile, but does not modify the spectrum of the bound state. The 
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modulation of spectrum is modified with increase in Pl. At sufficient high Pl, the 

nonlinear phase shift induced chirp is increased at the edges of pulses. Although, the 

nonlinear phase shift reduces the GVD effect, the phase transition between adjacent 

pulses is changed due to direct impact of the nonlinear phase shift. Hence the small 

humps in the spectra of multi-bound states are strengthened and they may be 

comparable to main lobes due to enhancement of the far interaction between pulses as 

shown in Figure 6-2(f) and Figure 6-7(f). Figure 6-10 shows the variation of the 

relative phase difference between adjacent pulses in various multi-bound soliton states 

over 50 km propagation. The simulated results also indicate that the relative phase 

difference varies differently between two adjacent pulses in propagation. Although the 

phase difference of π between two central pulses in even-soliton bound states such as 

DBS and QBS can remain unchanged, it varies in general along propagation distance. 

At low Pl in all cases, the phase difference is varied to zero or π/2 value, then 

recovered to π at the output of the 50-km fibre. When the SPM phase shift becomes 

significant, the phase difference varies in the same manner in the first 40 km 

propagation, and then it tends to π/2 that modifies the corresponding spectrum. 
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Figure 6-10 Evolution of the phase difference between adjacent pulses over 50 km propagation in 

various bound states: (a) dual-bound soliton, (b) triple-bound soliton. 
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6.5 CONCLUDING REMARKS 

Characteristics of multi-bound soliton in propagation over 50 km SSM fibre have 

been investigated in this chapter. Depending on the launched power level, the 

variation of multi-bound states parameters can divide into two propagation schemes: 

linear and soliton schemes. At low launched power in linear propagation scheme, the 

modulated spectrum of multi-bound states remains unchanged due to the preservation 

of the phase difference of π, yet the temporal shape is modified that can be used to 

reconfirm the phase difference. At high launched power in soliton propagation 

scheme, the modulated spectrum of multi-bound states is modified due to the 

enhancement of SPM effect; however, the pulses in bound state behave similarly to 

the single soliton transmission in perturbed conditions. 

However, the time separation between pulses can remain unchanged at 

distances shorter than the soliton period. Thus it is possible to remain the binding of 

solitons in a DM fibre transmission link where the dispersion length is longer than the 

length of span. Therefore, multi-bound solitons generated from the FM-MLFRL are 

potentially new data coding sources for communication systems, but require further 

study. 
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Chapter 7  

Bispectrum estimation and photonic signal 

processing 
 

 

7.1 BISPECTRUM OF MULTI-BOUND SOLITONS 

7.1.1 Bispectrum 

In signal processing, the power spectrum estimation showing the distribution of power 

in frequency domain is a useful and popular tool to analyse or characterise a signal or 

process, however the phase information between frequency components is suppressed 

in the power spectrum. Therefore it is necessarily useful to exploit higher order 

spectra known as multi-dimensional spectra instead of the power spectrum in some 

cases, especially in nonlinear processes or systems [93-94]. In contrast to the power 

spectrum, the Fourier transform of higher-order autocorrelations gives multi-

dimensional spectra, hence they provide us with the phase information [94].  

In particular, the two-dimensional spectrum also called bispectrum is, by 

definition, the Fourier transform of the triple correlation, or the third order statistics 

[94]. For a signal x(t) its triple-correlation function C3 is defined as: 

∫ −−= dttxtxtxC )()()(),( 21213 ττττ     (7-1) 

where τ1, τ2 are the time-delay variables. Thus the bispectrum can be estimated 

through the Fourier transform of C3 as follows 
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{ }1 2 3 3 1 2 1 1 2 2 1 2( , ) ( , ) exp( 2 ( ))iB f f F C C j f f d dτ τ π τ τ τ τ≡ = − +∫∫  (7-2) 

where F{} is the Fourier transform, and f1, f2 are the frequency variables. From the 

definitions (7-1) and (7-2), both the triple-correlation and the bispectrum are 

represented in a 3D graph with two variables of time and frequency respectively. 

Figure 7-1 shows the regions of power spectrum and bispectrum respectively and their 

relationship. The cut-off frequencies fc are determined by intersection between the 

noise and spectral lines of the signal. These frequencies also determine the distinct 

areas which are basically bounded by a hexagon in bispectrum. The area inside the 

hexagon shows the relationship between frequency components of the signal only, 

otherwise the area outside shows the relationship between the signal components and 

noise. Due to a two-dimension representation in bispectrum, the variation of the signal 

and the interaction between signal components can be easily identified. 

 

Figure 7-1 A description of (a) power spectrum regions and (b) bispectrum regions for explanation. 

Because of unique features of the bispectrum (See Appendix C for more 

details), it is useful in characterizing the non-Gaussian or nonlinear processes and 

applicable in many various fields such as signal processing [93-94], biomedicine 

[237] and image reconstruction [238-239]. Extension of number of representation 

fc+ 

fc+ 

f1 

f2 

fc- 

fc- 

f1 + f2 = fc+ 

f1 + f2 = fc- f1 = -f2  

-0.5 0 0.5
-100

-80

-60

-40

-20

0

F (THz)

P
ow

er
 S

pe
ct

ru
m

 (a
.u

)

fc+fc- 

(b) 

Primary lines 

(a) 



 170

dimensions makes the bispectrum become more easily and significantly in 

representation of different types of signals and differentiation of various processes, 

especially nonlinear processes such as doubling and chaos. Hence multi-dimensional 

spectra is proposed as a useful tool to analyse the behaviours of signals generated 

from these systems such as multi-bound solitons, especially transition states in 

formation process of multi-bound solitons. This section will illustrate that the triple-

correlation and bispectrum reveal certain features of the pulse train that cannot be 

easily seen by autocorrelation method. 

7.1.2 Various states of bound solitons 

For multi-bound solitons, the optical power spectrum is modulated with the 

appearance of main lobes and sub-lobes due to the phase relationship between bound 

pulses as demonstrated in Chapter 3. Therefore, various multi-bound states generated 

from the FM mode-locked fibre laser can be distinguished by the optical power 

spectrum analysis. However, as a result the bispectrum of each multi-bound soliton 

state obviously exhibits a distinct structure for characterization. In this section, 

various multi-bound solitons in steady state obtained from simulation are used to 

estimate their bispectra. Moreover, some interesting information of the MBS can be 

obtained from the bispectrum.  
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Figure 7-2 Triple-correlations in contour plot view of various bound soliton states: (a) Single soliton, 

(b) dual-bound solitons, (c) triple-bound solitons and (d) quadruple-bound solitons respectively. 

(Insets: The temporal waveforms in logarithm scale showing the enhancement of the pedestal in higher 

order multi-bound solitons). 

Firstly, the triple-correlations of various multi-bound solitons are calculated as 

shown in Figure 7-2. The triple-correlation of a pulse can be represented by the 

elliptical contour lines corresponding to its magnitude as shown in Figure 7-2(a). 

Depending on the number of solitons in the bound state, the triple-correlation of the 

multi-bound soliton is represented by the layers of elliptical contour lines bounded in 

a hexagon as shown in Figure 7-2(b)-(d). The quality and symmetry of pulses can be 

reflected by the uniformity of the ellipsis in the same layer. In the triple-correlation, 

the presence of pedestals, which is commonly characterized by the high dynamic 
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range autocorrelation measurement [240], can be easily observed by the contour lines 

outside the hexagon. As shown in Figure 7-2(d), when the gain is enhanced in the 

cavity for the higher multi-bound state, the pulses are not only shortened but also 

possibly degraded by the increase in pedestal energy which is proportional to the level 

of the lines outside the hexagon area. 

F1 (THz)

F2
 (T

H
z)

 

 

-0.4 -0.2 0 0.2 0.4 0.6

-0.4

-0.2

0

0.2

0.4

0.6

-120

-100

-80

-60

-40

-20

0

F1 (THz)

F2
 (T

H
z)

 

 

-0.4 -0.2 0 0.2 0.4 0.6

-0.4

-0.2

0

0.2

0.4

0.6

-100

-80

-60

-40

-20

0

 

F1 (THz)

F2
 (T

H
z)

 

 

-0.4 -0.2 0 0.2 0.4 0.6

-0.4

-0.2

0

0.2

0.4

0.6

-100

-80

-60

-40

-20

0

F1 (THz)

F2
 (T

H
z)

 

 

-0.4 -0.2 0 0.2 0.4 0.6

-0.4

-0.2

0

0.2

0.4

0.6

-70

-60

-50

-40

-30

-20

-10

0

 

Figure 7-3 The magnitude bi-spectra in logarithm scale of different multi-bound soliton states: (a) 

single soliton, (b) dual-bound solitons, (c) triple-bound solitons and (d) quadruple-bound solitons 

respectively. 
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Figure 7-4 The phase bi-spectra of different multi-bound soliton states: (a) single soliton, (b) dual-

bound solitons, (c) triple-bound solitons and (d) quadruple-bound solitons respectively. 

