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Abstract
This thesis investigates some of the key factors that threaten to degrade the beam
quality in Free Electron Lasers (FELs). Particular focus is drawn to the beam
emittance as it is of critical importance to the final spectral brightness. The FEL
linac design considered in this thesis, comprises an X-band linac that utilizes the
Compact LInear Collider (CLIC) 12 GHz accelerating cavities. An X-band design
would provide a cost effective, power efficient solution that capitalizes on the CLIC
design effort. Using the X-band FEL, factors affecting the emittance were studied,
in particular as they relate to linear accelerators.
Cathode surface roughness was considered as a potential source of emittance growth
in the early stages of particle acceleration. Through writing a Monte Carlo code that
traces electrons through the photon emission process, a generalized parameterization
model was developed that was able to determine the amplification of the intrinsic
emittance due to cathode surface roughness for a variety of conditions (e.g. surface
roughness profile, laser photon energy, cathode material work functions etc.).
A second major aspect of this thesis is the treatment of current spikes that are
produced in strong bunch compression, as a caustic phenomenon. Under certain
conditions, neighboring electron trajectories merge to form caustics, and often result
in characteristic current spikes. These current spikes (which are also known as
current horns) if not addressed, lead to Coherent Synchrotron Radiation (CSR)
induced emittance growth, which leads to decreased pulse energy, decreased peak
power, broadening of the spectral bandwidth, and an overall degradation of FEL
performance. Because of this, understanding the mechanism driving the current
horn formation has been an active area of interest of the FEL community.
This thesis identifies the caustic phenomenon that results in cusp-like double-horned
current profiles. An expression was derived to describe the longitudinal position of
the intense current modulation, and the conditions needed for particle-bunch caustic
formation in dispersive regions. More broadly this developed theory considers how
electron trajectory caustics can form within a particle bunch traversing dispersive
regions in a particle accelerator.
Though consideration of the underlying caustic dynamics that led to the current
horns, a technique was proposed that prevents the current horns from forming and
suppresses the CSR-induced emittance growth. A method to analytically determine
conditions required to avoid the caustic formation is presented. These required
conditions can be easily met, without increasing the transverse slice emittance,
through inclusion of an octupole magnet in the middle of one of the FEL bunch
compressors.
A further application of this approach is also presented, whereby the longitudinal
phase space of an electron bunch is manipulated through varying the second- and
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third-order longitudinal dispersion, in order to achieve desired current profile shapes.
This final investigation of the present thesis builds on the fact that caustic lines
and surfaces correspond to regions of maximum electron density, and are witnessed
in accelerator physics as folds in phase space of accelerated bunches.
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Introduction
This chapter outlines the role that synchrotron light sources, and in particular Free
Electron Lasers, play in enabling high-impact research across a broad variety of
fields. This chapter provides the motivation driving the research that was conducted
in producing this thesis.
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1.1

Introduction
Particle accelerators have heralded a multitude of Nobel Prizes [1], from Wilhelm
Röntgen’s discovery of X-rays being awarded the first Nobel Prize in physics in
1901 to more recently, François Englert and Peter Higgs being awarded the prize
for “the theoretical discovery of a mechanism that contributes to the understanding
of the origin of mass of subatomic particles” [2]. The Higgs discovery was confirmed
experimentally in 2013 by the ATLASi and CMS collaborations [3, 4] – two large
experiments at the 27 kilometer circumference Large Hadron Collider (LHC) at
CERN, currently the world’s largest particle accelerator. In fact, it has been shown
that 28% of all Nobel Prizes in physics awarded between 1939 and 2009, were
based on research that explicitly cites the use of accelerator physics or accelerator
instrumentation [5]. It is therefore no surprise that particle accelerators have been
deemed “Engines of Discovery” [6].
Synchrotron radiation was first observed in particle accelerators designed for the
study of high-energy particle physics. In fact, the first generation light sources
were machines built for other purposes with the synchrotron radiation users being
guests, or, as they called themselves, “parasites” [7] and “pirates on the high energy
devices” [8]. Realizing the potential of synchrotron radiation as an experimental
tool, second generation light sources started coming online in 1970s. These machines
were optimized for synchrotron radiation production. Continual focus on producing
bright synchrotron radiation led to the third generation facilities in the mid-1980s,
which included insertion devices (known as undulators or wigglers) capable of
increasing the brightness of the synchrotron radiation by many orders of magnitude
[9].
Gradual transformation over the past few decades has seen many national laboratories shift from a focus on particle physics to photon science through dedicated
synchrotron radiation facilities [7]. Recent estimatesii place the number of synchrotron light source facilities worldwide at approximately 70, and the demand for
beamtime continues to grow.
In the quest for increased photon beam brilliance, third generation synchrotron
light sources have seen an avalanche of new discoveries. As an indicative example
from my home institution, since the beginning of operations in 2007, the number of
publications in international, peer-reviewed scientific journals that acknowledged the
Australian Synchrotron has exceeded 2000. Research conducted at the Australian
Synchrotron, as with other synchrotron light sources around the globe, covers a
broad range of applications. Examples include: solving the structure of the ribosome
i

ii
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A number of facilities that are mentioned in this chapter are more well known by their acronym
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It is worth noting that this estimate represents a small fraction of the world’s inventory of
particle accelerators, with accelerator applications to industry and medicine bringing the total
number of accelerators worldwide, to in excess of 30000 [10].
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at an atomic level via protein crystallography [11], imaging lungs expanding during
a breath via phase contrast imaging [12], and revealing a Degas portrait hidden in
the under layers of a painting through x-ray fluorescence elemental mapping [13].
For many of these experiments, especially those designed for wavelengths less than
∼10 µm, third generation synchrotron light sources, or even lab-based sources can
be sufficient [14]. However many other devised experiments require the high power
and peak brilliance of more than ∼108 photons per sub-picosecond pulse that can
only be offered by a fourth generation light sourceiii such as a Free Electron Laser
(FEL).
Since the invention of the FEL concept by Madey in 1971 [16], a new world
of possibilities has been afforded researchers to explore atomic, molecular, and
condensed matter physics, as well as chemistry, biology and medical research, to
name a few. For example, FEL facilities have revealed to us the atomic structure of
proteins and chemical processes that take place on the order of femtoseconds.
Madey’s invention exploits the interaction between the accelerated electrons and
the electromagnetic radiation they emit as they pass through a periodic magnetic
structure. This concept was experimentally verified with an Infrared (IR) FEL at
Stanford University (Stanford, U.S.A.) in 1977 [17]. Now, there are a small number
of x-ray FELs with user programs around the world, including the Linac Coherent
Light Source (LCLS), which was the world’s first hard x-ray FEL.
In the evening of April 10, 2008, physicists at the Stanford Linear Accelerator
Center (SLAC) achieved first light at LCLS. Electrons exited the accelerator with
an energy of 13.6 GeV, to pass through into the undulator hall, where within 30
m, they lased for the first time [18, 19]. In June of 2011, the SPring-8 Angstrom
Compact free-electron LAser (SACLA) at SPring-8 (Harima, Japan), became the
world’s second hard x-ray FEL [20, 21].
These two hard x-ray FELs add to the soft x-ray FEL user facilities, such as FLASH
at DESY (Hamburg, Germany) and FERMI@Elettra (Trieste, Italy). As this
thesis is being written, commissioning is taking place at SwissFEL at PSI (Villigen,
Switzerland), the European XFEL at DESY (Hamburg Germany), and PAL-XFEL
(Pohang, South Korea). Other facilities in advanced stages of design include SXFEL
(Shanghai, China) and an upgrade to LCLS, LCLS-II.
These FEL facilities have opened up a new frontier to the scientific research community. For a review of the major scientific achievements arising from the first five
years of LCLS operations, and from the first three years of SACLA operations, the
interested reader is directed to references [19] and [21] respectively.
The main figure of merit when it comes to synchrotron light sources, is the photon
beam brightness, which is the number of photons delivered per second, per unit
opening angle, per unit area, for photons within a bandwidth of 0.1% of the central
iii

Other fourth generation light sources include low emittance storage rings capable of producing
high average brightness, significantly above that of third generation light sources [15].
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photon wavelength. Rapid growth in accelerator physics, has seen particle accelerators advance through the four generations of light source design. Fourth generation
light sources, of which FELs are included, brought about an unprecedented leap in
brightness, up to 10 orders of magnitude greater than the preceding third generation
sources. Figure 1.1 shows the peak brightness of four FEL facilities (namely FLASH,
FERMI@Elettra, LCLS, and SACLA) residing well above the peak brightness of
numerous storage ring light sources.

Figure 1.1: Peak brightness of insertion devices (undulators and wigglers) in storage ring
light sources and FELs. Reprinted with permission from Fletcher et al. [22] Macmillan
Publishers Ltd: Nature Photonics, copyright (2015).

Currently, all FEL facilities in operation accelerate electrons using RF frequencies
in the S-band or C-bandiv in the main linacv . From S-band to C-band, the RF
frequency generally increases from about 3 GHz to 6 GHz, which is accompanied
by an increase in accelerating gradient, resulting in an overall reduction of the
accelerator length and cost. Increasing the RF frequency even further, into the
X-band regime, would mean the benefits of increased gradient and reduced FEL
length could be extrapolated.
An X-band linac could substantially reduce the length (and therefore cost) of
a new FEL facility. With the promise of high accelerating gradients, X-band
technology is rapidly expanding into a broad range of applications including medical
iv

v
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accelerators [24]. Extensive R&D was invested into 11.4 GHz X-band structures
for the development of a TeV-scale high energy Linear Collider [25]. This research,
centered at SLAC (Stanford, U.S.A) and KEK (Tsukuba, Japan), demonstrated that
the accelerating gradient could be extended to 65–70 MV/m for these structures.
This is considerably higher than the accelerating gradient of S-band structures
which is typically 10 – 20 MV/m [26]. Continuing research effort has also been
invested into 12 GHz accelerating structures for the Compact Linac Collider (CLIC)
project [27]. Combating technical challenges of RF breakdown and structure design,
the CLIC project has demonstrated accelerating gradients of 100 MV/m [28].
If these high accelerating gradient structures could be used for an FEL linac, this
would mean a significant reduction in the FEL length, when compared to S-band
or C-band acceleration. Alternatively, the high accelerating gradients could allow
acceleration to higher energies within the same linac length. These considerations
make X-band structures an attractive cost effective and power efficient solution.
Leveraging the investment into the CLIC 12 GHz accelerating structures, a collaboration has been established to investigate the use of these structures for future FEL
light sources [24, 29, 30, 31]. The collaboration working towards this goal includes
researchers from: the Australian Synchrotron (Melbourne, Australia) Shanghai
Institute of Applied Physics (SINAP) (Shanghai China), National Technical University of Athens (IASA) (Athens, Greece), Elettra Sincrotrone Trieste (Trieste, Italy),
VDL ETG T&D (Eindhoven, Netherlands), University of Oslo (Oslo, Norway),
Jagiellonian University (Krakow, Poland), Uppsala University (Uppsala, Sweden),
CERN (Geneva, Switzerland), Institute of Accelerator Technologies (UA-IAT)
(Ankara, Turkey), Daresbury Laboratory Cockroft Institute (Daresbury, UK), and
Lancaster University (Lancaster, UK). The work presented in this thesis feeds into
this collaboration effort.

1.2

Outline of Thesis
This thesis aims to investigate some of the important concepts related to FEL
linacs. Through consideration of a predominately X-band FEL accelerator design,
a number of key factors that threaten to degrade the beam quality, and therefore
limiting FEL performance, were considered.
Beginning with the Lorentz force, Chapter 2 introduces some of the well known
theory of accelerator physics. Included in this chapter is a literature review of two
processes where emittance growth can occur – photoemission and bunch compression. Chapter 3 provides additional theory relating to FELs, and focuses on the
requirements of the electron beam.
The intrinsic emittance, related to the very beginning of the accelerator, the cathode,
is of critical importance to any FEL. Once established, the intrinsic emittance sets a
minimum value aspiration for the beam quality. Cathode roughness has the potential
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to influence the intrinsic emittance, and is the focus of Chapter 4. A Monte Carlo
simulation was written which traces electrons through the photoemission process.
Using the data generated by the Monte Carlo simulation, a Parameterization Model
was formulated to determine the amplification of intrinsic emittance due to rough
metal cathodes.
Numerical simulations of an X-band FEL are detailed in Chapter 5. These particle
tracking simulations are used to study possible designs for a predominately X-band
FEL linac, including comparison of two scenarios of bunch compression schemes
using optical linearization and harmonic linearization.
Through studying the FEL bunch compressors, this thesis sought to find a conclusive
answer to the question – what causes the current spikes at the head and tail of
the bunch common to strong compression in FEL facilities. This engendered a
caustic-based approach to viewing the problem, and the realization that electron
trajectory caustics have accelerator physics applications beyond bunch compression.
The developed theory is presented in Chapter 6.
Using the theory presented in Chapter 6, a caustics approach was applied to bunch
compression in Chapter 7, as a technique to suppress current-horns. In this chapter a
method to analytically determine conditions required to avoid the caustic formation
and therefore prevent the current spikes from forming, is presented. Further, the
conditions required are shown to be easily met through the inclusion of an octupole
magnet in the middle of a bunch compressor chicane. Numerical simulations were
written to verify not only how the current horns can be suppressed, but also to
demonstrate the influence of Coherent Synchrotron Radiation (CSR) generated by
the large current horns. By suppressing the current horns, the CSR effect is limited
and projected transverse emittance is preserved.
Chapter 8 also draws upon the theory developed in Chapter 6 to develop a method
of manipulating the longitudinal phase space to achieve an arbitrary current profile.
The longitudinal phase space can be influenced by second- and third-order longitudinal dispersion, which results in predictable changes to the current profile. One
example of achieving linearly-ramped current profiles is explored in detail within
this chapter.
Finally, Chapter 9 concludes the thesis by summarizing the major findings and
discussing the future work that may evolve out of this thesis.
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2
Accelerator Physics Tools
This chapter introduces some of the well known theory of accelerator physics, drawing
out the concepts particularly related to linear accelerators. There is an emphasis
on tools that will be used in later chapters of this thesis. In particular, included in
this chapter is a literature review of two processes in FELs that can contribute to
emittance growth – photoemission and bunch compression.
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Accelerator Physics Tools

2.1

Possibly the most fundamental equation to accelerator physics is the Lorentz force.
This relatively simple expression tells us how to accelerate electrically charged
particles and manipulate their trajectory. For a particle of charge e moving with
velocity v, through magnetic and electric fields, B and E, the force exerted on this
particle by the external fields is the Lorentz force,
F = e(E + v × B) = ṗ,

(2.1)

where ṗ is the time derivative of the particle’s relativistic momentum, where
p = γmv, m is the rest mass, v = dr/dt, r denotes the particle position and t is
time. From this equation it becomes clear that magnetic fields are more effective
at altering a particle’s direction but not accelerating the particle, due to the cross
product with v. Conversely, electric fields can be used to increase the accelerated
particle’s energy.

Curvilinear Co–ordinate System

2.1.1

As a particle bunch moves along an accelerator, it is useful to consider the motion
of an individual particle with respect to a particle traveling along an ideal path. A
convenient coordinate system to do this is the Frenet–Serret system, which follows
the particle along a reference path [32, 33]. In this coordinate system, r0 (s) will be
the reference trajectory, where s is the arc length along the trajectory (see Fig 2.1).
The unit vector that points in the direction of the ideal particle motion is ẑ(s).
This unit vector is perpetually tangential to a curved ideal particle trajectory, and
is defined as,

ẑ(s) =

dr0 (s)
.
ds

(2.2)

Another unit vector perpendicular to the particle trajectory is the following vector
normal to this trajectory,

x̂(s) = −R(s)

dẑ(s)
,
ds

(2.3)

where R(s) is the bending radius. Note that this normal vector, x̂(s) is perpendicular
to the tangent vector, ẑ(s).
The final unit vector to define the coordinate system is orthogonal to both Eq. (2.2)
and Eq. (2.3). This third and final unit vector of the Frenet–Serret system is known
as the bi-normal, and is given by,

8

Chapter 2. Accelerator Physics Tools

ŷ(s) = ẑ(s) × x̂(s).

(2.4)

By employing this curvilinear coordinate system, focus is drawn to the particle’s
motion in the vicinity of the ideal particle trajectory, where x and y are the horizontal
and vertical positions relative to the reference particle, z is the longitudinal position
with respect to the reference particle and s is the position along the accelerator.
When a particle moves through a deflecting region such as a bending magnet, the
coordinate system rotates and moves with the ideal trajectory. In a standard particle
accelerator the bending occurs predominately in the horizontal plane, leaving the
vertical coordinate largely unaffected. Therefore a particle cornering through an
angle θ, around a bending radius of R, will follow a path length of ds = Rdθ.

y

R

ideal trajectory
s

x

z
r

r0

test particle

P

Figure 2.1: Frenet–Serret coordinate system.

As a particle traversing a particle accelerator always moves in a forward direction
with s, any s position is uniquely defined for any time, t. Therefore time derivatives
of x can be written in terms of derivatives with respect to s, to produce the useful
expressions,

dx ds
= x0 ṡ
ds dt
ẍ = x00 ṡ2 + x0 s̈.
ẋ =

(2.5)

where x0 denotes the derivative of x with respect to s.
The vector position of a given particle with respect to the fixed Cartesian coordinate
system, shown in Fig. 2.1 is,
r(s) = r0 (s) + x x̂(s) + y ŷ(s).

(2.6)

As mentioned earlier, negligible bending occurs in the vertical plane. Therefore,
one can make the approximation ŷ˙ = 0. With the aid of the time derivative of the
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path length, the time derivatives of the unit vectors can be written as,

dx̂ dθ
1
x̂˙ =
= ṡẑ
dθ dt
R
˙ŷ = 0
dẑ dθ
1
= − ṡx̂.
ẑ˙ =
dθ dt
R

(2.7)

Within a particle accelerator, an electron will trace out a trajectory corresponding
to x(t) and y(t). To study beam dynamics, it is useful to derive an equation of
motion of a particle in x and y. To do this, we combine the first and second order
time derivatives of Eq. (2.6) with Eq. (2.7) and Eq. (2.5) to get,

x
ṡẑ
(2.8)
ṙ = x ṡx̂ + y ṡŷ + 1 +
R
!



 

x ṡ2
x
2 0 2
00 2
0
00 2
0
r̈ = x ṡ + x s̈ − 1 +
x ṡ + 1 +
s̈ ẑ.
x̂ + (y ṡ + y s̈)ŷ +
R R
R
R
(2.9)
0

0





Taking the Lorentz force equation, Eq. (2.1), and then substituting in ṗ = mr̈ and
v = ṙ, we obtain the equation of motion of a particle moving through a magnetic
field,
r̈ =

e
(ṙ × B),
mγ

(2.10)

where r is the particle trajectory vector in a co-moving rotatable coordinate system.
With the ultimate aim of deriving the equation of motion of x and y, we can consider
only the transverse deflections from the transverse components of the magnetic
field, and assume B = (Bx , By , 0). This assumption of zero magnetic field in the
z–direction is generally the case in most accelerator applications [34]. Combining
Eq. (2.10) and Eq. (2.9) we get,



x
R

 2
ṡ

e
x
By 1 +
ṡ
R
mγ
R


e
x
Bx 1 +
ṡ.
y 00 ṡ2 + y 0 s̈ =
mγ
R

x00 ṡ2 + x0 s̈ − 1 +



=−



(2.11)
(2.12)

Once at ultra-relativistic speeds, it can be assumed that the particle’s speed varies
slowly as it travels along the accelerator. Therefore, s̈ = 0. Generally the variation
of particles’ momenta within a bunch is a small spread around the ideal particle’s
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momentum, p0 , and any one particle may have a momentum of p = p0 + ∆p. Over
a small bending segment, the relationship between ṡ and p can be found through
simple geometry to be,
R+x
.
p = γmv = γmṡ
R




(2.13)

Taking only the lowest multipole expansions of a magnetic field through which
the charged particle moves, so as to investigate the steering and focusing in the
transverse plane, we can write down the field components to be [34],

e
1
By = − k x
p0
R
e
Bx = −k y.
p0

(2.14)

Combining Eqs. (2.11), (2.12), (2.13) and (2.14), and utilizing the fact that y  R,
x  R, and ∆p/p  1, we arrive at the linear equations of motion for a charged
particle traveling through a magnetic field bending the particle’s trajectory through
the horizontal transverse plane:

00

x (s) +



1
1 ∆p
− k(s) x(s) =
R2 (s)
R(s) p


y 00 (s) + k(s)y(s) = 0.

(2.15)
(2.16)

Equations (2.15) and (2.16) are the equations of motion for strong focusing which
were first discovered by Christofilos [35] in 1950 and independently by Courant et al.
in 1958 [36, 37].
There exists no analytical solution for Eq. (2.15) and Eq. (2.16) that is valid for
any arbitrary arrangement of magnets in a transfer line. However Sec. 2.1.2 will
present a particular solution to the homogeneous equations of motion, followed by
the inhomogeneous solution in Sec. 2.1.3 found through treating the right-handside of Eq. (2.15) and Eq. (2.16) as small perturbations of the particle trajectory
around the ideal path. In Sec. 2.1.4 a matrix formalism is introduced as a powerful
mathematical tool to trace particle trajectories through a transport line.

2.1.2

Solutions to the Equation of Motion
In the previous section the derivation of the equations of motion [Eqs. (2.15) and
(2.16)], was outlined. Now we turn to our focus to finding a solution to these
equations.
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To start with, we will consider only the x–plane, and assume that all particles are
at the nominal energy of the ideal particle, so that ∆p/p = 0. Equation (2.15)
then becomes the well known homogeneous differential equation known as Hill’s
equation,
x00 + K(s)x = 0

(2.17)

where K(s) is the distribution of the restoring strength along the accelerator, which
can take the form K(s) = k(s) + 1/(R(s)2 ), where k(s) is the quadrupole strength.
It can be observed that the homogeneous Hill’s equation is reminiscent of the
equation of motion for a simple harmonic oscillator, and with this observation we
can write straight down the following solutions,

x(s) = C(s)xi + S(s)x0i
0

0

x (s) = C (s)xi + S

0

(s)x0i

(2.18)
(2.19)

where the subscript i denote initial values of the position x and the position
differentiated with respect to s, x0 . The C(s) and S(s) functions are ‘cosine-like’
and ‘sine-like’, corresponding to the principal solutions found when K > 0 and
when K < 0. Where K > 0,

and

√
C(s) = cos( Ks)

(2.20)

√
1
S(s) = √ sin( Ks).
K

(2.21)

When K < 0,
q

and

C(s) = cosh( |K|s)

(2.22)

q
1
S(s) = p
sinh( |K|s).
|K|

(2.23)

Inhomogeneous Solution to the Equations of Motion

2.1.3

The complete solution to the equations of motion [Eq. (2.15) and (2.16)] will be
the sum of the homogeneous solution [Eq. (2.18)] and an inhomogeneous solution,
which will be presented in this section.
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The inhomogeneous solution deals with the off-momentum particles where the
right-hand-side of Eq. (2.15) is non-zero. This occurs when R(s) is sufficiently small
or δ = ∆p/p0 is sufficiently large.
This situation describes a bunch of particles with non-uniform δ, passing through a
dipole magnet, which disperses the particle trajectories resulting in a spread of final
transverse positions. The fractional energy spread is generally small at less than
a few percent. Because of this, we can treat the right-hand-side of Eq. (2.15) and
Eq. (2.16) as small perturbations of the test particle away from the ideal particle
trajectory, and mathematical perturbation theory can be employed to solve the
inhomogeneous component of the equations of motion [38].
It is useful to define a trajectory for which δ = 1, which is known as the dispersion
function. This is obtained from Eq. (2.32) which becomes,

ηx00 + K 2 (s)ηx = k.

(2.24)

The complete solutions to the equations of motion may now be written as,

x(s) = C(s)xi + S(s)x0i + ηx (s)δ
y(s) = C(s)yi +

S(s)yi0

(2.25)
(2.26)

where ηx (s) is called the horizontal dispersion function. The term ηx (s)δ is the
displacement of the off-momentum particles with respect to the ideal particle.
If bending in the vertical plane occurs, then the vertical dispersion, ηy , can also
be included in Eq. (2.26). However, in the chapters to follow, the ideal trajectory
direction is only manipulated in the horizontal plane and therefore the vertical
dispersion will be ignored.

2.1.4

Transport Matrix Formalism

Commonly in accelerator physics the equations of motion are solved to evolve a
particle’s coordinates through various optics structures. A useful aid in performing
these calculations is to first define a vector column, X, which contains details of
an arbitrary particle position, angle and momentum, with respect to the ideal
particle,
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x(s)





x0 (s)




 y(s) 



X=
y 0 (s) ,




 z(s) 





(2.27)

δ

where x, y, and z are the spatial coordinates defined with the curvilinear coordinate
system (Fig. 2.1), the primes indicate the derivative with respect to s, and δ is the
fractional longitudinal momentum deviation, δ = (p − p0 )/p0 . This vector defines
the 6-dimension parameter space called trace space.
To transport a particle’s trace space parameters from one location in the accelerator,
s0 to another, s, we can use a transport matrix which is dependent upon the magnet
lattice consisting of steering and focusing magnets, as well as the initial conditions
of the particles being considered. As a particle’s trajectory consists of only small
perturbations around the ideal particle trajectory, this matrix formalism can be
written as a Taylor Series expansion of the transport equations. To first-order the
transport matrix is defined as,

 

x



R11 R12 R13 R14 R15 R16

  
x0  R
   21
  
 y  R
   31
 =
y 0  R
   41
  
 z  R
   51
  

δ















.





x0

 0
R22 R23 R24 R25 R26 
 x0 
 
R32 R33 R34 R35 R36 
  y0 
 0
R42 R43 R44 R45 R46 
  y0 

(2.28)

 
R52 R53 R54 R55 R56 
  z0 

R61 R62 R63 R64 R65 R66



δ



An arbitrary additive offset has been omitted as x, y, and their derivatives, as well
as z and δ are all defined as relative terms with respect to the center of the bunch
(or the ideal particle) for the spatial coordinates or in the case of δ, it is defined as
the fractional longitudinal momentum deviation. Therefore an initial offset of the
particle trajectory does not need to be included.
Individual elements comprising a transport line, such as drift lengths, dipoles,
quadrupoles etc., define the transport matrices. The elements within the matrix are
dependent upon properties such as the field strengths, bending angle, drift length,
magnet length, etc.
Multiplying the transport matrices for each of the magnetic elements and the
interspersing drift lengths, allows us to trace a particle through an accelerator
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via, X(1) = Rn Rn−1 ...R3 R2 R1 X(0), where R1 is the transport matrix of the first
accelerator element encountered by the particle.

2.1.5

Higher Order Transport Matrices

By extending this matrix formalism to include higher-order components, greater
accuracy can be incorporated where necessary. The resultant column vector X(1),
or the ith element of the vector Xi (1), determined from the initial conditions X(0),
can be given by the action of a sequence of tensors of increasing rank,

Xi (1) =

X

Rij Xi (0) +

j

X

Tijk Xj (0)Xk (0)+

j,k

X

Uijkl Xj (0)Xk (0)Xl (0),

(2.29)

j,k,l

where R, T and U are the first-, second- and third-order matrices, respectively.
Explicitly they can be written as,

∂xi
∂xj
1 ∂ 2 xi
=
2! ∂xj ∂xk
1
∂ 3 xi
.
=
3! ∂xj ∂xk ∂xj ∂xl

Rij =
Tijk
Uijkl

(2.30)

Equation (2.29) is a multidimensional Taylor Series expansion to third order. This
notation was first introduced by Carey and Brown [39, 40] for the computer code,
TRANSPORT, and is now widely used in the accelerator physics community.
The matrix elements for the various accelerator components such as drift sections,
dipole, quadrupole, and sextupole magnets, can be found in many accelerator
physics textbooks [34, 38, 41, 42]. Many accelerator physics design codes reply
upon this matrix multiplication to track particles through the 6-dimensional space
coordinatized by all possible column vectors X in Eq. (2.27). Such codes include,
the “Electron Generation and Tracking” (elegant) software toolkit [43], MAD [44],
TRANSPORT [39, 40] and others.
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2.2

Definition of Relevant Beam Parameters
The matrix formalism presented in Sec. 2.1.4, provides a powerful technique for
calculating certain properties of a single particle relative to a reference particle,
however often it is useful to understand the evolution of the properties of an ensemble
of particles. In order to find this explicit solution to Hill’s equation [Eq. (2.17)],
we consider an ideal particle (i.e. ∆p/p = 0) traveling through a quadrupole field
strength, k. The solution to this form of the Hill’s equation, for an entire bunch
distribution, can be obtained from any introductory accelerator physics text book
such as in references [34, 38, 42, 45], and takes the form,

x(s) =

q

εβ(s) cos (φ(s) + φ0 )

(2.31)

where ε0 and φ0 are constants determined from the initial conditions, φ(s) describes
the phase of the harmonic motion and β(s) is related to the amplitude. Both of
these functions, β(s) and φ(s) must have the same periodicity as the magnetic
lattice, resulting in the condition,
Z

φ=

ds
.
β

(2.32)

In addition to Eq. (2.31), we can obtain the equation for x0 by differentiating,
s
0

x (s) = −

β 0 (s)
ε
sin (φ(s) + φ0 ) +
β(s)
2

s

ε
cos (φ(s) + φ0 ).
β(s)

(2.33)

Combining Eqs. (2.31) and (2.33) and eliminating the phase dependency, φ(s), we
arrive at what is known as the Courant and Snyder invariant [46],
ε = γ(s)x2 + 2α(s)xx0 + β(s)x02

(2.34)

where γ(s), α(s) and β(s) are known as Twiss parametersi [47]. The Courant Snyder
invariant is closely related to the property of the beam known as the emittance (see
Sec. 2.2.1 for a detailed discussion on emittance). The Twiss parameters are defined
by,
dβ(s)
,
ds

(2.35)

1 + α(s)2
.
β(s)

(2.36)

1
α(s) = −
2
γ(s) = −
i
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Here γ(s) is not to be confused with the Lorentz factor from special relativity which is also
prevalent in accelerator physics and also commonly given the symbol γ.
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The Twiss parameters characterize the entire particle bunch, and are therefore
extremely useful parameters when it comes to particle accelerator design. Further
detail on the mathematical derivation of the Twiss parameters and Courant Synder
invariant can be found in [34, 45, 38].
From Eq. (2.31) we can define an envelope that encompasses the entire beam, as
it passes through the accelerator. At every point along the accelerator, there is a
phase, φ0 , such that the term cos (φ(s) + φ0 ) in Eq. (2.31) will equal either +1 or
−1. This defines the extreme edges of where the particles within the beam can go.
In other words, this defines the envelope of the beam, that contains all particles
[48],
√ q
E(s) = ± ε β(s).

(2.37)

As the emittance is constant (barring some exceptionsii ), the beta functioniii , β(s),
reflects how the beam size changes due to exterior forces, such as quadrupole
magnets, acting on the particles. Beta functions are therefore useful in achieving
optimal accelerator physics design, and are calculated for specific scenarios later in
Chapters 5 and 7.

2.2.1

Emittance
The Courant and Snyder expression, Eq. (2.34), is also the general form of a rotated
ellipse in the x–x0 plane, and maps out the area occupied by the ensemble of
particles in phase space. If we consider the case when β 0 (s) is zero we canqread off
p
ε
the semi-axis maxima of an ellipse being εβ(s) in the x–direction and β(s)
in
the x0 –direction (see Fig. 2.2). The area of this ellipse is defined as the emittance,
ε in units of π mm mrad. Any individual particle traveling along an accelerator
will move in trace space around this ellipse, as the Twiss parameters vary with s.
The ellipse can alter shape as the beam passes through different focusing elements,
whilst the area of the ellipse will remain conserved. This invariance is known as
Liouville’s theorem [38].

2.2.1.1

Liouville’s theorem

Liouville’s theorem indicates that the particle density in phase space remains
constant. More precisely Liouville’s theorem can be stated as [42, 49]:
ii

iii

These exceptions are noted in Sec. 2.2.1.1 as conditions when internal forces within the bunch
are present, such as space-charge forces or synchrotron radiation emission.
Beta functions are also referred to as betatron functions in some references.
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x0
x0max =
p
✏/

p

↵
✏

p

✏/
↵

p

✏/
xmax =

p

p

✏/
x

✏

Figure 2.2: Courant and Snyder ellipse where α and β are the Twiss parameters.

“In the vicinity of the particle the particle density in phase space is
constant if the particles move in an external magnetic field or in a
general field in which the forces do not depend upon velocity.”
Therefore Liouville’s theorem tells us that under the influence of conservative forces
the particle density in phase space remains constant. However Liouville’s theorem
is not valid when non-conservative forces within the bunch are present, such as
space charge and synchrotron radiation damping [50].
It is also important to note that Liouville’s theorem relates to conservation of the
phase space area occupied by the beam. Up until now, we have considered trace
space (pertaining to x and x0 ) as opposed to phase space (which pertains to x
and px ). When dealing with highly energetic beams, pz  px , py , and the angle
the sloping particle trajectory makes with the optical axis can be considered to be
x0 = dx/ds through the paraxial approximation [38]. However it should be noted
that the invariance of the betatron ellipse in one plane is not due to Liouville’s
theorem but instead due to the fact that the equation for linear uncoupled motion
is integrable. Therefore there is an integral of motion, which is described by the
area of the betatron ellipse.”
We can normalize the (trace space) emittance ε to energy, where the result is referred
to as the normalized emittanceiv , εn . The reason we do this, is because as the
particles increase in energy, the transverse momentum of the particle remains unchanged, but the longitudinal momentum does. This means the divergence changes
because x0 = px /p. Therefore acceleration reduces the unnormalized emittance but
the normalized emittance remains unchanged. Evaluating the normalized emittance
allows for comparison of the beam quality of different energy beams. The two
emittances are related by,
εn = (βγ)ε.
iv
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where γ is the relativistic Lorentz factor and β = v/c is the dimensionless scaled
velocity of the particlev .

2.2.1.2

A Practical Definition of RMS Emittance

In practice it is difficult to measure the full electron distribution needed to evaluate
H
the area occupied by the beam in phase space, p dq, where p and q are the
canonical variables of momentum and position respectively. A small number of
stray electrons could greatly enlarge the calculated area and emittance value, giving
a false impression of the actual beam quality. Therefore the root mean squared
(RMS) value of the emittance is often used as it can be easily calculated from
experimental data as well as from codes that evolve millions of particles through
calculated transport matrices or from Monte Carlo simulations. Furthermore the
RMS definition of beam emittance is applicable for an arbitrary distribution of
particles, not confined to phase space ellipses.
The definition of emittance used throughout this thesis is the RMS emittance
defined as [51],
εx ≡

q

hx2 i hx02 i − hxx0 i2 ,

(2.39)

where h i indicates an expected value calculation (ensemble average) and x0 is the
slope of the electron trajectory given by x0 = dx/dz = dẋ/dż = px /pz .
For ultra-relativistic particles the variation in the variance in the electron velocities
is small and the ensemble average of the longitudinal momentum, βγmc, can be used
p
in place of pz [52] where β = v/c and γ = 1/ 1 − β 2 . This is also considered true
for electrons at the beginning of the accelerator, at the electron gun, as electrons
are typically accelerated rapidly from near rest at the cathode. The emittance can
therefore be rewritten as,
εx =

1
βγmc

q

hx2 i hp2x i − hxpx i2 .

(2.40)

Photoemission Theory

2.3

A consequence of the undamped Liouville’s theorem (see Sec. 2.2.1.1) is that once
the emittance is established it cannot be improved. Synchrotron radiation can cause
a reduction in emittance known as radiation damping [53], however linear FELs do
v

Note here the γ and β are not to be confused with the Twiss parameters which, by convention,
also use the greek letters γ(s) and β(s). Aside from context, the two can be distinguished in
this thesis, by the Twiss parameters always being written as a function of position along the
accelerator, s.
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not benefit from synchrotron damping, and therefore the emittance is established
near the cathode can be degraded but not improved. Because of this, photocathode
studies are an active area of research in the accelerator physics community.
This section provides some of the theory of photoemission which is most relevant to
Chapter 4. The most widely used model for describing the photoemission process
is the purely phenomenological however extremely successful, Spicer Three Step
model [54, 55, 56]. Spicer’s model describes the photoemission process as being
comprised of three distinct stages: 1) photon absorption by an electron in the metal
cathode, 2) electron transport to the surface and 3) electron escape through the
potential barrier.
In Chapter 4, a Monte Carlo simulation of photo-emission is presented, which
traces electron trajectories through Spicer’s Three Step model to stochastically
determine the overall intrinsic emittance and quantum efficiency of metal cathodes.
The following subsections introduce the governing equations utilized in writing the
Monte Carlo simulation.

Spicer’s Three Step Model

2.3.1

The first step of Spicer’s Model requires knowledge of the initial energy distribution
and depth inside the metal of the excited electron in the cathode. A schematic
of the energy density of states is shown in Fig. 2.3. The initial energy of the free
electron, Ei , must be in the range EF + φ − hν ≤ Ei ≤ EF , where EF is the Fermi
Energy, φ is the metal’s work function and hν is the energy of the incident photon.
The initial energy of the electron was therefore calculated by,

Ei = EF + R(φeff − hν)

(2.41)

where R is a random real number where 0 ≤ R ≤ 1. This evaluation of the
initial electron energy relies on the assumption that the Fermi–Dirac distribution
can be well approximated by a Heaviside step function, thus R follows a uniform
distribution. This approximation holds for low thermal energies (where kB T  EF ),
which is the most common case for photocathodes. As the electrons considered have
an initial energy within this small identified range, the density of states described
by the Fermi–Dirac distribution can be approximated to be flat over this range to
a good approximation. In cases where the initial electron energy can exist over a
greater range, i.e. the photon energy is much larger than the work function, then
the density of states distribution would need to be considered.
Equation (2.41) includes the effective work function φeff , which takes into account
the applied field which has the effect of lowering the work function via the Schottky
effect [57]. The effective work function φeff , can be defined as [57],
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Probability of occupation

Fermi–Dirac distribution for T > 0 K
Fermi–Dirac distribution for T = 0 K

h⌫

EF

Electron energy

Figure 2.3: Fermi Energy distribution function for T = 0 K when the distribution behaves
like a Heaviside step function about the Fermi Energy, EF , and the distribution for when
T > 0 K.

s

φeff

= φ−e

e Etotal
4πε0
q

= φ − 0.037947 Etotal (MV/m) eV

(2.42)

where ε0 is the permittivity of free space and Etotal is the strength of the total
electric field.
The second step of Spicer’s Three Step Model is electron transport to the cathode
surface. For metals, the dominant scattering process is electron-electron scattering.
As the initial excited electron energy is close to the work function energy, it can be
assumed that if an electron was to experience electron-electron scattering, then the
electron would no longer have sufficient energy to overcome the potential barrier,
and as such is removed from the calculation.
Upon absorbing a photon, the electron’s energy will be Ei + hν. Then after escaping
into the vacuum, the energy of the electron will be this energy minus the vacuum
state energy [58], EF + φ, as depicted in Fig. 2.4. This process corresponds to the
third stage of the Spicer Model.
Once at the surface of the cathode, the electron must have sufficient energy in the
direction normal to the surface for it to escape the potential barrier or it will be
internally reflected. This situation is shown in the Fig. 2.4 and can be expressed
as,
q

pz = cos θin 2m(Ei + hν) ≥

q

2m(EF + φ),

(2.43)

where θin denotes the angle the electron’s trajectory makes with the surface normal
whilst approaching the surface from inside the cathode (see Fig. 2.4). Spherical polar
coordinates are used to describe the system, whereby θ is the angle the momentum
vector makes with the surface normal and Φ is the azimuthal angle corresponding
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z
pout =

p

2m(Ei + hν − EF − φ)
θout
vacuum

x

O
metal

θin
pin =

p

2m(Ei + hν)

Figure 2.4: Electron trajectories during the photoemission process as the electron escapes
into vacuum. Transverse momentum is conserved during this final stage of Spicer’s Three
Step Model [54, 55].

to rotation about the z–axis shown in Fig. 2.4. Consequently the maximum angle,
θmax , from the normal with which the electron can approach the surface and still
escape into the vacuum, is given by [58],
s
−1

θmax = cos

EF + φ
Ei + hν

!

.

(2.44)

Two expressions that will become useful in Chapter 4, which investigates the impact
of metal cathode surface roughness on emittance, are the angular distribution and
final momentum in the transverse direction of the escaped electron. There have
been derived by Dowell and Schmerge to be [58],
s

θout = sin

−1

Ei + hν
sin θin
Ei + hν − EF − φ

!

(2.45)

and
q

px = cos Φ sin θin 2m(Ei + hν)e

(2.46)

respectively.

Intrinsic Emittance and Quantum Efficiency

2.3.2

Without the aid of synchrotron damping, the emittance of single pass fourth generation light sources is limited by the lowest achievable emittance at the cathode.
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Advancements in accelerator physics understanding and technology, have meant
that the transverse emittance is usually well-preserved with acceleration in a linear
machine [59]. This leaves the minimum value of the transverse emittance achievable
to be limited by the emittance established at the cathode. This is referred to as the
intrinsic emittance.
Previously the RMS emittance was defined in Eq. (2.39). If we make the standard
assumption of an isotropic cathode surface and therefore no correlation between
the transverse momentum and position of the emission, then the cross term hxpx i
is zero [58]. The normalized RMS emittance is then expressed as,
p

hp2x i hx2 i
= σx σpx
mc

εx,n = βγεx =
where σx ≡

p

hx2 i and σpx ≡

p

(2.47)

hp2x i/(mc).

Dowell and Schmerge [58] derived an analytical expression for the dimensionless
transverse momentum, σpx ,
s

σpx =

hν − φeff
.
3mc2

(2.48)

This expression will be used later in Chapter 4 as a point of comparison between
Monte Carlo simulation results and the transverse momentum for a smooth metal
cathode.

2.3.3

The Role of Cathode Surface Roughness
Much work is being invested into better understanding the photoemission process
with discrepancies existing between theoretical and experimentally determined
values of the intrinsic emittance [58, 60, 61]. Furthermore there exists a large range
in reported experimentally measured intrinsic emittance values for identical cathode
materials [62, 63].
Surface roughness is suspected to influence intrinsic emittance [61, 63, 64, 65, 66].
Attempts at determining the influence of surface roughness on cathode emittance
often rely upon fitting unknown parameters and utilizing data specific to a particular
photocathode gun configuration [67, 68]. Previous treatments of the effects of surface
roughness of cathode surfaces, and their similarities and differences to the presented
work are outlined as follows.
Martinelli [69] tracked the trajectories of emitted electrons for four different bossshaped roughness parameters, tracing the electron through a distance, d. Martinelli
wrote for their work what is also true for much of the previously presented work on
this topic to date, that “One shortcoming of our present model is the inability to
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vary the amplitude of the bump” [69]. In Chapter 4, we address this shortcoming
by providing a generalized model, capable of predicting the influence of a variety of
surface roughness conditions across a variety of metals (work functions) and laser
energies.
Bradley et al. [65] examined the effect of sinusoidal roughness of a GaAs surface on
the mean transverse energy of the emitted electrons. We employ a similar approach
in Chapter 4 in regards to the sinusoidal approximation of the surface roughness and
the analytical expression for the electric field, based on the expressions presented
in Klopfenstein and Wehner [70]. Bradley et al. also identified and introduced the
terms slope effect and field distortion effect [65] referring to the influence on the
transverse momentum, by the rough surface’s changing slope and field enhancement
respectively. Following this lead, the same distinction and terminology is used
throughout this thesis.
Karkare and Bazarov [63] simulated nano-scale roughness on a negative electron
affinity GaAs cathode to find nearly an order of magnitude increase in the electron
transverse momentum spread. Krasilnikov [68] also investigated the influence of
roughness (via field distortion and slope effect) for cathodes composed of the
semiconductor Cs2 Te, for a RF photoinjector for the European XFEL. Krasilnikov
studied various 2D and 3D periodic models, again finding that an increase in
intrinsic emittance can be expected with increasing roughness, in this case up to
30% growth of intrinsic emittance was a resultant of roughness modelled by a single
bump.
Experimental results reported by Graves et al. [52] found an emittance increase
substantially beyond what is expected of a flat surface. These results were obtained
using a copper cathode. Graves et al. attribute this effect to local field enhancement
caused by a non-flat surface, an effect we also investigate in Chapter 4.
Quin et al. [71] present both a theoretical prediction and experimental results
for a copper cathode, using experimental data to extract a value of the surface
roughness. Quin et al. argue through derivation that the contribution to the
transverse momentum by roughness can be expressed as,
s

∆px =

eπ 2 2
A P E0 ,
2mc2

(2.49)

for a sinusoidal surface, when A and P are the amplitude and wave number
respectively of the rough surface, E0 is the applied electric field, and m and e is the
mass and the magnitude of the charge of an electron respectively. This model is
equivalent to the limit case of our work which is presented in Chapter 4, and also
presented in several recent publications [72, 73, 74]. From here on, we will refer to
this model, Eq. (2.49), as the “Analytical Model” for the transverse momentum of
emitted electrons.

24

Chapter 2. Accelerator Physics Tools
Most recently Zhang and Chang [75] also analyzed the effect of surface roughness
on emittance through employing a point-spread-function approach to derive the
field distortion in both 2D and 3D. One of the major differences between Zhang
and Chang’s paper and the complementary approach presented in Chapter 4, is the
latter work’s generalized form of the parameterization expression presented.

2.4

Basic Principles of Bunch Compression
Current linac-based FELs require bunch lengths of less than 100 femtoseconds – a
value that is 2 to 3 orders of magnitude shorter than what is found in storage ring
light sources [26].
High current and low emittance are critical bunch requirements for good FEL
performance. Despite this, the bunch generated from an RF gun is relatively long,
typically 2 – 20 ps [76, 77]. This generation of relatively long bunches is to avoid
strong space-charge forces at low energy, which will grow the emittance. As a result,
the bunch needs to be compressed usually by a factor of the order of 100. This
can be done in one bunch compressor, such as the FERMI layout detailed in [78],
and the TESLA design [79, 80]. More commonly however, two bunch compressors
are employed for example at LCLS [81], XFEL [82], BESSY [83], SCSS [84], and
SwissFEL [85]. A smaller number of projects divide the bunch compression amongst
three chicanes, such as FACET [86], and NLS [87]. The energy of the first compressor
is typically a few hundred MeV. It can not be too low in order to avoid strong
space-charge effects which can blow out the beam emittance at non-relativistic
energies. However, the energy of the first bunch compressor can not be too large
either, as linearization attempts at higher beam energies require a greater degree of
deceleration in the case of harmonic linearization, or stronger magnets in the case
of optical linearization (see Sec. 2.4.4.1 for elaboration). Therefore a balance in
required.
Linear colliders face a similar challenge when it comes to bunch length requirements
and low transverse emittance [88, 89]. However linear colliders can achieve the
small transverse emittance values through damping rings [53, 90, 91]. Several
thousand laps by the electron bunches of the damping ring will reduce the transverse
emittance through synchrotron radiation damping, until an equilibrium emittance
is reached. The resulting bunch length is far greater than what can be accepted by
S-band or X-band accelerating structures [38]. Therefore the bunch length must be
compressed.
At ultra-relativistic speeds, the possibility of compressing through differential
velocities becomes impractical and bunch compression is instead achieved through
exploiting path length differentials with energy. Deliberately introducing an energy
correlation with longitudinal position, or chirp, causes the particles with different
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energy to be located at different positions along the bunch and to take different
paths through a chicane. This is explained in more detail in the following sections.

Establishing an Energy Chirp

2.4.1

The energy correlation with length along the bunch, or chirp, is typically achieved
by driving the bunch well off crest of the RF accelerating phase. This will cause the
head of the bunch to witness a higher accelerating field than the tail of the bunch.
In some cases, the cavities may by phased such that the bunch passes through the
zero crossing point of the RF voltage – accelerating the head of the bunch, giving no
acceleration to the middle of the bunch and decelerating the tail of the bunch. As
will be seen, the advantage of this approach is that the energy-position correlation is
introduced over the most linear part of the sinusoidal curve, however the drawback
is inefficient acceleration.
The chirp creates a relative energy deviation of any particle with respect to the
reference particle, which expanded to third-order in zi is,

δ = δi

Ei
+ h1 zi + h2 zi2 + h3 zi3 + O(zi4 ),
Ef

(2.50)

where zi is defined as the initial longitudinal position from the center of the bunch,
Ei and Ef are the central energy before and after acceleration respectively, and δi
is the initial uncorrelated energy spread. The first-, second- and third-order energy
chirps, denoted as h1 , h2 and h3 respectively, can be written out as,

h1 =

−ks V0 sin φ0 − kx Vh sin φh
,
Ef

(2.51)

h2 =

−ks2 V0 cos φ0 − kx2 Vh cos φh
2Ef

(2.52)

h3 =

(ks3 V0 sin φ0 + kx3 Vh sin φh )
,
6Ef

(2.53)

and

where V0 and Vh represent the voltages of the main accelerating section and additional harmonic cavity for linearization respectively, kx and ks are the wave
numbers of the RF frequencies used, and φ0 and φh are the RF phases of these
sections. The RF phase is defined to be zero at the crest of the RF, and the interval
−90◦ < φRF < 0 defines the negative slope of the RF curvevi . The purpose of
vi
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having multiple RF frequencies will become clear in the discussion on harmonic
linearization in Sec. 2.4.4.

2.4.2

Path Difference and Longitudinal Dispersion
A small number of compressor types exist within the literature, all developed
with the same principle of introducing a path length differential with energy.
The most common compressor type, the chicane, consists of four dipole magnets
interspersed with drift sections. Higher energy electrons at the head of the bunch,
will take a wider excursion through the chicane, compared to their lower energy
tail electron counterparts. At the end of the chicane the electrons from the tail,
undergoing a shorter path length, ‘catch up’ with the head of the bunch, resulting
in a longitudinally compressed bunch. The divergence of trajectories of electrons
with different energies is illustrated in Fig. 2.5. Figure 2.5 also shows schematically
the rotation of the longitudinal phase space through the chicane, showing how the
bunch is ultimately compressed in the longitudinal direction, z.
lower energy trajectory
nominal energy trajectory
higher energy trajectory
dipole

beam
Accelerating structure direction

✓
LD1

ldip

LD1

LD2

tail of
bunch

z

z

z

z

head
of bunch

Figure 2.5: Chicane bunch compressor showing the trajectories of different energy electrons,
and illustrations of the corresponding longitudinal phase space distributions at various positions through the chicane. The transformation of the electrons’ initial to final longitudinal
position is shown to first-order. Higher-order effects that occur in bunch compression are
addressed in Sec. 2.4.3.

Liouville’s theorem remains unviolated in this process as the compressed bunch
length comes at the expense of increased correlated energy spread. In the next
chapter, energy spread will be identified as an important parameter to reduce in
order to obtain optimal FEL performance. Therefore the energy spread must be
removed before the bunch reaches the undulator section. This is done with the aid of
naturally occurring longitudinal wakefields which have the tendency to redistribute
energy from the head of the bunch to the tail [92].
Using the transport matrix formalism introduced in Eq. (2.28), we can trace how
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the column vector containing a particle’s position, angle and momentum, evolves
through a chicane. To first-order, this transport matrix for a chicane is [93],
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When studying bunch compression, we are primarily interested in the evolution of the
particles’ longitudinal position. Therefore, we consider the 5th element of the Xi (1)
from Eq. (2.29). This transformation through the compressor could be considered
as zf = zi +[chromatic terms]+[geometric terms] [94], where chromatic terms relate
to the energy – longitudinal position transformation (e.g. R56 ) and geometric terms
relate to the transverse position – longitudinal position transformation (e.g. R51 ,
R52 ). For beams with small transverse emittance and large energy spread, the
chromatic terms will dominate, and the transformation can be approximated as,
zf = zi + R56 δ + T566 δ 2 + U5666 δ 3 + ...,

(2.55)

where R56 , T566 , and U5666 are the first-, second- and third-order longitudinal
dispersion respectively. This assumption of small transverse emittance and large
energy spread, is typically the case in FEL bunch compressors as small transverse
emittance is an FEL requirement and the imposed chirp increases the correlated
energy spread.
The compression ratio achieved by a bunch compressor, can be approximated to
first order using Eq. (2.50) and Eq. (2.55) to be,
C=

σf
1
=
σi
1 + h1 R56

(2.56)

where σi and σf are the electron bunch length before and after the bunch compressor.
The relative energy spread, δ as defined in Eq. (2.50), is cubic in zi , where the
polynomial coefficients are dependent upon the RF amplitude and phase as defined
in Eqs. (2.51), (2.52) and (2.53). These coefficients of h1 , h2 and h3 do not take into
account additional effects that can influence the energy chirp such as the longitudinal
dynamics of space-charge forces, and wakefields. Instead, these collective effects are
more effectively simulated with particle-tracking software. Accordingly we write
down the following expression for δ, which has the same form as Eq. (2.50), namely
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cubic in zi , however uses fitted parameters, c1 , c2 , and c3 , which are obtained from
fitting a cubic function to the longitudinal phase space distribution produced by
particle-tracking software,
δ = c1 zi + c2 zi2 + c3 zi3 ,

(2.57)

where the initial uncorrelated energy spread offset is assumed to be negligible. To
summarize, the notation used in this thesis when describing the correlated energy
spread is: h1 , h2 and h3 are calculated from the analytical RF properties. On the
other hand, c1 , c2 , and c3 are fitted parameters, fitted to simulation results that
encapsulate additional collective effects such as longitudinal wakefields.
Substituting Eq. (2.57), into Eq. (2.55), the compression transformation can be
written as,

zf =(1 + c1 R56 )zi + (c2 R56 + c21 T566 )zi2 + ...
(c3 R56 + 2c1 c2 T566 + c31 U5666 )zi3 + ...
(c22 T566 + 2c1 c3 T566 + 3c21 c2 U5666 )zi4 + ...
(2c2 c3 T566 + 3c1 c22 U5666 + 3c21 c3 U5666 )zi5 + O(zi6 ).

2.4.2.1

(2.58)

Bunch Compressor Variations

Velocity bunching aside [95], there exists a wide variety of compressor designs which
take advantage of the differential path length with particle energy. A 4 dipole chicane
is the most common type of bunch compressor, however there exist a number of
other designs which introduce either flexibility in terms of many operational modes,
or are designed to compensate for Coherent Synchrotron Radiation (CSR)-induced
emittance growth (see Sec. 2.4.5 for description of CSR). These include double
chicanes, arcs, and longer wiggler systems [96]. We will now focus on the two most
common compressors: chicanes and doglegs.

Chicanes
Figure 2.5 illustrates the layout of a standard 4-dipole chicane. The first-order
longitudinal dispersion for a chicane, is always negative and can be calculated by
the well-known analytical expression [97],


R56 = 2

ldip
R

2 

2
ldip + La ,
3


(2.59)

where ldip is the length of the dipole magnets and La is the drift length between
dipole 1 and 2, and between dipole 3 and 4.
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The second- and third-order longitudinal dispersion for a standard 4 dipole chicane
follow some simple relationships. The second-order longitudinal dispersion is [96],

T566 = −3/2R56 ,

(2.60)

and the third-order longitudinal dispersion is [96],

U5666 = 2R56 .

(2.61)

Doglegs
A dogleg can compress a bunch through having a non-zero, positive R56 , whilst also
translating the bunch transversely. The transverse displacement can be particularly
useful in some scenarios, even when the R56 is zero and no compression takes place.
An example of this is at the end of an FEL linac, where the beam properties have
reached the required values. The beam can be translated horizontally to avoid
synchrotron radiation produced in the linac interacting with the bunch entering
the undulator section [98, 99]. Dogleg compressor designs, whilst not as common,
have been developed for number of projects including 4GLS [100, 101] and MAX-IV
[102].
Doglegs are comprised of two or four dipole magnets, as well as quadrupole magnets.
If there are only two dipoles, then the bending angles of the dipoles are of opposite
sign. If these two dipoles were both split in two, then we would have the four
dipole dogleg layout. Figure 2.6 illustrates a dogleg compressor comprised of two
dipoles and two quadrupoles. For the simple two dipole dogleg case, the longitudinal
dispersion is [26],

R56 ≈

θ2 ldip
,
3

(2.62)

where |θ|  1, which is a reasonable assumption for bunch compressors.
In order to close off the horizontal dispersion, ηx , at the end of the compressor,
quadrupoles are often used to change the sign of the dispersion, allowing it to return
to zero [94] (see Fig. 2.6). This results in the compressor having a positive R56
value, and therefore for bunch compression the incoming bunch must be positively
chirped. Unlike a chicane, the second- and third-order longitudinal dispersion are
not related to R56 via a simple expression [26].
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Figure 2.6: Dogleg bunch compressor layout showing a design particle trajectory (black),
and off-momentum particle trajectories (blue and red).

Non-linear Compression Dynamics

Energy Spread (%)

Energy Spread (%)

The higher-order terms in Eq. (2.55) which describe the rotation in longitudinal
phase space, resulting in a longitudinally compressed bunch, can have a significant
influence on the compression. Non-linear effects, if not handled appropriately,
can greatly reduce the compression factor achievable. Non-linear effects are also
responsible for creating longitudinal phase space distributions with a high degree
of curvature which is often multivalued in z. An example of this can be seen in
Fig. 2.7.
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Figure 2.7: Phase space evolution showing the longitudinal phase space and corresponding
current profile at (a) the beginning of the bunch compressor and (b) the end of the bunch
compressor, showing curvature resulting from the non-linearity in the initial distributions
with respect to z and the second order longitudinal dispersion, T566 .
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If not corrected for, the compression process is dominated by second-order effects.
Figure 2.7 shows the evolution of the longitudinal phase space through a chicane,
whereby at the end of the chicane the phase space distribution is manifestly nonlinear in z. In this illustrative example shown in Fig. 2.7, the compression ratio
was limited by the non-linear effect to 4.0. The final “C-shaped” longitudinal phase
space has a corresponding current profile that is highly peaked at one end and drops
away to a long low-current tail.
Higher-order effects encountered in this typical scenario originate from two sources.
Firstly, there is the curvature in the RF accelerating field that is impressed onto
the bunch in establishing the chirp. The longer the bunch, the more of the RF
sinusoidal curvature will be seen, and the closer the bunch to the crest, the more
curvature will be seen. The second source of higher-order effects comes from the
higher-order path-length dependence on particle energy, which is quantified by the
longitudinal dispersion through the chicane. As previously seen, the longitudinal
dispersion can be split into various components, where R56 , T566 , and U5666 are the
first-, second-, and third-order longitudinal dispersion values respectively.

Longitudinal Phase Space Linearization

2.4.4

Measures must be taken to ameliorate these higher-order effects in order to achieve
strong bunch compression. This process is known as longitudinal phase space
linearization.
Currently there exist two main approaches to linearize the longitudinal phase
space. These are harmonic linearization, which uses a high frequency RF field; and
optical linearization, which uses higher order magnets (namely quadrupole and
sextupole magnets) to vary the longitudinal dispersion. Other less common solutions
to linearize the longitudinal phase space have been put forward. These include
shaping the electron beam current at the photoinjector to hamper the influence of
longitudinal wakefields [103]; and controlled expansion of a low energy beam in a
drift section following the RF gun which leads to a reduction in the longitudinal
phase space curvature [104].
The two main methods of phase space linearization – harmonic linearization and
optical linearization, are detailed in the following subsections.

2.4.4.1

Harmonic Linearization

Higher frequency harmonic cavities positioned before the bunch compressor, provide
an efficient way of nullifying the second-order terms that appear in the compression
process. The harmonic cavity is generally a third-, or fourth-order harmonic of
the main accelerating RF frequency and the operating phase is chosen so that the
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bunch experiences a negative (decelerating) field. The relative phases between
the main accelerating section and the harmonic cavity are tuned such that the
second-order effects are minimized or canceled. Adding together the influence of
both RF fields results in a section of linear field on which the energy chirp can be
established (see Fig. 2.8). This approach creates an energy chirp which is almost,
but deliberately not entirely, linear. The reason for this is that the bunch entering
the compressor will still encounter non-linearities, so therefore the chirp required is
slightly quadratic to oppose the effect of the bunch compressor’s T566 .
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Figure 2.8: Summation of the main accelerating RF voltage to a 3rd order harmonic cavity
decelerating phase to produce a linear voltage over a short distance in z. The RF phase for
the main accelerating section is 40◦ and is indicated in the plot by a gray vertical line.

Typically only one harmonic cavity is required even when two-stage bunch compression is used. By the second bunch compressor, the bunch is relatively short and sees
a narrow portion of the sinusoidal RF curvature. The small degree of compensation
for second-order effects in the second bunch compressor can be made using the one
harmonic cavity positioned before the first bunch compressor [105].
Harmonic linearization works by finding the RF voltage of the harmonic cavity that
will force the coefficient of the second-order term in zi of Eq. (2.58), to go to zero.
The second order terms in Eq. (2.58) will cancel when,

h2 = −

T566 2
h .
R56 1

(2.63)

To eliminate the second order term in Eq. (2.58), the harmonic cavity should be set
to a decelerating phase, at φh = 0. Expanded, Eq. (2.63) becomes,
T566
−ks2 V0 cos φ0 + kx2 Vh φh
=−
2Ef
R56

−ks V0 sin φ0
Ef

!2

.

(2.64)

To compensate for the reduced beam energy due to the decelerating harmonic cavity,
the voltage of the main RF section needs to increase to ensure the bunch arrives at
the bunch compressor with the same energy. We can also ensure the compression
ratio, C, is held constant with the variable RF voltage. These two conditions are
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detailed in [106] and result in the harmonic cavity voltage required for harmonic
linearization of,


Vh =

Ef 1 +

1 λ2s T566 2
C
2π 2 |R56 |
( λλxs )2 − 1



− Ei

,

(2.65)

where λs and λx are the RF wavelength of the S-band and X-band frequencies
respectively. All other terms in Eq. (2.65) have been previously defined, however
we take this opportunity to remind the reader that a full list of symbols and their
meanings used throughout this thesis, can be found in the front matter.

2.4.4.2

Optical Linearization

An alternate way to ameliorate the higher-order effects is through the addition
of high-order multipole magnets in the bunch compressor. Sextupole magnets,
and often a combination of sextupole and quadrupole magnets, can be used to
manipulate the second-order longitudinal dispersion, T566 , in order to ensure a
linear compression.
Many schemes of optical linearization have been considered, and the analytical and
numerical investigations can be found in [80, 102, 107]. The concept of varying
T566 through manipulation of the longitudinal phase space via sextupole magnets in
dispersive regions, has been investigated analytically in [94, 108, 109], and shown
experimentally in [94]. A complete X-band FEL linac design utilizing optical
linearization up to second-order is found in [110].
Whilst it is often stated that third-order effects could theoretically be accounted
for using optical elements, this statement is often followed by the admission that
in most cases this would not be necessary as the impact of third-order effects is
negligible [110, 111]. In Chapter 6 we challenge this concept, noting the relationship
between the third-order energy chirp and the formation of current horns (see also
Sec. 2.4.4.3 below).
Whilst U5666 appears yet to be addressed in strong bunch compression (to the best
of the author’s knowledge), it has been encountered in the final focusing systems
of linear colliders [112, 113, 114]. Octupoles have been studied as a mechanism
to create a uniform transverse beam distribution [115, 116] and to control the
long bunch tails by folding the transverse phase space distribution to achieve the
small beam sizes required at the interaction point [113, 117]. This manipulation of
longitudinal phase space through higher-order multipole magnets is a related concept
to the work presented in Chapter 7, however for a very different application. The
interested reader is directed towards the following references for further information
[112, 113, 114].
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In Chapter 5 we consider some design alternatives for a predominately X-band FEL
linac, where optical linearization is of particular interest as due to RF breakdown,
it is difficult to operate RF cavities at frequencies above 32 GHz which would be
required for harmonic linearization.

2.4.4.3

Third-Order Effects and Current Spikes

As was shown in Fig. 2.7 the non-linear compression process can result in some parts
of the bunch being compressed to a greater degree than others. This is most evident
at the head and tail of the bunch where the longitudinal phase space distribution
begins to curve around on itself. Projecting the longitudinal distribution onto the
horizontal axis reveals a current profile with a current spike at the head and tail of
the bunch. This is shown in Fig. 2.9. In some literature these current spikes are
referred to as current horns, presumably to distinguish them from the current spikes
resultant from microbunching that appear in the FEL lasing process. Throughout
this thesis the term current horns will also be used to refer to the large excursions
in the current due to strong compression.

Figure 2.9: Double-horned current profile typical of strong bunch compressors.

Figure 2.9 portrays a spiky current profile shape that is commonly encountered at
FEL facilities. Such examples can be found in [81, 118, 119, 120, 121]. Chapter 6
will later substantiate the claim we currently assert, which is that these current
horns stem from third-order effects in the compression process.
Particle tracking codes have revealed that third-order terms are introduced early in
the acceleration, in the RF gun and injector. These third-order effects are due to
space-charge forces, which are carried through to the bunch compressor appearing
as a cubic component of the energy chirp [106, 122]. Longitudinal wakefields are also
capable of imparting a third-order chirp through the change in energy experienced
along the bunch [123].
These current horns are very problematic at FEL facilities, creating difficulty in
matching the beam optics of adjoining accelerator sections [124, 121], limiting
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the degree of compression achievable, and increasing the wakefield induced energy
spread in the undulator section causing FEL bandwidth enlargement [121, 125].
However perhaps the most severe consequence of the current horns is the enhanced
CSR produced by the large current values at both the leading and trailing edges of
the current pulse [126, 127, 128].

Coherent Synchrotron Radiation

2.4.5

An ultra-relativistic electron accelerating through a dipole magnet will emit synchrotron radiation. When the electron bunch length is shorter than the wavelength
of the synchrotron radiation emitted, the radiation will be coherent, and is known
as Coherent Synchrotron Radiation (CSR) [128, 129]. Conversely, Incoherent
Synchrotron Radiation (ISR) occurs in longer bunches and refers to synchrotron
radiation emitted at different positions along the bunch with the disturbances
emanating from distinct regions on the bunch being uncorrelated.
In bunch compressors, CSR emanating from the tail of the bunch can continue
in a straight line, whilst the bunch follows a curved trajectory inside the dipole
magnet. Undergoing a slightly shorter path length, the CSR can ‘cut the corner’
of the dipole to interact with the particles at the head of the bunch. The result is
often severely degraded beam quality [127, 130].
Both CSR and ISR can enlarge the emittance. ISR generates emittance growth
through causing some electrons to lose energy which increases the energy spread
within the bunch [131]. The CSR-induced emittance growth is produced via the
same mechanism, however with CSR the dissipated power is greater than with ISR,
and the energy loss is not random but is correlated with position along the bunch.
The length required for the radiation from the tail of the bunch to ‘catch up’ with
the head of the bunch, is the cooperation length: L0 = R(24ρ2 σz )3 , where R is the
bending radius and σz is the bunch length [132]. If L0 is comparable to the length of
the dipole magnet, ldip , then significant CSR effects can be expected [133]. For this
reason, CSR effects usually become problematic in the second bunch compressor of
two-stage compression, when the bunch length is already shortened.
CSR can cause time-dependent transverse kicks, resulting in a centroid off-set of
different regions (slices) of the bunch [134]. As a result the slice emittancevii can
remain largely unchanged, while the lateral displacement of the slices along the
bunch result is a smearing of the transverse phase space and enlargement of the
projected emittance. Figure 2.10 shows this smearing effect where the slice emittance
is preserved but the projected emittance is large due to the transverse centroid offset.
Whilst it is usually the slice emittance that is considered of primary importance
in the FEL lasing process (as particles only interact within the cooperation length
vii
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[135]), the projected emittance (i.e. volume occupied in phase space of the entire
bunch length) is also an important factor being primarily responsible for the beam
brightness [121, 136, 137].

Figure 2.10: Transverse offset of slices along the bunch, showing the increased projected
emittance.

The Linac Coherent Light Source (LCLS) reports CSR-induced projected emittance
growth of 250% with the large currents at the bunch head and tail being responsible
for the majority of the emittance growth [81, 138]. To combat this effect, collimation
of the head and tail is used to good success, removing 40% of the bunch charge but
successfully limiting CSR-induced emittance growth [139].

2.4.6

Microbunching Instability

In addition to increasing the projected emittance, CSR can cause a fragmentation
of the longitudinal phase space, known as microbunching instability. First observed
through simulations [140, 141], and shortly after observed experimentally [127,
142, 143], much effort has been invested into understanding the theory driving the
instability formation [144, 145] and developing techniques to suppress microbunching
instability [99, 146]. CSR encountered in bunch compression can create energy
modulations and amplify the longitudinal density modulations and significantly
degrade the quality of the beam [130]. However CSR is not the only culprit driving
microbunching instability. Longitudinal Space Charge (LSC) and longitudinal
wakefields [147] can also introduce energy modulations that can drive microbunching
instability.

One technique to avoid microbunching instability is known as laser heating. A laser
heater introduces longitudinal energy mixing within the bunch before it enters the
bunch compressors [147, 148]. This increases the uncorrelated energy spread to
provide strong Landau damping to suppress microbunching instability. Experience
at LCLS has shown that use of laser heating can greatly improve FEL performance,
improving the gain length by approximately 30% [149].
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Summary

2.5

This chapter introduced some of the background theory needed for this thesis.
Section 2.1 covered some basic accelerator physics concepts, starting with the
solutions to the particle equations of motions in Sec. 2.1.2 and Sec. 2.1.3, and
Hill’s equation solutions used in multi-particle dynamics (e.g. in determining beta
functions and the dispersion function) in Sec. 2.2. These sections provide the theory
necessary for understanding the X-band FEL accelerator simulations that will be
presented in Chapter 5, and used in Chapter 6 and Chapter 7.
Section 2.3 provides the theory of cathode photoemission which is required for
Chapter 4. Section 2.4 covers the theory of longitudinal bunch compression as an
important component of FEL accelerators. The bunch compression theory, which
includes the non-linear compression dynamics in Sec. 2.4.3 and the influence of CSR
in Sec. 2.4.5, is drawn upon in Chapters 5, 6, 7, and 8. Chapter 6 investigates the
cause of the current horn formation, which is followed by Chapter 7 which puts
forward a technique to prevent the current horns from forming.
The next chapter is the second and only other theory chapter. It will present
the necessary FEL theory needed to determine the electron beam requirements
of an FEL accelerator in order to achieve a high-gain, high-brightness FEL with
reasonable gain length.
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3
Free Electron Lasers
This chapter provides the Free Electron Laser (FEL) theory that is relevant to the
later chapters within this thesis. Included in this chapter is a review of the electron
beam requirements for optimal FEL performance, as well as a discussion on the
influence of slice and projected beam emittance.
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3.1

Introduction
Relativistic electron beams can pass through long sections of undulator magnets
whilst spontaneously producing synchrotron radiation. The electrons interact with
the radiated field, causing density modulations on the same length scale as the
radiation wavelength. These density modulations, known as microbunching, lead to
the formation of coherent radiation production, which grows exponentially along
the undulator section until reaching a peak average power. The radiation field that
interacts with the electron bunches can either develop through spontaneous radiation
emission, in a process known as SASE (Self-Amplified Spontaneous Emission), or
be a combination of spontaneous radiation emission and an external field, in which
case the external field is known as an amplifier, and the process known as seeded
emission.
This chapter outlines some of the FEL theory needed for this thesis, including the
definition of photon brightness (Sec. 3.3), the requirements of the electron beam
(Sec. 3.4), as well as the slice and projected properties of the electron bunch (see
Sec. 3.5 and Sec. 3.6).

FEL Theory

3.2

Relativistic electrons passing through the periodic magnetic structure of an undulator
will radiate synchrotron radiation of wavelength [150],
λu
λr = 2
2γ

K2
1+
2

!

,

(3.1)

where λu is the undulator period, γ is the relativistic Lorentz factor, and the
undulator parameter K is the dimensionless undulator strength parameter defined
by [151],

K=

eB0 λu
= 0.934B0 [Tesla]λu [cm],
2πmc

(3.2)

where e is the magnitude of an electron charge, and B0 is the peak magnetic field
for a planar undulator. Typically K is between one and 10 for a permanent magnet
undulator with a period of a few centimeters [152].
These equations are applicable to undulator insertion devices that appear in storage
rings of third generation light sources, as much as they are for FELs. However
the physics guiding photon production in FELs is different as the phenomenon of
microbunching becomes important.
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As mentioned earlier, FELs require an electromagnetic (EM) radiation field to
interact with the electron bunches, which can be an external seed signal or generated
through random shot noise. This radiation co-propagates with the electron bunch,
interacting with the electrons, imparting energy onto some and reducing the energy
of others. In the absence of an undulator field, the EM radiation would soon surpass
the ultrarelativistic electrons which are traveling at slightly less than the speed of
light. Under the influence of the undulator field, the electrons interact with the EM
radiation and are then guided transversely on an undulating path designed such that
when the electrons return to the center, they see EM radiation in phase with the
previously witnessed EM radiation. That is, the co-propagating radiation overtakes
the electrons in one undulator period by λr , leading to an energy modulation
forming along the electron bunch, also spaced by λr . The energy modulation leads
to a density modulation as the more energetic electrons undertake a shorter path
through the undulator, and the less energetic electrons undergo a longer path length,
resulting in the density modulation. This is known as the microbunching instability,
and forms the basis of FEL theory.
With sufficient current and beam quality (a description of these requirements will
be provided in Sec. 3.4), microbunching will begin to develop and each microbunch
will radiate coherently. The intensity of the radiation produced is proportional to
Ne2 , where Ne is the electron population of a microbunch. This coherent radiation
augments the initial EM radiation, and the microbunching becomes more well
defined, leading to more coherent radiation being produced. As the definition of
the microbunches increases, the radiation intensity increases exponentially until
the microbunching can develop no further, and the FEL process saturates. This is
illustrated in Fig. 3.1.
The scaling behavior of a high-gain FEL amplifier using the one dimensional, cold
beam limiti can be expressed in terms of a parameter used widely throughout FEL
theory literature, known as the Pierce parameterii , ρ [150]

1
ρ≡
2γ

Ipeak λ2u K 2 [JJ]2
IA 8π 2 εx βx

!1/3

,

(3.3)

where Ipeak is the peak current, IA = 17 kA and is known as the Alfvén current,
εx is the horizontal beam emittance, βx is the horizontal beta function, and where
[JJ] is a Bessel function coupling parameter. For planar undulators, [JJ] =
J0 (K 2 /(4 + 2K 2 )) − J1 (K 2 /(4 + 2K 2 )) [154].
The exponential growth in radiated power is,
i

ii

The cold beam limit can be described as ρσE /E  1 [153], which is satisfied when the electron
beam energy spread, transverse emittance and radiation diffraction effects are all neglected.
Note this parameter is sometimes referred to as the BNP parameter after the authors Bonifacio,
Pellegrini and Narducci. In their original paper [150], the authors noted the similarity between
ρ as it appears in FEL physics and a parameter named the Pierce parameter that appears in
microwave tube theory.
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Figure 3.1: Exponential growth and subsequent saturation of the FEL pulse energy along
the undulator, showing incoherent spontaneous radiation produced by the random electron
distribution at a short distance along the undulator, and microbunched electrons producing
coherent radiation for the high-gain FEL emission.

P = αPn es/Lg ,

(3.4)

where α is a coupling coefficient between the radiative signal strength and the
dominating mode, Pn is the initial signal strength, s is the distance along the
accelerator, and Lg is the gain length defined as the distance along the accelerator
required for the electrons to increase the radiated power by a factor of e. Note
that the above expression is only valid for sufficiently small s, i.e. before saturation
effects begin to manifest.
Assuming zero energy spread about the ideal particle within the bunch, the gain
length can also be expressed in terms of the Pierce parameter, ρ, as,

Lg =

λu
√ .
4π 3ρ

(3.5)

A reduction in the gain length would mean a shorter undulator section is needed
which can reduce the cost of the FEL. It typically takes a SASE FEL 18 to 20 times
the gain length, Lg to reach saturation [152].
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3.3

Photon Beam Brightness
One of the most appealing properties of FEL x-rays is the extremely high peak
spectral brightness. The spectral brightness describes the intensity of photons
emitted from the 6D phase space volume occupied by the photon and electron beam.
That is,

BF EL =

4π 2 Σ

Φ
,
x Σx0 Σy Σy 0

(3.6)

where Φ is the spectral photon flux defined as the number of photons delivered per
second within a relative spectral bandwidth, ∆ωr /ωr . The quantities Σx , Σx0 , Σy ,
and Σy0 , are calculated using the RMS beam sizes and angular divergence for both
the photon and electron beam which add in quadrature:

Σx =

q

Σx0 =

q

2
2
σx,ph
+ σx,e

(3.7)

σx20 ,ph + σx20 ,e ,

(3.8)

and

where σx,ph and σx,e are the RMS photon and electron beam sizes respectively and
σx0 ,ph and σx0 ,e are the RMS values of the angular divergence of the photon and
electron beams respectively. Equivalent expressions exist for σy,ph and σy,e .
The spectral photon flux Φ, that appears is Eq. (3.6), is the total number of photons
per unit time, divided by the relative FEL bandwidth, ∆ωr /ωr . That is,

Ṅ
Φ=
~ωr
where ∆ωr =



ωr
∆ωr



,

(3.9)

√
2πσωr , and Ṅ is the number of electrons per unit time.