The Fourier transform of the triple-correlations results in the bispectra of 

multi-bound solitons which consist of the magnitude and the phase representations. 

Figure 7-3 shows the magnitude in contour plot view of different multi-bound soliton 

states with π phase difference which circulate stably in the FM mode-locked fiber 

laser cavity. In single soliton state only, the magnitude bispectrum contour is only 

closed contour lines inside the area bounded by the hexagon as shown in Figure 

7-3(a). Whilst the bispectra of higher order bound solitons from dual- to quadruple 

bound states exhibit a periodic structure inside this area as shown in Figure 7-3(b)-(d). 

Depending on the number of pulses in bound states, the periodic structures of both 

phase and magnitude spectra vary correspondingly. When number of pulses in bound 

(a) 

(c) (d)
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state increases the periodic structure of its bispectra becomes more sophisticated 

because the interactive relationship between sidelobes or various frequency 

components. Moreover, the hexagonal area in bispectrum that is broader at higher 

order bound state reflects the bandwidth of the signal which is broadened by the pulse 

compression due to the enhancement of the gain or power in the fibre cavity. Similar 

to the observation in the triple-correlation, the stability of the bound states also 

exhibits obviously in the bispectrum. A lower stability of higher order bound states is 

shown by the blurred contour lines inside the hexagon and the enhancement of the 

contour ridges outside the hexagon. 

The phase bispectra provide additional information about status and quality of 

the bound state. Figure 7-4 shows the phase bispectra of various soliton states from 

the single pulse to quadruple-pulse. For the phase bispectrum, with periodic phase 

variation of a stable state in frequency domain is easily exhibited in two dimensions. 

The sharply periodic structure of phase bispectrum inside the hexagon with two 

distinct regions which are complex conjugate of each other and separated by the line 

f1=-f2 as shown in Figure 7-4(a) indicates high stability of the single soliton state. On 

the other hand, the periodic structure of stable multi-bound state is corrupted by the 

change in operating conditions of multi-bound state such as gain, noise level in the 

fibre cavity. At higher order bound soliton state, the phase variation in the bispectrum 

is more blurred in the hexagon, however two conjugate regions can be still obviously 

identified. 

7.1.3 Transitions in multi-bound soliton formation 

One of important advantages of the bispectrum representation is to differentiate the 

linear and nonlinear responses or processes, therefore it is specially useful in 
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analysing the transition processes from the noise to the steady state or from the 

unstable state to the stable. In transition processes of multi-bound soliton, the signal 

experiences strong fluctuations in phase and magnitude like a chaotic state before 

reaching to a new steady state. Therefore, the average bispectrum of these processes 

also exhibit clearly the variation in terms of both phase and magnitude, which can be 

used to analyse multi-bound soliton at this stage. One of the most important transition 

processes is the formation of multi-bound solitons from the noise in the fibre cavity 

which has been numerically investigated in Chapter 4. The evolution of the signal 

from the noise into the multi-bound solitons can be split into three stages in which the 

first stage is the process that the noise builds up into the pulses, yet the amplitude and 

phase of the signal fluctuate strongly during circulating inside the cavity like a chaotic 

state. In order to analyse this stage, the bispectrum is averaged over the first 1000 

round trips in the evolution of the multi-bound soliton formation which was simulated 

in Chapter 4. Figure 7-5 shows the magnitude and phase bispectra of the dual-bound 

soliton and the triple-bound soliton evolutions respectively. For the case of dual-

bound soliton, the bispectra in Figure 7-5(a)-(b) show non-periodic structure in a 

hexagon with small area that corresponds to the rapid variation of magnitude and 

phase of the signal from roundtrip to roundtrip. In particular, the phase structure 

shows a uniform distribution indicating an independence of the frequency components 

in the signal envelope because the signal behaviour in this stage is similar to a chaotic 

state. While the magnitude bispectrum for the case of the triple-bound soliton shows 

the closed contours in low frequency region and the phase bispectrum has a periodic 

structure due to the existence of two dominant short pulses in this first stage. However 

the state of these two pulses is unstable that expresses by the ridges in the hexagon of 
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the magnitude bispectrum and the unclarity of two distinct regions in phase structure 

of the bispectrum. 
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Figure 7-5 Magnitude and phase bispectra averaged over 1000 roundtrips of evolution of the signal at 

the first stage in formation process from the noise of various multi-bound solitons: (a)-(b) Dual-bound 

soliton, and (c)-(d) Triple-bound soliton. 

The second stage in next 1000 round trips is the process that the built-up 

pulses interact and bind together to form the multi-bound soliton. For the evolution of 

dual-bound soliton, therefore the elliptical contours in magnitude bispectrum and the 

periodic structure in phase bispectrum in this stage appear obviously because of the 

presence of periodic components as shown in Figure 7-6(a)-(b). The structure of 

closed contours in magnitude bispectrum becomes finer and extended due to the 

appearance of three solitons in the evolution of triple-bound soliton as shown in 

(a) (b)

(c) (d)
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Figure 7-6(c). However the bound state in this stage is unstable during circulating in 

the cavity because the operating condition such as gain factor is not optimized. Hence, 

the contamination in phase bispectra still exists and the structure of ridges is dominant 

in the hexagon of the magnitude spectra. The transition process between different 

bound states due to the change in operating conditions behaves similar to the 

evolution in this stage which is easily identified by the bispectral representation. 

When the fluctuations of multi-bound soliton occurs, the periodic lines of bispectrum 

at that process are varied and smeared, before another periodic structure of the 

bispectrum is formed when a new stable state is established. 
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Figure 7-6 Magnitude and phase bispectra averaged over 1000 roundtrips of evolution of the signal at 

the second stage in formation process of various multi-bound solitons: (a)-(b) Dual-bound soliton, and 

(c)-(d) Triple-bound soliton. 
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Figure 7-7 Magnitude and phase bispectra averaged over the last 1000 roundtrips of evolution of the 

signal at the third stage in formation process of various multi-bound solitons: (a)-(b) Dual-bound 

soliton, and (c)-(d) Triple-bound soliton. 

The last stage in the evolution of multi-bound soliton is the process in which 

the pulses do self-adjustments until multi-bound soliton reaches a steady state after 

the gain of the cavity is optimally adjusted. Although there is still existence of small 

fluctuations of the phase and amplitude in this process, the pulses in bound states are 

well-defined in a periodic evolution. Therefore the magnitude bispectra in both the 

dual- and the triple-bound solitons show the periodic structure with the closed 

elliptical contours dominant in the hexagon as shown in Figure 7-7(a)&(c). Figure 

7-7(b)&(d) show the phase bispectra with periodic relationship between frequency 

components of pulses and two clearly distinct conjugate regions separated by the 

diagonal f1=-f2. On the other way, the periodic structure in the bispectra is 

(d) 

(a) (b) 

(c) 
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progressively widened until a stably final state during transition from the unstable to 

the stable states. 

Another state of multi-pulse in the fibre cavity can be obtained when the gain 

factor is not optimized for higher multi-bound soliton state. Therefore the magnitude 

and the phase fluctuate strongly during circulation in the cavity. Non-uniformity and 

deviation of the phase difference between pulses from the value of π result in collision 

of pulses in this state and formation of new pulses. Figure 7-8 shows both the 

magnitude and the phase bispectra of this state averaged over 2000 round trips. The 

presence of both the closed contours and the ridges in a jumble indicate the presence 

of multipulsing operation and its dynamic state with the rapid variation in time due to 

the collision and the interaction of pulses in the cavity. The chaos in this state also 

exhibits through the uniform distribution of phase in the bispectrum as observed in 

Figure 7-8(b). 
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Figure 7-8 (a) Magnitude spectrum and (b) phase bispectra averaged over 2000 roundtrips of the 

unstable multi-pulse state in the FM fibre ring cavity. 

(a) (b) 
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7.2 THIRD-ORDER NONLINEARITY FOUR WAVE MIXING FOR 

PHOTONIC SIGNAL PROCESSING  

When the processing speed is over that of the electronic limit or requires massive 

parallel and high speed operations, the processing in the optical domain offers 

significant advantages. Thus all-optical signal processing is a promising technology 

for future optical communication networks. An advanced optical network requires a 

variety of signal processing functions including optical regeneration, wavelength 

conversion, optical switching and signal monitoring. An attractive way to realize these 

processing functions in transparent and high speed mode is to exploit the third-order 

nonlinearity in optical waveguides, particularly parametric processes. 