As mentioned in Chapter 1, FEL facilities are capable of producing a peak brightness
several orders of magnitude above what can be produced by third generation storage
ring facilities. Figure 1.1 showed the peak brightness jumping 9 – 10 orders of
magnitude from third generation light sources to FEL facilities for photon energies
of around 10 keV [22].
The reason behind the extremely high peak brightness of FEL facilities is the
coherent superposition of the radiation produced by each microbunch, the reduction
in the pulse length and the reduced energy spread [155].
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Requirements of the Electron Beam

3.4

Many factors contribute to the performance of an FEL. Energy spread and non-zero
emittance both cause an FEL’s performance to stray from the ideal cold beam limit
presented in Sec. 3.2.
There are three main requirements on the electron beam for a high-gain FEL. Those
are:
1. Peak current of a few kilo-Amps
2. Small energy spread of < ρ, and
3. Small transverse slice emittance, of the order of or smaller than the radiated
wavelength, λr .
The first condition is motivated by aspirations to decrease the gain length through
increasing ρ. This is evident from Eq. (3.5) and Eq. (3.3). Present state-of-the-art
photoinjectors are limited to generating a few nC per bunch, which is typically a
few picoseconds in pulse duration [156]. As such, to obtain the high peak current
required, bunch compressors are employed to squeeze the charges into a shorter
bunch (see Sec. 2.4 for bunch compression theory). There is also a vaguely defined
upper limit to the current at FEL facilities. Too much charge has been found to be
problematic, introducing instabilities, space-charge induced emittance growth and
other problems related to collective effects which are typically current-dependent
[157]. Because of this, many FEL facilities, such as LCLS and FERMI choose to
operate in a low charge mode [136, 158], and collimate the leading and trailing
edges of the beam where the current is often greatest (as explained in Sec. 2.4.4.3)
[139, 159].
The second condition on the electron beam, comes from the energy spread introducing a differential of velocities within the bunch which degrade the microbunching
process. This energy spread is often referred to as the uncorrelated energy spread
to distinguish it from the intentional energy spread (or chirp) that is imparted on
to the beam before the bunch compressors (see Sec. 2.4.1). In order to maintain a
reasonable gain length, the initial RMS energy spread must satisfy [135],
σE
< ρ,
E

(3.10)

where ρ is the previously defined Pierce parameter [Eq. (3.3)], which indicates the
bandwidth of energy that contributes to FEL performance. Uncorrelated energy
spread threatens to impede one of the main strengths of seeded and SASE FELs,
by increasing the FEL bandwidth (which in turn decreases the peak brightness [see
Eq. (3.9)]), and therefore is of great importance to FEL performance [160, 161].
The uncorrelated energy spread at the undulator entrance is determined by two
main factors. Firstly, there is the degree of chirp removal in the final linac section
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which is usually achieved though RF phase choice and longitudinal wakefields which
redistribute energy from the head of the bunch to the tail, or a dechirper cavity [92].
Secondly, energy spread can be intentionally introduced through laser heating which
is used to hamper microbunching instabilities from forming in order to preserve the
emittance along the accelerator [147, 148] (see Sec. 2.4.6).
The third condition on the electron beam is related to the transverse emittance
and also arises from the motivation to avoid the smearing out of the microbunches.
Electrons oscillate in the longitudinal direction with a periodicity much greater
than the undulator period. However the variable horizontal beta functions change
the focusing along the undulator section, impacting the transverse momentum and
longitudinal momentum. This has a similar affect to the uncorrelated energy spread
of degrading the bunching and deteriorating FEL performance. To ensure high
power output with a short gain length, the electron beam emittance must be of the
order of, or smaller than the photon beam emittance, giving the condition [162],

ε≤

λ
,
4π

(3.11)

which is the same condition required to achieve diffraction-limited radiation [151].
The minimum transverse emittance is established by the injector (see Sec. 2.3.2) and
various attempts are typically made to preserve the emittance along the accelerator.
A number of factors threaten to increase the emittance such as CSR (see Sec. 2.4.5),
spurious dispersion [163], and multipole magnet chromatic and geometric aberrations
[164].
When all three conditions are met, the radiation power grows exponentially until
such growth begins to saturate, where 3D effects are considered negligible. If these
conditions are not met, one must defer to the 3D FEL gain-theory. Details of 3D
FEL gain-theory can be found in [165, 166, 167] for the interested reader, but are
not essential for the comprehension of the remainder of this thesis.
Table 3.1 summarizes some of the key parameters achieved by or design for a number
of FEL facilities around the world.
All three conditions can be thought of, and applied over a short distance, or “slice”,
for reasons that will be explained in the following section.

3.5

Slice Properties
The radiation co-propagating with the electron bunch overtakes the electrons by one
wavelength, λr , every undulator period. This is often referred to as the radiation
‘slipping’ past the electrons. The slippage distance, or the distance the radiation
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Table 3.1

PAL XFEL [170]

SwissFEL [85]

FLASH [169]

FERMI [122]

LCLS II [152]

LCLS [81]

SACLA [21]

EuXFEL [168]

Name

China

South Korea

Switzerland

Germany

Italy

USA

USA

Japan

Germany

Location

D

C

C

O

O

D

O

O

C

Status
(O / C / D)

8.8

0.1

0.1

6.5

4

0.6

0.15

0.06

0.1

Wavelength
(nm)

0.5

3.0

2.7

2.5

0.6

3

3.4

>3

5

Peak Current
(kA)

500

200

200

500

500

250

250

300

1

Bunch Charge
(nC)

<300

18

9

12

420

24

30

6

20

Bunch Length
(µm)

0.84

10

5.8

1.3

1.5

13.5

14.4

8.5

17.5

Energy
(GeV)

<1.5

0.5

0.7

2

< 1.5

1.5

1.2

1π

1.4

Transverse emittance
(mm mrad)

Table 3.2: Some of the major FEL facilities’ design or achieved key FEL parameters. This list includes facilities currently operational (O), under
construction or commissioning (C), or in design phase (D).

SXFEL[171]
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will pass the electrons by over one gain length, is described as the cooperation length
[135],

Lc =

λr
Lg .
λu

(3.12)

The slippage length is many times shorter than the total bunch length and indicates
the region over which electrons strongly interact through the production of radiation
and through being acted upon by the radiation. Therefore, the FEL process is
determined locally within a slice of the bunch, with a slice width on the order of
the cooperation length.
Electrons at a distance more than a cooperation length away from each other, will
undergo the FEL lasing process independently. As such, it is only the collective
properties such as (emittance, energy spread, and current) of the electrons within
one slice of the bunch that become important to the FEL lasing process. If two
slices of electrons have different mean energies and are spatially separated by more
than the cooperation length, then the radiation wavelength produced by each slice
will be different, but the overall energy spread along the bunch will not impact
the total radiated output power. Similarly the emittance and current should be
analyzed at the slice level, as well as in terms of their total projected quantities.
For this reason, large excursions in the current and energy spread that can typically
occur at the head and tail of the bunch (see Sec. 2.4.4.3), do not impact the lasing
of the good quality core of the bunch.

3.6

Projected Emittance
Often the slice properties of a bunch are considered of primary importance, because
as mentioned earlier, the FEL process operates on a short longitudinal scale of
the cooporation length. In this section, we argue that whilst the slice properties
(including slice emittance) are important, the projected emittance also requires due
consideration as it also has the capacity to impact FEL performance.
Increased projected transverse emittance, to levels above that of the mean transverse
slice emittance, can result from two main causes. The first is some slices displaying
large emittance resulting in large projected emittance values. This typically shows
up as large slice emittance values in the the leading and trailing edges of the bunch.
See [81, 118, 119, 120, 121, 123] for examples. The second cause for increased
projected emittance is the transverse offset of slices along the bunch (see Fig. 2.10).
These slice centroid offsets are usually introduced by collective forces including CSR
present in short bunches traveling through a dispersive region [127], and geometric
transverse wakefields (GTW) introduced by, for example, collimators [159].
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Physicists at LCLS have found large current excursions at the leading and trailing
edges of the bunch to be particularly detrimental. Despite the slice emittance of the
bunch remaining favorable in the core of the bunch, LCLS collimates the electrons
in the head and tail of the bunch where the beam quality is poor. This collimation
occurs at the center of the first bunch compressor, and reportedly greatly improves
FEL performance [172].
The reasons behind the improved performance could be two-fold. Firstly the current
horns themselves introduced detrimental effects such as creating wakefield induced
energy spread in the undulator leading to increased FEL bandwidth enlargement.
Secondly, the increased projected emittance growth (arising from a greater CSR
effect from the large current horns), causes difficulty in matching transverse beam
optics, and non-uniform lasing along the bunch. We will now consider how projected emittance, as well as the slice emittance, has the potential to impact FEL
performance.
From a practical stand-point, the projected transverse beam size is often used when
trying experimentally to match the Twiss parameters of the electron beam to the
undulator section [137, 164]. Therefore the smaller the discrepancy between the
slice and the projected emittance, the better matched the beam will be.
In the model by Tanaka et al. [173], the gain length will be affected by single kick
error effects, via two mechanisms: 1) decrease in radiation efficiency due to reduced
electron-photon transverse spatial overlap, and 2) the smearing of microbunching.
Single kick error effects can change the angular divergence of the electrons in a
longitudinal slice in a incoherent manner (due to the non-zero beam emittance
[157]) or a coherent manner resulting in an RMS angular divergence of the slice
centroids denoted as hθcoll i). The subscript coll refers to collective effects that could
be responsible for the transverse kicks, namely, GTW, CSR, and microbunching
instability.
This smearing of microbunches increases the gain length by a factor of θ/(θc −
2 i), where θ = λ/L , characterizes the effect of the angle divergence on the
πhθcoll
c
g
radiation amplification, and is known as the critical angle. Dependence of the
gain length of the projected emittance was experimentally verified in [174]. This
treatment of the effect on gain length was recently extended by Di Mitri [157] to
include 3D effects using the models of Xie [175] and Salin [176]. Taking into account
the finite transverse electron beam size and energy spread in SASE FELs, a similar
amplification factor was found, where the gain length increase is approximately,

Lg,coll =

Lg,3D
2 i/θ 2 .
1 − πhθcoll
c

(3.13)

2 i, the larger the projected emittance, and the greater
The larger the value of hθcoll
the degree of inhibition of the FEL process through microbunching smearing. This
is reflected by a larger gain length. Therefore, the projected emittance growth, as
well as slice emittance growth should be avoided.
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3.7

Summary
This chapter introduced some of the FEL theory needed for this thesis. In particular,
the FEL lasing process was outlined in Sec. 3.2, the properties of brightness were
defined in Sec. 3.3, and the requirements of the electron beam were outlined in
Sec. 3.4. These requirements are later referred to in Chapter 5, where an X-band
FEL accelerator design is presented. The concepts of slice and projected properties
of the electron beam (see Sec. 3.5 and 3.6) become important in Chapter 7, where
the current horns are suppressed via longitudinal phase space manipulation. In
Chapter 7, it is important to ensure the slice properties remain optimal along the
entire length of the bunch, whilst the projected emittance and energy spread are
greatly improved through the removal of the current horns.
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4
Amplification of Intrinsic
Emittance due to Rough
Metal Cathodes
This chapter explores the influence of cathode roughness on the intrinsic emittance
through the formulation of a parameterization model. This chapter is based upon
the publication: T.K. Charles, D.M. Paganin, and R.T. Dowd “Amplification of
intrinsic emittance due to rough metal cathodes: Formulation of a parameterization
model” Nuclear Instruments and Methods in Physics Research A 828, 201–209
(2016).
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Chapter 4. Amplification of Intrinsic Emittance due to Rough Metal Cathodes

4.1

Introduction
Intrinsic emittance of the electron source is often the limiting factor for brightness
in fourth generation light sources and as such, a good understanding of the factors
affecting intrinsic emittance is essential in order to be able to decrease it. Using
Monte Carlo simulation data, in this chapter we develop a parameterization model
that describes the proportional increase in emittance induced by cathode surface
roughness. Both the Monte Carlo simulation and the associated Parameterization
Model were obtained using Mathematica [177] code developed and written by the
author of this thesis.
One major benefit behind the parameterization approach developed here, is that it
takes the complexity of a Monte Carlo model and reduces the results to a straightforward empirical model. The resulting model describes the proportional increase
in transverse momentum introduced by surface roughness, and is applicable to
various metal cathode types, photon wavelengths, applied electric fields, and cathode
surface terrains. The analysis presented here includes the influence on emittance
due to changes in the electric field induced by roughness as well as the increase
in transverse momentum resultant from the spatially varying surface normal. We
also compare the results of the Parameterization Model to an Analytical Model
introduced earlier as Eq. (2.49).

4.2

Monte Carlo Simulation
The Monte Carlo simulation presented here tracks the electron trajectories through
Spicer’s Three Step model, introduced in Sec. 2.3.1, to stochastically determine the
overall intrinsic emittance and quantum efficiency of rough metal cathodes. The
following subsections detail the governing equations utilized by the simulation.

Impact of Cathode Surface Roughness

4.2.1

Cathode surface roughness can increase the mean transverse energy of photoelectrons,
increasing the transverse emittance [see Sec. 2.3.3]. Here we describe how surface
roughness was incorporated into our model to determine its influence on the intrinsic
emittance.
The cathode surface can be crudely modeled by a sine function of amplitude A
and period of 2π/P as shown in Fig. 4.1. More realistically, any cathode surface
roughness can be more accurately described by the Fourier summation of many
sine waves of varying amplitudes and spatial frequencies. However as the intrinsic
emittance is by definition the variance of an ensemble of electron trajectories, taking
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ptotal z
θout
n̂

τ

x

A

π/P
Figure 4.1: Momentum vector of electron being emitted from rough cathode surface
showing characteristic surface roughness parameters of the amplitude, 2A, and the period
of 2π/P .

the average effect of the amplitudes and periods of the sine waves present, should
adequately describe the roughness in the system. Section 4.5 will later further
investigate the validity of this approach.
For small amplitude roughness (A  2π/P ), the electric field resulting from a
potential applied between a flat plate and a sinusoidal surface can be modeled by
summing over the various Fourier components constituent in the rough surface
terrain [70],

Ex =

∞
X

E0 An Pn exp(−Pn z) sin(Pn x)

(4.1)

n=1

and
Ez = E0 +

∞
X

E0 An Pn exp(−Pn z) cos(Pn x)

(4.2)

n=1

where E0 is the applied electric field when the surface roughness amplitude, A is
zero.
The combined field distortion effect and slope effect (defined in Sec. 2.3.3) produce
the following transverse momentum of the emitted electrons,

σpr = e

Z ∞X
∞
0

E0 An Pn exp[−Pn z(t)]×

n=1

sin[Pn x(t)] dt + slope effect.

(4.3)

The slope effect is minimal in comparison with the field distortion effect [67],
increasing the emittance by on average less than 1%. It is however still included in
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the Monte Carlo simulation, appearing as an alteration to the transverse momentum
that results from the final stage of Spicer’s Three Step model – where the electron
escapes into the vacuum. The magnitude of the slope effect is dependent upon
where on the surface the electron is emitted. Four regions have been highlighted in
Fig. 4.2 which were used to project the momentum onto the transverse plane to
evaluate slope effect, as it appears in Eq. (4.3).
z
Region II
n̂
Region I

Region IV
x

Region III
τ
Figure 4.2: Roughness regions used to calculate the transverse electron momentum in
Eq. (4.4) and Eq. (4.5).

For cos Φ < 0,
slope effect =

p cos( π − τ − θ ),
t
out
2
π
p cos(τ − θ
t
out + 2 ),

if 0 < θout < ( π2 − τ )
if 0 < θout > ( π2 − τ )

(4.4)

For cos Φ > 0,
slope effect =

p cos(τ − π + θ ),
out
t
2
p cos( π − θ
t
out + τ ),
2

if

π
2

− τ < θout <

if τ < θout <

π
2

π
2

(4.5)

p

where pt is the magnitude of the total momentum vector, 2m(Ei + hν − EF − φ) cos Φ
and τ is the angle subtended by the sinusoidal baseline and the tangent to the
roughness terrain (see Fig. 4.1) given by,

tan(τ ) = AP sin(P x).

(4.6)

If the product AP is much less than unity, as would be expected for most cathode
applications, then the variation in the x displacement with time is small and can
be approximated to be the inital position of the escaped electron, x1 . The time
dependent displacement of the emitted electron in the z-direction is obtained from
the constant-acceleration relation,
p

z(t) =

54

2m(Ei + hν) cos θin t eE0 2
+
t
m
2m

(4.7)
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where

p

2m(Ei + hν) cos θout is the inital momentum in the z-direction.

Using Eq. (4.3) and Eq. (4.7), and the mathematical identity [178],
Z ∞
0

!



π 1/2
c2
c2
exp(−ct − bt2 )dt =
exp
erfc 
4b
4b
4b

!1/2 
,

(4.8)

Eq. (4.3) can be rewritten as,

r

σpr = eE0 AP sin(P x)


πm
P (Ei + hν) cos2 θin
exp
2eE0 P
eE0

P (Ei + hν) cos2 θin
erfc 
eE0

!

× ...

!1/2 
 + slope effect

(4.9)

where the slope effect is defined by Eqs. (4.4) and (4.5). Here the summation over
Fourier components has been omitted for simplicity, but will be reintroduced in the
next section.
Another effect to consider is the variation of emission over the rough surface due
to field enhancement at the peaks. Adding in quadrature the components of the
electric field [Eq. (4.1) and Eq. (4.2)] we can arrive at an expression for the total
field as it varies with position over the rough surface,

q

Etotal = E0 1 + A2 P 2 exp[−2AP sin(P x)] + 2AP exp[−AP sin (P x)] cos (P x).
(4.10)
Using Eq. (4.10) with the Schottky effect expression [Eq. (2.42)], the value of the
effective work function can be found as it varies with position. This alteration
to the Monte Carlo code accounts for the variation in the emission due to field
enhancement at the roughness peaks.

4.2.2

Monte Carlo Simulation of Momentum Distributions
From the Monte Carlo simulation we can determine the distributions of the transverse
momentum, and angular distribution of the emitted electrons. Figure 4.3 shows the
distribution of θout , which is the angle subtended by the emitted electron trajectory
and the cathode surface normal (see Fig 2.4). This distribution of θout is produced
for a small range of work functions φ, all of which could be considered copper.
Included in Fig. 4.3 are labels for the maximum θout values which agree with the
max as calculated by [58],
theoretical expression θout
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s
max
θout
= cos−1 



EF + φeff 
.
E + hν

(4.11)

Figure 4.3: Monte Carlo simulations results showing the distribution of the angle emitted
max
electrons make with the surface normal, θout , including the theoretical θout
values as
calculated by Eq. (4.11) for a smooth cathode illuminated by a 266 nm laser.

Figure 4.4 shows the distribution of the transverse momentum normalized by m0 c,
for three values of the cathode work function. As expected the variance of the
transverse momentum increases with decreasing work function.

Figure 4.4: Monte Carlo simulations results showing the distribution of the transverse
momentum normalized by m0 c for various values of the cathode work function, for a smooth
cathode with an applied accelerating field of E0 = 100 MeV, illuminated by a 266 nm laser.

Figure 4.5 shows how the distribution of the transverse momentum normalized
by m0 c, increases with increasing roughness. For zero cathode roughness or low
roughness (e.g. 50 nm), the distribution appears almost Gaussian. As the roughness
amplitude increases the distribution becomes bimodal and the variance of the
transverse momentum increases.
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Figure 4.5: Monte Carlo simulations results showing the distribution of the transverse
momentum normalized by m0 c for various values of the roughness amplitude, A, where the
following parameters are held constant: P = 20 µm, E0 = 100 MeV, hν = 4.772 eV, and
φ = 4.6 eV.

4.2.3

Dimensionless Parameters
The use of dimensionless quantities is of widespread utility throughout mathematics,
physics and engineering. In this section we utilize a formalism, known as Buckingham
Π Theory [179], which makes systematic use of such dimensionless quantities.
Buckingham Π Theory states that for i system variables and j fundamental dimensions (e.g. M for mass, L for length, T for time, and Q for charge), there will
exist (i − j) dimensionless products, Π, to fully describe the system [179]. For the
photoemission process of a metal cathode, the variables that need to be considered
and their corresponding dimensions are listed in Table 4.1.
Table 4.1: Key variables and full parameter space required for description of the photoemission process, where M is the mass dimension, L is length, T is time, and Q is the charge
dimension.

Variable

symbol

Dimensions

Transverse momentum
Momentum due to roughness
Roughness amplitude
Roughness period
Rest mass of an electron
Charge of an electron
Applied electric field

σpx
σpr
A
P
m
e
E0

M L/T
M L/T
L
L−1
M
Q
M L/(T 2 Q)

From Table 4.1, we can determine that three dimensionless Π parameters exist. The
choice of the dimensionless parameters is arbitrary, so long as each variable listed
in Table 4.1 is included in at least one of the dimensionless parameters. Therefore
we choose to define these dimensionless parameters as,
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σpr
,
σpx

(4.12)

P
,
2π

(4.13)

eE0 Am
,
σpx

(4.14)

Π1 =

Π2 = A
and
√
Π3 =

where σpx is the transverse momentum of a perfectly flat cathode, σpr is the
transverse momentum with the effects of surface roughness included, A and P
are the characteristic roughness parameters defined in Fig. 4.1, E0 is the applied
electric field, e is the magnitude of the charge of an electron and m is the mass of
an electron.
The choice of the parameter Π1 = σpr /σpx was deliberate as it can be interpreted
as the proportional increase to intrinsic emittance as evidenced by Eq. (2.47).
Accordingly, later in this chapter, this quantity will be referred to as an “amplification
factor”.
The parameter σpx , which appears in Π3 , can be replaced with the analytical
expression for the transverse momentum for a flat surface, Eq. (2.48). This leaves
us with,
s

Π3 =

3E0 A
.
hν − φ

(4.15)

Using the data generated by the Monte Carlo code, these three Π parameters were
evaluated under various conditions with each simulation run.

4.3

Parameterization Model of Intrinsic Emittance
Despite the physical laws governing the emission process being known (and described
earlier), the sequence of applied equations depends upon various conditions and
numerous input parameters, resulting in an integration approach to calculate the
expected values that proves intractable. An equivalent physical relation should
however exist, expressed in terms of dimensionless quantities.
Using the results of the Monte Carlo simulation we can create an empirical expression
to deliver the information gained via the Monte Carlo process and present the
results as a generalized expression. Through carefully defining some dimensionless
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products in Sec. 4.2.3, the Parameterization Model can be obtained through fitting
numerous expressions around the dimensionless parameters’ behaviour.
Photoelectrons were simulated using the Monte Carlo code, with a range of values
of hν and φ, and were subjected to various values of the roughness parameters (A
and P ) and applied electric field, E0 . With the generated data, we can determine
the influence of surface roughness on the emittance, as the electrons are traced
throughout the parameter space described in Sec. 4.2.3.
Developing a Parameterization Model focused around Π1 , we create an expression
describing the amplification factor applied to the transverse momentum induced by
surface roughness. Two Parameterization Models are created to adequately address
different domains of validity. The first model focuses on the region of low applied
field, and the second covers from where the first model breaks down to where the
Analytical Model can take over (see Sec. 4.4).
The domains over which we fit models to the Monte Carlo data, were chosen for two
main purposes. The first was to concentrate on the area of low surface roughness
and reasonably high applied electric field – to cover where state-of-the-art cathode
research currently lies and to look towards where it may be heading. The second
reason the specific domains were chosen was to accurately describe the regions
where we know the Analytical Model to be less accurate. For more detail on this
second point, we again refer the reader to Sec. 4.4.

4.3.1

Parameterization Model Region I: Low Applied Field
As stated earlier, the subject of the Parameterization Model was chosen to be the
amplification of the transverse momentum induced by surface roughness, i.e. Π1 .
To achieve this, the dimensionless parameter Π1 could be plotted against one of
the other two dimensionless parameters. In this case Π1 was plotted against Π3 in
Fig. 4.6, although it could have just as easily been plotted against Π2 to achieve
the same final result. Then the fitted values of Fig. 4.6, were plotted against the
remaining dimensionless parameter. The various fitted models can then be combined
to arrive at the final Parameterization Model.
Figure 4.6 shows the dimensionless parameters, Π1 and Π3 , which were evaluated
for various values of Π2 . Each data set and fit seen in Fig. 4.6, used Monte Carlo
data generated with the applied electric obeying the inequality,

E0 ≤

π(hν − φ)
.
3A2 P

(4.16)

It should be noted that for very smooth cathodes, this region will include large
values of the applied electric field, despite being referred to in the section heading as
the region of low applied field. For example, for a cathode with roughness amplitude
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Figure 4.6: Monte Carlo evaluated Π parameters Π1 and Π3 , plotted for various values of
Π2 .

of 10 nm and period of 20 µm, this region can have applied electric field up to 500
MV/m.
Each fit shown in Fig. 4.6 can be stretched or compressed along the horizontal axis
to achieve identical curves. This scaling factor that can be applied to the horizontal
axis, was determined by taking the amplification factors (Π1 ) at any given Π3 value,
√
and identifying that the trend varies as Π2 . Incorporating this scaling factor into
the fitted model, we arrive at the following for the more concise Parameterization
Model (i.e. fewest fitted parameters);


p

Π1 = C3 Π3 Π2

C4

+1

(4.17)

The variation of the fit coefficients C1 and C2 were plotted against Π2 . Due to the
chosen form of Eq. (4.17) the subsequent plots of C1 and C2 against Π2 (Fig. 4.8)
are linear.
The addition of unity in Eq. (4.17), originates from the slope effect. This value of
unity was not fitted to the Monte Carlo data but can be shown to be accurate in
the domain of interest as follows. The ratio of the transverse momentum with and
without roughness effects (whilst ignoring the field distortion effect) is,

σpr
σpx

=

pt cos( π2 − θout − τ )
pt cos( π2 − θout )

=

RMS[sin(θout − τ )]
,
RMS[sin(θout )]

Slope effect only

(4.18)

where pt is the magnitude of the electron momentum vector upon leaving the cathode
surface and RMS denotes the application of a root mean square calculation.
For values of τ much less than one, Eq. (4.18) approximates to unity. This will
occur when the argument of the inverse tan function, that describes τ , is close to
√
zero. That is, AP/ 2 must be much less than one. This is typical for cathodes
which usually exhibit weakly deformed surfaces [63, 73].
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Figure 4.7: Monte Carlo evaluated Π parameters Π1 and Π3 , plotted whilst holding Π2
constant at π/125.

Figure 4.7 shows the relationship between two of the Π parameters. This plot
will form the basis of applying the parameterization model method. The fitted
coefficients of Fig. 4.7 were then plotted in Fig. 4.8, illustrating how they vary with
Π2 . These three fits are then combined to give the first Parameterization Model.
The more general form of the Parameterization Model, describing the proportional
increase to the transverse momentum induced by surface roughness, for Region I
is,
h
p iχ3 Π2 +χ4
σpr
= Π3 (χ1 + χ2 Π2 ) Π2
+ 1.
σpx

(4.19)

Written in terms of more familiar parameters,

σpr
=
σpx

s



AP 
χ1 + χ2
2π

s

s

AP 
2π

χ3

3AE0 
hν − φ

p AP
2π

+χ4

+ 1.

(4.20)

The final Parametrization Model, applicable for all values of hν, φ, A, P , and for
values of E0 that obey Eq. (4.16) is,
h
p i6.9648×Π2 +1.4586
σpr
+ 1.
= Π3 (1.4092 − 2.3580 × Π2 ) Π2
σpx

(4.21)

These above Eqs. (4.19), (4.20) and (4.21) are applicable to a cathode surface taking
the shape of a single sine wave, a corrugated surface. In order to apply the above
equations to a more realistic rough surface, the Parameterization Model can be
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(b)
Figure 4.8: Fitted parameters from Π3 versus Π1 Monte Carlo data shown in Fig. 4.7
plotted as it varies with Π2 , for (a) C1 and (b) C2 . Numerical fit shown with a solid line,
where χ1 is –2.358, χ2 is 1.409, χ3 is 6.965, χ4 is 1.459.
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calculated for every (or just the main) Fourier components, squared, added and
then the square root of the summation taken. This gives,

σpr
=
σpx
v

2
p
u

s
6.965 An Pn +1.459
u
s
s
2π
uX
∞ 

u
 An Pn −2.358 + 1.409 An Pn  3An E0 
u
+ 1

 .
t
2π
2π
hν − φ
n=1

(4.22)
Figure 4.7 is consistent with Eq. (4.9), as can be seen through manipulation of
Eq. (4.9) by dividing through by σpx and isolating the Π parameters defined above
to give,

σpr
=
σpx

√

eE0 Am
px


r

P (Ei + hν) cos2 θin
π√
AP sin(P x) exp
2
eE0

P (Ei + hν) cos2 θin
× erfc 
eE0

!1/2 
+

slope effect
σpx

!



Π2 cot2 θin
= Π3 π Π2 sin(P x) exp
(Π3 )2
p

!

Π2 cot2 θin
× erfc 
(Π3 )2

!1/2 
+

slope effect
,
σpx
(4.23)

where erfc() refers to the complementary error function.
Here it can be seen that for large values of Π3 , Eq. (4.23) behaves linearly with Π2 .
This trait is used later on in Sec. 4.4 deriving an analytical expression for σpr /σpx .
Within the domain of Region I, expressed by Eq. (4.16), the Parameterization
Model agrees extremely well with the full Monte Carlo simulation, to within 1%.
Far beyond this upper limit of the applied field, the Parameterization Model and
the Analytical Model begin to converge. Careful consideration is needed however
for the transitioning region following on from this upper limit in E0 . This region is
referred to as Region II.

4.3.2

Parameterization Model Region II: Moderate Applied Field
A second Parameterization Model is needed to define the region of moderate applied
field. This second model is required to maintain a close fit to the Monte Carlo data.
Whilst the domain over which the first model was applied could have been extended,
this would compromise the fit, introducing significant inaccuracy. In particular,
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the area most affected by the loss of accuracy would have been lower values of Π2
where the data departs from behaving linearly with Π2 .
The domain of Region II was defined by the applied electric field being within the
following limits,
π(hν − φ)
12π(hν − φ)
≤ E0 ≤
.
2
3A P
A2 P

(4.24)

As will be seen in Sec. 4.4, beyond the upper limit of Region II, the Parameterization
Model and Analytical Model converge and both models agree with the Monte Carlo
data to within 6.1% accuracy.
Figure 4.9 displays the Monte Carlo generated data in the form of the Π parameters.
Again Π1 and Π3 are plotted whilst Π2 is held constant. Figure 4.9 is for Region II
what Fig. 4.7 was for Region I. Utilising the same approach as used in Sec. 4.3.1,
the fitted coefficients of Fig. 4.9 were then plotted against Π2 .
10
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Figure 4.9: Monte Carlo evaluated Π parameters Π1 and Π3 , plotted whilst holding Π2
constant at π/125, evaluated over the domain of Region II.

Conveniently the fitted parameter C3 varies only gradually with Π2 , varying at
most by ± 0.05%. As such, C3 can be considered constant. Therefore a fitted model
is only needed for C4 versus Π2 . This is shown in Fig. 4.10. Combining the fitted
models of Fig. 4.9 and Fig. 4.10, we arrive at the final Parametrization Model for
Region II.
The general form of the Parameterization Model for Region II is,
p
σpr
= χ5 Π2 Π3 + χ6 Π2 + χ7 .
σpx

Written in terms of more familiar parameters,
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Figure 4.10: Fitted Parameter C4 from Π3 versus Π1 MC data shown in Fig. 4.9, plotted
as it varies with Π2 . Numerical fit shown with solid line, where χ6 is – 2.9631, χ7 is 0.3810.

σpr
= χ5
σpx

s

AP
2π



3AE0
hν − φ



+ χ6

AP
+ χ7 .
2π

(4.26)

The final Parameterization Model for Region II is,
p
σpr
= 2.1629 Π2 Π3 − 2.9631 × Π2 + 0.2432.
σpx

(4.27)

Similarly to what was described in the previous section, the application of the
Parameterization Model to a realistic rough surface can be done through adding the
squared values of the Parameterization Model calculated for each Fourier component.
This is can be written as,

v

2
u
s




uX
∞
u
σpr
An Pn 3An E0
An P n
2.1629
=t
− 2.9631
+ 0.2432 .

σpx

n=1

2π

hν − φ

2π

(4.28)

The final parametrization models, for Region I and Region II are plotted in Figs.
4.11 and 4.12 respectively.

4.4

Comparison with Simple Analytical Model
Equation (4.23), describing the amplification of transverse momentum, can be
simplified albeit with the cost of reduced accuracy. Employing the approximations

65

Chapter 4. Amplification of Intrinsic Emittance due to Rough Metal Cathodes

Figure 4.11: Proportional increase to the transverse momentum due to surface roughness
for Region I.

that are outlined below, the Parameterization Model can be reduced to the Analytical
Model introduced in Sec. 2.3.3 as Eq. (2.49).
For the case of small values of P , where the argument of the exponential and
complementary error function becomes much less than one, both of these functions
tend to unity. Thus the proportional increase in transverse momentum due to
roughness, and therefore intrinsic emittance, can be simplified to,
σpr
≈
σpx

√

eE0 Am
σpx

√

AP π
+ 1.
2

(4.29)

Figure 4.12: Proportional increase to the transverse momentum due to surface roughness
for Region II.
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Substituting in the theoretical intrinsic emittance expression [Eq. (2.48)], the
Analytical Model of the proportional increase in intrinsic emittance due to surface
roughness approximates to,
Amc
σpr
≈
σpx
2

s

√
3πE0 P
π Π2 Π3
√
+ 1.
+1=
hν − φ
2

(4.30)

The analytical expressions of the electric field, Eq. (4.1) and Eq. (4.2), that were
utilized in the Monte Carlo code and therefore by extension the Parametrization
Model, describe the electric field due to weakly deformed conducting surfaces. That
is to say, these equations are valid for small amplitude surface roughness where A
 2π/P and therefore the Parameterization Models [Eq. (4.19) and Eq. (4.25)]
are also only valid under this condition. The Analytical Model too must obey this
condition, which is indeed met by typical current photocathode surfaces [63, 73].
This is not the only limitation of the Analytical Model. The expression also begins
to lose accuracy when the argument of the exponential and complementary error
function in Eq. (4.23), are much less than one. When this is the case, the exponential
and complementary error function terms are no longer well approximated as equaling

one; this corresponds to the condition Π2 cot2 θ/(Π3 )2  1.
Combining these two conditions we can arrive at the condition under which the
√
Analytical Model is most accurate, Π2 cot θ  Π3  1.
Figures 4.13 and 4.14 show the percentage difference between the models (i.e. Parameterization Model and Analytical Model) and the more accurate complete Monte
Carlo simulation. It should be noted that the typical gun applied field values range
between approximately 10 MV and 150 MV [77, 180, 181, 182], which is where the
divergence between models is large and the Parameterization Model’s precision is
superior. Typically, roughness amplitude values are more difficult to obtain due to
the limited literature available, however they appear to lie between 0 and 500 nm
[67, 72, 73, 183].

4.5

A More Sophisticated Model for Surface Roughness
The Parameterization Model in Eqs. (4.22) and (4.28) can be applied to a more
realistic rough surface through calculating the square root of the sum of the
Parameterization Model’s output calculated for the dominant Fourier components
(obtained from a power spectrum) squared.
As an example, an arbitrary and randomly rough surface was created through
generating random height peaks, randomly spaced, convolved with a Gaussian
function to create a smooth rough surface. The Parameterization Model, Eq. (4.28),
was used and the amplification factor generated for each of the first four Fourier

67

Chapter 4. Amplification of Intrinsic Emittance due to Rough Metal Cathodes
60
Analytical Model
Parameterization Model

Percentage difference

50
40
30
20
10
0

0

2

4

6

8

10

12

14

Π3

Figure 4.13: Percentage difference between the Parameterization Model for Region I and
full Monte Carlo simulation data, and the percentage difference between the Analytical
Model and the full Monte Carlo simulation data.

sine components, which are squared, summed and the square root applied to the
summation. This gave:

q
σpr
= (2.509)2 + (1.062)2 + (1.139)2 + (1.121)2
σpx

= 3.159

(4.31)

In order to verify this approach of summing the square of the parameterization
model outputs, we altered the Monte Carlo model to trace electrons emitted from the
arbitrary rough surface shown in Fig. 4.15. This modified Monte Carlo simulation
found σpr /σpx to be 3.191. This small difference of 1.02 % is due to only the first
four Fourier sine components being used in the calculation.
Electron trajectories from the same arbitrary rough surface were modeled in Computer Simulation Technology (CST) [184]. Figure 4.16 shows that the transverse
emittance converges after 4 sine functions for the surface analyzed, showing that
the surface can be well described by the incoherent addition of contributions due to
individual sine waves in a Fourier series. Figure 4.16 also show the absolute value
of the transverse electric field. This shows that after 4 sine waves the transverse
field converges to the field of the arbitrary rough surface.

4.6

Discussion
Theoretical models of the photoemission process predict that there should be a
relationship linking the quantum efficiency and the intrinsic emittance [58]. Recent
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Figure 4.14: Percentage differences between the Parameterization Model for Region II
and full Monte Carlo simulation data, and the percentage difference between the Analytical
Model and the full Monte Carlo simulation data.
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Figure 4.15: Rough surface generated to illustrate application of Parameterization Model.
An arbitrary rough surface (blue) with a fit using 4 Fourier sine components (orange) and 6
Fourier sine components (green)

publications support this interdependence [185] whilst other results have not reflected
any relationship between these two parameters [60, 61, 71], suggesting that other
factors such as surface roughness, contamination, surface damage [62], surface
plasmons [186, 187] and irregularities due to laser illumination may account for
the lack of correlation between the emittance and quantum efficiency. The results
presented here support the notion that surface roughness could be one of the factors
contributing to this discrepancy. As shown by the Parameterization Models, the
presence of surface roughness can increase the emittance whilst not affecting the
quantum efficiency, effectively masking any relationship between intrinsic emittance
and quantum efficiency that is predicted by theory [58, 188].
The information presented in this chapter could offer some insight into the adverse
impacts on emittance that can be introduced by ablation and other cleaning
techniques which are becoming common practice in RF photoinjectors [61, 189].
Recent studies into the effects of laser cleaning have witnessed a significant reduction
(i.e. improvement) in the intrinsic emittance over the 2 – 3 weeks immediately
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Figure 4.16: Emittance calculations and the mean of the absolute value of the electric
field for surfaces comprised of various Fourier components.

following the cleaning, whilst the enhancement of the quantum efficiency after an
initial spike, was relatively slow taking place over 5 months [61]. One possible
explanation for this, which the results presented in this chapter appear to support,
is that: the cleaning process initially introduces more pronounced surface roughness,
which is a known side-effect of cathode cleaning [189]; over the following weeks the
surface roughness may diminish as roughness peaks are burnt away through the
laser and RF heating of normal operation. Given the potential for rough surfaces
to significantly increase the intrinsic emittance, attention may be warranted to the
following: laser-induced periodic surface structures (LIPSS) produced by ultrashort
laser pulses irradiating metallic surfaces [190, 191, 192], and ultra-fast metallic
deformation induced by two phase heating by short laser pulses [193, 194].
We included in this analysis the variation in the electric field over the rough cathode
surface, and in turn the variation in the Schottky effect lowering the potential
barrier over the surface. It can be noted however that this effect was found to be
small, under the conditions considered, i.e. A  2π/P . The variation in emission
over the rough surface, at its highest value was found to be 6%.
A naive interpretation of the Parameterization Model may suggest that in order to
decrease the intrinsic emittance one might decrease the applied electric field. Of
course space charge effects would need to be considered before such a conclusion is
made. Difficulty arises when attempting to incorporate space charge effects into this
analysis as space charge limitation is also dependent upon total charge, distance
from cathode, and the accelerating field geometry. A more apt employment of the
Parameterization Model presented here would be to obtain an estimate on the initial
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increase in emittance expected to be observed directly after leaving the cathode
(i.e. intrinsic emittance). This result from the Parameterization Model may then
be used in conjunction with particle tracking software to effectively include space
charge effects. Inclusion of additional effects into the Monte Carlo simulation can
always be added, and then the parameterization method applied again.
Attempts to find case studies to compare the Parameterization Model with proves
difficult as much of the literature on cathode roughness only quotes one roughness
parameter, be it the arithmetic average of peak values, or root mean squared peak
value etc. [195, 189]. The work presented in this chapter illustrates the importance
of measuring two parameters in order to more fully describe the roughness profile
of the cathode. For example, two cathodes with the same average peak amplitude
can experience vastly different increases in the intrinsic emittance as their disparate
Π2 values (AP/(2π)) can place them at vastly different positions on the surface
plot in Fig. 4.11 and Fig. 4.12. Despite the lack of experimental data available, the
comparison that was made with the work presented in Qian et al. [67], showed a
very good agreement with the Parameterization Model.
Finally it should be noted that Spicer’s Three Step model [54, 55, 56], upon which
much of this analysis was based, does not include polarization effects and assumes
bulk photoemission. Therefore the Parameterization Model and all other expressions
presented in this chapter do not consider the effects of polarization and surface
emission. However it can be noted that additional effects could be added to the
Monte Carlo model and the parameterization process repeated to reproduce a
generalized model capable of describing the proportional increase in the transverse
momentum induced by surface roughness.

4.7

Summary
In this chapter, two expressions are presented, valid over different domains, describing the amplification of transverse momentum due to surface roughness for
photoelectrons emitted from metal cathodes. The approach used here of parameterizing the Monte Carlo results, has two main benefits. Firstly, the final expression
incorporates the full complexity of the Monte Carlo simulation distilled down to
a straight-forward mathematical expression. Secondly, the final expressions are
generalized enough to allow for applicability to photo-cathodes of different combinations of values of the work function, laser wavelengths, applied electric field
and roughness amplitudes and periods. Comparison between the Parameterization
Model and a widely used Analytical Model of the increase to intrinsic emittance
induced by surface roughness effects, was also presented.
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5
Simulations of an X-band
Free Electron Laser
This chapter details the layout and design of an X-band FEL. Included in this chapter
are the results of particle tracking simulations performed with the software package,
elegant. The final electron bunch parameters, before entering the undulator section,
are also presented. The main linac layout presented here is used in later chapters as
a baseline design for comparison between different bunch compressor dynamics.
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Chapter 5. Simulations of an X-band Free Electron Laser

5.1

Introduction
Growing demand from the user community warrants the investigation into more
cost effective, and more power efficient x-ray FEL facilities. This chapter details an
X-band FEL layout that is the result of the collaboration mentioned in Chapter 1.
This section (Sec. 5.1) will conclude with a declaration of the author’s contribution
to the work presented in this chapter.
The Compact LInear Collider (CLIC) is a proposed electron–positron collider, as
a tool for high-energy particle physics research. Despite being approximately 50
km in length, CLIC is considered compact relative to the International Linear
Collider (ILC). Where ILC proposes well-established proven technology (utilizing
superconducting 1.3 GHz accelerating structures operating at an average accelerating
gradient of 31.5 MV/m [88]), CLIC would require new accelerating technology that
pushes the RF frequency of the accelerating structures into the X-band regime to
achieve unprecedentedi accelerating gradients, of around 100 MV/m. With these
high accelerating gradients, the CLIC proposal could reach multi-TeV collision
energies in the same length that the ILC would reach 0.5–1 TeV, hence earning the
name ‘compact.’
Given the substantial effort that has already been invested into CLIC X-band
technology, the international collaboration has been established proposing to repurpose the CLIC accelerating structures for an X-band FEL [24, 29, 30]. The
benefits of this (as previously outlined in Chapter 1) would be the higher acceleration
gradients allowing for acceleration to high energy in a shorter distance, for a
more efficient, cost effective FEL. Included in this collaboration is the Australian
Synchrotron, with the proposal of developing an X-band FEL to complement the
existing third generation light source facility [31].
In order to determine if the stringent requirements of the electron beam for FEL
lasing can be met, simulations of the proposed X-band accelerator were needed.
This chapter details and some of the main simulation results.
A preliminary baseline X-band accelerator design has been established by the
collaboration and presented in [24, 29, 30, 31]. The author of this thesis has used
these elegant simulations, including an input distribution of an RF gun simulation
supplied by Avni Aksoy of the Institute of Accelerator Technologies (UA-IAT),
(Ankara, Turkey), and made the following contributions:
1. Incorporation of CSR into the simulations. Due to the influence of CSR on the
energy spread along the bunch, the simulations were re-optimized. Through
including CSR in the simulations it became clear that measures would be
needed to address microbunching instability.
i
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Here the word unprecedented is used in referring to how X-band technology has not been
demonstrated for an entire accelerator of X-band structures. However experimental testing has
achieved accelerating gradients of 100 MV/m [28].
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2. Inclusion of, and optimization of a laser heater to suppress the microbunching
from developing in the bunch compressors.
3. The author of this thesis also investigated an alternative linearization technique
of optical linearization. The dogleg compressor design presented in Sec. 5.5 is
the author’s original work.

5.2

Accelerator Layout
To achieve SASE saturation within a reasonable undulator length, the FEL linac
must deliver a high quality electron beam that meets the electron beam requirements
set out in Sec. 3.4. Recall that these requirements are:
1. Peak current of a few kilo-Amps
2. Small energy spread of < ρ, and
3. Small transverse slice emittance, of the order of or smaller than the radiated
wavelength, λr .
The simulated accelerator presented in this section achieves a final electron beam
with energy of 6.2 GeV, a peak current of 3.6 kA, energy spread of 0.0371%, and
mean transverse slice emittance of 0.388 mm mrad.
The beam distribution input for the elegant simulations was modeled on an S-band
injector producing a beam with an initial energy of 131.2 MeV, an RMS bunch
length of 806 µm, and a normalized transverse emittance of 0.273 mm mrad with a
total bunch charge of 250 pC.
Figure 5.1 shows a schematic of the accelerator. The important parameters of
peak current (Ipeak ), RMS bunch length (σz ), and beam energy (E) are shown in
Fig. 5.1 at various locations along the linac. Also included in Fig. 5.1 is the RF
information of the frequency band, the accelerating gradient, and the Injector
RF phases of
the 3 accelerating sections, φ0 , φ1 , and φ2 .
Gun
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The accelerator is comprised of predominately X-band accelerating structures, with
only the RF gun and injector designed for an RF frequency of 2.998 GHz, placing
them in the S-band category. The injector accelerates the bunch with an off-crest RF
frequency to establish a correlated energy spread necessary for the bunch compressor
downstream (see Sec. 2.4.1). After the harmonic cavity, the RMS energy spread is
0.873%. The chirped electron bunch then encounters an X-band harmonic cavity to
remove the second-order component to the longitudinal phase space, in a technique
called harmonic linearization (see Sec. 2.4.4.1). The harmonic cavity decelerates the
bunch, with an RF phase of φh = −128.5◦ , reducing the beam energy from 311.6
MeV to 292.3 MeV.
The bunch compression is split over two 4-dipole chicane compressors, referred to
as BC1 and BC2. Located 19.2 m downstream of the electron gun, BC1 compresses
the bunch longitudinally by a factor of 10.1. Linac1 then accelerates the bunch to
2.2 GeV through accelerating off-crest at φ1 = 66.8◦ . The RMS energy spread of
the bunch entering BC2 is 0.6528%. The second bunch compressor brings the total
compression ratio to 128.4.
Table 5.1: Properties of the electron beam at the beginning of the undulator.

Parameter

Symbol

Value

Units

Bunch length (RMS)
Horizontal bunch size (RMS)
Horizontal bunch size (RMS)
Energy spread (RMS)
Peak current
Total compression ratio
Bunch charge
Electron bunch energy
Horizontal emittance (projected)
Vertical emittance (projected)
Mean horizontal slice emittance
Mean vertical slice emittance

σz
σx
σy
σ∆E/E
Ipeak
C
E
εx
εy
εx, slice
εy, slice

7.70
0.378
0.158
0.037
3.6
128.4
250
6.2
1.370
0.271
0.388
0.256

µm
mm
mm
%
kA
pC
GeV
mm mrad
mm mrad
mm mrad
mm mrad

The residual correlated energy spread is removed in the final 85 m of Linac2, through
longitudinal wakefields redistributing energy from the head of the bunch to the
tail. This removal of the chirp is aided by the slightly off-crest RF phase choice of
φ2 = 94.5◦ . By the end of the 246 m accelerator, the beam energy is 6.2 GeV. The
properties of the final electron beam are summarized in Table 5.1.

Longitudinal Beam Dynamics

5.3

The predominately X-band accelerator, increases the electron beam from 131.2 MeV
to 6.2 GeV, as shown in Fig. 5.2. Also shown in Fig. 5.2 is the bunch length which
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Figure 5.2: Kinetic energy and RMS bunch length along the linac.

5.3.1

Laser Heating
Microbunching instability was identified as a potential cause of beam degradation
in Sec. 2.4.6. Laser heating (see Sec. 2.4.6) is one technique used to quell microbunching instability through introducing longitudinal energy mixing within the
bunch before it enters the bunch compressors [147, 148]. Laser heating increases
the uncorrelated energy spread to provide strong Landau damping to suppress
microbunching instability. Experience at LCLS has shown that use of laser heating
can greatly improve FEL performance, improving the gain length by approximately
30% [149].
A laser heater was included in the FEL design presented in this chapter, upstream
of BC1. It was based on the LCLS laser heater parameters, then optimized using
the in-built elegant optimizer, for reduced final emittance at the end of the linac.
The final laser parameters are shown in Table 5.2. Figure 5.3 shows the effect of
laser heating on the longitudinal phase space and the associated current profile.
The laser heater decreases the RMS energy spread from 0.0428% to 0.0371% and
reduces the horizontal emittance from 1.44 mm mrad to 1.37 mm mrad.
Table 5.2: Main parameters of the laser heater.

Parameter
LH-undulator parameter
LH-undulator period
LH-undulator peak field
Number of undulator periods
Resonant wavelength

Symbol

Value

Units

K
λu
Bu
Nu
λr

1.38
5.30
0.28
10
758

cm
T
nm
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Figure 5.3: Current profile and corresponding longitudinal phase space distribution at the
entrance of the FEL undulator for (a, c) with the laser heater off and (b, d) with the laser
heater on. For case (a, c) the RMS energy spread was 0.0371% with a projected transverse
emittance of 1.37 mm mrad. For case (b, d) with the laser heater on the RMS energy
spread was 0.0428% with a projected transverse emittance of 1.44 mm mrad.

Harmonic Techniques

5.3.2

Following the S-band injector is an 11.99 GHz cavity for harmonic linearization of
the longitudinal phase space. As explained in Sec. 2.4.4, the bunch compression
process in non-linear, and in order to achieve a linear longitudinal phase space
distribution at the exit of the bunch compressor, often a higher-order RF cavity is
needed. In this case, the 4th harmonic of the 2.998 GHz (S-band) injector is used.
Entering BC1, the electron bunch has an RMS length of 806 µm. This means
that the bunch covers approximately 1% of the S-band RF wavelength, which is 10
cm. By accelerating off-crest, the linear region of the sinusoidal RF curve can be
used for acceleration and establishing an energy chirp, however some RF curvature
is still imprinted onto the phase space distribution. This is visible in Fig. 5.4a.
With the appropriate choice of RF voltage and phase of the 11.99 GHz harmonic
cavity, the second-order component of the phase space distribution can be removed.
Figure 5.4b shows the longitudinal phase space distribution after passing through
the harmonic cavity.
In order to counter the curvature visible in Fig. 5.4a, the harmonic cavity necessarily
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has to decelerate the electron bunch. At the end of the injector, the electron bunch
has a kinetic energy of 311.6 MeV, before encountering the harmonic cavity, which
decreases the bunch energy to 292.3 MeV by using the decelerating crest. This
decrease in energy is a minor negative consequence of the harmonic linearization
process.
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(a) Harmonic cavity off

(b) Harmonic cavity on

Figure 5.4: Longitudinal phase space distributions (a) without and (b) with the use of a
fourth order harmonic cavity.

5.3.3

Bunch Compression
Two chicanes are used to compress the bunch longitudinally. Table 5.3 summarizes
the main properties of BC1 and BC2 with the drift lengths and bending angle
defined in Fig. 5.5.
Table 5.3: Summary of two bunch compressor (BC1 and BC2) parameters, where Fig. 5.5
defines the parameters listed.

Parameter
First drift length
Second drift length
Dipole length
Dipole bending angle

Symbol

BC1

BC2

Units

LD1
LD2
ldip
θ

4.54
1.10
0.50
5.25◦

8.00
5.44
0.50
−1.35◦

m
m
m

The longitudinal properties of the bunch before and after each chicane are shown in
Fig. 5.6. More specifically, Fig. 5.6 shows the energy spread distribution, longitudinal
phase space distribution and current profile at the beginning of BC1 (top row), end
of BC1 (second row), beginning of BC2 (third row) and end of BC2 (fourth row).
Similarly Fig. 5.7 shows the energy spread distribution, longitudinal phase space
distribution and current profile at the same positions before and after the bunch
compressors, but includes the effects of CSR and laser heating. These figures show
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dipole

✓

LD1 ldip
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LD1

Figure 5.5: Schematic layout of a chicane bunch compressors defining symbols used for
drift lengths and dipole parameters.

the overall bunch length being compressed, such that by the end of BC2 the RMS
bunch length is 6.2 µm.
The CSR wakefield potential changes the particle energy along the longitudinal
direction and also affects the transverse motion through the dispersive region
[128, 196, 197]. This transverse kick can be partially canceled through ensuring
that BC1 and BC2 bend the beam in opposite directions [99, 134, 146], i.e. the
bending angle of dipole 1 of BC1 has the opposite sign to that of dipole 1 of BC2,
as shown in Table 5.3.
CSR-induced emittance growth becomes problematic in BC2 when the bunch length
is shortest and on the order of the emitted CSR wavelength. In order to further limit
CSR-induced emittance growth the bending angles of BC2 are kept small whilst
maintaining the longitudinal dispersion, R56 . This is done by increasing the drift
length between the first and second dipole, and the third and fourth dipoles, LD1 .
By doing this the bending angle can be reduced in accordance with Eq. (2.59).
The current profile leaving BC2 exhibits the double-horned structure seen at many
FEL facilities [81, 118, 119, 120, 121, 123, 158]. The underlying dynamics that lead
to this double-horn formation are discussed later in Chapter 6 and in Chapter 7 we
present a method to suppress these current horns from forming.
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Figure 5.6: Left column: energy spread distribution, middle column: longitudinal phase
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Figure 5.7: Left column: energy spread distribution, middle column: longitudinal phase
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5.3.4

Longitudinal Bunch Parameters
Figure 5.8 shows the RMS fractional energy spread along the accelerator. The
rapid rise to 1.84% then fall to 0.88% within the injector, leaves the bunch with the
correlated energy spread (or chirp) required for bunch compression. The abrupt
decrease in RMS energy spread occurs at the harmonic cavity. The relatively
large energy spread near the end of the injector, increases the risk of spurious
dispersion generated by misaligned quadrupoles and transverse wakefields generated
by misaligned RF structures. These factors would need to be taken into consideration
in a complete technical design.

rms δ (%)

1.5
1.0
0.5
0.0
0

50

100

150

200

Position along accelerator, s (m)
Figure 5.8: RMS fractional energy spread along the accelerator from the injector to the
beginning of the undulator section.

In the final linac section (Linac2), from approximately 150 m onwards, Fig. 5.8 shows
that the RMS fractional energy spread decreases. This is due to the longitudinal
wakefields redistributing energy from the head of the bunch to the tail, removing
the correlated energy spread that was required for bunch compression. This removal
of the chirp is aided by the slightly off-crest RF phase choice of φ2 = 94.5◦ . By
the end of the 246 m accelerator, the RMS fractional energy spread of the beam is
0.0371%.

5.4

Transverse Beam Dynamics
The main concern of this section is the transverse emittance, both in terms of slice
and projected values. To begin with, Fig. 5.9 shows the beta functions along the
accelerator. For the most part, the beta functions are kept below 20 m. The major
exception to this occurs in the second bunch compressor where the horizontal beta
function increases to approximately 80 m.
The transverse phase space at the end of the accelerator is shown in Fig. 5.10. These
transverse phase space distributions correspond to projected emittance values of
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Figure 5.9: Beta functions along the linac, where the horizontal beta function, βx is shown
in blue and the vertical beta function, βy is shown in green.

εx = 1.371 mm mrad and εy = 0.271 mm mrad.
At the leading and trailing edges of the bunch in the longitudinal direction there is a
greater density of charge, as was shown in Fig. 5.7. The transverse properties at the
positions of these current horns varies from the core of the bunch. Indeed the slice
emittance calculated at both the head and tail of the bunch is significantly greater
than at the core. This is shown in Fig. 5.11, where the emittance is calculated for
slices at different longitudinal positions along the bunch.
It is the larger slice emittance values at the head and tail of the bunch that lead to
an increased projected emittance. The bottom row of Fig. 5.10 shows the transverse
phase space of the core of the bunch (70% of total bunch charge) if the head and
tail portions of the bunch are removed. Without the head and tail of the bunch,
the horizontal phase space occupied by the bunch is significantly smaller. It is for
this reason that FERMI and LCLS choose to truncate the current horns through
collimation.

Optical Linearization

5.5

An alternative method to linearizing the longitudinal phase space (that is not
harmonic linearization) is optical linearization. In this section, we explore the
possibility of using magnetic elements (e.g. quadrupoles and sextupoles) within the
bunch compressor to manipulate the longitudinal phase space to ensure it is linear
at the compressor exit. See Sec. 2.4.4.2 for further details.
In this section, a bunch compressor design utilizing optical linearization is presented.
This bunch compressor not only offers an alternative design for consideration, but
the concepts relating to manipulation of longitudinal phase space through using
higher-order multiple magnets will be used in all remaining chapters.
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Figure 5.10: Transverse phase space plots of the electron bunch entering the undulator
section. Top row: entire bunch. Bottom row: core of bunch with head and tail removed,
leaving 70% of the bunch charge.

Optical linearization would allow for an entirely X–band accelerator, and reduce
the length of the linac from 238 m (where an S–band injector is used with harmonic
linearization) to 217 m when optical linearization is employed with an X–band
injector.

5.5.1

Optical Linearization Calculations
Beginning with the expression for the final longitudinal position of individual
electrons after compression, Eq. (2.58), the value of T566 and U5666 can be found
that would eliminate the terms that are second- and third-order in zi . That is,

h2 R56 + h21 T566 = 0,

(5.1)
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Figure 5.11: Slice emittances of the electron bunch entering the undulator section, for (a)
the horizontal plane and (b) the vertical plane.

and
h3 R56 + 2h1 h2 T566 + h31 U5666 = 0,

(5.2)

where h1 , h2 and h3 are defined by Eqs. (2.51), (2.52) and (2.53). Solving these
two equations for T566 and U5666 leads to,
h2 R56
h21

(5.3)

2h22 R56 − h1 h3 R56
.
h41

(5.4)

T566 = −
and

U5666 =

The value of R56 needed to evaluate the above equations, is obtained by minimizing
1 + h1 R56 , which is the first-order term in Eq. (2.58). If 1 + h1 R56 is slightly
greater or slightly less than zero, then the bunch will be either over-compressed or
under-compressed.
Many configurations of compressor design could match the values of R56 , T566 and
U5666 required by Eq. (5.3) and Eq. (5.4). The design presented here is of a dogleg
compressor. As the value of the longitudinal dispersion, R56 , for dogleg compressors
is positive, the first-order energy chirp (h1 ) must be negative for the bunch to be
compressed longitudinally. This can be seen from Eq. (2.50) and Eq. (2.55). The
negative chirp is achieved through accelerating the bunch on the opposite side of
the crest compared to what was done previously. Here the bunch is accelerated at
a phase of φ = 114.68◦ to produce the longitudinal phase space distribution shown
in blue in Fig. 5.12.
Over-compressing a bunch with an initial negative chirp, results in a bunch with a
positive chirp exiting the compressor, for further acceleration towards the second
bunch compressor. To over-compress the bunch slightly, an R56 value of 12.326 mm
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Figure 5.12: Longitudinal phase space distributions.

was chosen. Using this value of R56 , Eq. (5.3) and Eq. (5.4) require T566 = 42.036
mm and U5666 = 0.301 m.

5.5.2

Dogleg Compressor Layout
Sextupole and octupole magnets can be incorporated into the dogleg design to
achieve the desired values of T566 and U5666 . Typically optical linearization uses
only quadrupoles and sextupoles [102, 110], however as this analysis is extended to
third-order in δ and zi , the octupole magnets become necessary.
The layout of the dogleg compressor is shown in Fig. 5.13. There are four 0.3 m long
dipole magnets all with a bending angle of ±2.49◦ . Mirror symmetry is achieved
through two focusing, two defocusing quadrupole magnets and two sextupoles and
two octupoles. The sextupole and octupole magnets are placed in regions of large
horizontal dispersion, as shown in Fig. 5.14. The normalized field strengths of
the focusing and defocusing quadrupoles are K1 = 7.816 m−1 and K1 = −1.213
m−1 . The two sextupoles and octuoples (see Fig. 5.14) have opposite polarity and
the normalized field strengths are K2 = ±2650.88 m−2 and K3 = ±1869.42 m−3
respectively.
Unfortunately the simulated dipole magnet elements within elegant, are not thirdorder but second-order matrices. Drift spaces, quadrupole, sextupole and octupole
magnets elements in elegant are all capable of being third-order matrices. Because
of this, the final longitudinal phase space distributions resulting from the bunch
compressor have been calculated with code written by the author of this thesis in
Mathematica. This code takes the electron bunch distribution from the elegant
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Figure 5.13: Layout of the Dogleg compressor.
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Figure 5.14: Red curve shows the horizontal dispersion function, and orange curve shows
the horizontal angular dispersion function through dogleg compressor.

simulation, at the beginning of the dogleg, and maps each electron through the
dogleg in accordance with the values of R56 , T566 and U5666 . The results are shown
in Fig. 5.15
Figure 5.15 shows the longitudinal phase space and the associated current profile
for three scenarios. The first scenario, Fig. 5.15a, uses the values of T566 and U5666
calculated analytically with Eq. (5.3) and Eq. (5.4), showing the linearized phase
space distribution. The second column, Fig. 5.15b, alters the T566 slightly to remove
the small peak at the head of the bunch (seen at > 50 µm in Fig. 5.15a). This small
peak is due to higher-order curvature, greater than the second- and third-order chirp
in zi , which were canceled through the choice of T566 and U5666 . The final column
of this figure, Fig. 5.15c, is an inferior solution but is included for comparison. In
this scenario, the analytical solution was calculated using the same approach as
detailed above, however only using terms up to second-order in δ. In other words, in
calculating the parameters for Fig. 5.15c, the effects of U5666 were not considered.
Figure 5.15c shows that the transfer matrices up to third-order should be considered
when optimizing bunch compression. This point is further emphasized in Fig. 5.12,
where the longitudinal phase space distributions are shown on the space plot.
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Figure 5.15: Longitudinal phase space distributions (top row) and the associated histogram
of electron density (bottom row). (a) uses the values of T566 and U5666 calculated analytically
with Eq. (5.3) and Eq. (5.4), (b) calculated with the T566 value of the analytical solution
from (a), varied slightly to remove the small peak at the head of the bunch, (c) calculated
with an analytical solution only using terms up to second-order in δ.

Additional considerations of RF phase jitter as it relates to bunch compression and
harmonic linearization, were published as a first-author IPAC16 proceeding and is
included in the Appendix.

5.6

Summary
This chapter outlined the layout of an X-band FEL, showing the results of 6D
particle tracking simulations. Included in this chapter was the design of a bunch
compressor that utilized optical linearzation, through inclusion of quadrupole,
sextupole and octupole magnets in a dogleg layout. The analysis in Sec. 5.5 showed
that higher-order terms should be taken into consideration in the compressor design
in order to achieve the optimal output, i.e. the most linear longitudinal phase space
distribution.
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6
Particle Trajectory Caustics
This chapter considers how caustic electron trajectories can form within a particle
bunch traversing dispersive regions in a particle accelerator. This chapter is based
upon the publications: T.K. Charles, D.M. Paganin, and R.T. Dowd “Caustic-Based
Approach to Understanding Bunching Dynamics and Current Spike Formation in
Particle Bunches” Physical Review Accelerators and Beams 19, 104402 (2016), and
T.K. Charles, D.M. Paganin, M.J. Boland and R.T. Dowd “Electron Trajectory
Caustic Formation Resulting in Current Horns Present in Bunch Compression”,
In Proceedings of the International Particle Accelerator Conference (IPAC16), 708–
711 (2016), and considers the fundamental mechanism that drives intense current
modulations in dispersive regions.
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Chapter 6. Particle Trajectory Caustics

6.1

Introduction
Caustics are a common occurrence in optics, describing the bright lines seen in a
well-lit coffee cup, or the dancing networks of light at the bottom of swimming pools
on a sunny day [198, 199]. They are a form of “natural focusing” [199] which possess
stability with respect to perturbations in the system leading to their formation.
Figure 6.1 shows an image of visible-light caustics forming at the bottom of a coffee
cup. The previously-mentioned property of structural stability here manifests itself
in the fact that any small continuous distortion or re-orientation of the cup merely
shifts the “naturally focused” caustic lines without altering their form.
Electron trajectories forming caustics in particle trajectories could be considered
a corollary to caustics found in geometrical light optics [200, 201]. In both cases,
particle trajectories and light rays, the mathematical description of caustics lies
within the broader field of catastrophe theory [198].
Figure 6.1 shows bright caustic lines are the envelope of a family of rays reflecting
from the curved inner surface of the cup (see Fig. 6.1b). The intensity of the light
rises sharply as the inverse square root of the distance from the caustic [202] (see
Fig. 6.1c). This sharp rise in intensity is reminiscent of some peaked current profiles
often observed in accelerator physics (c.f. Fig. 2.9).
Some examples of where current spikes are observed in an accelerator physics context
are illustrated in Fig. 6.2. Figure 6.2a illustrates current spikes emerging at the
head and tail of a particle bunch which is typical of strong bunch compression in
FELs and linear colliders [81, 118, 119, 120]. As mentioned in Sec. 2.4.4.3, these
current spikes are referred to as current horns in some publications. High-current
portions of the bunch can produce intense CSR and result in CSR-induced emittance
growth [121, 139]. Another example of current spikes is microbunching instabilities,
illustrated in Fig. 6.2b. Small continuous current and energy modulations initiated
by collective effects can result in current density modulation as a particle bunch
passes through a dispersive region [133, 148, 203, 204]. Current spikes can also
be intentional [205] as shown in Fig. 6.2c, where strong wakefield-induced energy
modulation results in regions of enhanced current. Trains of microbunches can
be used for producing coherent terahertz radiation [206, 207, 208], and resonant
excitation of the wakefields in plasma and dielectric wakefield accelerators [209].
Finally, Fig. 6.2d shows an intermediate step towards obtaining a linearly-ramped
current profile through controlling the second-order longitudinal dispersion via
sextupole magnets [210]. This current profile is also reminiscent of single-spike
profiles found at some FEL facilities [211, 212, 213] or ramped profiles produced using
a superconducing radio frequency linear accelerator operating at two frequencies
[214].
Examples of each of the current profiles mentioned above and schematically illustrated in Fig. 6.2, can be found in the following literature: (i) for double-horned
current profile, see Fig. 7.7 in [81]; (ii) for microbunching instabilities see Fig. 3
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Figure 6.1: Optical caustics, which are analogous to electron trajectory caustics found in
accelerator physics. (a) image of caustic lines appearing in a coffee cup. (b) illustration of
light rays forming the caustic (red line), and (c) intensity of the rays in the vicinity of the
caustic

in [133] or Fig. 3 in [215] for experimental data; (iii) for trains of microbunches,
see Fig. 6 in [216]; (iv) for ramped current profiles, see Fig. 5a in [210] or Fig. 4 in
[214].
Families of smooth electron trajectories, each of which may be straight or curved,
can exhibit caustic behavior at points where infinitesimally-separated adjacent
trajectories cross. The locus of such crossing points gives an envelope to the family
of trajectories which specifies the caustic region. At any point where an electron
trajectory within the family of trajectories that comprises the caustic, touches the
caustic surface, it will be tangent to that surface. See Fig. 6.1b for the visible-light
analogue of this where a family of photon trajectories (shown in blue) generates
the caustic region sketched in red. In the vicinity of the caustic line the density of
trajectories is greatly enhanced as depicted in Fig. 6.1c.
Let us return to the case of electron trajectories. When tracing such trajectories
through a dispersive region, caustics can be seen in the s–z plane, where z is the
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(a) Current horns present in strong
bunch compression (for an example see
Fig. 7.7 in [81]).

(b) CSR-induced microbunching instability in bunch compression (for examples
see Fig. 3 in [133] and Fig. 3 in [215]).

(c) Ballistic bunching produced with
dielectric-lined waveguides for trains of
microbunches for THz radiation generation (for an example Fig. 6 in [216]).

(d) Generation of linearly-ramped current
profiles for plasma wakefield accelerator
applications (for examples see Fig. 5a in
[210] and Fig. 4 in [214]).

Figure 6.2: Illustrations of current spikes induced by caustics in a variety of applications.

longitudinal position with respect to the centre of the bunch and s is the position
along the accelerator. This is visible in Fig. 6.2a where the density of trajectories
intensifies near the edges of the bunch after propagating some way through the
dispersive region. This can be regarded as a cusp caustic, being comprised of two
fold caustics that are stitched together at the point of the cusp [217].
The example shown in Fig. 6.3 is of a 4-dipole chicane where T566 = −3/2R56
and U5666 = 2R56 [96]. Despite the current being of uniform distribution at s=0,
by the end of the dispersive region, electron trajectories have coalesced, creating
the increased density of particles in z, at the head and tail of the bunch. These
caustics create the double-horned cusp-shaped current profile witnessed at many
FEL facilities [81, 139].
The second row of Fig. 6.3 shows the longitudinal phase space distribution at the
beginning and end of the bunch compressor. At the bunch compressor exit, the
longitudinal phase space distribution has curved around on itself, and then when
projected onto the z–axis, it becomes clear how the bifurcation leads to intense
current spikes typical of strong bunch compressors. These folds in phase space
are usually introduced by higher-order effects in dispersive regions. This will be
examined in detail in Sec. 6.3.
In this chapter we discuss how these intense current spikes result from the coalescing
of electron trajectories forming singularities known as caustics. A detailed analysis
of how caustics can appear in accelerator physics applications is given in Sec. 6.2.
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Figure 6.3: Top: Electron trajectories showing individual particle longitudinal positions
with respect to the center of the bunch, evolving with distance along the chicane, s. The
vertical gray line at s = 8.8 m represent the end of the compressor. Insert shows close
up of trajectories near the end of the compressor. Caustics are shown by the thick red
line calculated by Eq. (6.5). Middle row: Longitudinal phase space distributions taken at
compressor entrance, where s = 0 m (left) and at compressor exit, where s = 8.8 m (right).
Bottom row: Histograms of electron density (equivalent to current profile shape) again
evaluated at the compressor entrance (left) and the exit (right).

This includes derivation of a caustic expression which describes where in longitudinal
position caustics in a particle bunch will form and under what conditions. Section
6.3 compares the analytical results with particle-tracking computer simulations
calculated using the “Electron Generation and Tracking” (elegant) software toolkit
[43]. Finally, Sec. 6.4 discusses some of the broader implications of the present work,
including how we may be able to utilize this knowledge of caustics to avoid current
horn formation in strong bunch compression.
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Caustic Formation in Particle Trajectories

6.2

Understanding the current profile through the lens of caustics, allows us to predict
the sharp rise in the current in the vicinity of caustics when they arise, and also
allows us to determine analytically where and under what conditions caustics will
form.
In this section we consider an example case of an electron bunch passing through a
bunch compressor chicane or dogleg defined by the first-, second- and third-order
longitudinal dispersion values of R56 , T566 and U5666 . We consider this example
of a bunch compressor in deriving the conditions for caustics to form, which can
then be extended to any relativistic particle bunches traveling through a dispersive
region.
Recall Eq. (2.55), which calculates the final longitudinal position relative to the
center of the bunch for any electron passing through a dispersive region. From
Eq. (2.55) we can approximate how the electron trajectories evolve with position
along the compressor, s, with initial longitudinal positions, zi . This leads to the
equation where the final longitudinal position zf is,

zf (s) =

R56 δ(zi ) + T566 δ(zi )2 + U5666 δ(zi )3
sbc

!

s + zi ,

(6.1)

where sbc is the location of the end of the compressor, and δ is the longitudinal
distribution as a function of zi , as described by Eq. (2.57). Figure 6.3 shows Eq. (6.1)
evaluated for a range of initial zi values.
Note that the geometric terms in Eq. (2.55) have been been omitted as chromatic
terms dominate the transformation of beams with small transverse emittance and
large energy spread [94]. This condition is met by bunch compressors where a
large correlated energy spread is deliberately introduced. For other cases, where
chromatic terms do not dominate, geometric terms (e.g. R51 and R52 ) should be
incorporated into Eq. (2.55).
Equation (6.1) assumes that the longitudinal dispersion remains constant over the
compressor, which is unlikely. However when evaluated at the compressor exit, this
expression will produce the same distribution as an expression that includes how R56
varies with s. Therefore whilst Eq. (6.1) is simply a “smooth approximation” to how
zf varies with s, it accurately predicts zf at the end of the dispersive region sbc , and
when plotted provides an intuitive snapshot of the caustic formation. Furthermore
this approximation does not impact the derivation of the caustic expression in the
following section.
The first-, second- and third-order energy chirps are established by the RF voltage
and phase of the preceding accelerating cavities (see Sec. 2.4.2) but are also influenced
by collective effects such as wakefields, space charge forces or other non-linear effects
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[121, 123]. To create a more realistic example that includes these effects, the author
of this thesis has written an elegant [43] simulation that traces particles through
an FEL linac. The linac is comprised of an S-band injector followed by an X-band
harmonic cavity to mitigate the second-order effect of compression [106, 218, 219],
followed by a 4-dipole chicane (labeled BC1) and an X-band linac. This is that
same layout that was introduced in Fig. 5.1. The bunch distribution taken just
before a second bunch compressor (BC2), includes the high order effects longitudinal
wakefields impart on the longitudinal distribution. A high-order polynomial was
fit to this distribution, capturing the effect of non-linear forces on the longitudinal
phase space. The distribution and polynomial fit (δ = c1 zi + c2 zi2 + c3 zi3 ) are shown
in Fig. 6.4.
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Figure 6.4: (a) elegant distribution taken before bunch compressor BC2, with a fit
(thin, red curve), δ = 81.06zi + 5929.08zi2 + 1.30 × 108 zi3 . (b) Derivative of polynomial fit
emphasizing the non-linearity of the distribution.

Whilst the fitted distribution in Fig. 6.4 appears predominately linear, small deviations from a linear distribution lead to large features in both the longitudinal phase
space distribution and current profile at the end of the compressor. This sensitivity
to small continuous perturbations is a common feature of catastrophe theory [198].
Figure 6.4b shows the derivative of δ with respect to position, z, emphasizing the
non-linearity. This derivative, δ 0 (zi ), appears later in Eqs. (6.4) and (6.5).

6.2.1

Derivation of a Caustic Expression
In our treatment, a caustic is the envelope of the family of particle trajectories
coalescing through a dispersion region, in this case defined by R56 , T566 and U5666 .
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As previously mentioned, this is analogous to geometrical optics where the caustic
is defined by the “family of rays” reflected or refracted by an optical element.
Consider the particle trajectories in s–z space described by Eq. (6.1). Two trajectories infinitesimally spaced at the beginning of the compressor (s=0), may cross on
a caustic at some point P , as shown in Fig. 6.5.
z
zi + dzi

T1

zi
T2
z̃

P

s
s̃
Figure 6.5: Two electron trajectories coalescing at the caustic point P .

Each trajectory evolves as a function of the initial longitudinal position zi , where
the zi position will have a corresponding energy deviation, due to the chirp imposed
onto the bunch mainly by the RF phase and voltage. The family of trajectories
will have an envelope curve, namely a caustic. The caustic line is tangent to every
trajectory forming the family of trajectories. The points which make up the envelope
consists of the limit points of two neighboring trajectories as one approaches the
other.
Take two trajectories labeled T1 and T2 , shown in Fig. 6.5. T1 and T2 , can be can
be defined as the implicit curves,

T1 : zf (s) =

T2 : zf (s) =

R56 δ(zi ) + T566 δ(zi )2 + U5666 δ(zi )3
sbc

!

s + zi ,

R56 δ(zi + dzi ) + T566 δ(zi + dzi )2 + U5666 δ(zi + dzi )3
sbc

(6.2)

!

s + zi + dzi .
(6.3)

To find the coordinates of the caustic point P (in Fig. 6.5), we recognize that the
envelope of trajectories lies on the limit of intersections of two members of the
family, T1 (R56 , T566 , U5666 , zi ) and T2 (R56 , T566 , U5666 , zi + dzi ), as dzi approaches
zero. Equating Eq. (6.2) and Eq. (6.3) gives,
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R56

d(δ 2 (zi ))
d(δ 3 (zi )) sbc
d(δ(zi ))
+ T566
+ U5666
+
= 0.
dzi
dzi
dzi
s

(6.4)

Assuming we are only concerned if caustics form by the end of the dispersive region,
we can set s = sbc . Finally, the parametric form for the set of caustic points (z̃,R̃56 ),
parameterized by zi is,

δ(zi ) −1 − T566 δ(zi )δ 0 (zi ) − 2U5666 δ 2 (zi )δ 0 (zi )
z̃(zi ) = zi +
δ 0 (zi )
−1 − 2T566 δ(zi )δ 0 (zi ) − 3U5666 δ 2 (zi )δ 0 (zi )
R̃56 (zi ) =
,
δ 0 (zi )




(6.5a)
(6.5b)

where δ(zi ) is the shape of the initial longitudinal phase space or chirp and δ 0 (zi ) is
the derivative with respect to zi .
Equation (6.5) defines the location in z and R56 space where caustics will form, and
hence identifies the regions of greatly enhanced current. The caustic expression,
Eq. (6.5), is plotted in Fig. 6.6 along with the electron trajectories which had the
initial distribution shown in Fig. 6.4. Note, our use of the word trajectories is
not referring to trajectories traveling through physical space, but rather between
z and R56 coordinates. Note also that, for the particular parameters used here,
the caustic in Fig. 6.6 has the morphology of a cusp, this being one of an infinite
hierarchy of possible caustics as classified by catastrophe theory. All of these caustic
morphologies are describable by Eq. (6.5), albeit with polynomial expressions for
δ(zi ) that are in general of higher than cubic order in zi . Examples of other
caustic morphologies, besides the previously mentioned fold and cusp, include the
swallowtail, elliptic umbilic, hyperbolic umbilic, parabolic umbilic and butterfly
[198]. Each such caustic morphology will leave its own characteristic caustic motif
or fingerprint, on the associated current distribution.

6.3

Comparison with Elegant Simulations
The caustic nature of the current profile and the caustic expression in Eq. (6.5),
have been verified using elegant simulations, which performs 6D particle tracking
of the vector X = (x, x0 , y, y 0 , z, δ), which was introduced in Sec. 2.1.4. This
illustrative example uses the X-band linac leading up to the first compressor outlined
in Chapter 5. However it should be noted that the caustic expressions derived in
Sec. 6.2 are more broadly applicable to relativistic bunches traveling through a
dispersive region.
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Figure 6.6: Caustic expression [Eq. (6.5)] shown in red overlayed on electron trajectories,
showing where in z current spikes can be anticipated for a given R56 value, for a 4 dipole
chicane where T566 = −3/2R56 and U5666 = 2R56 .