7.2.1 Four-wave mixing in nonlinear waveguides 

Four-wave mixing (FWM) is a parametric process through the third-order 

susceptibility )3(χ . In the FWM process, the superposition and generation of the 

propagating of the waves with different amplitudes Ak, frequencies ωk and wave 

numbers kk through the waveguide can be represented as 

[ ]( )k kj k z
k

k
A A e ω τ−=∑   with 1,.., 4k =     (7-3) 

The propagation and interaction between different waves in nonlinear waveguides can 

be described by the system of coupled differential equation which is derived by the 

introduction of Eq. (7-3) into the NSE with ignoring some linear and scattering effects 

for simplification [60]. The coupled differential equations, each of which is 

responsible for one distinct wave in the optical waveguide are as follows [60]: 

 



 181

( )2 2 *1
1 1 1 3 4 2 1

1
2 2 exp    

2 k
k

A A j A A A j A A A j k z
z

α γ γ
≠

∂ ⎡ ⎤
+ = + + − Δ⎢ ⎥∂ ⎣ ⎦

∑
 

( )2 2 *2
2 2 2 3 4 1 2

2
2 2 exp    

2 k
k

A A j A A A j A A A j k z
z

α γ γ
≠

∂ ⎡ ⎤
+ = + + − Δ⎢ ⎥∂ ⎣ ⎦

∑
 

( )2 2 *3
3 3 3 1 2 4 3

3
2 2 exp    

2 k
k

A A j A A A j A A A j k z
z

α γ γ
≠

∂ ⎡ ⎤
+ = + + − Δ⎢ ⎥∂ ⎣ ⎦

∑     (7-4) 

( )2 2 *4
4 4 4 1 2 3 4

4
2 2 exp    

2 k
k

A A j A A A j A A A j k z
z

α γ γ
≠

∂ ⎡ ⎤
+ = + + − Δ⎢ ⎥∂ ⎣ ⎦

∑
 

where 4321 kkkkk −−+=Δ  is the wave vector mismatch. In Eqs. (7-4) the last term 

represents for the interaction which can generate new waves. For three waves with 

different frequencies, a fourth wave can be generated at frequency 3214 ωωωω −+= . 

The waves at frequencies 1ω  and 2ω  are called pump waves, whereas the wave at 

frequency 3ω  is the signal and generated wave at 4ω  is called idler wave as shown in 

Figure 7-9(a). 

 

Figure 7-9 (a) Position and notation of the distinct waves, (b) Diagram of energy conservation, and (c) 

Diagram of momentum conservation in FWM. 

If all three waves have the same frequency 321 ωωω == , the interaction is called a 

degenerate FWM with the new wave at the same frequency. If only two of the three 

wave are at the same frequency ( 321 ωωω ≠= ), the process is called partly degenerate 

FWM which is important for some applications like the wavelength converter and 

parametric amplifier. 
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7.2.2 Phase matching 

In parametric nonlinear processes such as FWM, the energy conservation and 

momentum conservation must be satisfied to obtain a high efficiency of the energy 

transfer as shown in Figure 7-9(b)-(c). The phase matching condition for the new 

wave requires: 
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where ni is the refractive index of the wave at the wavelength λi. During propagation 

in optical waveguides, the relative phase difference )(zθ  between four involved 

waves is determined by [241-242]:  

)()()()()( 4321 zzzzkzz φφφφθ −−++Δ=     (7-6) 

where ( )k zφ  relates to the initial phase and the nonlinear phase shift during 

propagation. An approximation of phase matching condition can be given as follows 

[243]: 

κγθ
=−−++Δ≈

∂
∂ )( 4321 PPPPk

z
     (7-7) 

where Pk is the power of the waves and κ is the phase mismatch parameter. Thus the 

FWM process has maximum efficiency for κ = 0. The mismatch comes from the 

frequency dependence of the refractive index and the dispersion of optical 

waveguides. Depending on the dispersion profile of the nonlinear waveguides, it is 

very important in selection of pump wavelengths to ensure that the phase mismatch 

parameter is minimized. 



 183

7.3 APPLICATIONS OF FWM IN PHOTONIC SIGNAL PROCESSING 

Based on the Simulink® platform for optical fibre communication systems, a range of 

signal processing applications based on parametric process will be demonstrated 

through simulations in which the model of nonlinear waveguide is used as a 

functional block. Details of the Simulink® models are presented in Appendix D. 

7.3.1 Signal processing based on parametric amplification 

One of important applications of the )3(χ  nonlinearity is parametric amplification. 

The optical parametric amplifiers (OPA) offer a wide gain bandwidth, high 

differential gain and optional wavelength conversion and operation at any wavelength 

[242-245]. These important features of OPA are obtained because the parametric gain 

process does not rely on energy transitions between energy states, but it is based on 

highly efficient FWM in which two photons at one or two pump wavelengths will 

interact with a signal photon. A fourth photon, the idler, will be formed with a phase 

such that the phase difference between the pump waves and the signal and idler waves 

satisfies a phase matching condition. A typical scheme of the fibre-based parametric 

amplifier is shown in Figure 7-10(a). 

For parametric amplifier using one pump source, from the coupled equations 

(7-4) with A1 = A2 = Ap, A3 = As and A4 = Ai, it is possible to derive three coupled 

equations for complex field amplitude of the three waves Ap,s,i: 
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The analytical solution of these coupled equations determines the gain of the amplifier 

[241]: 
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with L is the length of the highly nonlinear fibre/waveguide, Pp is the pump power, 

and g is the parametric gain coefficient: 
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where the phase mismatch Δk can be approximated by extending the propagation 

constant in a Taylor series around ω0: 
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Here, λddD  is the slope of the dispersion at the zero-dispersion wavelength, 

kk c ωπλ 2=  is the optical wavelength. 
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Figure 7-10 (a) A typical setup of an optical parametric amplifier [242]; (b) The Simulink model of 

optical parametric amplifier. 

A setup of the 40 Gbit/s RZ transmission system using parametric amplifier 

has been implemented in the Simulink® platform. The setup contains a 40 Gbit/s 

optical RZ transmitter, an optical receiver for monitoring, a parametric amplifier 
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block and a bandpass filter that filters the desired signal from the total field output of 

the amplifier. Details of the parametric amplifier block can be seen in Figure 7-10(b). 

The block setup of parametric amplifier consists of a continuous wave (CW) pump 

laser source, an optical coupler to combine the signal and the pump, a highly 

nonlinear fibre block which contains the embedded MATLAB model for nonlinear 

propagation. The important simulation parameters of the system are shown in Table 

7-1. 

Table 7-1 Important parameters of the parametric amplifier in 40Gbps system. 

RZ 40 Gbit/s Transmitter 

λs = 1520 nm – 1600 nm, λ0 = 1559 nm 

Modulation: RZ-OOK, Ps = 0.01 mW (peak), Br = 40 Gbit/s 

Parametric Amplifier 

Pump source: Pp = 1 W (after EDFA), λp = 1560.07 nm 

HNLF: Lf = 500 m, D = 0.02 ps/km/nm, S = 0.09 ps/nm2/km,  α = 0.5 dB/km, 
Aeff = 12 μm2, γ = 13 1/W/km. 

BPF: ΔλBPF = 0.64 nm 

 

 

Figure 7-11 Time traces of the 40 Gbit/s signal before (a) and after (b) the parametric amplifier.  

(a) 

(b) 
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Figure 7-12 Optical spectra at the input (red) and the output (black) of the OPA 
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Figure 7-13 Calculated and simulated gain of the OPA at Pp = 30 dBm. 

Figure 7-11 shows the signals before and after the amplifier in time domain. 

The time trace indicates the amplitude fluctuation of the amplified signal as a noisy 

source from wave mixing process. Their corresponding spectra are shown in Figure 

7-12. The noise floor of the output spectrum of amplifier shows the gain profile of 

OPA. Simulated dependence of OPA gain on the wavelength difference between the 

signal and the pump is shown in Figure 7-13 together with theoretical gain using Eq. 

(7-9). The plot shows an agreement between theoretical and simulated results. The 
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peak gain is achieved at phase matched condition where the linear phase mismatch is 

compensated by the nonlinear phase shift. 