In the following illustrative example we use a typical FEL accelerator layout [30, 31],
consisting of an S-band injector, followed by X-band harmonic linearizer, with twostage bunch compression. The two bunch compressors were separated by 50 metres
of X-band linac allowing longitudinal wakefields to affect the energy distribution
along the bunch. Whilst this example uses a predominately X-band linac, caustics
can be found to be the underlying mechanism behind strong compression resulting
in current spikes for any frequency choice. The longitudinal chirp at the entrance to
BC2, as best described by a high-order polynomial δ = c5 zi5 +c4 zi4 +c3 zi3 +c2 zi2 +c1 zi ,
had the following fitted parameters,
c1 = 82.45 m−1
c2 = −7832.32 m−2
c3 = −1.947 × 108 m−3
c4 = 9.446 × 1011 m−4
c5 = 1.412 × 1016 m−5 .
As previously mentioned, a polynomial fit of third-order or higher is usually needed
to see the emergence of the caustic analytically. Here we have used a quintic fit,
whereas previously in Sec. 6.2, we opted for a cubic. The quintic allows for more
intricate caustic patterns to be revealed that would not be visible with just the cubic
fit. The cubic fit however, is often sufficient to see the main structure evolving, e.g. a
current-horn in strong compression, because third-order effects dominate the process
when second-order effects have been mitigated through harmonic linearization.
A series of conditions are presented showing the analytical solution of the caustic
expression, Eq. (6.5), alongside the 6D particle tracking simulation results. This is
shown in Fig. 6.7. The conditions that were varied were the values of R56 , T566 and
U5666 of the second bunch compressor (BC2), and the results shown are taken at
the end of BC2.
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The second row of Fig. 6.7 shows the histogram of current density obtained by
projecting the electron trajectories onto the z axis at the R56 value indicated by
the gray vertical line in the trajectory plots (top row of Fig. 6.7).
The third and fourth row of Fig. 6.7 shows the elegant simulation results using
a compressor matching the longitudinal dispersion values listed in the caption.
Good agreement can be seen between the analytical expressions and the elegant
simulation results. The histograms produced from the analytical approach show
slightly more pronounced caustics. This is because in the elegant simulations, and
predictably in any experimental results, the caustics are smeared out due to: a)
non-zero transverse position to longitudinal position mapping (i.e. non-zero R15 ,
R25 , R35 , R45 as well as higher-order terms), b) chromatic variations from the fit of
δ as a higher-order polynomial in zi , and c) the uniform initial current distribution
that was assumed in the analytical approach. It should be noted however that the
position of the peaks in rows 2 and 3 of Fig. 6.7 is very consistent, despite the
smearing out of the caustics due to the above mentioned reasons which have the
effect of softening the peaks but do not move the positions of the peaks.
The three columns of Fig. 6.7 illustrate three scenarios where caustics are present.
The first column shows the iconic double-horned current profile that has been met on
several previous occasions throughout this thesis. Another current profile reported
at FEL facilities is the single-spike profile [211, 212, 213] shown in the second column
of Fig. 6.7. This was achieved here through varying the T566 parameter, however it
could also be found through varying the initial distribution chirp described by δ(zi ).
It can also be shown that varying T566 can alter the relative heights of the two
current peaks in Fig. 6.7a. Finally, the last column of Fig. 6.7 shows the flexibility
of this approach whereby unusual and intricate current profiles can be predicted
through the caustic expression and emulated with the elegant simulations.
Earlier, Fig. 6.3 showed trajectories in s–z space assuming linear trajectories.
This assumes a constant R56 over the chicane, which is an inaccurate assumption.
Fortunately this assumption could be avoided in Sec. 6.2 through switching to z–R56
space. However for completeness, we used elegant simulations to show how the
trajectories are more likely to evolve over the chicane in physical s–z space, where
R56 is no longer considered constant. This is shown in Fig. 6.8, where R56 varies
across the chicane, with most of the compression occurring in the dipoles. Note in
this context, the possible caustic morphologies (fold, cusp, swallowtail, etc.) are
identical for both linear and non-linear continuous trajectory families [199].
Figure 6.8a shows a small number of electron trajectories as they pass through a
chicane and the bunch length is shortened. This plot was created by extracting
the beam coordinates at 45 slices through the chicane and linearly interpolating
between those slices. A beam distribution of constant x, x0 , y, y 0 was used, leaving
only variation in the longitudinal position z and the energy spread δ. Conversely,
the elegant simulations plotted in Fig. 6.7 were created with realistic bunch
distributions.
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Figure 6.7: Electron trajectories caustics seen forming in 3 scenarios differentiated by
the different values of the R56 , T566 , and U5666 encountered. Column (a) shows the doublehorned current structure produced at the end of a dispersive region where R56 = -10.78 mm,
T566 = 16.35 mm and U5666 = -11.38 mm. Column (b) shows a single-horn current profile
produced with R56 = -10.82 mm, T566 = -41.07 mm and U5666 = 0.40 m, and column (c)
shows a current profile produced with R56 = -11.76 mm, T566 = 16.10 mm and U5666 =
2.60 m. The top row shows trajectories (blue, thin) with the caustic expressions [Eq. (6.5)]
(red, thick). The second row of images shows histograms of electron density, calculated at
the value of R56 indicated by the gray vertical line in the top row of images. The third and
fourth rows of images were created using elegant simulation results, showing the phase
space distribution and current profiles respectively, where the head of the bunch is on the
left hand side of these figures.
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Zooming in on the last dipole in Fig. 6.8b, we can see the caustics forming at the
head and tail of the bunch. Ten slices through the final dipole were used to create
Fig. 6.8b.
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Figure 6.8: Electron trajectories (in s–z space) through a bunch compressor. (b) shows a
close up of the trajectories through the fourth dipole [i.e. region outlined with a red box in
(a)]. Caustics can be seen forming at head and tail of the bunch in (b).

6.4

Discussion
The third-order term in the δ(zi ) distribution (i.e. c3 ), is often cited as the root
cause of current horn formation [121, 123, 220, 221]. Generally it is the third-order
effects (both those imprinted onto the longitundal phase space by the RF curvature,
longitudinal wakefields and other collective effects as well as the third-order effect
encountered in the dispersive region) that lead to the greatly enhanced current at
the head and tail of the bunch. However the caustic theory presented in this chapter
reveals that the cubic chirp is not solely responsible for the current horn behavior.
In fact, Eq. (6.4) shows the conditions where current horns can form even with
no cubic or higher order term in the energy chirp. This is due to the longitudinal
phase space distribution, δ(zi ), being squared and cubed in Eq. (6.4), producing the
higher order perturbations necessary to result in the double horn current structure.
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The analysis presented in this chapter, reveals that it is a combination of properties
of the chirp and compressor that determine if current horns will be present, and
the degree of severity (i.e. the height of the current horns) that will result.
Figure 6.3 shows electron trajectories forming a cusp caustic. However we have
seen in Fig. 6.7 that higher-order catastrophes can also be produced. Indeed, the
three panels in the top row of Fig. 6.7 give three different unfoldings of the butterfly
catastrophe [217]. To witness these high order catastrophes, a high order polynomial
fit of the initial distribution δ(zi ) is required. Using only up to cubic fit in zi , the
highest order catastrophe produced analytically is a cusp.
A surprising result of Eq. (6.5) is that it is applicable for all high-order catastrophes
such as cusps, swallowtails, elliptic umbilics, hyperbolic umbilics, etc. [198, 199]
provided the initial distribution δ(zi ) is a polynomial to sufficiently high degree, in
zi . A hierarchy of motifs (cusps, swallowtails, butterflies, elliptic umbilics, etc.) will
be generated, each displaying higher-order complexity, but all being governed by
the same equation, Eq. (6.5).
Whilst the main examples detailed in this chapter refer to the longitudinal plane, the
concept of caustics appearing in electron trajectories is not limited to the longitudinal
plane, and could be easily considered in the transverse plane. This would be done
by instead considering the final transverse position xf (or yf ) in Eq. (2.55) with
the transfer matrix elements relevant to the situation being studied.
The examples presented in Fig. 6.7, all show a bunch being under-compressed. It is
interesting to note however that caustics (and the associated current spikes) are
much less likely to form in an over-compressed bunch. This can be seen from the
plots in the top row of Fig. 6.7. For example the maximum compression for the
case shown in the first column of Fig. 6.7 is often calculated by equating (1 + R56 c1 )
with zero [see Eq. (6.1)]. For this case, R56 = −1/c1 = −12.13 mm. For R56 values
greater in magnitude than 12.13 mm, the bunch is over-compressed. It can be
seen from the top left subplot of Fig. 6.7 that at considerably smaller values of
R56 caustics no longer begin to form. Local increases in trajectory density can
be seen for these small values of R56 near the vicinity of the caustic, however the
greatly enhanced current spikes will not appear. This lack of current spikes in
over-compressed bunches has been witnessed at LCLS [158].
Caustics by their very nature are discontinuities that result from small continuous
perturbations of an input and reliably produce dramatic changes in the corresponding
output – in this case in the current. Here, use of the word reliably, refers to the
mathematical stability of caustics, whereby continuous small variations in the control
parameters (e.g. R56 , T566 , etc.) will still see the caustics forming, although the
location of the caustics may vary. Because of this, caustics could become a useful
diagnostic tool, allowing us to indirectly measure small variations that consistently
and reliably produce a large measurable change. For example, measuring the secondand third-order chirp of a particle bunch is extremely difficult at present. However
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measuring the relative heights of current peaks at a number of R56 and T566 values
would allow us to extract these chirps.
It should also be noted that whilst the examples detailed in this thesis all involved
electron trajectories, this work is applicable to any particle beam traversing a
dispersive region.
As mentioned in Sec. 6.2, small continuous perturbations in the chirp δ(zi ), can
lead to dramatic local rises of the associated current profile. Controlling these slight
variations in the phase space distribution of the bunch entering a dispersive region
would be challenging. However it would be possible to control the evolution of the
trajectories through the dispersive region using higher-order multipole magnets.
With the insight provided by the caustic condition, namely Eq. (6.4), R56 , T566 ,
and U5666 could be chosen to create conditions under which caustics do not form.
This is the focus of the next chapter.
Many variations of the caustic pattern and corresponding current profile are achievable, beyond the three cases shown in Fig. 6.7. Understanding how the current
profile is influenced by caustic lines may provide another perspective on the challenge
of tailoring current profiles. Applications of current profile shaping include creating
linearly ramped current profiles for optimal plasma acceleration [210, 214], current
profiles shaped for suppression of coherent synchrotron radiation induced emittance
growth [222], and optimal current profiles for FEL applications [220], to name a
few. This concept is explored in greater detail in Chapter 8.
In addition to the above-mentioned current-shaping applications, consideration of
the underlying caustics may give insight into the conditions leading to microbunching.
Equation (6.5) includes all of the necessary detail to investigate how microbunching
evolves, so long as the initial energy distribution takes into account the energy
modulation needed for microbunching to occur.

6.5

Summary
This chapter identified the current spike formations often seen in FELs as caustic
formations of electron trajectories. However caustics are also witnessed in a wide
range of accelerator applications, and the methods presented here are easily adapted
to such scenarios. Within the detailed example of strong bunch compression,
a butterfly catastrophe was found to be the underlying mechanism behind the
associated double-horned current profile.
The main result of this chapter is the caustic expression for relativistic particle
bunches traversing a dispersive region. This expression reveals where in longitudinal
position and under what conditions caustics will form, allowing us to predict how
caustic formation changes with R56 , T566 , and U5666 and the influence of this on the
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current profile. This opens up the possibility of either amplifying or avoiding causticinduced current modulations present in a wide range of accelerator applications, a
concept that is explored further in Chapter 8. With the understanding now of how
the current horns form, in the next chapter we turn our attention to how we might
avoid them.
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7
Avoiding Caustic–Induced
Current Horns
This chapter presents a technique of CSR-suppression through establishing conditions which prevent the caustic-induced current horns from forming. This involves
including higher order magnets within the bunch compressors, and is based on the
publication: T.K. Charles, D.M. Paganin, A. Latina, M.J. Boland and R.T. Dowd
“Current-horn suppression for reduced CSR-induced emittance growth in strong
bunch compression” Physical Review Accelerators and Beams 20, 030705 (2017).
This analysis includes considering the underlying dynamics that lead to the current
horn formation, which was identified in Chapter 6 as caustics forming in electron
trajectories.
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7.1

Introduction
In Chapter 6, caustic formation in electron trajectories was identified as the mechanism driving current horn formation in strong bunch compression. There, we saw
that small continuous perturbations in the longitudinal phase space distributions
can result in intense current spikes at the head and tail of the beam when the
beam passes through a dispersive region. In this chapter, we present a method for
suppressing the current horns utilizing the theory developed in Chapter 6.
The detrimental effects of current horns were outlined earlier in Sec. 2.4.4.3, with
the most severe consequence of the current horns being CSR-induced emittance
growth. This results in degradation of FEL performance with decreased pulse
energy, decreased peak power, and broadening of the spectral bandwidth [172].
LCLS reports CSR-induced projected emittance growth of 250% with the large
currents at the bunch head and tail being responsible for the majority of the
emittance growth [81, 138]. To combat this effect, both LCLS and FERMI@Electra
employ collimators to truncate the head and tail current spikes. In the case of LCLS,
truncating the head and tail of the bunch successfully limits CSR-induced emittance
growth and greatly improves FEL performance, at the cost of removing 40% of the
bunch charge [139, 172]. This improvement to FEL performance is gained through
preservation of emittance as well as through creating a more uniform current pulse,
so that more of the bunch can lase resulting in increased pulse energy, increased
peak power, and greater control over the spectral bandwidth [135, 172]. These
improvement has been verified experimentally at LCLS [172].
By avoiding collimating we avoid the associated current loss which decreases the
photon flux. We also avoid the detrimental effects the collimator-edge wakefields
can introduce [159]. Furthermore, removing the current horns without collimation
can allow for greater degrees of compression which is otherwise limited by the
collective effects that are proportional to the size of the head/tail current horns.
Uncompromised compression allows for larger peak currents, which are desirable
not only for the increased spectral flux, but also for the reduced FEL gain length.

7.2

Avoiding Caustic–Induced Current Horns
As a starting point for the calculations in this chapter, recall Eq. (6.4), namely the
condition that identifies if caustics will form by the end of the bunch compressor,

R56
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If the caustic condition [Eq. (6.4)] is met then the electron trajectories will form
caustics resulting in the large current spikes as described by Eq. (6.5) and visible in
Fig. 6.3.

Using the caustic condition described in Eq. (6.4) we can find a set of control
variables which prevent the caustics from forming and therefore avoid the current
horns from developing through the dispersive region.

In Fig. 7.1 the final longitudinal position and initial longitudinal position coordinates
of each individual particle passing through a bunch compressor is plotted. This
will aid us in determining the conditions needed to form caustics. The two turning
points of Fig. 7.1 indicate the bifurcation points of the caustic. These coordinates
correspond to the edges of the longitudinal phase space distribution, which start to
curve away from a linear fit, as seen in Fig. 6.3b.
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Figure 7.1: Correlation between the final longitudinal position of a particle leaving a
bunch compressor for a given initial longitudinal position for a particles entering a bunch
compressor.

With the aim being to find the regions where one, two or no caustics will be present,
we can use these turning points as an indication of whether we have one, two or
no bifurcation sets appearing. With this in mind we take the derivative of zf with
respect to zi and then for ease of calculations we truncate the result including terms
up to second-order zi . This give us,

dzf
≈ 1 + h1 R56 + 2(h2 R56 + h21 T566 )zi
dzi
+ 3(h3 R56 + 2h1 h2 T566 + h31 U5666 )zi2 .

(7.1)

Setting Eq. (7.1) to equal zero and rearranging for zi identifies the caustic point(s)
in zi as,
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zi,bif urcation =
h2 R56 + h21 T566
3(h3 R56 + 2h1 h2 T566 + h31 U5666 )
q

+

(h2 R56 + h21 T566 )2 − 3(1 + h1 R56 )(h3 R56 + 2h1 h2 T566 + h31 U5666 )
3(h3 R56 + 2h1 h2 T566 + h31 U5666 )

. (7.2)

When Eq. (7.2) equals the maximum or minimum of the range of possible zi values,
then we have the boundary case scenario, bordering regions of one and two caustics
forming, or zero and one caustic forming. That is, when zi,bif urcation of Eq. (7.2),
equals the maximum or minimum of the zi distribution, this indicates the border
between when two turning points are visible in Fig. 7.1 and when there is one. This
corresponds to two caustic-induced current horns or one. Therefore, the border
between the caustic regions is defined by the set of variables, (R56 , T566 , U5666 , h1 ,
h2 , h3 ), evaluated for a given initial bunch length with a minimum and maximum
initial longitudinal positions denoted by zmin/max , such that f (R56 , T566 , U5666 , h1 ,
h2 , h3 ; zmin/max ) = 0, with,

f (R56 ,T566 , U5666 , h1 , h2 , h3 ; zmin/max ) =
1 + h1 R56 + 2h2 R56 zmin/max
2
+ 3h3 R56 zmin/max
+ 2T566 h21 zmin/max
2
2
+ 6T566 h1 h2 zmin/max
+ 3h31 U5666 zmin/max
.

(7.3)

Using Eq. (7.3) we can inspect how the caustics will form in T566 , U5666 space by
holding constant h1 , h2 and h3 (which are defined by the incoming bunch) and by
choosing a value for R56 which is determined by the compression ratio requirements.
This allows us to take a slice through the 6D parameter space defined above by the
set of variables (R56 , T566 , U5666 , h1 , h2 , h3 ), leaving us with an analytic expression
for of the caustic region borders,

T566 = −

2
2
1 + h1 R56 + 2h2 R56 zmin/max + 3h3 R56 zmin/max
+ 3h31 U5666 zmin/max

2h1 zmin/max (h1 + 3h2 zmin/max )
(7.4)

where zmin/max is the maximum or minimum of the initial longitudinal distribution.
Figure 7.2 shows the boundaries between the regions of zero, one or two caustics,
as described by Eq. (7.4). In this example the value of R56 was −11.8 mm and the
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Figure 7.2: Boundaries between regions of one and two caustic current horns, and zero and
one caustic current horn. The analytical expressions for these boundaries is Eq (7.4). Here
they are shown for an arbitrary R56 value of −11.8 mm, and first-, second-, and third-order
longitudinal chirp values of h1 = 81.06 m−1 , h2 = 5929.08 m−2 , and h3 = 1.30211×107 m−3
respectively. Chirp values h1 , h2 , and h3 are defined in Eq. (2.50).

values of the longitudinal chirp used were,
h1 = 81.06 m−1
h2 = 5929.08 m−2
h3 = 1.30211 × 107 m−3 ,
where the longitudinal chirp is described by a third-order polynomial, δ = h3 zi3 +
h2 zi2 + h1 zi .
Figure 7.2 also includes histograms of the electron trajectory density for various
values of T566 and U5666 , showing the regions of one, two, or zero caustic current
horns forming. These correspond to single fold caustics appearing at the head
or tail of the beam, two fold caustics forming a cusp catastrophe, or no caustic
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formation resulting in a relatively flat current profile. From Fig. 7.2 we can see that
a large value of the third-order longitudinal dispersion, U5666 , is required to ensure
no caustics form and a uniform current profile is produced.
In a similar approach to deriving Eq. (7.4), we can use Eq. (7.3) to find the caustic
regions in h2 , h3 space, assuming a given first-order chirp, h1 , and also assuming
longitudinal dispersion values are constant. Then the second-order chirp, h2 is
found to be linear with the third-order chirp, h3 , in the following way;

h2 = −

2
1 + h1 R56 + 2h21 T566 zmin/max + 3(h3 R56 − h31 U5666 )zmin/max

2zmin/max (R56 + 3h1 T566 zmin/max )

.

(7.5)

Equation (7.5) is shown in Fig. 7.3 for a standard 4-dipole chicane in which
T566 = −3/2R56 and U5666 = 2R56 , where R56 is −11.8 mm. Figure 7.3 includes a
marker labeled (1) which indicates the coordinates of the distribution mentioned
earlier in this section (those being: h1 = 81.06 m−1 , h2 = 5929.08 m−2 and
h3 = 1.30211 × 107 m−3 ), revealing how these typical operating conditions position
the working point in the region that will lead to caustic-induced current horns.
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Figure 7.3: Regions of h2 , h3 space where single, multiple, or zero caustics are expected to
be found. Position (1) indicates the working point of a standard chicane with R56 = −11.8
mm, and with the same initial distribution parameters used in Fig. 7.2.

7.3

Bunch Compressors Designed to Avoid Caustics
In the previous section we found that there should exist a region in T566 , U5666
parameter space where caustics (and the associated current horns) will not form.
Just as sextupoles can be used to vary the second-order longitudinal dispersion
[94], here octupoles could be used to vary the third-order longitudinal dispersion,
U5666 , in order to change the co-ordinates of the working point and move it to the
caustic free region in Fig. 7.2. Figure 7.2 indicates that we would require a T566
of approximately 15 mm and a U5666 value of greater than 2 m. For the standard
4-dipole chicane considered here (for which R56 is −11.8 mm), the value of T566 is
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already close to what is required at 17.7 mm. Therefore octupoles could be used
to alter U5666 , whilst keeping T566 fairly constant. It should be noted that if a
particular arrangement of the initial distribution and longitudinal dispersion values
required the value of both T566 and U5666 to be varied substantially away from
their original position, then both sextupoles and octupoles could be implemented
to achieve the required T566 and U5666 values. Such a scenario may present itself if
harmonic linearization is not used to linearize the second-order chirp, or if a dog-leg
or non-standard chicane is used. Essentially, sextupoles can be used to vary T566 to
move the working point position vertically in Fig. 7.2, and octupoles can be used to
vary U5666 to move the working point position horizontally in Fig. 7.2.
In order to achieve the value of U5666 for BC2 required (>2 m), strong octupole
magnets would be required, introducing strong chromatic aberrations. So instead,
an octupole was added to the center of BC1. The idea behind this approach is a
little different to the apporach outlined in the previous paragraph. Here we use an
octupole magnet in BC1 to alter the third-order chirp of the bunch that arrives at
BC2, rather than directly altering the dispersion values of BC2. Now, considering
h2 , h3 space, the different regions of Fig. 7.3 are relevant. Leaving BC1, the bunch
encounters the longitundal wakefields of Linac1, which impart a cubic chirp onto
the beam [123]. Therefore the octupole added to BC1 is used to over-correct for
the effect the longitudinal wakefields will have on the third-order chirp, in order to
position the bunch parameters in an optimal position in h2 , h3 space for avoiding
caustics. This position in h2 , h3 space is marked as (2) in Fig. 7.4.
2nd order chirp, h2 (x104) (m - 2)

Two fold caustics (cusp)

No caustic formation

Single fold caustic

4
3
2
1
Region of single fold caustic
Region of two fold caustics (cusp)
Region of no caustic formation

0
-1
-2
- 1.0

- 0.5

0.0

0.5

1.0

1.5

3rd order chirp, h3 (x108) (m- 3)
8

Figure 7.4: Regions of h2 , h3 space where single, multiple, or zero caustics are expected to
be found. Position (1) indicates the working point of a standard chicane with R56 = −11.8
mm. Through addition of an octupole magnet to the low energy bunch compressor the
working point can be moved from position (1) to position (2) which lies in a non-caustic
region.

Several different configurations of BC1 and BC2 were considered, all of which are
capable of achieving a wide range of T566 and U5666 values for a given R56 (i.e. for
a given compression ratio). Figure 7.5 shows the layouts of two X-band FEL linacs
with additional optical elements included to allow for the manipulation of the
longitudinal phase space. In Sec. 7.4, these two layouts will be compared to the
Baseline design detailed in Chapter 5 and shown in Fig. 5.1. Figure 7.5a shows
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Figure 7.5: Layouts of the FEL accelerator using an S-band injector and X-band linac.
Section 7.4 compares simulation results of these two configurations with the baseline design
outlined previously in Chapter 5 and shown in Fig. 5.1.

what will be referred to as Layout 2, which includes the octupole magnet in BC1.
Elegant simulations of the layout shown in Fig. 7.5a (i.e. with an octupole added
to BC1) find that the bunch arriving at the BC2 entrance has the following fitted
parameters;
h1 = 81.7245 m−1
h2 = 6408.13 m−2
h3 = −1.2575 × 107 m−3
where the longitudinal chirp is described by a third-order polynomial δ = h3 zi3 +
h2 zi2 + h1 zi .
The new values of the h2 , and h3 of the bunch arriving at BC2 (having been altered
by the octupole in BC1), move the working point in Fig. 7.3 to the region of no
caustic formation. This analytical approach allows us to design an FEL which
avoids caustic formation of current horns. In Sec. 7.4 we will verify this analytical
approach with elegant simulations.
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7.3.1

Optics through the First Bunch Compressor
The values of the longitudinal dispersion for the new BC1 design are R56 = −82.36
mm, T566 = 124.57 mm and U5666 = −2.83 m. The R56 value was achieved through
dipole bending angles of ±5.25◦ and a drift length of 4.54 m between dipole 1 and
dipole 2, and between dipole 3 and dipole 4. Figure 7.6 shows the first-order optics
through the chicane. The octupole magnet is located at the center of the chicane
where the horizontal dispersion is greatest, and has a length of 0.3 m and normalized
field strength of K3 = 1173.12 m−3 .

Figure 7.6: First-order optics through BC1, showing βx (green), βy (blue), ηx (red), and
ηxp (orange).

At the end of the chicane, the second-order horizontal and angular dispersion, T166
and T266 return to zero. This ensures that the dispersion-induced emittance growth
associated with the large energy spread is kept to a minimum [223].

7.3.2

Further Optimization in the Second Bunch Compressor

Additional improvement can be made through positioning the working point in T566 ,
U5666 space closer to the upper caustic boundaries of Fig. 7.2, whilst remaining
within the caustic free region. This is because whilst the current horn formation
has been mostly suppressed, a remnant peak can still be seen at the BC2 exit
(this will be seen Fig. 7.9b in the following section). Moving the working point
closer to the upper caustic boundary (see Fig. 7.7) shifts the bunch charge away
from the tail of the bunch and closer to the head. Ensuring the tail has a lower
current than the head, further aids emittance preservation as the CSR that leads
to CSR-induced emittance growth is predominately produced by the tail of the
bunch. This translation in T566 , U5666 space can be achieved through adding a weak
sextupole to the center of BC2.
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Figure 7.7: Regions indicated where caustics are expected to be found and where they
are absent. The boundaries between these regions are given by Eq. (7.4). The addition of a
weak sextupole to BC2 changes the T566 , U5666 coordinate of the working point, moving it
closer to the upper boundary, and consequently shifting some of the current from the tail
to the head of the bunch.

Optics through the Second Bunch Compressor

7.3.3

The values of the longitudinal dispersion for the new design of BC2, with the
inclusion of a weak sextupole magnet, are R56 = −11.18 mm, T566 = 32.10 mm and
U5666 = −72.19 mm. The R56 value was achieved through dipole bending angles of
±1.35◦ and a drift length of 9.67 m between dipole 1 and dipole 2, and between
dipole 3 and dipole 4. Figure 7.8 shows the first-order optics through the chicane.
The sextupole has a length of 0.2 m and normalized field strength of K2 = 11.03
m−2 and is located at the center of the chicane.

Figure 7.8: First-order optics through BC2, showing βx (green), βy (blue), ηx (red), and
ηxp (orange).

Other CSR Suppression Techniques

7.3.4

In addition to the suppression of CSR by eliminating current horns by suitable
configuration of additional optical elements (which is the main result of this chapter),
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a few other CSR suppression techniques have been employed. These techniques are
consistent across all scenarios presented in Sec. 7.4, meaning that the improvement
in emittance preservation due to the removal of the current horns alone can be seen
in Sec. 7.4.
The CSR wakefield potential changes the particle energy along the longitudinal
direction, and also affects the transverse motion through the dispersive region
[128, 196, 197]. This transverse kick can be partially canceled through ensuring
that BC1 and BC2 bend the beam in opposite directions [99, 134, 146], i.e. the
bending angle of dipole 1 of BC1 has the opposite sign of dipole 1 of BC2.
In addition, the beta functions were minimized towards the end of BC2 where
the bunch length is shortest and the effect of CSR strongest. This is a commonly
employed technique described in [96, 224].

7.4

Particle Tracking Simulations
In this section we present the results of 6D elegant [140] simulations of the three
accelerator designs:
1. Baseline design with no additional multipoles (see Fig. 5.1).
2. Layout 2 which includes an octupole added to the center of BC1 (see Fig. 7.5a)
3. Layout 3 which includes the same octupole added to BC1 as well as a sextupole
added to BC2 (see Fig. 7.5b).
Consistent in all three layouts is an S-band injector followed by an X-band harmonic
cavity to linearize the second-order longitudinal phase space. Also consistent to all
three layouts is a laser heater, used to increase the uncorrelated energy spread to
provide strong Landau damping to suppress microbunching instability [147, 148].
Table 7.1 lists the beam properties at the start of the undulator section for the
three FEL layouts. Figure 7.9 shows the longitudinal phase space distributions and
current profiles for each of the 3 layouts. From this it is clear that the octupole
magnet is capable of reducing the current horns almost completely. The small
remnant peak at the tail of the bunch in Fig. 7.9b sparked the investigation of adding
a sextupole to BC2 in an attempt to shift some of the current from the tail to the
head of the bunch. This creates a small but noticeable improvement to the current
profile with the benefit of reduced CSR reflected in the projected emittances listed
in Table 7.1. However, the majority of the improvement to projected emittance is
established by the inclusion of just one octupole magnet.
Figure 7.10 shows the longitudinal phase space distributions and current profiles
with the laser heater turned off, and CSR not included in the simulations. These
plots show more pronounced caustic current horns. CSR and to a lesser extent, the
energy mixing introduced by the laser heater, have the effect of smearing out the
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Table 7.1: Beam properties at the end of the final linac section, where Baseline refers to
the standard linac layout shown in Fig. 5.1 (i.e. with no additional higher-order magnets),
Layout 2 includes an octupole magnet in BC1 and Layout 3 includes the same octupole in
BC1 as well as a weak sextupole magnet in BC2 (see Fig. 7.5).
Parameter
Bunch length (RMS)
Horizontal bunch size (RMS)
Horizontal bunch size (RMS)
Energy spread (RMS)
Peak current
Total compression ratio
Bunch charge
Electron bunch energy
Projected horizontal emittance
Mean horizontal slice emittance
Projected vertical emittance
Mean vertical slice emittance

Symbol

Units

Baseline

Layout 2

Layout 3

σz
σx
σy

µm
µm
µm
%
kA
pC
GeV
mm mrad
mm mrad
mm mrad
mm mrad

6.65
0.376
0.161
0.034 (core)
3.02 (core)
121.38
250
6.16
1.387
0.374
0.274
0.255

6.75
0.306
0.162
0.029
3.02
119.6
250
6.16
1.007
0.401
0.273
0.249

6.68
0.267
0.163
0.028
3.09
120.8
250
6.16
0.872
0.384
0.274
0.246

σ∆E/E
Ipeak
C
Q
E
εn,x
εn,x,slice
εn,y
εn,y,slice

caustics. In the simulations that produced Fig. 7.10b and Fig. 7.10c, the octupole
magnetic field strength, K3 , was re-optimized to account for the change in particle
energy induced by CSR and increased to 2000 m−3 . The sextupole field strength
relevant to Fig. 7.10c remained unchanged at K2 = 11.03 m−2 . Similarly to Fig. 7.9b,
Fig. 7.10b shows a small peak visible at the head of the bunch, due to the inherent
asymmetry of the compression process where the particles at the head of the bunch
(with negative values of zi ) will be compressed to a greater degree than particles at
the head. This is evident from Eq. (2.58), where the negative zi values of the head
particles are squared and their sign changed.

Projected and Slice Emittances

7.4.1

Table 7.1 lists the emittances for the three linac configurations studied, showing that
it is possible to reduce the projected emittance by 29% with an octupole included
in BC1, and with the addition of a sextupole to BC2, the projected emittance can
be reduced by 39%.
The cost of adding octupole magnets to a chicane is the introduction of geometric
aberrations. This is reflected in the slight increase in the mean slice emittance
shown in Table 7.1. However this small increase in slice emittance is recovered
through the addition of a sextupole, and nevertheless is not large enough to have a
significant influence on the gain length and power output of the undulator section.
Figure 7.11 shows the correlation between the octupole field strength K3 , and reduction in projected emittance growth. As the field strength of the octupole magnet
is increased, U5666 also increases, and the working point on Fig. 7.2 moves from the
region of two current horns forming, to no current horns forming. Through this
progression, the current horns become smaller to the point of almost disappearing.
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(a)

(b)

(c)

Figure 7.9: Longitudinal phase space distribution and current profiles at the end of the
linac for the three layouts described in Fig. 5.1, Fig. 7.5a and Fig. 7.5b. (a) baseline layout
which does not include any multipoles. (b) Layout 2 which includes an octupole magnet in
BC1. (c) Layout 3 which includes includes the same octupole in BC1 as well as a weak
sextupole magnet in BC2. Note the head of the bunch corresponds to negative values of
longitudinal position.

With reduced current at the head and tail of the bunch, the CSR-induced emittance
growth is quelled. This is evident in the reduced projected horizontal emittance.
The vertical emittance is preserved at 0.274 mm mrad, and remains unchanged
with octupole field strength.
Interestingly, the horizontal emittance decreases to a minimum and then at large
values of K3 it gradually starts to rise again (Fig. 7.11). This is likely due to
the competing effects of improved emittance from CSR suppression and emittance
growth from chromatic aberrations.
The longitudinally sliced properties of the bunch at the end of the linac can be seen
in Fig. 7.12. Figures 7.12a and 7.12b show that there is only a small difference in
the slice emittances for the three FEL layouts. This is in agreement with much
of the literature which states that CSR is likely to lead to projected emittance
growth whilst leaving the slice emittance relatively unchanged [134, 225]. The core
of the bunch sees only a small increase in horizontal emittance of 8% from the
initial horizontal emittance at the beginning of the accelerator. Conversely, the
bunch head and tail slice horizontal emittance grow to a greater degree by, at the
largest, a factor of 1.9. This increase in slice emittance at the edges of the bunch is
consistent across all three designs, however the effect on FEL performance would be
less significant in Layout 2 and 3 because these slices are less populated by charge
due to the current horn suppression.
Figures 7.12c and 7.12d show the centroid offset and mean value of x0 for each
slice, revealing that Layout 2 and to an even greater extent Layout 3, reduce
the variation in these two parameters along the length of the bunch. In other
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(a)

(b)

(c)

Figure 7.10: Longitudinal phase space distribution and current profiles at the end of the
linac for the three layouts without CSR or laser heating included in the simulation. (a)
Baseline layout which does not include any multipoles. (b) Layout 2 which includes an
octupole magnet in BC1. (c) Layout 3 which includes includes the same octupole in BC1
as well as a weak sextupole magnet in BC2. Note the head of the bunch corresponds to
negative values of longitudinal position.

words, this confirms that the inclusion of an octupole (which can be even further
improved by the inclusion of a sextupole magnet) to the bunch compressors, through
preventing the current horns from forming, reduced the effect of CSR, evidenced
by the reduced centroid offsets along the bunch and associated reduced projected
transverse emittance.

7.5

Discussion
Consider any (T566 , U5666 ) coordinates in Fig. 7.2. As this coordinate is moved
vertically in the direction of increasing T566 , the current is redistributed more
towards the head of the bunch. This statement is true regardless of which of the
four regions the working position coordinates is in. For example, if the (T566 , U5666 )
coordinates were initially in the region where two caustics form (i.e. where two
current peaks are seen), moving closer towards the upper boundary will cause the
two peaks to become uneven in size, with the bunch head peak being larger and
tail peak being smaller. In both Fig. 7.9b and Fig. 7.10b (which show the current
profiles generated with CSR and laser heating, and without, respectively), the small
peak at the tail of the bunch can be diminished with the aid of a weak sextupole
magnet in BC2. This is because including the sextupole magnet moves the working
point coordinates in Fig. 7.2 closer to the upper boundary, shifting the relative
heights of the head and tail current peaks in favour of the head of the bunch.
The current profiles of Fig. 7.9c, Fig. 7.10c both show some small undulating
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Figure 7.11: Projected horizontal () and vertical (+) emittances produced with the
Layout 2 design (Fig. 7.5b) with various octupole field strengths.

structure, and not a perfectly flat current profile. This can be explained by the
current density modulation expected in the vicinity of the caustics. In the previous
chapter the caustics present in strong bunch compression were identified as a
Butterfly Catastrophe [198, 217], and it was shown how the density of trajectories at
the core of the bunch can be non-uniform when still in the vicinity of the caustics.
It is important to note that the analysis presented in Sec. 7.2 reveals more detail
than if we were to just consider the current horns a ramification of the longitudinal
phase space third-order chirp. Equation (7.3) identifies the boundaries between
regions in a 6D parameter space where caustics can be predicted and avoided. One
approach to this problem could be to linearize the longitudinal phase space up to
third-order (similarly to harmonic linearization which is usually considered up to
second-order [106]). However this approach would obscure possible solutions in
regions where caustics (and the associated current horns) would be avoided. As can
be seen from Fig. 7.2 and Fig. 7.3, many solutions can be found to avoid caustic
formation to prevent current horns from forming.

7.6

Summary
In this chapter we have developed and then demonstrated through simulations a
technique to avoid current horns from forming in strong bunch compression. This
was achieved through consideration of the underlying caustic formation in electron
trajectories and employing a suitable configuration of additional optical elements
within the chicanes of an X-band FEL linac. Addition of an octupole magnet in BC1
of the baseline layout in Fig. 5.1, largely prevents the current horns from forming.
Including a weak sextupole magnet in BC2 allows for further optimization, with the
final result being reduced current horns, and consequently reduced CSR-induced
projected emittance growth by 39%.
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Figure 7.12: Slice properties of the bunch at the end of the linac for the Baseline design
(•), Layout 2 (+), and Layout 3 (*). The x centroid offset and the variation in x0 along
the length of the bunch cause increased projected emittance growth of the baseline design.

122

8
Current Pulse Shaping
This chapter investigates a method of manipulating the longitudinal phase space
to achieve an arbitrary current profile. This chapter is based upon the published
work: T.K. Charles, D.M. Paganin, and R.T. Dowd “Caustic-Based Approach
to Understanding Bunching Dynamics and Current Spike Formation in Particle
Bunches” Physical Review Accelerators and Beams 19, 104402 (2016). One example
of achieving linearly-ramped current profiles is explored in detail.
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Chapter 8. Current Pulse Shaping

8.1

Introduction
As the longitudinal phase space distribution of a particle bunch evolves through
a dispersive region, the longitudinal electron density changes as a result. In this
chapter we derive an expression for the current profile, which is dependent upon the
initial distribution, and the longitudinal properties of the dispersive region, R56 , T566
and U5666 . Being able to predict the pulse shape opens up the possibility of designing
current profiles for many accelerator physics applications, not only restricted to
Free Electron Lasers. Progress is made, in the final section of this chapter, on the
inverse problem of determining which R56 , T566 and U5666 parameters will lead to a
specified/desired current profile.

8.2

Current Profile Shaping
We can determine the shape of the current profile through first determining an
expression for the local compression ratio, Cl , which indicates the degree to which
the electron trajectories are compressed as a function of longitudinal position z.
Figure 8.1 shows a sketch of two trajectories through a chicane, for two particles that
are infinitesimally separated in the longitudinal direction. The ratio of the length a
to b is the local compression ratio, Cl , where a is the separation of the trajectories
at the beginning of the compressor and b is the separation of the trajectories at
some distance, s along the compressor.
z
zi + dzi
a
zi
b
P

z̃

s
s2

s̃

Figure 8.1: Electron trajectories passing through a dispersive region. Labels a and b are
used to mark the longitudinal distance separating the trajectories at s = 0 and s = s2
respectively.

At the beginning of the chicane, the two trajectories in Fig. 8.1 are separated by
some small distance, dzi . The length a, that separates the two trajectories at s = 0,
is simply,
a = zi + dzi − zi .

124

(8.1)

Chapter 8. Current Pulse Shaping
The length b, can be found through evaluating the longitudinal positions for each
trajectory [Eq. (6.1)] and finding the difference to be,

b=

1 
R56 [δ(zi + dzi ) − δ(zi )] + T566 [δ 2 (zi + dzi ) − δ(zi )]
s2


+U5666 [δ 3 (zi + dzi ) − δ(zi )] s + dzi .

(8.2)

where s2 is some arbitrary position along the accelerator.
Taking dzi to be infinitesimally small, the compression ratio, Cl , which is equal to
the ratio of a to b can be found to be,

Cl =

sbc
a
=
.
2
d(δ )
d(δ 3 )
b
[R56 d(δ)
+
T
+
U
]s
+
s
566
5666
bc
dz
dz
dz

(8.3)

Substituting in an initial longitudinal distribution of δ(zi ), and calculating the ratio
at the end of the compressor (i.e. setting s2 = sbc ), we find the variation in Cl with
zi . This is shown in Fig. 8.2 for a standard chicane where R56 = −11.8 mm (and
T566 = −3/2R56 and U5666 = 2R56 ). The three branches indicate the bifurcation
points corresponding to where the electron trajectories fold around on themselves.
These bifurcation points can be seen in Fig. 6.3.
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Figure 8.2: Local compression ratio, Cl varying with the initial longitudinal position, zi .
Where Cl is negative, this indicates that the electrons with those initial zi values are in
fact spreading out rather than compressing.

Mapping the initial longitudinal positions, zi , to the final longitudinal position, z,
we obtain an expression that closely resembles the current profile, but has multiple
branches relating to the folds in phase space introduced in the bunch compression.
This is shown in Fig. 8.3. This mapping is defined by Eq. (6.1), which when applied
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to Eq. (8.3) results in the parametric form for the compression ratio (z, Cl ) in the
s–z plane, parameterized by zi ,

z(zi ) =zi + R56 (c1 zi + c2 zi2 + c3 zi3 ) + T566 (c1 zi + c2 zi2 + c3 zi3 )2
+ U5666 (c1 zi + c2 zi2 + c3 zi3 )3
1
Cl (zi ) =
,
1 + χ1 (R56 + χ2 χ3 )

(8.4a)
(8.4b)

where, for convenience the following terms have been defined,

χ1 = c1 + zi (2c2 + 3c3 zi )

(8.5a)

χ2 = T566 zi [c1 + zi (c2 + c3 zi )]

(8.5b)

χ3 = 2 + 3U5666 zi [c1 + zi (c2 + c3 zi )].

(8.5c)

Figure 8.3: The local compression ratio mapped to the final longitudinal position values,
z. The three colors shown distinguish the electrons from each of the 3 sections of the bunch
visible in Fig. 6.3 – the core of the bunch and the two edges which fold around on themselves
in longitudinal phase space.

Figure 8.3 shows the parametric expressions of Eqs. (8.4a) and (8.4b). Each branch
contributes to the current profile and therefore the branches need to be added in a
correct manner to obtain an accurate current profile expression.
Three sets of zi data were used to produce the three branches visible in Fig. 8.3.
These three data sets come from the three regions visible in Fig. 8.2 separated
by asymptotes. The position of the vertical asymptotes can be found through
expanding the denominator of Eq. (8.3), truncating to second-order in zi , and
finding the values of zi which result in the denominator going to zero. These
asymptotes were found to be located at,
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zi_lim1 =

−2c2 R56 − 2c21 T566
6(c3 R56 + 2c1 c2 T566 + c31 T566 U5666 )
q

+

(2c2 R56 + 2c21 T566 )2 − 4(1 + c1 R56 )(3c3 R56 + 6c1 c2 T566 + 3c31 T566 U5666 )
6(c3 R56 + 2c1 c2 T566 + c31 T566 U5666 )
(8.6)

and
zi_lim2 =

−2c2 R56 − 2c21 T566
6(c3 R56 + 2c1 c2 T566 + c31 T566 U5666 )
q

−

(2c2 R56 + 2c21 T566 )2 − 4(1 + c1 R56 )(3c3 R56 + 6c1 c2 T566 + 3c31 T566 U5666 )
6(c3 R56 + 2c1 c2 T566 + c31 T566 U5666 )
(8.7)

The most straight-forward way to add the three branches visible in Fig. 8.3 would
be to bin the data generated by the parametric equations, then add the binned
data at the same z positions. This would allow the branches to be combined,
despite the different initial zi that gave rise to the multiplicity in Cl . However this
approach, whilst being accurate would mean we lose the analytical expression. In
the Sec. 8.2.1 we reattain an analytical expression albeit at the cost of some further
approximations.

After binning the data and adding the three branches, the final step to achieving the
current profile is to determine the scaling factor required to convert from the local
compression ratio Cl , to a current value, I. The scaling factor can be determined if
the total bunch charge Q is known. Setting Q equal to the sum over all Cl data
points calculated after the binning, multiplied by the consistent spacing between
the data points in units of time, ∆t, and the scaling factor f , we obtain,

Q=f

X

Cl,n ∆t.

(8.8)

n

From Eq. (8.8) the scaling factor can be obtained. Equation (8.4b) assumes that the
initial current profile is flat. If this is not the case, the initial current distribution
can be taken into account through multiplying every occurrence of xi in Eq. (8.6)
and Eq. (8.7) by ρ(zi ), where ρ(zi ) is the density of the initial bunch distribution.

Incorporating the scaling factor intoe Eq. (8.4b), the final parametric equations
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describing the current profile are,

z(zi ) =zi + R56 (c1 zi + c2 zi2 + c3 zi3 ) + T566 (c1 zi + c2 zi2 + c3 zi3 )2
+ U5666 (c1 zi + c2 zi2 + c3 zi3 )3
f
I(zi ) =
1 + χ1 (R56 + χ2 χ3 )

(8.9a)
(8.9b)

where χ1 , χ2 and χ3 are defined by Eq. (8.5), and f is a scaling factor obtained
from Eq. (8.8).
Equations (8.9a) and (8.9b) are capable of predicting the double horn current profile.
This is shown in Fig. 8.4. A small step in the current profile can be seen at z ≈ −11
µm. This is due to the flat initial current profile. As the edge of the bunch folds
around upon itself (see Fig. 6.6), this results in a step in current density when the
trajectory density is projected onto the z-axis. Figure 8.3 shows the initial edges of
the bunch shown in blue and green, folded in to result in the step in the current
profile at z ≈ −11 µm.
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Figure 8.4: Current profile calculated with the parametric equations, Eq. (8.9a) and
Eq. (8.9b).

Retaining an Analytical Current Profile Expression

8.2.1

We can incorporate some approximations in our approach in order to retain an
analytical expression for the current profile, with the cost of possible reduction in
accuracy. In this section we derive an analytical expression for current profile that
is applicable when caustics are present as well as when they are not.
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The majority of the bunch is comprised of electrons from the middle section of
Fig. 8.2, which we will refer to as the core of the bunch. This section corresponds
to the portion of the bunch that does not fold over on itself in longitudinal phase
space (see Fig. 6.3). This is also shown by the orange data points in Fig. 8.3. In
the case shown in Fig. 8.2 and Fig. 8.3, the middle portion of the bunch describes
73% of the total bunch. Therefore if we could consider only this middle portion
of the bunch, we could develop an expression for the current profile comprised of
electrons from the core of the bunch which makes up the majority of the bunch
charge. Furthermore, when a nonuniform initial current profile is used, for example
a Gaussian distribution, the current populating the non-core fraction of the bunch
would be even smaller.
Considering only the core of the bunch we find that the current profile is the same
as Eq. (8.9a) and Eq. (8.9b), but with the limits shown below;

z(zi ) =zi + R56 (c1 zi + c2 zi2 + c3 zi3 ) + T566 (c1 zi + c2 zi2 + c3 zi3 )2
+ U5666 (c1 zi + c2 zi2 + c3 zi3 )3
f
I(zi ) =
1 + χ1 (R56 + χ2 χ3 )

for zi_lim1 < zi < zi_lim2

(8.10a)

for zi_lim1 < zi < zi_lim2 ,

(8.10b)

where χ1 , χ2 and χ3 are defined by Eq. (8.5), f is a scaling factor obtained from
Eq. (8.8) and zi_lim1 and zi_lim2 identify the zi position of the asymptotes seen in
Fig. 8.2 and are defined by Eq. (8.6) and Eq. (8.7). For the case where only one or
no caustic folds are present, Eq. (8.10a) and Eq. (8.10b) still hold and the limits
of zi_lim1 and zi_lim2 can be ignored. The magnitude of the current expression
is taken because in the case of an over-compressed bunch, where the head and
tail swap position, Cl becomes negative and so the subsequent expression for the
current, I needs to made positive.

8.2.2

Linearly–Ramped Current Profiles
Using the caustic formation information presented earlier we can investigate the
possibility of producing current profiles of specific shapes, which may be optimal
for different purposes. One such example is the desire to achieve a linearly ramped
current profile for optimal drive beams in plasma-based accelerator schemes [210,
214, 226]. England et al. showed experimentally that a linearly-ramped profile
could be obtained through using sextupole magnets located in a dispersive section,
imparting nonlinear correlation in the longitudinal phase space [94, 210]. In this
section we derive an analytical approach to gain insight into generating a linearlyramped profile through altering the T566 and U5666 of the dispersive region, which
could be achieved through sextupoles and other higher-order multipole magnets
[94, 108, 109].
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Expanding Eq. (8.10b) and grouping terms together, we can write out an expression
for the current profile in terms of newly defined parameters introduced for ease of
transcription,

zf (zi ) = Λ1 zi + Λ2 zi2 + Λ3 zi3
I(zi ) =

(8.11a)

f
,
Λ1 + 2Λ2 zi + 3Λ4 zi2 + 4Λ5 zi3

(8.11b)

where

Λ1 = 1 + c1 R56

(8.12a)

Λ2 = c2 R56 + c21 T566

(8.12b)

Λ3 = c3 R56 + 2c1 c2 T566 U5666

(8.12c)

Λ4 = c3 R56 + 2c1 c2 T566

(8.12d)

Λ5 =

T566 (c22

+ 2c1 c3 +

3c21 c2 U5666 ).

(8.12e)

The aim is to force I(zi ) [Eq. (8.11b)] to be linear in zf (not zi ). As Eq. (8.11a)
is not easily invertible, we can instead force Eq. (8.11b) to be cubic in zi with the
coefficients close to those in Eq. (8.4a) to result in the current profile being linear
in zf .
Taylor series expanding Eq. (8.11b) results in,

I(zi ) =f

1
2Λ2 zi (4Λ22 − 3Λ1 Λ4 )zi2
−
+
Λ1
Λ21
Λ31
!

−4(2Λ32 − 3Λ1 Λ2 Λ4 + Λ21 Λ5 )zi3
+
+ O[zi4 ] .
Λ41

(8.13)

To obtain a linearly-ramped current profile, we need to obtain a set of parameters
for which the following expressions are close to zero,

2Λ2
Λ21
(4Λ22 − 3Λ1 Λ3 )
0 = Λ2 −
Λ31
4(2Λ32 − 3Λ1 Λ2 Λ5 + Λ21 Λ5 )
0 = Λ3 +
.
Λ41
0 = Λ1 −
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Equations (8.14), (8.15) and (8.16) can be used with an optimizer code to minimize
the square of the right hand side of each expression. An example which used this
method is shown in Fig. 8.5. This illustrative example shows how one can determine
the values of R56 T566 and U5666 required to achieve a mostly linearly ramped
current profile for a given initial bunch distribution.
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Figure 8.5: Linearly-ramped current profile calculated from Eq. (8.10b) and obtained
through optimizing R56 , T566 , and U5666 . The head of the bunch is on the left hand side,
at negative values of z.

In this example, we take an arbitrary electron bunch with initial longitudinal
distribution parameters of c1 = 81.06, c2 = 5929.08 m−1 , and c3 = 1.302 × 108
m−2 . This bunch, with a positive energy chirp (lower energy at the tail and higher
energy at the head of the bunch) can be sent through a dispersive region to obtain a
linearly-ramped current profile. This bunch distribution, whilst considered arbitrary
as it is used for illustrative purposes, is actually the same distribution of the bunch
entering BC2 taken from Chapter 7. Through the analysis described above, we
find we need the dispersive region to have the properties of R56 = −16.6 mm,
T566 = 0.130 m and U5666 = −1.153 m.
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Figure 8.6: Electron trajectories s–z space, where the gray vertical line indicates the end
of the compressor where the current profile is evaluated.
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Figure 8.7: Histogram of the density of electron trajectories at the end of the compressor,
corresponding to the gray vertical line in Fig. 8.6.

Figure 8.6 also shows electron trajectories, varying with position along the dispersive
region. This figure shows the bunch moving beyond the position of maximal
compression, resulting in the over-compressed bunch where the electrons originally
occupying the head of the bunch have swapped position with the electrons in the
tail. Figure 8.7 shows a histogram of the electron trajectory density along the
vertical gray line (indicating the end of the compressor) in Fig. 8.6. This histogram
corresponds to the current profile shape, and agrees well with the current profile
calculated in Fig. 8.5.
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Figure 8.8: Longitudinal phase space distribution at the entrance to the beamline (blue)
and at the exit (orange), where the final bunch displays a linearly-ramped current profile
shown in Fig. 8.5.

The longitudinal phase space distribution that exhibits the linearly-ramped current
profile is shown in Fig. 8.8. In order to achieve the linearly-ramped profile, the
longitudinal phase space distribution is curved, such that projection onto the
horizontal axis creates more current at the head of the bunch (negative z values)
and less towards the tail.
This result was found through over-compressing the bunch where caustics are
less likely to form. A ramped current profile can also be achieved while undercompressing the bunch however this is more likely to result in a ramped, cusp-like
profile. Figures 8.9 show the electron trajectories with a gray vertical line indicating
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Figure 8.9: Electron trajectories in z-R56 space, and caustic expression [Eq. (6.5)] shown
in red. The gray vertical line represents the value of R56 where a linearly-ramped current
profile (along the z direction) can be obtained.

the nominal value of R56 = −16.6 mm. It can be seen from Fig. 8.9 that for values of
R56 < −14 mm which result in under-compression, the caustic expression (shown in
red) is present at the head of the bunch. When R56 > −14 mm, which corresponds
to over-compression, the caustics do not form.

8.3

Discussion
Despite the relatively simple form, the parametric set of equations [Eq. (8.10a)
and Eq. (8.10b)], are capable of describing current profiles that rise sharply at the
location of caustics and represent any undulating structure away from a caustic.
Furthermore Eq. (8.10a) and Eq. (8.10b) can describe current profiles of bunches
passing through a dispersive region when no caustic formation is present.
Using Eqs. (8.10a) and (8.10b) we can predict the double-horned current profile
(see in Fig. 8.4), and also determine quantitatively how the pulse shape varies as
the dispersion values, R56 , T566 and U5666 change. For example, T566 can influence
the relative heights of the two peaks, whilst R56 determines the pulse length and
how rapidly the current rises at the caustic.
Section 8.2 illustrates one way to create a linearly-ramped current profile. In previous
work England et al. showed experimentally that sextupole magnets can be added to
a dogleg to create a linearly-ramped current profile [210]. The work presented in this
chapter extends upon this concept through providing the analytical underpinnings,
in Eq. (8.10a) and Eq. (8.10b). One insight gained from this analytical approach is
that over-compression (i.e. R56 < −1/c1 ) is more promising to achieve a linearlyramped current profile, as in this region of parameter space, caustics will not easily
form. This is also evident in Fig. 6.7a of Chapter 6.
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Achieving a linearly-ramped current profile has applications in plasma wakefield
applications [210, 214, 226], however there a numerous applications for other specific
current profile shapes. Other such examples include, optimal pulse shapes for
harmonic cascade FELs [220], longitudinal pulse shaping for the suppression of
CSR-induced emittance growth [222] and bunch trains through microbunching for
teraherz radiation [209].

8.4

Summary
The main result of this chapter is deriving expressions for the current profile of a
particle bunch after traversing a dispersive region. These equations, parameterized
in terms of the initial longitudinal position zi , are capable of describing current
profiles that rise sharply at the location of caustics.
One application, of a linearly-ramped current profile, is explored in more detail
in this chapter where we provide a recipe for determining the dispersion values of
R56 , T566 and U5666 needed in order to obtain such a linearly-ramped pulse shape.
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9
Conclusions and Future Work
This final chapter summarizes the main findings of this thesis, and looks towards
the potential future research avenues that may stem from the work presented in this
thesis.
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Chapter 9. Conclusions and Future Work

9.1

Conclusions
This thesis reports the author’s contribution to FEL research developed during the
period of PhD candidature. Chapter 1 sets the scene, explaining the motivations
driving this work, namely the pursuit of bright electron beams for FELs. Before
diving into the chapters of original research, Chapters 2 and 3 provided some
of the necessary background theory and literature review relating to accelerator
physics more broadly as well as the theory of photoemission and longitudinal bunch
compression.
One major area of research was investigating the impact of surface roughness on
the intrinsic emittance of metal photon cathodes. This was undertaken through
writing a Monte Carlo simulation that tracked electrons through the three stages of
Spicer’s model of photoemission, allowing for calculation of the intrinsic emittance
and quantum efficiency for metals of various materials and surface conditions,
illuminated with lasers of varying energy.
Parameterizing the results of the Monte Carlo model allowed for two empirical expressions to be derived, valid over different domains. These expressions describe the
amplification of transverse momentum due to surface roughness, which corresponds
directly to the amplification of the intrinsic emittance.
This approach, presented in Chapter 4, has two main benefits; firstly, the final
expression incorporates the full complexity of the Monte Carlo simulation distilled
down to a straight-forward mathematical expression. Secondly, the final expressions
are generalized enough to allow for applicability to metal photo-cathodes of different
combinations of values of the work function, laser wavelengths, applied electric field
and roughness amplitudes and periods.
Following on from this work on intrinsic emittance, Chapter 5 details simulations
of an X-band FEL. 6D particle tracking simulations were written to investigate the
transverse and longitudinal dynamics of this proposed X-band linac. Included in
this chapter was a discussion on an alternative technique to the standard method
of phase space linearization (harmonic linearization), which is optical linearization.
This analysis showed the importance of higher-order effects, which can be accounted
for with the correct choice of multipole magnet position and strength within the
bunch compressor.
In Chapter 5, simulations showed a double-horned current profile, that is typical of
many FEL facilities. Chapter 6 explains that the mechanism driving these current
horns is a caustic phenomenon, where electron trajectories coalesce to produce
regions of greatly enhanced current. The caustic formation that presents itself in
strong bunch compression was identified as a butterfly catastrophe.
Within Chapter 6 is the derivation of an expression that describes where in longitudinal position and under what conditions caustics will form for relativistic
particle bunches traversing a dispersive region. This expression allows us to predict

136

Chapter 9. Conclusions and Future Work
how caustic formation changes with the control variables R56 , T566 , and U5666 and
determine the influence of the caustic formation on the current profile.
With the insights obtained from Chapter 6, the goal of Chapter 7 was to determine
if the current-horns could be avoided. As discussed in Chapter 7, these current
horns are problematic for a number of reasons, with one of the major ones being
that the large current values are responsible for CSR-induced emittance growth.
Because of this, truncation of the current horns via collimation has been an active
area of recent interest in the FEL accelerator community.
Through consideration of the underlying caustic formation that results in the
current horns, Chapter 7 reveals regions of T566 , U5666 space and regions of h2 , h3
(i.e. second- and third-order chirp) space, which prevent caustic formation. These
conditions can be readily met through the addition of an octupole magnet in the
first bunch compressor. Including a weak sextupole in the second bunch compressor
allows for further optimization, with the final result being significantly reduced
current horns, and consequently a reduction in the CSR-induced projected emittance
growth by 39%.
Chapter 8 presents another application of considering the caustic formation in
electron trajectories, which is current pulse shaping. Determining the conditions in
which current horns will be absent, assists in producing particular current spike-free
pulse shapes. In Chapter 8 an expression for the current profile for a particle
bunch after traversing a dispersive region is derived. This expression is capable of
describing current profiles that rise sharply at the location of caustics as well as
being applicable to when caustics are not present.
One application that was described in detail, was producing a linearly-ramped current profile for optimal drive beams in plasma-based accelerator schemes. This work
showed how a linearly-ramped pulse shape can be obtained through correct choice
of R56 , T566 and U5666 for a given initial bunch distribution. All of the analytical
work of Chapters 6, 7 and 8, was verified with particle tracking simulations.

9.2

Future Work
There are a number of potential future avenues of exploration resulting from the
work presented in this thesis. A selection of these potential research directions will
be briefly stated in this section, to conclude the thesis.
In this thesis, caustic formation of particle trajectories was considered mainly in
terms of strong bunch compression. However there are many potential applications
of this approach. Understanding the caustic theory underpinning strong current
modulations, allows us to avoid them (as shown in Chapter 7) but also potentially
enhance them. Such an application that could benefits from this is trains of
microbunches used in THz production.
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A more direct and immediate application of this work would be to consider the
CSR-induced microbunching instability that forms in FEL bunch compressors, in
terms of caustic formation. As the CSR creates an energy modulation that, through
the longitudinal dispersion, creates a density modulation, it is very likely that this
effect could be described with a similar mathematical model to what was described
in Chapter 6. Recent experimental studies have shown that the microbunching
instability gain is sensitive to the choice of R56 [227, 215]. The analysis proposed
above could help explain the role of R56 , as well as elucidate the influence (if any)
of T566 and U5666 on the CSR-induced microbunching process.
Similarly, a type of microbunching instability has been observed in storage rings
[228]. In this case, microbunches appear to form and irradiate bursts of CSR in the
microwave region. The instability only appears to form above a threshold current,
and the CSR bursts appear to be quasi-periodic. It may be possible to consider
these microbunches again as electron trajectory caustics. However in storage rings,
many more factors would need to be included, such as a more complete treatment
of transverse effects and the longitudinal mixing from the synchrotron oscillation. If
these factors could be incorporated into the analysis, it may reveal the exact nature
of the storage ring microbunching instability.
Another application of this work also pertains to storage ring microbunching but
for a different application. That application is steady-state microbunching for
coherent radiation. There have been some proposals to generate microbunches in
storage rings [229]. This proposal suggests using an optical laser to generate a beam
bunched at the laser wavelength. Another approach might be to use a dielectrically
lined waveguide, to create an energy modulation through the beam interaction with
longitudinal wakefields. In either case, amplifying the bunching to produce more
well-defined bunches of greater current would be beneficial. It is possible that this
could be done through manipulation of the higher order longitudinal dispersion in
a similar manner to what was demonstrated in Chapter 6.
In the discussion section of Chapter 6, the possibility of caustics as a diagnostics tool
was briefly mentioned. The concept suggested was to take advantage of how caustics
amplify small perturbations in the longitudinal phase space distribution, to result
in extreme excursions in the current. A feature of caustics is their mathematical
stability, which means that small variations in the control space parameters (e.g. R56 ,
T566 , etc.) will still result the caustics forming, although the location of the caustics
may shift slightly. Because of this, caustics could become a useful diagnostic tool,
allowing us to indirectly measure small variations that consistently and reliably
produce a large measurable change. For example, measuring the second- and thirdorder chirp of a particle bunch is extremely difficult at present. However measuring
the relative heights of current peaks at a number of R56 and T566 values would allow
us to extract these chirps. A related stretch goal could be to use measurements of
the current profile (as it varies with T566 ) to determine the relative wake-induced
energy change along the bunch.
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Chapter 7 showed the benefit to emittance preservation that could be obtained
from the current horn suppression. It is worth noting however, that suppression of
the current horns may have additional benefits such as allowing for greater degrees
of bunch compression. Presently the main factor limiting the compression ratio is
the CSR produced by these current horns. Because of this, the way to increase the
peak current is to increase the charge at the gun. However this has the adverse
effect of increasing the emittance due to stronger space charge forces. If instead the
compression were not compromised by the current horns, then larger peak currents
of the bunch core may be achieved. This would not only increase the spectral flux
of the FEL, but also reduce the FEL gain length, which may be of interest in the
design of future FEL facilities.
Thank you for reading.
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Control of coherent synchrotron radiation (CSR)-induced emittance growth is essential in linear
accelerators designed to deliver very high brightness electron beams. Extreme current values at the head
and tail of the electron bunch, resulting from strong bunch compression, are responsible for large CSR
production leading to significant transverse projected emittance growth. The Linac Coherent Light Source
(LCLS) truncates the head and tail current spikes which greatly improves free electron laser (FEL)
performance. Here we consider the underlying dynamics that lead to formation of current spikes (also
referred to as current horns), which has been identified as caustics forming in electron trajectories. We
present a method to analytically determine conditions required to avoid the caustic formation and therefore
prevent the current spikes from forming. These required conditions can be easily met, without increasing
the transverse slice emittance, through inclusion of an octupole magnet in the middle of a bunch
compressor.
DOI: 10.1103/PhysRevAccelBeams.20.030705

I. INTRODUCTION
Recent advances in free electron laser (FEL) facilities
have seen the peak brightness increase by several orders of
magnitude. With ultrafast pulse durations of 100 fs down to
<10 fs, these FELs are capable of imaging structure at the
molecular- and atomic-size level and investigating dynamical processes over timescales on the order of femtoseconds
[1–4]. Continual demand for high brightness and even
shorter pulse durations, places stringent requirements on
the electron beam quality and heightened awareness of the
role coherent synchrotron radiation (CSR) plays in degrading beam quality [5,6]. This demand for high beam quality
is echoed by the linear collider community [7].
For a high-brightness FEL, large peak currents need to be
achieved through compressing the electron bunch. This is
typically achieved through multistage bunch compression
via 4-dipole chicanes. Second-order effects (relating to the
energy chirp and second order longitudinal dispersion) that
greatly limit compression are usually tackled with the
addition of a harmonic cavity [8]. Less commonly optical
linearization is used [9,10]. Despite these measures, higherorder terms in the energy chirp introduced by collective
effects such as longitudinal wakefields can result in the
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double-horned current profile structure common found
with strong bunch compression [11–16].
These current horns are problematic for a number of
important reasons including: creating difficulty in matching
beam optics, limiting the degree of compression, and
increasing wakefield-induced energy spread [11,17].
However, perhaps the most severe consequence of the
current horns is the enhanced CSR produced by the large
current excursions, resulting in CSR-induced emittance
growth [18–20].
CSR can cause time-dependent transverse kicks, resulting in a centroid offset of different regions (slices) of the
bunch [21]. As a result the slice emittance can remain
largely unchanged, while the lateral displacement of the
slices along the bunch results in a smearing of the transverse phase space and enlargement of the projected
emittance. Whilst it is the slice emittance that is often
considered of primary importance in the FEL lasing process
(as particles only interact within a certain cooperation
length [22]), the projected emittance is also an important
factor being responsible for the beam brightness [11,23,24].
A more uniform current pulse improves FEL performance immensely through increased pulse energy,
increased peak power, and greater control over the spectral
bandwidth [17,22]. This improvement has been verified
experimentally at the Linac Coherent Light Source (LCLS)
[17], where collimating the head and tail of the bunch
successfully limits CSR-induced emittance growth and
improves FEL performance, at the cost of removing
40% of the bunch charge [17,25].
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The alternate method we present in this paper, establishes the conditions needed to ensure the current horns
cannot form, without the need to collimate. This is done
through manipulating the longitudinal phase space in the
low energy bunch compressor to inhibit the particle
trajectory caustics from forming, which would otherwise
result in the double horn current profile.
Several solutions to mitigating the CSR-induced projected emittance growth have been reported [5,26,27]. We
address the problem through consideration of these current
horns as a caustic phenomenon and present analysis that
reveals conditions under which the caustics will not form.
In a recent paper, caustic formation in particle trajectories was identified as being directly associated with current
horns in strong bunch compression [28]. The relevant
theory relating to caustics and bunch compression will
be briefly reviewed in Sec. II, with conditions for the
formation of caustic-induced current horns being developed in Sec. III. In Sec. IV we determine the condition
required to unfold these caustics and prevent the current
horns from forming. This is done through careful control of
the second- and third-order longitudinal dispersion,
denoted as T 566 and U 5666 respectively. In Sec. V a twostage compression scheme is designed to avoid the caustic
formation of current horns, through the addition of an
octupole and sextupole to the center of two chicanes.
Sextupoles have also been shown experimentally to be
capable of controlling and manipulating T 566 [29–31], and
have been suggested as a possible technique for linearizing
the longitudinal phase space for bunch compression [9,10].
In a similar manner, here we suggest octupoles are required
to vary U5666 independently of the first-order longitudinal
dispersion, R56 . Section VI A details the results of a 6-D
tracking simulation of an X-band FEL utilizing the causticavoidance techniques presented in Sec. V. Section VI B
shows the results of the same technique applied to an
S-band linac, where the effects of wakefields are not as
strong. These simulations were created using particletracking computer simulations calculated using the
“Electron Generation and Tracking” (ELEGANT) software
toolkit [32]. We give a brief discussion in Sec. VII, and
offer some concluding remarks in Sec. VIII.
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δ ¼ δi

Ei;0
þ h1 zi þ h2 z2i þ h3 z3i þ Oðz4i Þ
Ef;0

ð1Þ

where zi is defined as the position from the center of the
bunch, Ei;0 and Ef;0 are the central energy before and after
acceleration respectively, and δi is the initial uncorrelated
energy spread. The first-, second-, and third-order energy
chirps, denoted as h1 , h2 , and h3 respectively, can be
written out as,
h1 ¼

−ks V 0 sin ϕ0 − kx V 1 sin ϕ1
;
E0

ð2Þ

h2 ¼

−k2s V 0 cos ϕ0 − k2x V 1 cos ϕ1
2E0

ð3Þ

k3s V 0 sin ϕ0 þ k3x V 1 sin ϕ1
6E0

ð4Þ

and
h3 ¼

where V 0 and V 1 represent the voltages of the main
accelerating section and additional harmonic cavity for
linearization [8], kx and ks are the wave number of the
X-band and S-band rf frequencies used, and ϕ0 and ϕ1 are
the rf phases of these sections. The rf phase is defined to be
zero at the crest of the rf, and the interval −90° < ϕ < 0
defines the negative slope of the rf curve (where the head of
the bunch is accelerated less than the tail).
After passing through the chicane, the final longitudinal
position relative to the center of the bunch of any electron
is,
zf ¼ zi þ R56 δ þ T 566 δ2 þ U 5666 δ3 þ   

ð5Þ

where R56 , T 566 , and U5666 are the first-, second-, and thirdorder longitudinal dispersion respectively. Here we ignore
the geometric terms as chromatic terms will dominate the
transformation for beams with small transverse emittance
and large energy spread [33], which is typically the case in
FEL bunch compressors.
Equations (1) and (5) together give,
zf ¼ ð1 þ R56 Þzi þ ðh2 R56 þ h1 T 566 Þz2i

II. BACKGROUND THEORY:
BUNCH COMPRESSION
To longitudinally compress a bunch, an energy chirp
correlated with longitudinal position, zi , is established
before the bunch passes through a dispersive region. The
path length through though the chicane is variable with
energy, and therefore the chirped bunch can be compressed.
The energy chirp correlated with zi is usually established
by the rf voltage and phase of the accelerating section and
harmonic cavity upstream of the compressor. This creates a
relative energy deviation of any particle with respect to the
reference particle, expanded to third-order in zi to be,

þ ð2h1 h2 T 566 þ h31 U 5666 þ h3 R56 Þz3i þ Oðz4i Þ:

ð6Þ

The coefficients of the second and third order terms can
be forced to equal zero, to ensure a linear transformation,
through adjusting the properties of a harmonic cavity [8,34]
or through optical elements which has been considered
through analytical and numerical investigations in
[10,35,36]. The concept of varying T 566 through manipulation of the longitudinal phase space via sextupole
magnets in dispersive regions, has been investigated
analytically in [30,33,37], and shown experimentally in
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FIG. 1. Baseline design layout of an FEL linac utilizing a twostage bunch compression scheme, based on the designs presented
in [38,39].

longitudinal position with respect to the bunch center,
and s is the position along the accelerator, or in the case of
Fig. 2, the position along the bunch compressor. Near the
end of the compressor (which is indicated by the gray
vertical line in Fig. 2), the trajectories have coalesced at the
edges of the bunch, resulting in the intense current horns
visible in the histogram of Fig. 2.
The longitudinal position of the caustics for a given set of
control parameters, R56 , T 566 , and U 5666 (i.e., the first-,
second-, and third order longitudinal dispersion), is (Eq. (8)
in [28]),

[33]. A complete X-band FEL linac design utilizing optical
linearization up to second-order can be found in [9].
Throughout the rest of this paper, a two-stage bunch
compression system is considered in a predominately
X-band FEL linac (see Fig. 1). However this approach
could be easily applied to linacs with a single bunch
compressor or linacs with more than two bunch compressors. Complete details of the accelerator can be found in
Sec. VI. The two bunch compressors will be referred to as
BC1 and BC2 respectively, and the layout shown in Fig. 1
will be referred to as the baseline design.
III. CAUSTICS
In a recent paper, a caustic-based approach was taken to
describe current horns in strong bunch compression [28].
Small continuous perturbations in the longitudinal phase
space distributions can result in intense current spikes at the
head and tail of the beam when the beam passes through a
dispersive region. Figure 2 illustrates this effect, showing
the electron trajectories in z, s space, where z is the

FIG. 2. Electron trajectories showing individual particles’
longitudinal position, zf , evolving with distance along a bunch
compressor chicane, s. The vertical gray line at s ¼ 8.9 m
represents the end of the chicane. The caustic equation,
Eq. (7), is shown by the bold red line. Left inset: close up of
trajectories near the end of the chicane. Right inset: doublehorned current profile at chicane end.

z~ ðzi Þ ¼ zi −

−1
− 2T 566 δðzi Þ − 3U 5666 δ2 ðzi Þ;
R~56 ðzi Þ ¼ 0
δ ðzi Þ

ð7aÞ
ð7bÞ

where δðzi Þ is the shape of the initial longitudinal phase
space or chirp, often described by a high-order polynomial
and δ0 ðzi Þ is the derivative with respect to zi .
Equation (7) defines the envelope of the family of
trajectories that form the caustic. In Fig. 2, the caustic is
shown by the bold red line.
When evaluated at the end of the bunch compressor, the
condition which identifies if caustics will form is [28],
R56 δ0 ðzi Þ þ T 566 δ00 ðzi Þ þ U 5666 δ000 ðzi Þ þ 1 ¼ 0:

ð8Þ

If the caustic condition [Eq. (8)] is met then the electron
trajectories will form caustics resulting in the large current
spikes as described by Eq. (7) and visible in Fig. 2.
IV. AVOIDING CAUSTIC-INDUCED
CURRENT HORNS
Using the caustic condition described in Eq. (8) we can
find a set of control variables for which the caustics cannot
form and therefore find the conditions which prevent the
current horns from developing through the dispersive
region.
To determine this set of control variables we first
consider a plot of the coordinates of the final and initial
longitudinal positions (zf and zi ), for each individual
particle. This is shown in Fig. 3. The two turning points
of Fig. 3 indicate the bifurcation points of the caustic. These
coordinates correspond to the edges of the longitudinal
phase space distribution, which start to curve away from a
linear fit, as seen in Fig. 2.
With the aim being to find the regions where one, two, or
no caustics will be present, we can use these turning points
as an indication of whether we have one, two, or no
bifurcation sets appearing. With this in mind we take the
derivative of zf with respect to zi and then for ease of
calculations we truncate the result including terms up to
second order zi. This gives us,
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dzf
≈ 1 þ h1 R56 þ 2ðh2 R56 þ h21 T 566 Þzi þ 3ðh3 R56 þ 2h1 h2 T 566 þ h31 U 5666 Þz2i ;
dzi

ð9Þ

where h1 , h2 , and h3 are the first-, second-, and third-order chip from δðzi Þ ¼ h3 z3i þ h2 z2i þ h1 zi .
Setting Eq. (9) to equal zero and rearranging for zi identifies the caustic point(s) in zi as,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h2 R56 þ h21 T 566
ðh2 R56 þ h21 T 566 Þ2 − 3ð1 þ h1 R56 Þðh3 R56 þ 2h1 h2 T 566 þ h31 U 5666 Þ
zi;bifurcation ¼
þ
:
3
3ðh3 R56 þ 2h1 h2 T 566 þ h31 U 5666 Þ
3ðh3 R56 þ 2h1 h2 T 566 þ h1 U5666 Þ
ð10Þ

The points where zi;bifurcation [Eq. (10)] reaches the
maximum or minimum longitudinal position of the initial
distribution (denoted by zmin = max ), indicates a boundary,
bordering regions of one and two caustics forming, or zero
and one caustic forming. That is, when zi;bifurcation of Eq. (10),
equals the maximum or minimum of the range of possible zi
values, this indicates the border between when two turning
points are visible in Fig. 3 and when there is one. This
corresponds to two caustic-induced current horns or one.
Therefore, the border between the caustic regions is defined
by the set of variables, (R56 , T 566 , U5666 , h1 , h2 , h3 ),
evaluated for a given initial bunch with zmin = max , such that
fðR56 ; T 566 ; U5666 ; h1 ; h2 ; h3 ; zmin = max Þ ¼ 0, with,
fðR56 ; T 566 ; U5666 ; h1 ; h2 ; h3 ; zmin = max Þ

leaving us with an analytic expression for the caustic region
borders,
T 566 ¼ −

1
½1 þ h1 R56
2h1 zmin = max ðh1 þ 3h2 zmin = max Þ

þ 2h2 R56 zmin = max
þ ð3h3 R56 þ 3h31 U 5666 Þz2min = max 

where zmin = max is the maximum or minimum of the initial
longitudinal distribution.
Figure 4 shows these boundaries between the regions of
zero, one or two caustics, as described by Eq. (12). In this
example the value of R56 was -11.8 mm and the values of
the longitudinal chirp used are,
h1 ¼ 81.0563 m−1

¼ 1 þ h1 R56 þ 2h2 R56 zmin = max

h2 ¼ 5929.08 m−2

þ 3h3 R56 z2min = max þ 2T 566 h21 zmin = max
þ 6T 566 h1 h2 z2min = max þ 3h31 U5666 z2min = max :

ð12Þ

h3 ¼ 1.30211 × 107 m−3 ;

ð11Þ

Using Eq. (11) we can inspect how the caustics will form
in T 566 , U5666 space by holding constant h1 , h2 , and h3
(which are defined by the incoming bunch) and by
choosing a value for R56 which is determined by the
compression ratio requirements. This allows us to take a
slice through the 6-dimensional parameter space defined
above by the set of variables (R56 , T 566 , U5666 , h1 , h2 , h3 ),

where the longitudinal chirp is described by a third-order
polynomial, δ ¼ h3 z3i þ h2 z2i þ h1 zi .
Also in Fig. 4 are histograms of the electron density
(at the end of the dispersive region) for various combinations of T 566 and U5666 , showing regions of one, two, or
zero caustic current horns forming. These correspond to
single fold caustics appearing at the head or tail of the
beam, two fold caustics forming a cusp catastrophe, or no
caustic formation resulting in a relatively flat current
profile. Figure 4 shows that for an FEL linac there should
exist a region in T 566 , U5666 parameter space where caustics
(and the associated current horns) will not form.
Using a similar approach to deriving Eq. (12), we can use
Eq. (11) to find the caustic regions in h2 , h3 space, for a
given first-order chirp, h1 . Then the boundaries are,
h2 ¼ −
þ

FIG. 3. Correlation between the final longitudinal position of a
particle leaving a bunch compressor for a given initial longitudinal position for a particle entering a bunch compressor.

1 þ h1 R56 þ 2h21 T 566 zmin = max
2zmin = max ðR56 þ 3h1 T 566 zmin = max Þ
3ðh3 R56 þ h31 U5666 Þz2min = max
2zmin = max ðR56 þ 3h1 T 566 zmin = max Þ

:

ð13Þ

Equation (13) is shown in Fig. 5 for the second bunch
compressor (BC2) in a two-stage compression scheme,

030705-4

157

Appendix: Publications Arising From Thesis

CURRENT-HORN SUPPRESSION FOR REDUCED …

PHYS. REV. ACCEL. BEAMS 20, 030705 (2017)

FIG. 4. Boundaries between regions of one and two caustic current horns, and zero and one caustic current horn. The analytical
expression for these boundaries is Eq. (12). Here they are shown for an arbitrary R56 value of −11.8 mm, and first-, second-, and thirdorder longitudinal chirp values of h1 ¼ 81.0563 m−1 , h2 ¼ 5929.08 m−2 , and h3 ¼ 1.30211 × 107 m−3 respectively. [Chirp values h1 ,
h2 , and h3 are defined in Eq. (1).]

where BC2 is a standard 4-dipole chicane where T 566 ¼
−3=2R56 and U 5666 ¼ 2R56 , where R56 is −11.8 mm.
Included in Fig. 5 is a marker labeled (1) which
indicates the coordinates of the distribution mentioned
earlier (h1 ¼ 81.06 m−1 , h2 ¼ 5929.08 m−2 , and h3 ¼
1.30211 × 108 m−3 ), revealing how these typical operating
conditions position the working point in the region that will
lead to caustic-induced current horns.