In fact, the parametric amplifier is not popularly applied in the transmission 

systems because of some disadvantages [242]. However, the structure of parametric 

amplifier is prospectively applied to signal processing function such as wavelength 

conversion which can be obtained from the idler after wave mixing process. Due to 

very fast response of the third-order nonlinearity, the wavelength conversion based on 

this effect is transparent to the modulation format and the bit rate of signals. For a flat 

wideband converter which is a key device in wavelength-division multiplexing 

(WDM) networks, a short length HNLF with a low dispersion slope is required in 

design. By a suitable selection of the pump wavelength, the wavelength converter can 

be optimized to obtain a bandwidth of 200 nm [244]. Therefore, the wavelength 

conversion between bands such as C and L bands can be performed in WDM 

networks. Figure 7-14 shows an example of the wavelength conversion for four WDM 

channels at C-band. The important parameters of the wavelength converter are shown 

in Table 7-2. The WDM signals are converted into L-band with the conversion 

efficiency of -12 dB. 

Table 7-2 Important parameters of the wavelength converter. 

RZ 40 Gbit/s Signal 

λ0 = 1559 nm, λs = {1531.12, 1537.4, 1543.73, 1550.12} nm, 
Ps = 1 mW (peak), Br = 40 Gbit/s 

Parametric Amplifier 

Pump source: Pp = 100 mW (after EDFA), λp = 1560.07 nm 
HNLF: Lf = 200 m, D = 0.02 ps/km/nm, S = 0.03 ps/nm2/km,  α = 0.5 

dB/km, Aeff = 12 μm2, γ = 13 1/W/km 
BPF: ΔλBPF = 0.64 nm, λi = {1587.91, 1581.21, 1574.58, 1567.98} nm 
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Figure 7-14 (a) The wavelength conversion of 4 WDM channels, (b) Eyediagram of the converted 40 

Gbit/s signal after BPF. 

Another important application with the same setup is the nonlinear phase 

conjugation (NPC). A phase conjugated replica of the signal wave can be generated 

by FWM process. From Eq. (7-8), the idler wave is approximately given in case of 

degenerate FWM for simplification: 2 * j kz
i p sE A A e− Δ∼  or [ ]( )* j kz

i sE rA e ωτ− −∼  with the signal 

wave [ ]( )j kz
s sE A e ωτ−∼ . Thus the idler field is complex conjugate of the signal field. In 

appropriate conditions, optical distortions can be compensated by using NPC and 

optical pulses propagating in the fibre link can be recovered. The basic principle of 

distortion compensation with NPC refers to spectral inversion. When an optical pulse 

propagates in an optical fibre, its shape will be spread in time and distorted by the 

group velocity dispersion. The phase conjugated replica of the pulse is generated in 

the middle point of the transmission link by the nonlinear effect. On the other hand, 

the pulse is spectrally inverted where spectral components in the lower frequency 

range are shifted to the higher frequency range and vice versa. If the pulse propagates 

in the second part of the link with the same manner in the first part, it is inversely 

distorted again that can cancel the distortion in the first part to recover the pulse shape 
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Pump 
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at the end of the transmission link. With using NPC for distortion compensation, a 40-

50 % increase in transmission distance compared to a conventional transmission link 

can be obtained [246-248]. However NPC for distortion compensation has been 

mostly implemented by exploiting the second order susceptibility of nonlinear crystals 

such as KTP and periodically poled LiNbO3 (PPLN) [247]. Recently, planar nonlinear 

waveguides based on AsS3 glass have emerged as promising devices for ultra-high 

speed photonic processing [80-81, 249]. These nonlinear waveguides offer a lot of 

advantages such as no free-carrier absorption, stable at room temperature, no 

requirement of quasi-phase matching and possibility of dispersion engineering. 

Table 7-3 Important parameters of the long-haul transmission system using NPC for distortion 

compensation. 

RZ 40 Gbit/s Transmitter 

λs = 1547 nm, λ0 = 1559 nm 
Modulation: RZ-OOK, Ps = 1 mW (peak), Br = 40 Gbit/s 

Fiber transmission link 

SMF: LSMF = 100 km, DSMF = 17 ps/nm/km, α = 0.2 dB/km 
EDFA: Gain = 20 dB, NF = 5dB; 

Number of spans: 10 (5 in each section), Llink = 1000 km 

NPC based on OPA 

Pump source: Pp = 500 mW (after EDFA), λp = 1560.07 nm 
NW: Lw = 7 cm, D = 28 ps/km/nm, S = 0.03 ps/nm2/km,  α 

= 5 dB/cm, Aeff = 1 μm2, γ = 10000 1/W/km 
BPF: ΔλBPF = 0.64 nm 

 



 190

       

Figure 7-15 Eye-diagrams of the 40Gbit/s signal at the end (a) of the first section and (b) of the 

transmission link. 

Details of the Simulink® setup of a long-haul 40 Gbit/s transmission system 

demonstrating the distortion compensation using NPC are shown in Appendix D. The 

fibre transmission link of the system is divided into two sections by an NPC based on 

parametric amplifier. Each section consists of five spans with 100 km standard single 

mode fibre (SSMF) in each span. Figure 7-15(a) shows the eyediagram of the signal 

after propagating through the first fibre section. After the NPC at the midlink, the 

idler signal, a phase conjugated replica of the original signal, is filtered for 

transmission in next section. The signal in the second section suffers the same 

dispersion as in the first section. At the end of the transmission link the optical signal 

is totally regenerated as shown in Figure 7-15(b). It is noted that due to change in 

wavelength of the signal after the NPC, a tunable dispersion compensator can be 

required to compensate the residual dispersion after transmission in real systems. 

7.3.2 Ultra-high speed optical switching 

When the pump is an intensity modulated signal instead of the CW signal, the gain of 

the OPA is also modulated due to its exponential dependence on the pump power in a 

phase matched condition. The width of gain profile in time domain is inversely 

(a) (b) 
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proportional to the product of the gain slope (Sp) or the nonlinear coefficient and the 

length of the nonlinear waveguide (L) [241]. Therefore an OPA with high gain or 

large SpL operates as an optical switch with an ultra-high bandwidth which is very 

important in some signal processing applications such as pulse compression or short-

pulse generation [250-251]. A Simulink® setup for a 40 GHz short-pulse generator is 

built with the configuration as shown in Figure 7-16. In this setup, the input signal is a 

CW source with low power and the pump is amplitude modulated by a Mach-Zehnder 

intensity modulator which is driven by a RF sinusoidal wave at 40 GHz. The 

waveform of the modulated pump is shown in Figure 7-17(a). Important parameters of 

the FWM-based short-pulse generator are shown in Table 7-4. Figure 7-17(b) shows 

the generated short-pulse sequence with the pulsewidth of 2.6 ps at the signal 

wavelength after the optical BPF. 

Table 7-4 Parameters of the 40 GHz short pulse generator 

Short-pulse generator 

Signal: Ps = 0.7 mW, λs = 1535 nm, λ0 = 1559 nm, 

Pump source: Pp = 1W (peak), λp = 1560.07 nm, fm = 40 GHz 

HNLF: Lf = 500 m, D = 0.02 ps/km/nm, S = 0.03 ps/nm2/km, 

α = 0.5 dB/km, Aeff = 12 μm2, γ = 13 1/W/km. BPF: ΔλBPF = 3.2 nm 

1
Output

B-FFT

Spectrum
Scope2

Optical Coupler

In1 Out1

MZIM

Input Output

Highly Nonlinear Fiber

sqrt(Pp)

Gain

In1 Out1

Frequency Converter1

In1 Out1

Frequency Converter

In1 Out1

EDFA amplifier

Output

CW Signal Laser Source1

Output

CW Signal Laser Source

 
Figure 7-16 Simulink setup of the 40 GHz short-pulse generator to demonstrate ultra-high speed 

switching based on parametric amplification with using of a intensity-modulated source for pump. 
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Figure 7-17 Time traces of (a) the sinussoidally amplitude modulated pump, and (b) the generated 

short-pulse sequence (Inset: The corresponding pulse spectrum). 
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Figure 7-18 (a) A typical setup of the FWM-based OTDM demultiplexer, (b) Simulink model of the 

OTDM demultiplexer. 

Another important application of the optical switch based on FWM process is 

the demultiplexer a key component in ultra-high speed optical time division 

multiplexing (OTDM) systems. OTDM is a key technology for Tb/s Ethernet 

transmission which can meet the increasing demand of traffic in future optical 

networks. A typical scheme of OTDM demultiplexer in which the pump is a mode-

locked laser (MLL) to generate short pulses for control is shown in Figure 7-18(a). 

The working principle of the FWM-based demultiplexing is described as follows: The 

control pulses generated from a MLL at tributary rate are pumped and co-propagated 

with the OTDM signal through a nonlinear medium such as HNLF or nonlinear 

waveguide. Mixing process between the control pulses and the OTDM signal during 
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propagation through the nonlinear medium converts the desired tributary channel to a 

new idler wavelength. Then the demultiplexed signal at the idler wavelength is 

extracted by a band pass filter before going to a receiver as shown in Figure 7-18(a). 