FIG. 5. Regions of h2 , h3 space where single, multiple, or zero
caustics are expected to be found. Position (1) indicates the
working point of a standard chicane with R56 ¼ −11.8 mm, and
with the same initial distribution parameters used in Fig. 4.
Through addition of an octupole to BC1, the working point can
be moved from position (1) to position (2) which lies in a
noncaustic region.

V. BUNCH COMPRESSORS DESIGNED
TO AVOID CAUSTICS
In the previous section we found that there should exist
regions in parameter space where caustics (and the associated current horns) will not form. Figure 4 [from Eq. (12)]
and Fig. 5 [from Eq. (13)] present two ways to suppress the
current horns. The first approach shows that caustics can be
avoided by varying T 566 and/or U 5666 of BC2. The second
approach shows that caustics can be avoided by varying the
second- and/or third-order chirp (h2 and/or h3 ) of the bunch
that arrives at BC2. The first approach can be achieved
through using octupoles to vary U5666, similarly to how
sextupoles can be used to vary the 2nd order longitudinal
dispersion [33]. The second approach can be achieved
through adding an octupole to the center of the first bunch
compressor (BC1), well upstream of BC2, to vary the
higher-order chirp of the bunch arriving at BC2. Leaving
BC1, the bunch encounters the longitudinal wakefields,
which impart a cubic chirp onto the beam [12]. Therefore
the octupole added to BC1 must overcorrect for the effect
the longitudinal wakefields will have on the third-order
chirp, in order to position the bunch parameters in an
optimal position in h2 , h3 space for avoiding caustics
(see Fig. 5).
Figure 4 indicates that we would require a T 566 of
approximately 15 mm and a U 5666 value of greater than
2 m. For the standard 4-dipole chicane considered here, for
which R56 is -11.8 mm, the value of T 566 is already close to
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what is required at 17.7 mm (where T 566 ¼ −3=2R56 ).
Therefore octupoles could be used to alter U5666, whilst
keeping T 566 fairly constant. It should be noted that if a
particular arrangement of initial distribution and longitudinal dispersion values required the value of both T 566
and U 5666 to be varied substantially away from their
original position, then both sextupoles and octupoles could
be implemented to achieve the required T 566 and U 5666
values. Such a scenario may present itself if harmonic
linearization is not used to linearize the second-order chirp,
or if a dog-leg or nonstandard chicane is used. Essentially,
sextupoles can be used to vary T 566 to move the working
point position vertically in Fig. 4, and octupoles can be
used to vary U5666 to move the working point position
horizontally in Fig. 4.
In order to achieve the value of U5666 for BC2 required
(>2 m), strong octupole magnets would be required,
introducing strong chromatic aberrations. So instead, an
octupole was added to the center of BC1, where weaker
field strengths are needed. The purpose behind this
approach is a little different. Here we use an octupole
magnet in BC1 to alter the third-order chirp of the bunch
that arrives at BC2, rather than directly altering the
dispersion values of BC2. Leaving BC1, the bunch
encounters the longitundal wakefields of Linac1, which
impart a cubic chirp onto the beam [12]. Therefore the
octupole added to BC1 is used to overcorrect for the effect
the longitudinal wakefields will have on the 3rd order chirp,
in order to position the bunch parameters in an optimal
position in h2 , h3 space for avoiding caustics. This position
in h2 , h3 space is marked as (2) in Fig. 5.
Several different configurations of BC1 and BC2 were
considered, all of which capable of achieving a wide range
of T 566 and U5666 values for a given R56 (i.e., for a given
compression ratio). Figure 6 shows the layouts of two

FIG. 6. Layouts of the FEL linac using an S-band injector and
X-band linac. Section VI compares simulation results of these
two configurations with the baseline design shown in Fig. 1.

PHYS. REV. ACCEL. BEAMS 20, 030705 (2017)
X-band FEL linacs with additional optical elements
included to allow for the manipulation of the longitudinal
phase space. Figure 6(a) shows what will be referred to as
Layout 1, which includes the octupole magnet in BC1. In
Sec. VI A this design will be compared with the baseline
design of Fig. 1, as well as to a third design, Layout 2
(Fig. 6(b)) which will be described in Sec. V B.
ELEGANT simulation of the layout shown in Fig. 6(a)
(i.e., with an octupole added to BC1) finds that the
longitudinal distribution parameters of the bunch arriving
at the BC2 entrance has the following fitted parameters;
h1 ¼ 81.7245 m−1
h2 ¼ 6408.13 m−2
h3 ¼ −1.2575 × 107 m−3
where the longitudinal chirp is described by a third-order
polynomial δ ¼ h3 z3i þ h2 z2i þ h1 zi .
The new values of the h2 , and h3 of the bunch arriving at
BC2 (having been altered by the octupole in BC1), move
the working point in Fig. 5 to the region of no caustic
formation. In Sec. VI we will verify this analytical
approach with ELEGANT simulations.
A. Optics through BC1
The values of the longitudinal dispersion for the new
BC1 design are R56 ¼ −82.36 mm, T 566 ¼ 124.57 mm,
and U 5666 ¼ −2.83 m. The R56 was achieved through a
bending angle of 5.25° and a drift length of 4.544 m
between dipole 1 and dipole 2, and between dipole 3 and
dipole 4. Figure 7 shows the first order optics through the
chicane. The octupole magnet is located at the center of the
chicane where the horizontal dispersion is greatest, and has
a length of 0.3 m and normalized field strength
of K 3 ¼ 1173.12 m−3 .
At the end of the chicane, the second order horizontal and
angular dispersion, T 166 and T 266 return to zero. This ensures
that the dispersion-induced emittance growth associated with
the large energy spread is kept to a minimum [40].

FIG. 7. Optics through BC1, showing βx (green), βy (blue), ηx
(red), and ηxp (orange).
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magnet, are R56 ¼ −11.18 mm, T 566 ¼ 32.10 mm and
U5666 ¼ −72.19 mm. The R56 was achieved through a
dipole bending angle of 1.35° and a drift length of 9.667 m
between dipole 1 and dipole 2, and between dipole 3 and
dipole 4. Figure 9 shows the first order optics through the
chicane. The sextupole has a length of 0.2 m and normalized field strength of K 2 ¼ 11.03 m−2 and is located at the
center of the chicane.
D. Other CSR suppression techniques

FIG. 8. Regions indicated where caustics are expected to be
found and where they are absent. The boundaries between these
regions are given by Eq. (12). The addition of a weak sextupole to
BC2 changes the T 566 , U 5666 coordinate of the working point,
moving it closer to the upper boundary, and consequently shifting
some of the current from the tail to the head of the bunch.

B. Further optimization: Addition
of a sextupole magnet to BC2
Further improvement can be made through positioning
the working point in T 566 , U 5666 space closer to the upper
caustic boundaries of Fig. 4, whilst remaining within the
caustic free region. This is because whilst the current horn
formation has been mostly suppressed, a remnant peak can
still be seen at the BC2 exit [this will be seen Fig. 11(b)].
Moving the working point closer to the upper caustic
boundary (see Fig. 8) shifts the bunch charge away from the
tail of the bunch and closer to the head. Ensuring the tail has
a lower current than the head, further aids emittance
preservation as the CSR that leads to CSR-induced emittance growth is predominately produced by the tail of the
bunch. This translation in T 566 , U 5666 space can be achieved
through adding a weak sextupole to the center of BC2.
C. Optics through BC2
The values of the longitudinal dispersion for the new
design of BC2, with the inclusion of a weak sextupole

FIG. 9. Optics through BC2, showing βx (green), βy (blue), ηx
(red), and ηxp (orange).

In addition to the suppression of CSR by eliminating
current horns by suitable configuration of additional optical
elements (which is the main result of this paper), a few
techniques have been employed. These techniques are
consistent across all scenarios presented in Sec. VI, meaning that the improvement in emittance preservation due to
the removal of the current horns alone can be seen in
Sec. VI.
The CSR wakefield potential changes the particle energy
along the longitudinal direction, and also affects the
transverse motion through the dispersive region
[20,41,42]. This transverse kick can be partially canceled
through ensuring that BC1 and BC2 bend the beam in
opposite directions [5,21,43], i.e., the bending angle of
dipole 1 of BC1 has the opposite sign of dipole 1 of BC2.
In addition, the beta functions were minimized toward
the end of BC2 where the bunch length is shortest and the
effect of CSR strongest. This is a commonly employed
technique described in [44,45].
VI. PARTICLE TRACKING SIMULATIONS
In this section we present the results of 6D ELEGANT
[18,46] simulations of the three linacs: a. Baseline design
with no additional multipoles (see Fig. 1); b. Layout 1
which includes an octupole added to the center of BC1 [see
Fig. 6(a)]; c. Layout 2 which includes the same octupole
added to BC1 as well as a sextupole added to BC2 [see
Fig. 6(b)].
The beam distribution input for the ELEGANT simulations
was modeled on an S-band injector producing a beam with
an initial energy of 131.2 MeV, an RMS bunch length of
807 μm, and a normalized transverse emittance of
0.2729 mm mrad with a total bunch charge of 250 pC.
Important parameters of peak current (I peak ), RMS bunch
length (σ z ), and beam energy (E) are shown in Fig. 1 at
various locations along the linac. The residual correlated
energy spread is removed in the final 85 m of linac2, mainly
through longitudinal wakefields.
Consistent in all three layouts (Baseline of Fig. 1 and,
Layout 1 and Layout 2 of Fig. 6) is an S-band injector
followed by an X-band harmonic cavity to linearize the 2nd
order longitudinal phase space [8]. Also consistent to all
three layouts is a laser heater, used to increase the uncorrelated energy spread to provide strong Landau damping to
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FIG. 10. Beta functions along the linac, with βx (blue) and βy
(green).

suppress microbunching instability [47]. Specific details of
the bunch compressors can be found in Sec. V. Figure 10
shows the beta functions along the entire linac.
Figure 11 shows the longitudinal phase space distributions and current profiles for each of the 3 layouts,
demonstrating that the octupole magnet is capable of
reducing the current horns. A small remnant peak at the
tail of the bunch can still be seen in Fig. 11(b). This small
peak is due to the approximation used in describing the
longitudinal phase space as a cubic distribution. This small
peak at the tail of the bunch sparked the investigation of
adding a sextupole to BC2 in an attempt to shift some of the
current from the tail to the head of the bunch. This creates a

PHYS. REV. ACCEL. BEAMS 20, 030705 (2017)
small but noticeable improvement to the current profile
with the benefit of reduced CSR reflected in the projected
emittances listed in Table I. However, the majority of the
improvement to projected emittance is established by the
inclusion of just one octupole magnet.
Table I lists the emittances (projected and slice) for the
three linac configurations, showing that it is possible to
reduce the projected emittance by 30.1% with an octupole
included in BC1. The addition of a weak sextupole to BC2
[Fig. 6(b)], reduces the projected emittance by 38.8%. For
this layout, the reduction in the CSR-induced emittance
growth is 48.9%. Further, the rms energy spread is also
improved by 20.7%, which allows for more uniform lasing
along the bunch.
Figure 12 shows the longitudinal phase space distributions and current profiles with the laser heater turned off,
and CSR not included in the simulations for each of the 3
layouts. These plots show the caustic current horns more
pronounced. CSR and to a lesser extent, the energy mixing
introduced by the laser heater, have the effect of smearing
out the caustics. In the simulations that produced Fig. 12(b)
and Fig. 12(c), the octupole magnetic field strength, K 3 ,
was 2000 m−3 , reoptimized to account for the change in
particle energy induced by CSR. The sextupole field
strength relevant to Fig. 12(c) remained unchanged at
K 2 ¼ 11.03 m−2 . Similarly to Figs. 11(b) and 12(b) shows
a small peak visible at the head of the bunch, due to the
inherent asymmetry of the compression process where the
particles at the tail of the bunch (with negative values of zi )

FIG. 11. Longitudinal phase space distribution and current profiles at the end of the linac for the three layouts described in
Figs. 1, 6(a), and 6(b). (a) baseline layout which does not include any multipoles. (b) Layout 1 which includes an octupole magnet in
BC1. (c) Layout 2 which includes the same octupole in BC1 as well as a weak sextupole magnet in BC2. Note the head of the bunch
corresponds to negative values of longitudinal position.
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TABLE I. Beam properties at the end of the final linac section, for (a) Baseline layout, (b) Layout 1: which includes BC1 octupole
magnet [Fig. 6(a)], (c) Layout 2 which includes BC2 sextupole magnet [Fig. 6(b)].
Parameter
Bunch length
Horizontal bunch size
Vertical bunch size
Energy spread
Peak current
Total compression ratio
Bunch charge
Electron energy
Projected horizontal emittance
Mean horizontal slice emittance
Projected vertical emittance
Mean vertical slice emittance

Symbol

Units

Baseline

Layout 1

Layout 2

σz
σx
σy

μm
μm
μm
%
kA

pC
GeV
mm mrad
mm mrad
mm mrad
mm mrad

6.65
0.376
0.161
0.0371 (core)
3.02 (core)
121.38a
250
6.16
1.394
0.386
0.274
0.255

6.75
0.306
0.162
0.0292
3.02
119.6
250
6.16
0.974
0.392
0.273
0.249

6.68
0.267
0.163
0.0281
3.09
120.8
250
6.16
0.842
0.377
0.274
0.246

σ ΔE=E
I peak
CR
Q
E
ϵn;x
ϵs;n;x
ϵn;y
ϵs;n;y

a
Note the bending angles of BC2 were reduced by less than 0.01% to bring the compression ratio down to be in-line with Layout 1 and
Layout 2.

will be compressed to a greater degree than particles at the
head [this is evident from Eq. (5)].
A. Discussion on emittances
Table I shows that it is possible to reduce the projected
emittance by 30.1% with an octupole included in BC1, and
the addition of a weak sextupole to BC2 [Fig. 6(b)], reduces
the projected emittance by 38.8%.
The cost of adding octupole magnets to a chicane is the
introduction of geometric aberrations. This is reflected in
the slight increase in the mean slice emittance shown in

Table I. However this small increase in slice emittance is
recovered through the addition of a sextupole, and nevertheless is not large enough to have a significant influence
on the gain length and power output of the undulator
section.
Figure 13 shows the correlation between the octupole
field strength K 3 , and reduction in projected emittance
growth. As the field strength of octupole is increased, U 5666
also increases, and the working point on Fig. 4 moves from
the region of two current horns forming, to no current horns
forming. Through this progression, the current horns

FIG. 12. Longitudinal phase space distribution and current profiles at the end of the linac for the three layouts described in Figs. 1,
6(a), and 6(b), without CSR or laser heating included in the simulation. (a) baseline layout which does not include any multipoles.
(b) Layout 1 which includes an octupole magnet in BC1. (c) Layout 2 which includes the same octupole in BC1 as well as a weak
sextupole magnet in BC2. Note the head of the bunch corresponds to negative values of longitudinal position.

030705-9

162

Appendix: Publications Arising From Thesis

CHARLES, PAGANIN, LATINA, BOLAND, and DOWD

PHYS. REV. ACCEL. BEAMS 20, 030705 (2017)

FIG. 13. Projected horizontal (blue square) and vertical
(orange þ) emittances produced with the Layout 2 design
[Fig. 6(b)] with various octupole field strengths.

become smaller to the point of almost disappearing.
With reduced current at the head and tail of the bunch,
the CSR-induced emittance growth is quelled. This is
evident in the horizontal emittance in Fig. 13. The vertical
emittance is preserved at 0.274 mm mrad, and remains
unchanged with octupole field strength.
Interestingly, the horizontal emittance decreases to a
minimum and then at large values of K 3 it gradually starts
to rise again (Fig. 13). This is likely due to the competing
effects of improved emittance from CSR suppression and
emittance growth from chromatic aberrations.
The longitudinally sliced properties of the bunch at
the end of the linac can be seen in Fig. 14. Figures 14(a)
and 14(b) show that there is only a small difference in the
slice emittances for the three FEL layouts. This is in agreement with much of the literature which states that CSR is
likely to lead to projected emittance growth whilst leaving the
slice emittance relatively unchanged [21,27]. The core of the
bunch sees only a small increase in horizontal emittance of
8% whilst the bunch head and tail horizontal emittance grow
to a greater degree by, at the largest, a factor of 1.9. This
increase in slice emittance at the edges of the bunch is
consistent across all three designs, however the effect on FEL
performance would be less significant in Layout 1 and 2,
where the current horns are reduced leaving less charge in the
regions of larger slice emittance.
Figures 14(c) and 14(d) show the centroid offset and
mean value of x0 for each slice, revealing that Layout 1 and
to an even greater extent Layout 2, reduce the variation in
these two parameters along the length of the bunch. In other
words, this confirms that the inclusion of an octupole
(which can be even further improved by the inclusion of a
sextupole magnet) to the bunch compressors, through
preventing the current horns from forming, reduced the
effect of CSR, evidenced by the reduced centroid offsets
along the bunch and associated reduced projected transverse emittance.

FIG. 14. Slice properties of the bunch at the end of the linac for
the X-band Baseline design (blue circle), Layout 1 (orange þ),
and Layout 2 (green asterisk). The x centroid offset and the
variation in x0 along the length of the bunch cause increased
projected emittance growth of the baseline design.
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FIG. 15. Longitudinal phase space distribution and current profiles at the end of the S-band linac with CSR and laser heating included
for (a) without any octupole magnets and (b) with an octupole included in BC2. Note the head of the bunch corresponds to negative
values of longitudinal position.

FIG. 16. Longitudinal phase space distribution and current profiles at the end of the S-band linac without CSR or laser heating
included in the simulation for (a) without any multipole magnets and (b) with an octupole included in BC2. Note the head of the bunch
corresponds to negative values of longitudinal position.
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B. S-band linac comparison
X-band linacs typically pose a more difficult scenario
than S-band linacs due to the stronger wakefields and
because for a given bunch length, the bunch will see a
greater portion of the rf curve when the rf frequency is in
the X-band compared to S-band. This second point will
mean that a greater degree of curvature is impressed onto
the bunch. In this section we follow the same method
presented earlier but instead shown on an S-band linac.
The results of the current horn suppression in an S-band
linac are shown in Figs. 15 and 16, for with CSR and laser
heating and without, respectively. The S-band linac consisted of two bunch compressor chicanes (however again, it
should be noted that this method is applicable to any
combination of bunch compressors).
With the absence of any higher-order magnets in the
chicanes, the current spikes are clearly visible in Fig. 16(a).
After the inclusion of an octupole (this time in the
second bunch compressor) of normalized field strength
K 3 ¼ −1007 m−3 , the current spikes have been diminished
[see Fig. 16(b)]. Figure 17 shows the slice properties (slice
emittances, mean x0 position, slice energy spread and x
centroid position) for this S-band example before and after
the inclusion of an octupole. Similarly to the X-band case,
the slice emittance in x and y is maintained between the
scenarios of with and without an octupole. The main
difference is the x-centroid position is more consistent
along the bunch after the inclusion of the octupole. This is
true of both the X-band and S-band cases [see Figs. 14(d)
and 17(d)].
Whilst in the case of the X-band linac, the energy spread
in the core of the bunch was slightly worse with the
octupole and sextupole magnet [see Fig. 14(e)], the same
cannot be said for the S-band case. For the S-band case, the
energy spread along the bunch at the end of the linac with
the octupole performs just as well (or marginally better)
when compared to without the octupole [see Figs. 17(e) and
15]. When CSR and laser heating are not included, the
slight curvature in the energy spread along the bunch
introduced by the octupole is more visible (see Fig. 16).
VII. DISCUSSION
Consider any (T 566 , U 5666 ) coordinates in Fig. 4. As this
coordinate is moved vertically (in the direction of increasing T 566 ), the current is redistributed more toward the head
of the bunch. This statement is true regardless of which of
the four regions the working position coordinates is in. For
example, if the (T 566 , U 5666 ) coordinates were initially in
the region where two caustics form (i.e. where two current
peaks are seen), moving closer toward the upper boundary
will cause the bunch head peak to be larger and the bunch
tail peak to be reduced. In both Figs. 11(b) and 12(b)
(which show the current profiles generated with CSR and

FIG. 17. Slice properties of the bunch at the end of the S-band
linac for without an octupole (blue circle), and with an octupole
(green asterisk). The x centroid offset and the variation in x0 along
the length of the bunch cause increased projected emittance
growth of the baseline design.
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laser heating, and without, respectively), the small peak at
the head of the bunch can be diminished with the aid of a
weak sextupole magnet in BC2. This is because including
the sextupole magnet moves the working point coordinates
in Fig. 4 closer to the upper boundary, shifting the relative
heights of the head and tails current peaks in favor of the
head of the bunch.
The current profiles of Fig. 11(c), Fig. 12(c) both show
some small undulating structure, and not a perfectly flat
current profile. This can be explained by the current density
modulation expected in the vicinity of the caustics. In a
recent paper [28], the caustics present in strong bunch
compression were identified as a Butterfly Catastrophe
[48,49], and it was shown how the density of trajectories at
the core of the bunch can be nonuniform when still in the
vicinity of the caustics.
An alternative approach to this problem of current spike
suppression, could be to find the set of parameters which
eliminates both the second and third order coefficients of zi
in Eq. (6). Whilst this is a valid approach, the caustic-based
approach presented in this paper, is a more general
approach and conveys additional information that is not
discernable if one were to approach the problem purely as a
third-order chirp problem in the way described in the
previous sentence. Whilst treating the problem through
eliminating the coefficients of the second and third order
terms on Eq. (6), would find a caustic free solution, it also
obscures other possible solutions in regions where caustics
(and the associated current horns) would be avoided. In
Fig. 5, it can be seen that a large range of values in h2 and
h3 space are candidates for producing a current profile
absent of spikes. This allows for exploration of the margins
of error permissible in beam and magnet parameters, as
well as opening the possibility for redistribution of current
as the working point is moved within the caustic-free region
of Fig. 5. Further information on this second point can be
found in Ref. [28]. In addition, the technique presented in
this paper can be expanded to include higher-order terms if
required. In the cases presented in this paper, including
terms up to third order appears to be sufficient for the
purpose of suppressing the current horns.
Finally the small peaks still visible in Figs. 11(c) and
12(c) can be suppressed completely through increasing the
strength of the octupole magnet. However increasing the
octupole field strength further also increases the geometric
and chromatic aberrations. This concept is also illustrated
in Fig. 13. It can be assumed that if the chromatic and
geometric aberrations could be more adequately addressed
(or balanced) then the current spikes could be further
reduced.

compression that is typical of FEL linacs. This was
achieved through consideration of the underlying caustic
formation in electron trajectories and employing a suitable
configuration of additional optical elements located within
the bunch compressors. The result is suppressed current
horns, significantly reduced CSR-induced projected emittance growth and reduced energy spread along the bunch.

VIII. CONCLUSION
In this paper we have demonstrated through both
analytical calculations and numerical simulations, a technique to avoid current horns from forming in strong bunch
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Current modulations, current spikes, and current horns, are observed in a range of accelerator physics
applications including strong bunch compression in Free Electron Lasers and linear colliders, trains of
microbunching for terahertz radiation, microbunching instability and many others. This paper considers the
fundamental mechanism that drives intense current modulations in dispersive regions, beyond the common
explanation of nonlinear and higher-order effects. Under certain conditions, neighboring electron
trajectories merge to form caustics, and often result in characteristic current spikes. Caustic lines and
surfaces are regions of maximum electron density, and are witnessed in accelerator physics as folds in phase
space of accelerated bunches. We identify the caustic phenomenon resulting in cusplike current profiles
and derive an expression which describes the conditions needed for particle-bunch caustic formation in
dispersive regions. The caustic expression not only reveals the conditions necessary for caustics to form but
also where in longitudinal space the caustics will form. Particle-tracking simulations are used to verify
these findings. We discuss the broader implications of this work including how to utilize the caustic
expression for manipulation of the longitudinal phase space to achieve a desired current profile shape.
DOI: 10.1103/PhysRevAccelBeams.19.104402

I. INTRODUCTION
Caustics are a common occurrence in optics, describing
the bright lines seen in a well-lit coffee cup, or the dancing
networks of light at the bottom of swimming pools on a
sunny day [1,2]. They are a form of “natural focusing” [2]
which possess stability with respect to perturbations in the
system leading to their formation. Figure 1 shows an image
of visible-light caustics forming at the bottom of a coffee
cup. The previously mentioned property of structural
stability here manifests itself in the fact that any small
continuous distortion or reorientation of the cup merely
shifts the “naturally focused” caustic lines without altering
their form.
Electron trajectories forming caustics in particle trajectories could be considered a corollary to caustics found
in geometrical light optics [3,4]. In both cases, particle
trajectories and light rays, the mathematical description of
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caustics lies within the broader field of catastrophe
theory [1].
Figure 1 shows a common example of optical caustics—
the bright lines of reflected light in a coffee cup. These
bright caustic lines are the envelope of a family of rays
reflecting from the curved inner surface of the cup [see
Fig. 1(b)]. The intensity of the light rises sharply as the
inverse square root of the distance from the caustic [5] [see
Fig. 1(c)]. This sharp rise in intensity is reminiscent of
some peaked current profiles often observed in accelerator
physics.
Some examples of where current spikes are observed in
an accelerator physics context are illustrated in Fig. 2.
Figure 2(a) illustrates current spikes emerging at the head
and tail of a particle bunch typical of strong bunch
compression in Free Electron Lasers (FELs) and linear
colliders [6–9]. These current spikes are referred to as
current horns in some publications. High-current portions
of the bunch can produce intense coherent synchrotron
radiation (CSR) and result in CSR-induced emittance
growth [10,11]. Another example of current spikes is
microbunching instabilities, illustrated in Fig. 2(b). Small
continuous current and energy modulations initiated by
collective effects can result in current density modulation as
a particle bunch passes through a dispersive region [12–15].
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FIG. 1. Optical caustics, which are analogous to electron–
trajectory caustics found in accelerator physics. (a) image of
caustic lines appearing in a coffee cup. (b) illustration of light rays
forming the caustic (red line), and (c) intensity of the rays in the
vicinity of the caustic.

Current spikes can also be intentional [16] as shown in
Fig. 2(c), where strong wakefield-induced energy modulation results in regions of enhanced current. Trains of
microbunches can be used for producing coherent terahertz
radiation [17–19], and resonant excitation of the wakefields
in plasma and dielectric wakefield accelerators [20].
Finally, Fig. 2(d) shows an intermediate step toward
obtaining a linearly ramped current profile through controlling the second-order longitudinal dispersion via
sextupoles [21]. This current profile is also reminiscent
of single-spike profiles found at some FEL facilities
[22–24] or ramped profiles produced using a superconducing radio frequency linear accelerator operating at two
frequencies [25].
Examples of each of the current profiles mentioned
above and schematically illustrated in Fig. 2, can be found
in the following literature: (i) for double-horned current
profile, see Fig. 7.7 in [6]; (ii) for microbunching instabilities see Fig. 3 in [12] or Fig. 3 in [26] for experimental
data; (iii) for trains of microbunches, see Fig. 6 in [27];
(iv) for ramped current profiles, see Fig. 5(a) in [21].
In this paper we discuss how these intense current spikes
result from the coalescing of electron trajectories forming
singularities known as caustics. A brief outline of caustics
is presented in Sec. II, followed by a detailed analysis of
how caustics can appear in accelerator physics applications
in Sec. III. This includes derivation of a caustic expression

FIG. 2. Illustrations of current spikes induced by caustics in a
variety of applications.

which describes where in longitudinal position caustics
in a particle bunch will form and under what conditions.
Section IV compares the analytical results with particle–
tracking computer simulations calculated using the

104402-2

169

Appendix: Publications Arising From Thesis

CAUSTIC-BASED APPROACH TO UNDERSTANDING …
“Electron Generation and Tracking” (ELEGANT) software
toolkit [28]. Section V gives an application of this work to
current pulse shaping. Finally, Sec. VI discusses some of
the broader implications of the present work, including how
we may be able to utilize this knowledge of caustics to
avoid current horn formation in strong bunch compression.
II. CAUSTICS
Families of smooth electron trajectories, each of which
may be straight or curved, can exhibit caustic behavior at
points where infinitesimally separated adjacent trajectories
cross. The locus of such crossing points gives an envelope
to the family of trajectories which specifies the caustic
region. At any point where an electron trajectory within the
family of trajectories that comprises the caustic, touches
the caustic surface, it will be tangent to that surface. See
Fig. 1(b) for the visible-light analogue of this where a
family of photon trajectories (shown in blue) generates the
caustic region sketched in red. In the vicinity of the caustic
line the density of trajectories is greatly enhanced as
depicted in Fig. 1(c).
Let us return to the case of electron trajectories. When
tracing such trajectories through a dispersive region,
caustics can be seen in the s–z plane, where z is the
longitudinal position with respect to the center of the bunch
and s is the position along the accelerator. This is visible in
Fig. 3 where the density of trajectories intensifies near the
edges of the bunch after propagating some way through the
dispersive region. This can be regarded as a cusp caustic,
being comprised of two fold caustics that are stitched
together at the point of the cusp [29].
The example shown in Fig. 3 is of a standard 4–dipole
chicane where T 566 ¼ −3=2R56 and U5666 ¼ 2R56 with
R56 , T 566 and U 5666 being the first-, second- and third-order

PHYS. REV. ACCEL. BEAMS 19, 104402 (2016)

longitudinal dispersion values respectively [30]. Despite
the current being of uniform distribution at s ¼ 0, by the
end of the dispersive region, electron trajectories have
coalesced, creating the increased density of particles in z, at
the head and tail of the bunch. These caustics create the
double-horned cusp-shaped current profile witnessed at
many FEL facilities [6,10].
The second panel of Fig. 3 shows the curvature in the
longitudinal phase space distribution, typical of strong
bunch compressors. When projected onto the z–axis, it
becomes clear how the bifurcation leads to intense current
spikes. These folds in phase space are introduced by
higher-order effects in dispersive regions. This will be
examined in more detail in Sec. IV.
III. CAUSTIC FORMATION IN
PARTICLE TRAJECTORIES
Understanding the current profile through the lens of
caustics, allows us to predict the sharp rise in the current in
the vicinity of caustics when they arise, and also allows us
to determine analytically where and under what conditions
caustics will form.
Throughout this paper, the transfer matrices mapping a
particle from some initial coordinates, Xð0Þ ¼ ðx; x0 ; y; y0 ;
z; δÞ, to their final coordinates Xð1Þ, have been used. This
matrix formalism can be expressed as [31,32],
X
X
Xi ð1Þ ¼
Rij Xj ð0Þ þ
T ijk Xj ð0ÞXk ð0Þ
j

j;k

X
þ
Uijkl Xj ð0ÞXk ð0ÞXl ð0Þ;

ð1Þ

j;k;l

where R, T, and U are the first-, second-, and third-order
transfer matrices, respectively.

FIG. 3. Electron trajectories through a chicane in s–z plane, showing how the electron trajectories overlap in a caustic at the extreme
values of z (i.e., at the head and the tail of the bunch). (b) Typical phase space distribution and corresponding current profile seen at the
end of a strong bunch compressor [equivalent to s ¼ 9.5 m in (a)].
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In this section we consider an example case of an
electron bunch passing through a bunch compressor chicane or dogleg defined by the first-, second-, and thirdorder longitudinal dispersion values of R56 , T 566 , and
U5666 . We consider this example of a bunch compressor
in deriving the conditions for caustics to form, which can
then be extended to any relativistic particle bunches
traveling through a dispersive region.
Denoting the relative energy deviation by δ, the final
longitudinal position can be calculated by,
zf ¼ zi þ R56 δ þ T 566 δ2 þ U5666 δ3 þ Oðδ4 Þ;

ð2Þ

where zi is the initial longitudinal position of any one
particle. Here geometric terms have been omitted as
chromatic terms will dominate the transformation for
beams with small transverse emittance and large energy
spread [33]. This will be the case for bunch compressors
where a large energy spread is introduced. For other cases,
where chromatic terms do not dominate, geometric terms
(e.g., R51 and R52 ) should be included.
From here we can approximate how the electron trajectories evolve with position along the compressor, s, with
initial longitudinal positions, zi . This leads to the equation
where the final longitudinal position zf is,
zf ðsÞ ¼



R56 δ þ T 566 δ2 þ U5666 δ3
s þ zi ;
sbc

energy spread and h1 , h2 , and h3 are the first-, second-, and
third-order energy chirps respectively.
The first-, second-, and third-order energy chirps are
established by the rf voltage and phase of the preceding
accelerating cavities but are also influenced by collective
effects such as wakefields, space charge forces, or other
non-linear effects [11,36]. To create a more realistic
example that includes these effects, we have written an
ELEGANT simulation [28] that traces particles through an
FEL linac. The linac is comprised of an S-band injector
followed by an X-band harmonic cavity to mitigate the
second-order effect of compression [34,35,37], followed by
a 4-dipole chicane (labeled BC1) and an X-band linac.
The bunch distribution taken just before a second bunch
compressor (BC2), includes the high order effects longitudinal wakefields impart on the longitudinal distribution.
A high-order polynomial was fit to this distribution,
capturing the effect of nonlinear forces on the longitudinal
phase space. The distribution and polynomial fit
(δ ¼ c1 zi þ c2 z2i þ c3 z3i ) are shown in Fig. 4.
Whilst the fitted distribution in Fig. 4 appears predominately linear, small deviations from a linear distribution
lead to large features in both the longitudinal phase space
distribution and current profile at the end of the compressor.
This sensitivity to small continuous perturbations is a
common feature of catastrophe theory [1]. Figure 4(b)
shows the derivative of δ with respect to position, z,

ð3Þ

where sbc is the location of the end of the compressor.
Figure 3 shows Eq. (3) evaluated for a range of initial zi
values.
This expression assumes that the longitudinal dispersion
remains constant over the compressor, which is unlikely.
However when evaluated this expression will produce the
same distribution at the compressor exit when compared
to an expression that includes how R56 varies with s.
Therefore whilst Eq. (3) is simply a “smooth approximation” to how zf varies with s, it accurately predicts zf at the
end of the dispersive region sbc , and when plotted provides
an intuitive snapshot of the caustic formation. Furthermore
this approximation does not impact the derivation of the
caustic expression in the following section.
An energy chirp correlated with zi , is usually established
by the rf voltage and phase of the accelerating section and
harmonic cavity upstream of the compressor [34,35]. This
creates a relative energy deviation of any particle with respect
to the reference particle, expanded to third-order in zi of,
δ¼

Ei;0
δ þ h1 zi þ h2 z2i þ h3 z3i þ Oðz4i Þ
Ef;0 i

ð4Þ

where Ei;0 and Ef;0 are the central energy before and
after acceleration respectively, δi is the initial uncorrelated

FIG. 4. (a) ELEGANT distribution taken before bunch compressor BC2, with a fit (thin, red curve), δ ¼ 81.06zi þ 5929.08z2i þ
1.30 × 108 z3i . (b) Derivative of polynomial fit emphasizing the
nonlinearity of the distribution.
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emphasizing the nonlinearity. This derivative also appears
later in Eqs. (7) and (8).
A. Expression for the caustics
In our treatment, a caustic is the envelope of the family of
particle trajectories coalescing through a dispersion region,
in this case defined by R56, T 566 , and U 5666 . As previously
mentioned, this is analogous to geometrical optics where
the caustic is defined by the “family of rays” reflected or
refracted by an optical element.
Consider the particle trajectories in s–z space described
by Eq. (3). Two trajectories infinitesimally spaced at the
beginning of the compressor (s ¼ 0), may cross on a
caustic at some point P, as shown in Fig. 5.
Each trajectory evolves as a function of the initial
longitudinal position zi , where the zi position will have a
corresponding energy deviation, due to the chirp
imposed onto the bunch mainly by the rf phase and
voltage. The family of trajectories will have an envelope
curve, namely a caustic. The caustic line is tangent to
every trajectory forming the family of trajectories. The

FIG. 5.