Table 7-5 Important parameters of the FWM-based OTDM demultiplxer using a nonlinear waveguide. 

OTDM Transmitter 

MLL: P0 = 1 mW, Tp = 2.5 ps, fm = 40 GHz 

Modulation formats: OOK and DQPSK; OTDM multiplexer: 4x40Gsymbols/s 

FWM based demultiplexer 

Pumped control: Pp = 500 mW, Tp = 2.5ps, fm = 40GHz, λp = 1556.55 nm 

Input signal: Ps = 10 mW (after EDFA), λs = 1548.51 nm 

Waveguide: Lw = 7cm, Dw = 28 ps/km/nm, Sw = 0.003 ps/nm2/km 

α = 0.5 dB/cm, γ = 104 1/W/km 

BPF: ΔλBPF = 0.64 nm 

 

     

Figure 7-19 Spectra at the outputs (a) of nonlinear waveguide and (b) of BPF.   

Using HNLF is relatively popular in structures of OTDM demultiplexer [245, 

252]. However its stability, especially the walk-off problem is still a serious obstacle. 

With the same operational principle, planar waveguide-based OTDM demultiplexers 

are very compact and suitable for photonic integrated solutions [81]. Figure 7-18(b) 

shows the Simulink setup of the FWM-based demultiplexer of the on-off keying 

(OOK) 40Gbit/s signal from the 160 Gbit/s OTDM signal using a highly nonlinear 
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waveguide instead of HNLF.  The important simulation parameters of the OTDM 

system are given in Table 7-5. Figure 7-19(a) shows the spectrum at the output of the 

nonlinear waveguide. Then the demultiplexed signal is extracted by the bandpass 

filter as shown in Figure 7-19(b). The developed model of OTDM demultiplexer can 

be applied not only to the conventional OOK format but also to advanced modulation 

formats such as DQPSK which increases the data load of the OTDM system without 

increase in bandwidth of the signal. By using available blocks developed for DQPSK 

system [253], a Simulink® model of DQPSK-OTDM system is also setup for 

demonstration. The bitrate of the OTDM system is doubled to 320 Gbit/s with the 

same pulse repetition rate. Figure 7-20 shows the simulated performance of the 

demultiplexer in both 160 Gbit/s OOK- and 320 Gbit/s DQPSK-OTDM systems. The 

BER curve in case of the DQPSK-OTDM signal shows a low error floor which may 

be resulted by the influence of nonlinear effects on phase-modulated signals in the 

waveguide. 
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Figure 7-20 Simulated performance of the demultiplexed signals for 160 Gbit/s OOK- and 320 Gbit/s 

DQPSK-OTDM systems (Insets: Eyediagrams at the receiver). 
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7.3.3 FWM based triple-correlation and bispectrum 

One of promising possibilities exploiting the )3(χ nonlinearity is implementation of 

triple-correlation in optical domain. To implement the triple correlation in optical 

domain, thus the product of three signals including different delayed versions of 

original signal need to be generated, and then detected by an optical photodiode to 

perform the integral operation. From the representation of nonlinear polarization 

vector [60], this triple-product can be generated by the )3(χ nonlinearity. One 

conventional way to generate the triple correlation is based on third harmonic 

generation (THG) where the generated new wave containing the triple-product is at 

the frequency of three times of original carrier frequency. Thus if the signal 

wavelength is in the 1550 nm band, the new wave need to be detected at around 517 

nm. The triple-optical autocorrelation based on single stage third harmonic generation 

has been demonstrated in direct optical pulse shape measurement [254-255]. However 

this way is hard to obtain high efficiency in the wave mixing process due to the 

difficulty of phase matching between three signals. Moreover, the triple-product wave 

is in 517 nm where wideband photo-detectors are not available for high-speed 

communication applications. Therefore a possible alternative to generate the triple 

product is based on other nonlinear interactions such as FWM. From Eq.(7-4), the 

fourth wave is proportional to the product of three waves *
4 1 2 3

j kzA A A A e− Δ∼ . If A1 and 

A2 are the delayed versions of the signal A3, the mixing of three waves results in the 

fourth wave A4 which is obviously the triple product of three signals. As mentioned in 

section 7.2.1, all three waves can have the same frequency, however these waves 

should propagate into different directions to possibly distinguish the new generated 

wave in a diverse propagation direction which requires a strict arrangement of the 



 196

signals in spatial domain for phase matching. An alternative way we propose is to 

convert the three signals into different frequencies (ω1, ω2 and ω3). Then the triple-

product wave can be extracted at the frequency 3214 ωωωω −+=  which is still in the 

1550 nm band. 

Table 7-6 Important parameters of the FWM based triple-product generator using a nonlinear 

waveguide. 

Signal generator 

Single-pulse: P0 = 200 mW, Tp = 5 ps, fm = 5 GHz 

Dual-pulse: Pp = 200 mW, Tp = 5 ps, fm = 5 GHz 

FWM based triple-product generator 

Original signal: λs1 = 1552.52 nm 

Delayed τ1 signal: λs2 = 1553.32 nm, Delayed τ2 signal: λs3 = 1551.5 nm 

Waveguide: Lw = 7cm, Dw = 28 ps/km/nm, Sw = 0.003 ps/nm2/km 

α = 0.5 dB/cm, γ = 104 1/W/km 

BPF: ΔλBPF = 0.64÷1 nm 

   

Figure 7-21 (a) Simulink setup of the FWM-based triple-product generation, (b) Simulink setup of the 

theory-based triple-product generation. 

A Simulink® model for the triple-correlation estimation based on FWM in 

nonlinear waveguide is setup for investigation. The structural block consists of two 

variable delay lines to generate delayed versions of the original signal and frequency 

(a) (b) 
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converters to convert the signal into different three waves before combining at the 

optical coupler to launch into the nonlinear waveguide as shown in Figure 7-21(a). 

Then the fourth wave signal generated by FWM is extracted by the passband filter. To 

verify the triple-product based on FWM, another model shown in Figure 7-21(b) to 

estimate the triple-product by a mathematical function block is also implemented for 

comparison. The integration of the generated triple-product signal is then performed 

at photo-detector in the optical receiver to estimate the triple-correlation of the signal. 

Repetitive signals with different patterns are generated for investigation. Important 

parameters of the setup are shown in Table 7-6. The triple-correlation is represented 

by 3D plot as an image with hot colours corresponding to the intensity of the triple-

correlation. The axes (X&Y) of the image are the time-delay variables (τ1 and τ2) in 

terms of samples with step-size of Tm/32 where Tm is the pulse period. Various 

patterns of pulse sequence are used to estimate the FWM-based triple-correlation as 

shown in Figure 7-22. 

   

Figure 7-22 Pulse sequence patterns: (a) Single pulse, (b) Dual-pulse with equal amplitudes, and (c) 

Dual-pulse with unequal amplitudes. 

(a) (b) (c) 
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Figure 7-23 Triple correlation of the single-pulse signal based on (a) theoretical estimation, (b) FWM 

in nonlinear waveguide.  

In the simple case, a single Gaussian pulse sequence at 5 GHz is generated for 

investigation. Figure 7-23 shows the triple-correlations of the signal in both models 

which are based on the FWM process and the theory for comparison with the same 

resolution. The intensity of the triple-correlation based on the FWM is focused in a 

spot similar to that shown in Figure 7-23(a). By changing into another pattern, the 

triple-correlations of dual-pulse with equal and unequal amplitudes in both models are 

obtained as shown in Figure 7-24. Because of the presence of second pulse in the 

pattern, a layer of spots in a hexagonal shape appears in the triple-correlation based on 

the FWM process. When the amplitude of the second pulse is lower, the intensity of 

the spots outside is also reduced correspondingly. 

(a) 

(b)

(b)
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Figure 7-24 Triple correlations based on (a) theoretical estimation, and (b) FWM in nonlinear 

waveguide of the dual-pulse signal with equal amplitudes, and triple correlations based on (c) 

theoretical estimation, and (d) FWM in nonlinear waveguide of the dual-pulse with unequal amplitudes 

(Peak power of the second pulse P2=2/3Pp). 

In general, the triple-correlation patterns are still distinguishable as compared 

to the theory. However the FWM-based triple correlations are contaminated by noise 

which is mainly generated by other mixing processes and crosstalk from neighbour 

wavelengths similar to those in WDM systems. If the wavelength spacing between 

three waves is equal, the noise level from undesired mixing processes is enhanced as 

demonstrated in Figure 7-25(a). Furthermore if the bandwidth of the signal is 

broadened, the crosstalk noise increases correspondingly as demonstrated in Figure 

7-25(b). In all triple-correlations obtained by the FWM, the noise is deterministic that 

(b)(a) 

(c) (d)
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is enhanced only at certain vertical lines in the image. We note that the noise can be 

reduced by the optical bandpass filter, however the bandwidth of optical filter can 

distort the triple-correlation. Depending on the bandwidth of the signal, hence the 

wavelength positions as well as the bandwidth of the filter need to be carefully chosen 

to obtain the best results. 

  

Figure 7-25 Triple-correlations of the dual-pulse signal based on FWM process in various conditions: 

(a) with double the bandwidth of the signal, (b) with equal wavelength spacing.   

7.4 CONCLUDING REMARKS 

Bispectrum estimation, a Fourier transform of triple-correlation, has been proposed to 

characterise various states of multi-bound solitons. Owing to distinct representation of 

the bispectrum, dynamic aspects of the multi-bound solitons can be identified. 

Specially, the stability and the transition from a chaotic state to a steady state or vice 

versa were obviously distinguished by variation of the periodic structure in the 

magnitude bispectrum and the phase distribution in the phase bispectrum. 

The triple-correlation based on FWM process has been examined by the 

Simulink model which was developed for signal processing using nonlinear 

waveguides. The validity of the model has been demonstrated through important 

applications of FWM process such as wavelength conversion, nonlinear phase 

(a) (b)
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conjugation and ultrafast switching. The obtained results showed that the triple-

correlation based on FWM is still distinguishable although it is noisy due to other 

mixing processes. However the complexity of properly selection of parameters such 

as in this technique can prevent it from practical applications. 
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Chapter 8  

Conclusion 

 

 

Optical solitons could become more significant in fibre communications and signal 

processing applications; therefore short-pulse generators such as mode-locked fibre 

lasers have attracted a lot attention in research on soliton generation and the dynamic 

behaviour of solitons in a mode-locked fibre laser. Together with passively mode-

locked fibre lasers, actively mode-locked fibre ring lasers show new behaviours that 

can be explored for potential applications. Especially, multi-pulse operation which 

results in multi-bound solitons can occur in strongly-nonlinear fibre cavities. 

Therefore some research issues about multi-bound solitons generated from actively 

FM mode-locked fibre ring laser have been addressed in this thesis. Both 

experimental and numerical investigations of multi-bound solitons during generation, 

propagation and detection have been performed. 

The existence of multi-bound solitons having more than two pulses in an 

actively FM mode-locked fibre laser has been reported for the first time. By properly 

setting the parameters of the cavity, various multi-soliton bound states from the dual- 

to the sextuple-order have been experimentally generated at modulation frequency of 

1 GHz. Together with experimental results, numerical simulations have been shown 

that multi-bound solitons with the relative phase difference of π are stable solutions of 

the FM mode-locked fibre laser in specific conditions of the cavity. When the cavity 
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parameters deviate from the optimum value, the multi-bound solitons would become a 

quasi-stable state with a periodic variation of pulse parameters or unstable state with 

strong fluctuations in amplitude and temporal position due to the variation of the 

phase difference. Both experimental and simulated results showed that the higher 

order bound state becomes more sensitive to the environment fluctuations and the 

changes in cavity settings. 

In contrast to passive mode locking, the EO phase modulator allows active 

mode locking of a fibre laser. The influence of the phase modulator on multi-soliton 

bound states can exhibit on two aspects which are the artificial filtering response of 

the cavity and the chirping caused by phase modulation. By characterization 

measurements the inherent birefringence in the Ti-waveguide of the EO phase 

modulators was identified through the formation of the artificial Lyot-based filtering 

response. This response not only relates to the discrete wavelength tunable function 

but also limits the pulse shortening in the cavity that is very important in multi-bound 

soliton formation. Multi-bound solitons were only obtained in the cavity using the 

lumped-type phase modulator PM-315P, while it is difficult to generate multi-bound 

solitons in the cavity using the traveling-wave phase modulator Mach-40-27. In 

another aspect, the chirp rate induced by phase modulation from the EO phase 

modulator significantly affects important parameters of the multi-bound solitons such 

as temporal separation and the optical power level for stabilization. At higher chirps, 

the temporal separation is reduced and the optical power level required for stability is 

increased. It has been also demonstrated that at the same optical power in the cavity a 

switching from higher-order bound state to lower-order one can occur when the 

modulation index is increased sufficiently. Moreover the bound solitons are split into 
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lower-order bound states with controllable separation by the distortion of the phase 

modulation profile. The distortion is caused by the enhancement of higher order 

harmonics in the driving signal which is useful not only for rational harmonic mode 

locking but also for soliton control inside the cavity. 

The transmission characteristics of multi-bound solitons have been 

experimentally and numerically investigated in 50 km of standard single mode fibre. 

Depending on the launched power of the multi-bound soliton, the obtained results 

showed two distinct areas of the soliton parameters after transmission. Multi-bound 

solitons are influenced by strong repulsive interaction that varies along the fibre. The 

changes in soliton parameters depend on the launching powers, which can be lower or 

higher than the power essential to form a single soliton. Although the soliton 

parameters such as the width, the time separation varies strongly due to the 

perturbation of loss and dispersion, the phase difference of π still remains almost 

unchanged at low launching power after 50 km transmission. By contrast the variation 

of soliton parameters is reduced at sufficiently high launching powers, yet the phase 

difference deviates from the value of π. 

Dynamic states of the multi-bound solitons have been also analysed by the 

triple-correlation and its Fourier transform, called bispectrum. The bispectrum 

analysis showed distinguishable representation of various multi-bound soliton states 

that can be used to estimate their stability. In an effort to find an alternative way in 

estimation of the triple-correlation in optical domain, the FWM parametric process 

has been examined for this purpose. The simulation results have shown that the 

limitations of this approach in practical applications. 
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Having demonstrated the existence of stable multi-bound solitons in the 

actively FM mode-locked fibre lasers, an interesting avenue to explore is the 

behaviour of multi-bound solitons as data carriers in communication systems. As 

observed in the passively mode-locked fibre laser [256], vector solitons also may exist 

in an actively mode-locked cavity. Furthermore the polarization-dependent phase 

modulation of the LiNbO3 modulators can affect to the interaction and the coupling 

between two distinct polarization components that produce new dynamic states. In 

order to enhance the controllability of the multi-bound solitons in the cavity, a 

different guided-wave medium could be used. It has been shown that gap solitons 

propagating in a fibre Bragg grating (FBG) have a local interaction which is different 

from that in conventional fibres [257-258]. Hence, the insertion of an FBG in the 

cavity could allow a variation of propagation velocity of the pulses that could 

influence effective interaction in the bound state. In addition, photonic crystal fibres 

(PCF) have recently emerged as a new class of optical fibre which offers interesting 

features such as highly nonlinearity with optimized dispersion properties [259]. 

Therefore, PCFs can be another option for the nonlinear guided-wave medium in 

generation of the multi-bound soliton. 

Although the triple-correlation based on FWM process showed the complexity 

of this technique and the limited performance due to the noise of other mixing 

processes, the FWM parametric effect still plays a key role in a variety of signal 

processing functions in future photonic networks. Moreover, distinct representation of 

the triple-correlation and the bispectrum for a signal or process can be significantly 

applied for monitoring the signal in optical transmission systems. For an ultra-high 

speed long-haul transmission system, impairments such as dispersion and nonlinear 
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phase noise can result in a non-Gaussian distribution of the distortions of the signal 

that can be easily identified by the bispectrum. Owing to the insensitivity of the 

bispectrum to a Gaussian random process, it has been demonstrated that the 

bispectrum is useful to reconstruct the signal corrupted by noise [260]. By this 

approach, we have numerically shown the potential of the signal recovery for 

Gaussian white noise corrupted BPSK system by using the bispectrum estimation in 

digital domain instead of optical domain [253]. By rapid development of high speed 

analog-to-digital converters for optical receivers, the bispectrum estimation in digital 

domain is becoming feasible to expand its ability to practical transmission systems. 
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Appendix B  

MATLAB code for soliton propagation 

 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%        O P T I C A L   S O L I T O N   P R O P A G A T I O N              
%                                                                           
% 
% This is the Matlab program to simulate soliton propagation in      
% optical fibers using the split-step Fourier method in Agrawal's    
% book.               
% Written by Nguyen Duc Nhan - 2005. Revised – 2010. 
cla reset 
  
%--- Physics constant ---------------------------------- 
c       = 3e8 ; % speed of light - m/s 
OpLamda = 1.550e-6 ; % Wavelength - m 
  
%--- Soliton parameters -------------------------------- 
N = 2; % Soliton order 
To = 10e-12; % Soliton width - s 
Ci = 0; % Chirp parameter 
%--- Fiber parameters ---------------------------------- 
Dp = 17e-6 ; % Dispersion - s/m^2 
ro      = 5e-6 ; % Core radius - m 
Aeff    = pi*ro^2; % Core area - m^2 
n2      = 2.6e-20 ; % Nonlinear refractive index 
alphadB = 0; % attenuation factor - dB/km 
Beta2   = -(Dp*OpLamda^2)/(2*pi*c) ; % GVD 
Beta3   = 0; % Third order dispersion 
Ld      = To^2/abs(Beta2) ; % Dispersion length 
Zo      = pi*Ld/2 ; % Soliton period 
Gamma   = (2*pi*n2)/(OpLamda*Aeff) ; % Nonlinear coefficient 
Po      = N^2/(Gamma*Ld); % Soliton peak power - W 
  
Alpha=log(10)*alphadB/(10*1000);     % fiber loss per meter 
  
%--- Simulation parameters -------------------------------- 
h = 100; % Stepsize - m 
Phi_nl = Gamma*Po*h; % Nonlinear phase shift 
while Phi_nl > 0.05 % Keep the nonlinear phase shift lower the upper 
limit 
    h = h/2; 
    Phi_nl = Gamma*Po*h; 
end 
Num_steps = round(2*Zo/h); % Number of steps in 2 soliton periods 
SegNum  
Num_blk = 20; % Size of data array for display 
BlockSize     = round(Num_steps/Num_blk);  
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Lb = BlockSize*h; % Distance 
  
Ns = 256; % FFT number of points            
  
Ts      =To/20; % sampling time       
t       = Ts*(-Ns/2:1:Ns/2-1); 
w       = fftshift((2*pi/((Ns-1)*Ts))*(-Ns/2:1:Ns/2-1)); 
%----------------------------------------------------------- 
Usol        = sqrt(Po).*sech(t/To).*exp(-j*Ci*t.^2./2/To.^2) ; % 
Input field 
ARR = abs(Usol).^2; 
%---- Algorithm for Soliton Beam Propagation Method : Split Step 
Model -----% 
  
for k = 1:Num_steps 
  D     = -j/2*Beta2.*(j.*w).^2 + 1/6*Beta3.*(j.*w).^3 - Alpha/2 ; % 
Linear operator 
  N1    = j*Gamma.*(abs(Usol)).^2 ;  % Nonlinear operator 
  N2    = N1 ; 
  % First half interval : dispersion operator only 
    Udisp   = ifft( exp(h/2.*D) .* fft(Usol) ) ; 
  % Iteration process to find N2 
    for c = 1:2 % two iterations 
      Utmp  = ifft( exp(h/2.*D) .* fft(Usol) ) ; 
      UnonTmp  = exp(h/2.*(N1+N2)) .* Utmp ; 
      U2tmp    = ifft( exp(h/2.*D) .* fft(UnonTmp) ) ; 
      N2    = j*Gamma.*(abs(U2tmp)).^2 ; 
    end 
  % Second half interval : non linear operator only      
    Unon    = exp(h/2.*(N1+N2)) .* Udisp ; 
  % Whole segment propagation 
    U2  = ifft(exp(h/2.*D).*fft(Unon)); 
    Usol=U2; 
  
  if mod(k,BlockSize)==0 
           ARR = [ARR ; abs(U2).^2]; % Store numerical data in an 
array for plotting 
  end 
end 
%---- Plotting ------------------------------------------------------
-------% 
z = 0:Lb:2*Zo;  
znorm = z./Zo; % Normalized distance 
tnorm = t./To; % Normalized time window 
ARR = ARR./Po; % Normalized intensity 
[tp,zp] = meshgrid(tnorm,znorm); 
mesh (tp,zp,ARR,'meshstyle','row','facecolor','none'); 
axis tight; 
view(-25,42) 
xlabel('t/To');ylabel('Z/Zo'); 
zlabel('Normalized intensity');
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Appendix C  

Calculation procedures of triple-correlation, 

bispectrum and examples 
 

C.1 TRIPLE CORRELATION AND BISPECTRUM ESTIMATION 

Definitions of triple-correlation and bispectrum for continuous signal x(t) are given in 

Chapter 7. However, calculation of both triple-correlation and bispectrum is normally 

achieved in discrete domain. Thus the discrete triple-correlation is estimated as 

follows: 

∑ −−=
k

kdtxkdtxkdtxC )()()(),( 21213 ττττ     (C-1) 

where x(kdt) is the discrete version of x(t), k is integer number, dt = 1/fs is the 

sampling period, fs is the sampling frequency, the delay variables are also discretized 

as i mdtτ = , m= 0,1,2 ..., N/2-1. Although x(t) can be a complex signal, in this thesis, 

x(t) is the intensity of pulse from direct detection through a photodiode. 

Similarly, the discrete bispectrum is estimated by the discrete Fourier 

transform of C3 

1 2 3 1 2( , ) ( , ) exp( 2 ( ))i
m n

B f f C mdt ndt j f mdt f ndtπ= − +∑∑   (C-2) 

where m,n are integers and the frequency variables ,  0,1,2... / 2 1if Kdf K N= = − , 

and the frequency resolution ( )2df Ndt= , N is the total number of samples in each 

computation window. 
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In this thesis, the following steps are used to estimate the bispectrum: 

- A discrete process or signal is divided into M computation frames in which the 

number of samples N in each frame chosen is 1024. The sampling time dt is 

properly selected to ensure that whole significant frequency components of 

x(kdt) are in the range from –B to B, where B = 1/(2dt). 

- The triple-correlation of each data frame is computed by using (C-1). The 

result obtained is an array with the size 512x512. Each value in the array is 

represented for the amplitude of the triple-correlation. 

- The bispectrum of each frame is then calculated by using discrete Fourier 

transform (C-2). Thus the bispectrum is also an array with the same size. 

Finally, the bispectrum is averaged over M data frames via the following 

expression: 

1 2 1 2
1

1( , ) ( , )
M

i
i

B f f B f f
M =

= ∑      (C-3) 

- Both the triple-correlation and the bispectrum can be displayed in a 3D graph 

as shown in Figure C-1 in which the magnitude is normalized in logarithmic 

scale. However, the contour representation is selected to display effectively 

the variation in the bispectrum structure. 

  

Figure C-1 Graphical representations of (a) triple-correlation, and (b) magnitude bispectrum. (Bottoms: 

Corresponding contour representations). 

(a) (b) 
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C.2 PROPERTIES OF BISPECTRA 

Important properties of the bispectrum are briefly summarized as follows [93]: 

- The bispectrum is generally complex. It contains both magnitude and phase 

information which is important for signal recovery as well as identifying 

nonlinear response and processes. This property can be easily seen from 

estimation of bispectrum in frequency domain as follows: 

 *
1 2 1 2 1 2( , ) ( ) ( ) ( )iB f f X f X f X f f= +     (3-4)  

where X(f) is the Fourier transform of x(t). 

- The bispectrum has the lines of symmetry f1 = f2, 2f1 = -f2 and 2f2 = -f1 

corresponding to permutation of the frequencies f1, f2. 

- The bispectrum of a stationary, zero-mean Gaussian process is zero. Thus a 

non-zero bispectrum indicates a non-Gaussian process. 

- The bispectrum suppresses linear phase information or constant phase shift 

information. 

- The bispectrum is flat for non-Gaussian white noise and is zero for Gaussian 

white noise. 

C.3 BIPSECTRUM OF OPTICAL PULSE PROPAGATION 

In this section, the propagation of optical pulses through optical fibre is used as an 

example of triple-correlation and its bispectrum. Figure C-3,  Figure C-4 and Figure 

C-5 show respectively the triple-correlations and the bispectra of the 6.25 ps Gaussian 

pulse propagating at different lengths of the optical fibre with the second-order GVD 

coefficient β2 = -21.6 ps2/km. Figure C-7, Figure C-8 and Figure C-9 show 

respectively the triple-correlations and the bispectra of the 6.25 ps Super-Gaussian 

pulse propagating at different lengths of the same fibre. 
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Figure C-2 Time traces of a Gaussian pulse propagating in the fibre with β2 = -21.6 ps2/km at different 

distances (a) z = 0, (b) z = 50 m, (c) z= 650 m, (d) z = 1 km. 
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Figure C-3 Triple-correlations of a Gaussian pulse at different distances (a) z = 0, (b) z = 50 m, (c) z= 

650 m, (d) z = 1 km.  
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Figure C-4 Corresponding bispectra of a Gaussian pulse propagating in the fibre at different distances 

(a) z = 0, (b) z = 50 m, (c) z= 650 m, (d) z = 1 km.  

             

             

Figure C-5 Corresponding phase bispectra of a Gaussian pulse propagating in the fibre at different 

distances (a) z = 0, (b) z = 50 m, (c) z= 650 m, (d) z = 1 km. 
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Figure C-6 Time traces of a Super-Gaussian pulse propagating in the fibre with β2 = -21.6 ps2/km at 

different distances (a) z = 0, (b) z = 50 m, (c) z= 100 m, (d) z = 300 m. 
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Figure C-7 Triple-correlations of a Super-Gaussian pulse propagating in the fibre at different distances 

(a) z = 0, (b) z = 50 m, (c) z= 100 m, (d) z = 300 m. 
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Figure C-8 Corresponding bispectra of the Super-Gaussian pulse propagating in the fibre at different 

distances (a) z = 0, (b) z = 50 m, (c) z= 100 m, (d) z = 300 m. 

           

          

Figure C-9  The corresponding phase bispectra at (a) z = 0, (b) z = 50 m, (c) z= 100 m, (d) z = 300 m. 
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More important, the triple-correlation can detect easily the asymmetrical 

distortion of the pulse that is impossible in autocorrelation estimation. Figure C-10 

and Figure C-11 show respectively the triple-correlations and the bispectra of the 

Super-Gaussian pulse propagating through the fibre with the third-order dispersion 

coefficient β3 = 0.133 ps3/km. 
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Figure C-10 Triple-correlations of a Super-Gaussian pulse propagating in the fibre with β2 = 0, β3 = 

0.133 ps3/km at different distances (a) z = 100 m, (b) z = 500 m. (Insets: The waveforms in time 

domain). 
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Figure C-11 Corresponding bispectra of the Super-Gaussian pulse propagating in the fibre at different 

distances (a) z = 100 m, (b) z = 500 m. (Insets: The corresponding phase bispectra). 
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Appendix D  

Simulink models 
 

 

D.1 MATLAB® and Simulink® modelling platforms 

A modelling and simulation platform for optical fibre transmission systems has been 

developed using MATLAB and Simulink, an environment for simulation and model-

based design [253]. There are some advantages of the Simulink modelling platform: 

- Subsystem blocks for a complicated transmission system can be setup from the 

basic blocks available in the toolboxes and block-sets of the Simulink. It is 

noted that there is no block-sets for optical communication in Simulink. 

Therefore, the main functional blocks of the optical communication system in 

the Simulink platform have been developed for years. Details of operational 

principles as well as examples of the optical components and transmission 

systems can be found in [253]. 

- Signals can be easily monitored at any point along the simulation system by 

available scopes in Simulink block-sets. 

- Numerical data can be stored for post-processing in MATLAB to estimate the 

performance of the system. 

D.2 Simulink® model for FWM in optical waveguides 

To model the parametric FWM process between multi-waves, the basic propagation 

equations are used. There are two approaches to simulate the interaction between 

waves. The first approach is to use the coupled equations system (7-4) which is called 

the separating channels approach [261]. In this approach, interactions between 
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different waves are obviously modelled by certain coupling terms in each coupled 

equation. Thus each optical wave considered as one separated channel is represented 

by a vector. The coupled equations system will be solved for solutions of the FWM 

process. The outputs of the nonlinear waveguide are also represented by separated 

vectors, hence the desired signal can be extracted without using a filter as described in 

Figure D-12(a). 

 

 

Figure D-12 A description of two approaches in modelling the parametric FWM process in nonlinear 

waveguides: (a) The separating wave approach, (b) the total complex field approach. 

The second approach is to use the NLSE as described in Chapter 2 which can 

allow us to simulate all evolution effects of optical waves in the nonlinear 

waveguides. In this approach a total field is used instead of separated waves [60]. The 

total complex envelope A is represented by only one vector which is summation of 

individual complex amplitudes of different waves: 

[ ]0( )
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c
k

N
j

k
k

A A e ω ω τ−

=

= ∑       (3-5) 

where ω0 is the defined angular central frequency, Ak, ωk are the complex envelope 

and the carrier frequency of individual waves respectively. Hence, various waves at 

(a)

(b)
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different frequencies are combined into only a total signal vector which facilitates 

integration of the nonlinear waveguide model into the Simulink® platform. By this 

approach, the NLSE is numerically solved by the split-step method and then the block 

of nonlinear waveguide is developed by an embedded MATLAB program. Because 

only complex envelopes of the optical waves are considered in the simulation, each of 

different optical waves is shifted by a frequency difference between the central 

frequency and the frequency of the wave to allocate the wave in the frequency band of 

the total field. Then the summation of individual waves, which is equivalent to the 

combination process at optical coupler, is performed before the block of nonlinear 

waveguide as shown in Figure D-12(b). The output of nonlinear waveguide will be 

selected by an optical bandpass filter (BPF). In this way, the model of nonlinear 

waveguide can easily connect to other Simulink® blocks which are available in the 

platform for simulation of optical fiber communication systems [253]. 

 

Figure D-2 An example of an optical fibre transmission system consisting of main blocks: optical 

transmitter, fibre transmission link and optical receiver. 



 222

An example of an optical fibre transmission system is shown in Figure D-2. 

Depending on different problems or targets, various Simulink models are setup for 

investigation in this thesis. 

D.3 Wavelength converter in WDM system 

 

Figure D-3 The Simulink model of optical parametric amplifier used as a wavelength converter in 

WDM system. 

  

Figure D-4 (a) Simulink model of WDM transmitter consisting of 4 optical transmitters at different 

wavelengths and a wavelength multiplexer. (b) Simulink setup of the parametric amplifier using the 

model of nonlinear waveguide used for wavelength conversion in WDM system. 

(a) (b) 
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D.4 Nonlinear phase conjugation for mid-link spectral inversion 

 

Figure D-5 Simulink setup of a long-haul 40 Gbit/s transmission system using NPC for distortion 

compensation. 

  

Figure D-6 (a) Simulink model of an intensity optical modulator driven by data, (b) Simulink model of 

an optical pulse carver driven by a sinusoidal signal for RZ pulse generation. 

  

Figure D-7 (a) Simulink model of an optical transmitter for RZ-OOK modulation scheme. (b) Simulink 

model of an optical receiver for OOK signal. 

(a) (b) 

(a) (b) 
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Figure D-8 (a) Simulink model of each fibre transmission section consisting of 5 spans, (b) Simulink 

model of each span consisting of one SMF fibre and one EDFA for loss compensation. 

D.5 Pulse generator 

 

Figure D-9 Simulink setup of a short pulse generator at 40 GHz based on the parametric amplifier. 

(a) (b) 
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Figure D-10 Simulink blocks inside the 40 GHz short-pulse generator to demonstrate ultra-high speed 

switching based on parametric amplification. 

D.6 OTDM demultiplexer 

 

Figure D-11 Simulink setup of the 160 Gbit/s OTDM system using FWM process for demultiplexing. 

For the OTDM system using OOK scheme, the Simulink models of the 

transmitter and receiver are similar to those shown in Figure D- with using a MLFL 
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instead of a carver. Figure D- shows the Simulink models of the transmitter and 

receiver in the OTDM system using DQPSK modulation scheme. 

  

Figure D-12 (a) Simulink model of OTDM transmitter consisting of 4 optical transmitter and an 

OTDM multiplexer, (b) Simulink model of the FWM-based demultiplxer. 

  

Figure D-13 (a) Simulink model of an optical transmitter for DQPSK modulation scheme. (b) Simulink 

model of an optical balanced receiver for DQPSK signal. 

(a) (b) 

(a) (b) 
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Figure D-14 Time traces of (a) the 160 Gbit/s OTDM signal, (b) the control signal, and (c) the 40 

Gbit/s demultiplexed signal. 

D.7 Triple correlation 

Figure D- shows the Simulink® model for the triple correlation based on FWM in 

nonlinear waveguide. The structural block consists of two variable delay lines to 

generate delayed versions of the original signal as shown in Figure D- and frequency 

converters to convert the signal into different three waves before combining at the 

optical coupler to launch into the nonlinear waveguide. 

(a) 

(b) 

(c) 
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Figure D-15 Simulink setup for investigation of the triple-correlation based on FWM process. 

  

Figure D-16 (a) Simulink setup of the FWM-based triple-product generation, (b) Simulink setup of the 

theory-based triple-product generation. 

 
Figure D-17 The variation in time domain of the time delay variable (cyan), the original signal (violet) 

and the delayed signal (yellow). 
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Figure D-18 (a) Spectrum with equal wavelength spacing at the output of the nonlinear waveguide, (b) 

Spectrum with unequal wavelength spacing at the output of the nonlinear waveguide. 

 

 

Figure D-19 Generated triple-product waves in time domain of the dual-pulse signal based on (a) 

theory, and (b) FWM in nonlinear waveguide. 

Noise from FWM

(a) 

(b) 

Triple-
product 
wave 
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