Two electron trajectories coalescing at the caustic point P.

points which make up the envelope consists of the limit
points of two neighboring trajectories as one approaches
the other.
Take two trajectories labeled T 1 and T 2 , shown in
Fig. 5. T 1 and T 2 , can be can be defined as the implicit
curves,



R56 δðzi Þ þ T 566 δðzi Þ2 þ U5666 δðzi Þ3
s þ zi ;
sbc


R δðz þ dzi Þ þ T 566 δðzi þ dzi Þ2 þ U5666 δðzi þ dzi Þ3
T 2 ∶ zf ðsÞ ¼ 56 i
s þ zi þ dzi :
sbc
T 1 ∶ zf ðsÞ ¼

ð5Þ
ð6Þ

To find the coordinates of the caustic point P (in Fig. 5), we recognize that the envelope of trajectories lies on the limit of
intersections of two members of the family, T 1 ðR56 ; T 566 ; U 5666 ; zi Þ and T 2 ðR56 ; T 566 ; U 5666 ; zi þ dzi Þ, as dzi approaches
zero. Equating Eq. (5) and Eq. (6) gives,
R56

d½δðzi Þ
d½δ2 ðzi Þ
d½δ3 ðzi Þ sbc
¼ 0:
þ T 566
þ U5666
þ
dzi
dzi
dzi
s

ð7Þ

Assuming we are only concerned if caustics form by the end of the dispersive region, we can set s ¼ sbc . Finally, the
parametric form for the set of caustic points (~z, R~56 ), parametrized by zi is,
z~ ðzi Þ ¼ zi þ

δðzi Þ½−1 − T 566 δðzi Þδ0 ðzi Þ − 2U5666 δ2 ðzi Þδ0 ðzi Þ
δ0 ðzi Þ

−1 − 2T 566 δðzi Þδ0 ðzi Þ − 3U5666 δ2 ðzi Þδ0 ðzi Þ
R~56 ðzi Þ ¼
;
δ0 ðzi Þ
where δðzi Þ is the shape of the initial longitudinal phase
space or chirp and δ0 ðzi Þ is the derivative with respect to zi .
Equation (8) defines the location in z and R56 space
where caustics will form, and hence identifies the regions
of greatly enhanced current. The caustic expression
[Eq. (8)] is plotted in Fig. 6 along with the electron
trajectories which had the initial distribution shown in
Fig. 4. Note, our use of the word trajectories is not referring
to trajectories traveling through physical space, but rather

between z and R56 coordinates. Note also that, for the
particular parameters used here, the caustic in Fig. 6 has
the morphology of a cusp, this being one of an infinite
hierarchy of possible caustics as classified by catastrophe
theory. All of these caustic morphologies are describable by
Eq. (8), albeit with polynomial expressions for δðzi Þ that
are in general of higher than cubic order in zi . Examples of
other caustic morphologies, besides the previously mentioned fold and cusp, include the swallowtail, elliptic
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FIG. 6. Caustic expression [Eq. (8)] shown in red overlayed on
electron trajectories, showing where in z current spikes can be
anticipated for a given R56 value, for a 4 dipole chicane where
T 566 ¼ −3=2R56 and U 5666 ¼ 2R56 .

umbilic, hyperbolic umbilic, parabolic umbilic, and butterfly [1]. Each such caustic morphology will leave its own
characteristic caustic motif or fingerprint on the associated
current distribution.
IV. COMPARISON WITH ELEGANT
SIMULATIONS
The caustic nature of the current profile and the caustic
expression in Eq. (8), have been verified using ELEGANT
simulations, which performs 6-D particle tracking of the
vector X ¼ ðx; x0 ; y; y0 ; z; δÞ. This illustrative example
is of an X-band linac based on designs presented in
Refs. [38,39]. However it should be noted that the caustic
expressions derived in Sec. III are more broadly applicable
to relativistic bunches traveling through a dispersive region.
In the following illustrative example we use a typical
FEL accelerator layout [38,39], consisting of an S–band
injector, followed by X–band harmonic linearizer, with
two-stage bunch compression. The two bunch compressors
were separated by 50 meters of X-band linac allowing
longitudinal wakefields to affect the energy distribution
along the bunch. Whilst this example uses a predominately
X-band linac, caustics can be found to be the underlying
mechanism behind strong compression resulting in current
spikes for any frequency choice. The longitudinal chirp
at the entrance to BC2, as best described by a high-order
polynomial δ ¼ c5 z5i þ c4 z4i þ c3 z3i þ c2 z2i þ c1 zi , had the
following fitted parameters,
c1 ¼ 82.45 m−1
c2 ¼ −7832.32 m−2
c3 ¼ −1.947 × 108 m−3
c4 ¼ 9.446 × 1011 m−4
c5 ¼ 1.412 × 1016 m−5 :

As previously mentioned, a polynomial fit of third-order or
higher is needed to see the emergence of the caustic
analytically. Here we have used a quintic fit, whereas
previously in Sec. III, we opted for a cubic. The quintic
allows for more intricate caustic patterns to be revealed that
would not be visible with just the cubic fit. The cubic fit
however, is often sufficient to see the main structure evolving,
e.g., a current-horn in strong compression, because thirdorder effects dominate the process when second-order effects
have been mitigated through harmonic linearization.
A series of conditions is presented showing the analytical solution of the caustic expression [Eq. (8)] alongside the 6D particle tracking simulation results. This is
shown in Fig. 7. The conditions that were varied were the
values of R56 , T 566 , and U 5666 of the second bunch
compressor (BC2), and the results shown are taken at
the end of BC2.
The second row of Fig. 7 shows the histogram of current
density obtained by projecting the electron trajectories onto
the z axis at the R56 value indicated by the gray vertical line
in the trajectory plots (top row of Fig. 7).
The third and fourth row of Fig. 7 shows the ELEGANT
simulation results using a compressor matching the longitudinal dispersion values listed in the caption. Good
agreement can be seen between the analytical expressions
and the ELEGANT simulation results. The histograms
produced from the analytical approach show slightly more
pronounced caustics. This is because in the ELEGANT
simulations, and predictably in any experimental results,
the caustics are smeared out due to: (a) nonzero transverse
position to longitudinal position mapping (i.e., nonzero
R15 , R25 , R35 , R45 as well as higher-order terms), (b) chromatic variations from the fit of δ as a higher-order
polynomial in zi , and (c) the uniform initial current
distribution that was assumed in the analytical approach.
It should be noted however that the position of the peaks
in rows 2 and 3 of Fig. 7 is very consistent, despite the
smearing out of the caustics due to the above mentioned
reasons.
The three columns of Fig. 7 illustrate three scenarios
where caustics are present. The first column shows the
iconic double-horned current profile often associated with
FEL bunch compression. Another current profile reported
at FEL facilities is the single-spike profile [22–24] shown
in the second column of Fig. 7. This was achieved here
through varying the T 566 parameter, however it could also
be found through varying the initial distribution chirp
described by δðzi Þ. It can also be shown that varying
T 566 can alter the relative heights of the two current peaks
in Fig. 7(a). Finally, the last column of Fig. 7 shows the
flexibility of this approach whereby unusual and intricate
current profiles can be predicted through the caustic
expression and emulated with the ELEGANT simulations.
Earlier, Fig. 3 showed trajectories in s–z space assuming
linear trajectories. This assumes a constant R56 over the
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FIG. 7. Electron trajectories caustics seen forming in 3 scenarios differentiated by the different values of the R56 , T 566 , and U 5666
encountered. Column (a) shows the double–horned current structure produced at the end of a dispersive region where
R56 ¼ −10.78 mm, T 566 ¼ 16.35 mm and U 5666 ¼ −11.38mm. Column (b) shows a single-horn current profile produced with
R56 ¼ −10.82 mm, T 566 ¼ −41.07 mm and U 5666 ¼ 0.40 m, and column (c) shows a current profile produced with
R56 ¼ −11.76 mm, T 566 ¼ 16.10 mm and U 5666 ¼ 2.60 m. The top row shows trajectories (blue, thin) with the caustic expressions
[Eq. (8)] (red, thick). The second row of images shows histograms of electron density, calculated at the value of R56 indicated by the gray
vertical line in the top row of images. The third and fourth rows of images were created using ELEGANT, showing the phase space
distribution and current profiles, respectively, where the head of the bunch is on the left-hand side of these figures.

chicane, which is an inaccurate assumption. Fortunately
this assumption could be avoided in Sec. III through
switching to z–R56 space. However for completeness, we
used ELEGANT simulations to show how the trajectories are
more likely to evolve over the chicane in physical s–z
space, where R56 is no longer considered constant. This is
shown in Fig. 8, where R56 varies across the chicane, with

most of the compression occurring in the dipoles. Note in
this context, that the possible caustic morphologies (fold,
cusp, swallowtail, etc.) are identical for both linear and
nonlinear continuous trajectory families [2].
Figure 8(a) shows a small number of electron trajectories
as they pass through a chicane and the bunch length is
shortened. This plot was created by extracting the beam
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FIG. 8. Electron trajectories (in s–z space) through a bunch compressor. (b) shows a close up of the trajectories through the fourth
dipole [i.e., region outlined with a red box in (a)]. Caustics can be seen forming at head and tail of the bunch in (b).

coordinates at 45 slices through the chicane and linearly
interpolating between those slices. A beam distribution of
constant x, x0 , y, y0 was used, leaving only variation in the
longitudinal position z and the energy spread δ. Conversely,
the ELEGANT simulations plotted in Fig. 7 were created with
realistic bunch distributions.
Zooming in on the last dipole in Fig. 8(b), we can see the
caustics forming at the head and tail of the bunch. Ten slices
through the final dipole were used to create Fig. 8(b).
V. CURRENT PROFILE SHAPING
We can determine the shape of the current profile
through first determining an expression for the local
compression ratio, Cl , which indicates the degree to which
the electron trajectories are compressed as a function of
longitudinal position z. Figure 9 shows a sketch of two
trajectories through a chicane, for two particles that are
infinitesimally separated in the longitudinal direction. The
ratio of the length a to b is the local compression ratio, Cl ,
where a is the separation of the trajectories at the beginning
of the compressor and b is the separation of the trajectories
at some distance s along the compressor.
At the beginning of the chicane, the two trajectories in
Fig. 9 are separated by some small distance, dzi . The
length a, that separates the two trajectories at s ¼ 0, is simply,
a ¼ zi þ dzi − zi :

The compression ratio, Cl , which is equal to the ratio of
a to b can be found to be,
a
Cl ¼ ¼ h
b
R

sbc
i
:
dðδÞ
dðδ2 Þ
dðδ3 Þ
56 dz þ T 566 dz þ U 5666 dz s þ sbc

ð11Þ

Substituting in an initial longitudinal distribution of
δðzi Þ, and calculating the ratio at the end of the compressor
(i.e., setting s2 ¼ sbc ), we find the variation in Cl with zi .
This is shown in Fig. 10 for a standard chicane where
R56 ¼ −11.8 mm (and T 566 ¼ −3=2R56 and U 5666 ¼
2R56 ). The three branches indicate the bifurcation points
in Fig. 3, corresponding to where the electron trajectories
fold around on themselves.
Mapping the initial longitudinal positions, zi , to the final
longitudinal position, z, we obtain an expression that
closely resembles the current profile, but has multiple
branches relating to the folds in phase space introduced
in the compression. The mapping is defined by Eq. (3) and
results in the parametric form for the compression ratio
(z, Cl ) in the s–z plane, parametrized by zi,

ð9Þ

The length b can be found through evaluating the
longitudinal positions for each trajectory [Eq. (3)] and
finding the difference to be,
b¼

1
fR ½δðzi þ dzi Þ − δðzi Þ
s2 56
þ T 566 ½δ2 ðzi þ dzi Þ − δðzi Þ
þ U5666 ½δ3 ðzi þ dzi Þ − δðzi Þgs þ dzi :

ð10Þ

where s2 is some arbitrary position along the accelerator.

FIG. 9. Electron trajectories passing through a dispersive
region. Labels a and b are used to mark the longitudinal distance
separating the trajectories at s ¼ 0 and s ¼ s2 respectively.
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zðzi Þ ¼ zi þ R56 ðc1 zi þ c2 z2i þ c3 z3i Þ þ T 566 ðc1 zi þ c2 z2i þ c3 z3i Þ2 þ U 5666 ðc1 zi þ c2 z2i þ c3 z3i Þ3
Cl ðzi Þ ¼

1
:
1 þ ½c1 þ zi ð2c2 þ 3c3 zi ÞðR56 þ T 566 zi ½c1 þ zi ðc2 þ c3 zi Þf2 þ 3U 5666 zi ½c1 þ zi ðc2 þ c3 zi ÞgÞ

Figure 11 shows the parametric expressions of Eq. (12).
Each branch contributes to the current profile and therefore
the branches need to be added in a correct manner, to obtain
an accurate current profile expression.
Three sets of zi data were used to produce the three
branches visible in Fig. 11. These three data sets
come from the three regions visible in Fig. 10 separated

zi

lim 1

¼

lim 2

¼

ð12Þ

by asymptotes. The position of the asymptotes can be
found through expanding the denominator of Eq. (11),
truncating to second-order in zi , and finding the values of
zi which result in the denominator going to zero which is
where Eq. (11) will be undefined at the asymptotes. These
asymptotes were found to be located at,

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2c2 R56 þ 2c21 T 566 Þ2 − 4ð1 þ c1 R56 Þð3c3 R56 þ 6c1 c2 T 566 þ 3c31 T 566 U 5666 Þ
6ðc3 R56 þ 2c1 c2 T 566 þ c31 T 566 U5666 Þ

ð13Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2c2 R56 þ 2c21 T 566 Þ2 − 4ð1 þ c1 R56 Þð3c3 R56 þ 6c1 c2 T 566 þ 3c31 T 566 U 5666 Þ
:
6ðc3 R56 þ 2c1 c2 T 566 þ c31 T 566 U5666 Þ

ð14Þ

−2c2 R56 − 2c21 T 566 þ

and
zi

−2c2 R56 − 2c21 T 566 −

The most straightforward way to add the three branches
visible in Fig. 11 would be to bin the data generated by the
parametric equations, then add the binned data at the same z
positions. This would allow the branches to be combined,
despite the different initial zi that gave rise to the multiplicity in Cl . However this approach, whilst being accurate
would mean we lose the analytical expression. In the
following section we reattain an analytical expression
albeit at the cost of some further approximations.
After binning the data and adding the three branches, the
final step to achieving the current profile, is to determine
the scaling factor required to convert from the local

FIG. 10. Local compression ratio, Cl varying with the initial
longitudinal position, zi . Where Cl is negative, this indicates that
the electrons with those initial zi values are in fact spreading out
rather than compressing.

compression ratio Cl , to current, I. The scaling factor
can be determined if the total bunch charge Q is known.
Setting Q equal to the sum over all Cl data points calculated
after the binning, multiplied by the consistent spacing
between the data points in units of time, Δt, and the scaling
factor f, we obtain,
Q¼f

ð15Þ

n

Equation (12) assumes that the initial current profile is
flat. If this is not the case, the initial current distribution can

FIG. 11. The local compression ratio mapped to the final
longitudinal position values, z. The three colors shown distinguish the electrons from each of the 3 sections of the bunch
visible in Fig. 3—the core of the bunch and the two edges which
fold around on themselves in longitudinal phase space.
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green, folded in to result in the step in the current profile
at z ≈ −11 μm.
A. Retaining an analytical current profile expression

FIG. 12. Current profile calculated with the parametric equations, Eqs. (16) and (17).

be taken into account through multiplying every occurrence
of xi in Eqs. (13) and (14) by ρðzi Þ, where ρðzi Þ is the
density of the initial bunch distribution.
Incorporating the scaling factor the final current profile is
able to predict the double horn current profile. This is
shown in Fig. 12. A small step in the current profile can be
seen at z ≈ −11 μm. This is due to the flat initial current
profile. As the edges of the bunch folds around upon itself
(see Fig. 6), this results in a step in current density when the
trajectory density is projected onto the z-axis. Figure 11
shows the initial edges of the bunch shown in blue and

We can incorporate some approximations in our
approach in order to retain an analytical expression of
the current profile, with the cost of possible reduction in
accuracy. This section of the paper will present an analytical expression for current profile that is applicable when
caustics are present as well as when they are not.
The majority of the bunch is comprised of electrons from
the middle section of Fig. 10, which we will refer to as the
core of the bunch. This section corresponds to the portion
of the bunch that does not fold over on itself in longitudinal
phase space (see Fig. 3). This is also shown by the orange
data points in Fig. 11. In the example case shown in
Figs. 10 and 11, the middle portion of the bunch describes
73% of the total bunch. Therefore if we could consider only
this middle portion of the bunch, we could develop an
expression for the current profile comprised of electrons
from the core of the bunch which makes up the majority of
the bunch charge. Furthermore, when a nonuniform initial
current profile is used, for example a Gaussian distribution,
the current populating the noncore fraction of the bunch
would be even smaller.
Considering only the core of the bunch we find that the
current profile behaves as,

zðzi Þ ¼ zi þ R56 ðc1 zi þ c2 z2i þ c3 z3i Þ þ T 566 ðc1 zi þ c2 z2i þ c3 z3i Þ2 þ U 5666 ðc1 zi þ c2 z2i þ c3 z3i Þ3
for zi


Iðzi Þ ¼

lim 1

< zi < zi

ð16Þ

lim 2



f

1 þ ½c1 þ zi ð2c2 þ 3c3 zi ÞðR56 þ T 566 zi ½c1 þ zi ðc2 þ c3 zi Þf2 þ 3U5666 zi ½c1 þ zi ðc2 þ c3 zi ÞgÞ

for zi

lim 1

< zi < zi

ð17Þ

lim 2 ;

where zi lim 1 and zi lim 2 are defined in Eqs. (13) and
(14), and calculate the zi position of the asymptotes seen
in Fig. 10. For the case where only one or no caustic
folds are present, Eqs. (16) and (17) still hold and the
limits of zi lim 1 and zi lim 2 can be ignored. The magnitude of the current expression is taken because in the case
of an overcompressed bunch, where the head and tail
swap position, Cl becomes negative and so the subsequent expression for the current, I, needs to be made
positive.
B. Linearly ramped current profiles
Using the caustic formation information presented earlier
we can investigate the possibility of producing current
profiles of specific shapes, which may be optimal for

different purposes. One such example is the desire to
achieve a linearly ramped current profile for optimal drive
beams in plasma-based accelerator schemes [21,25,40].
England et al. showed experimentally that a linearly
ramped profile could be obtained through using sextupole
magnets located in a dispersive section, imparting nonlinear
correlation in the longitudinal phase space [21,33]. In this
section we derive an analytical approach to gain insight into
generating a linearly ramped profile through altering the
T 566 and U 5666 of the dispersive region, which could be
achieved through sextupoles and higher-order multipole
magnets [33,41,42].
Expanding Eq. (17) and grouping terms together, we can
write out an expression for the current profile in terms of
these newly defined parameters,
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zf ðzi Þ ¼ Azi þ Bz2i þ Cz3i




f

Iðzi Þ ¼
A þ 2Bz þ 3Dz2 þ 4Ez3 
i

i

PHYS. REV. ACCEL. BEAMS 19, 104402 (2016)

ð18Þ

i

where
A ¼ 1 þ c1 R56
B ¼ c2 R56 þ c21 T 566
C ¼ c3 R56 þ 2c1 c2 T 566 U5666
D ¼ c3 R56 þ 2c1 c2 T 566
E ¼ T 566 ðc22 þ 2c1 c3 þ 3c21 c2 U5666 Þ:

ð19Þ

The aim is to force Iðzi Þ [Eq. (18)] to be linear in zf (not
zi ). As Eq. (16) is not easily invertible, we can instead force
Eq. (18) to be cubic in zi which should result in the current
profile being linear in zf .
Taylor series expanding Eq. (18) results in,


1 2Bzi ð4B2 − 3ADÞz2i
− 2 þ
A
A
A3

Iðzi Þ ¼ f
þ


−4ð2B3 − 3ABD þ A2 EÞz3i
þ O½z4i  :
4
A

ð20Þ

To obtain a linearly ramped current profile, we need to
obtain a set of parameters for which the following expressions are close to zero,
2B
A2

ð21Þ

ð4B2 − 3ACÞ
A3

ð22Þ

4ð2B3 − 3ABE þ A2 EÞ
:
A4

ð23Þ

0¼A−

0¼B−
0¼Cþ

Equations (21), (22), and (23) can be used with an
optimizer code to minimize the square of the right-hand
side of each expression. An example which used this
method is shown in Fig. 13. This illustrative example
shows how one can determine the values of R56 , T 566 , and
U5666 required to achieve a mostly linearly ramped current
profile for a given initial bunch distribution.
In this example, we take an arbitrary electron bunch with
initial longitudinal distribution parameters of c1 ¼ 81.06,
c2 ¼ 5929.08, and c3 ¼ 1.302 × 108 . This bunch, with a
positive energy chirp (lower energy at the tail and higher
energy at the head of the bunch) can be sent through a
dispersive region to obtain a linearly ramped current
profile. Through the analysis described above, we find
we need the dispersive region to have the properties of
R56 ¼ −16.6 mm, T 566 ¼ 0.130 m, and U5666 ¼ −1.153 m.

FIG. 13. Linearly ramped current profile calculated from
Eq. (17) and obtained through optimizing R56 , T 566 , and U 5666 .
Note the head of the bunch is on the left-hand side, at negative
values of z.

The resultant current profile calculated using Eqs. (16) and
(17), is shown in Fig. 13.
Figure 14 shows the electron trajectories with a gray
vertical line indicating the nominal value of R56 ¼
−16.6 mm. Figure 15 also shows electron trajectories,
varying with position along the dispersive region. This
figure shows the bunch moving beyond the position of
maximal compression, resulting in the overcompressed
bunch where the electrons originally occupying the head
of the bunch have swapped position with the electrons in
the tail. Figure 16 shows a histogram of the electron
trajectory density along the vertical gray line (indicating
the end of the compressor) in Fig. 15. This histogram
corresponds to the current profile shape, and agrees well
with the current profile calculated in Fig. 13.
The longitudinal phase space distribution that exhibits the
linearly ramped current profile is shown in Fig. 17. In order
to achieve the linearly ramped profile, the longitudinal phase
space distribution is curved, such that projection onto the
horizontal axis creates more current at the head of the bunch
(negative z values) and less toward the tail.

FIG. 14. Electron trajectories in z–R56 space, and caustic
expression [Eq. (8)] shown in red. The gray vertical line
represents the value of R56 where a linearly ramped current
profile (along the z direction) can be obtained.
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VI. DISCUSSION

FIG. 15. Electron trajectories s–z space, where the gray vertical
line indicates the end of the compressor where the current profile
is evaluated.

FIG. 16. Histogram of the density of electron trajectories at
the end of the compressor, corresponding to the gray vertical
line in Fig. 15.

This result was found through overcompressing the
bunch where caustics are less likely to form. A ramped
current profile can also be achieved while undercompressing the bunch however this is more likely to result in a
ramped, cusplike profile. Figure 14 shows that for values
of jR56 j < 14 mm which result in undercompression, the
caustic expression (shown in red) is present at the head of
the bunch. When jR56 j > 14 mm, which corresponds to
overcompression, the caustics do not form.

FIG. 17. Longitudinal phase space distribution at the entrance
to the beam line (blue) and at the exit (orange), where the final
bunch displays a linearly ramped current profile shown in Fig. 13.

The third-order term in the δðzi Þ distribution (i.e., c3 ), is
often cited as the root cause of current horn formation
[11,36,43,44]. Generally it is the third-order effects (both
those imprinted onto the longitudinal phase space by the
rf curvature, longitudinal wakefields and other collective
effects as well as the third-order effect encountered in the
dispersive region) that lead to the greatly enhanced current
at the head and tail of the bunch. However the caustic
theory presented in this paper reveals that the cubic chirp is
not solely responsible for the current horn behavior. In fact,
Eq. (7) shows the conditions where current horns can form
even with no cubic or higher order term in the energy chirp.
This is due to the longitudinal phase space distribution,
δðzi Þ, being squared and cubed in Eq. (7), producing the
higher order perturbations necessary to result in the double
horn current structure. The analysis presented in this paper
reveals that it is a combination of properties of the chirp and
compressor that determine if current horns will be present,
and the degree of severity (i.e., the height of the current
horns) that will result.
As mentioned in Sec. III, small continuous perturbations
in the chirp δðzi Þ, can lead to dramatic local rises of the
associated current profile. Controlling these slight variations in the phase space distribution of the bunch entering a
dispersive region would be challenging. However it would
be possible to control the evolution of the trajectories
through the dispersive region using higher–order magnets.
With the insight provided by the caustic condition, namely
Eq. (7), R56 , T 566 , and U5666 could be chosen to create
conditions under which caustics do not form. Multipole
magnets can be included in the dispersive region to obtain
the required values of R56 , T 566 , and U 5666 , as demonstrated
in [33,41,42].
Many variations of the caustic pattern and corresponding
current profile are achievable, beyond the three cases
shown in Fig. 7. Understanding how the current profile
is influenced by caustic lines may provide another perspective on the challenge of tailoring current profiles.
Applications of current profile shaping include creating
linearly ramped current profiles for optimal plasma acceleration [21,25], current profiles shaped for suppression of
coherent synchrotron radiation induced emittance growth
[45], and optimal current profiles for free electron laser
applications [43], to name a few.
Section V illustrates one way to create a linearly ramped
current profile. It has been shown before that sextupole
magnets can be added to a dogleg to create a linearly
ramped current profile [21]. This work extends upon this
concept through providing the analytical underpinnings, in
Eqs. (16) and (17).
In addition to the above-mentioned current-shaping
applications, consideration of the underlying caustics
may give insight into the conditions leading to microbunching. Equation (8) includes all of the necessary detail
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to investigate how microbunching evolves, so long as the
initial energy distribution takes into account the energy
modulation needed for microbunching to occur.
Figure 3 shows electron trajectories forming a cusp
caustic. However we have seen in Fig. 7 that higher-order
catastrophes can also be produced. Indeed, the three panels
in the top row of Fig. 7 give three different unfoldings of
the butterfly catastrophe [29]. To witness these high order
catastrophes, a high order polynomial fit of the initial
distribution δðzi Þ is required. Using only up to cubic fit in
zi , the highest order catastrophe produced analytically is
a cusp.
A surprising result of Eq. (8) is that it is applicable for
all high-order catastrophes such as cusps, swallowtails,
elliptic umbilics, hyperbolic umbilics, etc. [1,2] provided
the initial distribution δðzi Þ is a polynomial to sufficiently
high degree, in zi . A hierarchy of motifs (cusps, swallowtails, butterflies, elliptic umbilics, etc.) will be generated,
each displaying higher-order complexity, but all being
governed by the same equation, Eq. (8).
Whilst the main examples detailed in this paper refer to
the longitudinal plane, the concept of caustics appearing in
electron trajectories is not limited to the longitudinal plane,
and could be easily considered in the transverse plane. This
would be done by instead considering the final transverse
position xf (or yf ) in Eq. (2) with the transfer matrix
elements relevant to the situation being studied.
The examples presented all show a bunch being undercompressed. It is interesting to note however that caustics
(and the associated current spikes) are much less likely to
form in an overcompressed bunch. This can be seen from
the plots in the top row of Fig. 7. For example the
maximum compression for the case shown in the first
column of Fig. 7 is often calculated by equating
(1 þ R56 c1 ) with zero [see Eq. (3)]. For this case,
R56 ¼ −1=c1 ¼ −12.13 mm. For R56 values greater in
magnitude than 12.13 mm, the bunch is overcompressed.
It can be seen from the top left subplot of Fig. 7 that at
considerably smaller values of R56 caustics no longer begin
to form. Local increases in trajectory density can be seen
for these small values of R56 near the vicinity of the caustic,
however the greatly enhanced current spikes will not
appear.
Caustics by their very nature are discontinuities that
result from small continuous perturbations of an input and
reliably produce dramatic changes in the corresponding
output—in this case in the current. Here, use of the word
reliably, refers to the mathematical stability of caustics,
whereby continuous small variations in the control
parameters (e.g., R56 , T 566 , etc.) will still see the caustics
forming, although the location of the caustic may vary.
Because of this, caustics could become a useful diagnostic
tool, allowing us to indirectly measure small variations
that consistently and reliably produce a large measurable change. For example, measuring the second- and
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third-order chirp of a particle bunch is extremely difficult
at present. However measuring the relative heights of
current peaks at a number of R56 and T 566 values would
allow us to extract these chirps.
Finally, it should be noted that whilst the examples
detailed in this paper all involved electron trajectories,
this work is applicable to any particle beam traversing a
dispersive region.
VII. CONCLUSION
We have identified the current spike formations often
seen in FELs as caustic formations of electron trajectories.
However these caustics are also witnessed in a wide range
of accelerator applications, and the methods presented here
are easily adapted to such scenarios. Within the detailed
example of strong bunch compression, a butterfly catastrophe was found to be the underlying mechanism behind
the associated double-horned current profile.
The main result of this paper is the caustic expression
for relativistic particle bunches traversing a dispersive
region. This expression reveals where in longitudinal
position and under what conditions caustics will form,
allowing us to predict how caustic formation changes
with R56 , T 566 , and U 5666 and the influence of this on the
current profile. An analytical expression for the current
profile has also been derived. This opens up the possibility of either amplifying or avoiding caustic-induced
current modulations present in a wide range of accelerator applications.
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Intrinsic emittance is often the limiting factor for brightness in fourth generation light sources and as
such, a good understanding of the factors affecting intrinsic emittance is essential in order to be able to
decrease it. Here we present a parameterization model describing the proportional increase in emittance
induced by cathode surface roughness. One major beneﬁt behind the parameterization approach presented here is that it takes the complexity of a Monte Carlo model and reduces the results to a straightforward empirical model. The resulting models describe the proportional increase in transverse momentum introduced by surface roughness, and are applicable to various metal types, photon wavelengths, applied electric ﬁelds, and cathode surface terrains. The analysis includes the increase in
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1. Introduction
Development of ultra low intrinsic emittance electron sources
for fourth generation synchrotron light sources is a need that has
been clearly identiﬁed by the accelerator physics community [1].
Without the aid of synchrotron damping, the emittance of single
pass fourth generation light sources is limited by the lowest
achievable emittance at the cathode.
Much work is being invested into better understanding the
photoemission process with discrepancies existing between theoretical and experimentally determined values of the intrinsic
emittance [2–4].
Surface roughness is suspected to inﬂuence intrinsic emittance
[4–8]. Other means of determining the inﬂuence of surface
roughness on cathode emittance often rely upon numerical ﬁtting
for unknown parameters and often utilize data speciﬁc to a particular photocathode gun conﬁguration [9,10].
Particular features of our model include: (i) a parameterization
approach which permits the richness of a complete Monte Carlo
(MC) model to be utilized with signiﬁcantly faster computation
time than would be needed to run the full MC computation; (ii)
the ability to predict the inﬂuence on emittance of a variety of
surface roughness conditions across a wide variety of metals and
n
Corresponding author at: School of Physics and Astronomy, Monash University,
Clayton, 3800 Victoria, Australia.
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laser energies (cf. [5,11,13,19]); (iii) a limit case which reduces to
the important analytical result given in the literature [14–16,18].
The ﬁnal Parameterization Model has two main beneﬁts. Firstly,
the model contains the information carried by the complete MC
simulation distilled down to one of two expressions, valid over
different domains. Secondly, this parameterization approach yields
ﬁnal expressions that are general enough to be applicable to any
combination of values of the photon wavelengths, material work
functions, applied electric ﬁeld, and surface roughness parameters.

2. Monte Carlo simulation
The Monte Carlo simulation presented here tracks the electron
trajectories through Spicer's Three Step model [20–22] to stochastically determine the overall intrinsic emittance and quantum
efﬁciency of metal cathodes. The effects of surface roughness are
also included in the MC simulation.
Some distributions produced by the MC are given in Appendix A,
showing the increase in the root mean squared (rms) transverse
momentum with increased roughness.
2.1. Momentum distribution
The initial energy of the simulation's free electron, Ei, must be
in the range EF + ϕeff − hν ≤ Ei ≤ EF , where EF is the Fermi energy,
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ϕeff is the metal's effective work function and hν is the energy of
the incident photon. Therefore the initial energy of the electron
was determined by Ei = EF + R (ϕeff − hν ), where R is a random real
number where 0 ≤ R ≤ 1 and hν ≥ ϕeff . This evaluation of the initial
electron energy relies on the assumption that the Fermi-Dirac
distribution can be well approximated by a Heaviside step function
[2], thus R follows a uniform distribution. This approximation
holds for low thermal energies (where kB T ⪡EF ), which is likely for
photocathodes [2].
Expressions for θout, pz and px used in the MC simulation can be
found as equations 16, 17 and 32 (respectively) in Ref. [2]. Here, px
and pz respectively denote the transverse and longitudinal momentum, and θout denotes the angle between the electron's motion after emission and the surface normal.
Spicer's model assumes only energy conservation and not
momentum conservation. The lack of momentum conservation is
explained through indirect optical transitions, where electron–
phonon scattering randomizes the electron momentum. Detailed
discussion on this can be found in Refs. [22,23].
2.2. Intrinsic emittance
The deﬁnition of intrinsic emittance used throughout this paper is the root mean squared (rms) emittance [24,25],

ϵx =

1
pz

x2

px2 − 〈xpx 〉2

(1)

where pz is the average longitudinal momentum and <> denotes
ensemble average.
Making the standard assumption of an isotropic cathode surface, the cross term xpx is zero. The normalized rms emittance is
then expressed as [2],

px2

ϵ x, n = βγ ϵ x =
where σx ≡

x2

me c

= σx σpx

x2 and σpx ≡

(2)

px2 /(me c ) is the dimensionless (i.e.

scaled) rms transverse momentum.
Dowell and Schmerge [2] derived an analytical expression for
spx, which will be used throughout this paper as a point of comparison, being the rms transverse momentum from a metal cathode with no roughness. The expression is,

σ px =

hν − ϕeff
3m e c 2

Fig. 1. Electron trajectories during the photoemission process. Transverse momentum ( px = |pout | sin (θout )) is conserved during this ﬁnal stage of Spicer's Three
Step Model [20,21].

pr = e

∞

∫0 ∑ E0 an kn exp ( − kn z (t )) × sin (kn x (t )) dt
∞

n= 1

+ slope effect .

(4)

The slope effect is minimal compared to the ﬁeld distortion effect
[9], increasing the emittance by on average less than 1%. It is
however still included in the MC simulation, appearing as an alteration to the rms transverse momentum that results from the
ﬁnal stage of Spicer's model. The magnitude of the slope effect
depends upon where on the surface the electron is emitted. The
four regions highlighted in Fig. 2 were used to project the momentum onto the transverse plane to evaluate slope effect, as it
appears in Eq. (4).
For cos Φ < 0,

⎧
⎛π
⎞
⎛π
⎞
p cos ⎜ − τ − θout ⎟, if 0 < θout < ⎜ − τ ⎟
⎪
⎪ t
⎝2
⎠
⎝2
⎠
⎨
slope effect =
⎛
⎞
⎛π
⎞
π
⎪
p cos ⎜ τ − θout + ⎟, if 0 < θout > ⎜ − τ ⎟
⎪
⎝
⎝2
⎠
⎩ t
2⎠

(5)

For cos Φ > 0,

⎧
⎛
⎞
π
π
π
+ θout ⎟, if
− τ < θout <
p cos ⎜ τ −
⎪
⎪ t
⎝
⎠
2
2
2
slope effect = ⎨
⎛π
⎞
π
⎪
pt cos ⎜ − θout + τ ⎟, if τ < θout <
⎪
⎝2
⎠
⎩
2

(6)

where pt is the magnitude of the total momentum vector and

.

(3)

2.3. Surface roughness
The cathode surface can be crudely modeled by a sine function
of amplitude a and period of 2π /k . More realistically, any cathode
surface roughness can be more accurately described by the Fourier
summation of many sine waves of varying amplitudes and spatial
frequencies. However as the intrinsic emittance is (as deﬁned
earlier) the rms of an ensemble of electron trajectories, taking the
average of the increase to the emittance introduced by each sine
component, should adequately describe the effect of roughness in
the system. See Appendix B for further investigation into the validity of this approach.
For small amplitude roughness ( a⪡2π /k ), the electric ﬁeld resulting from a potential applied between a ﬂat plate and a sinusoidal surface can be modeled by summing over the various
Fourier components constituent in the rough surface terrain [7,12].
The combined field distortion effect and slope effect , deﬁned by
Bradley in [7], produce the following transverse momentum for a
single particle,

pt = 2me (Ei + hν − EF − ϕ) cos Φ and τ is the angle subtended by
the sinusoidal baseline and the tangent to the roughness terrain
(see Fig. 2), given by tan τ = ak sin (kx ).
Utilizing the simpliﬁcations outlined in [7], Eq. (4) can be rewritten as,

Fig. 2. Roughness regions used in Eqs. (5) and (6).
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⎛ k (E + hν )cos2 θ ⎞
πm e
i
in
⎟⎟ ×
exp ⎜⎜
eE0
2eE0 k
⎝
⎠
⎡ k (E + hν )cos2 θ ⎤
i
in
⎥ + slope effect
erfc ⎢
⎢⎣
⎥⎦
eE0

the analytical expression for the transverse momentum for a ﬂat
surface, Eq. (3). Therefore,

pr = eE0 ak sin (kx)

(7)

where the slope effect is deﬁned by Eq. (5) and (6). Here the
summation over Fourier components has been omitted for simplicity, but will be reintroduced in Eq. (19) and (25).
Although the effect is small, we included in the simulation the
variation of emission over the rough surface due to ﬁeld enhancement at the peaks and ﬁeld depression in the valleys. The
enhanced ﬁeld, at the peaks, lowers the work function via the
Schottky effect [27]. Adding in quadrature the components of the
electric ﬁeld we can arrive at an expression for the total ﬁeld as it
varies with position over the rough surface,

(8)

Etotal (x ) = E 0 1 + a2k 2 exp ( − 2ak sin (kx ) ) + 2ak exp ( − ak sin (kx ) ) cos (kx ) ,

where the evaluation of the square root is the ﬁeld enhancement
factor, β.
2.4. Dimensionless parameters
Here we identify the dimensionless parameters that were calculated by the MC and will allow us to derive the parameterization
model in the following section.
Buckingham Π Theory states that for n system variables and m
fundamental dimensions (e.g. M for mass, L for length, T for time,
and Q for charge), there will exist (n − m) dimensionless products,
Π, to fully describe the system [28]. For the photoemission process
of a metal cathode, the variables that need to be considered and
their corresponding dimensions are listed in Table 1.
From Table 1, we can determine that three dimensionless Π
parameters exist:

Π1 =

σ pr
,
σ px

Π2 = a

(9)

k
,
2π

(10)

eE0 ame
,
σ px

(11)

and

Π3 =

where σ px is the rms transverse momentum of a perfectly ﬂat
cathode and σ pr is the rms transverse momentum with the effects
of surface roughness included. It should be noted that σ pr /σ px (Π1)
can be interpreted as the proportional increase to intrinsic emittance as evidenced by Eq. (2).
The parameter σ px which appears in Π3, can be replaced with
Table 1
Key variables and full parameter space required for description of the photoemission process, where M is the mass dimension, L is length, T is time, and Q is the
charge dimension.
Variable

symbol

Dimensions

RMS transverse momentum

σ px

ML/T

RMS trans. momentum with roughness

σ pr

Roughness amplitude
Roughness wave number
Rest mass of an electron
Charge of an electron
Applied electric ﬁeld

a
k
me
e
E0

ML/T
L
L 1
M
Q
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ML/(T2Q )

Π3 =

3aE0
.
hν − ϕ

(12)

Using the data generated by the MC code, these three Π
parameters were evaluated under various conditions with each
simulation run.

3. Parameterization model
Despite the physical laws governing the emission process being
known (and described above), the sequence of applied equations
depends upon various conditions and numerous input parameters
resulting in an integration approach to calculate the expected
values that proves intractable. An equivalent physical relation
should however exist expressed in terms of dimensionless
quantities.
Using the results of the MC simulation we can create an empirical expression to deliver the information gained via the MC and
present the results as a generalized expression. Through carefully
deﬁning some dimensionless products in Section 2.4, the parameterization model can be obtained through ﬁtting numerous
expressions around the dimensionless parameters’ behavior.
Finding a generalized expression that describes the increase in
emittance due to surface roughness is not possible without deﬁning these Buckingham Π dimensionless parameters. By using
the Buckingham Π dimensionless parameters, we can be sure to
ﬁnd a ﬁnal expression that completely describes the system, even
if the physical processes are not easily approximated, needing to
be applied in a sequential order through a MC simulation. Therefore the parameterization model allows us to determine the inﬂuence of roughness on emittance for different values of E0, hν , ϕ
etc. without having to re-run the MC simulation.
Photoelectrons were simulated with a range of values of hν and
ϕ, and were subjected to various values of the roughness parameters (a and k) and applied electric ﬁeld, E0. With the generated
data, we determined the inﬂuence of surface roughness on the
emittance, as the electrons are traced throughout the parameter
space coordinatised by Π1, Π2 and Π3 that was described in
Section 2.4.
Developing a parameterization model focused around Π1, we
obtained an expression describing the increase in transverse rms
momentum induced by surface roughness, as an ampliﬁcation
factor. Two cases are considered to adequately address different
domains. The ﬁrst case focuses on the region of low applied ﬁeld,
and the second case covers from where the ﬁrst model breaks
down to where the Analytical Model can take over (see Section 4).
The domains over which we ﬁt the two cases of our model to
the MC data were chosen for two main purposes. The ﬁrst was to
concentrate on the area of low surface roughness and reasonably
high applied electric ﬁeld – to cover where state-of-the-art cathode research currently lies and to look towards where it may be
heading. The second reason the speciﬁc domains were chosen was
to accurately describe the regions where we know the Analytical
Model to be less accurate (see Section 4).
3.1. Parameterization model – Region I: low applied ﬁeld
As stated earlier, the subject of the Parameterization Model was
chosen to be the ampliﬁcation of the transverse momentum induced by surface roughness. i.e. Π1. To achieve this, the dimensionless parameter Π1 was plotted against one of the other
two dimensionless parameters. In this case Π1 was plotted against
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Fig. 3. Monte Carlo evaluated Π parameters Π1 and Π3, plotted for various values of Π2.

Π3 (Fig. 3), although it could have just as easily been plotted
against Π2 to achieve the same ﬁnal result. Then the ﬁtted coordinates of Fig. 3 were plotted against the remaining dimensionless parameter. Combining the various ﬁtted models we
arrived at the ﬁnal Parameterization Model.
Fig. 3 shows the dimensionless parameters, Π1 and Π3, which
were evaluated for various values of Π2. Each data set and ﬁt seen
in Fig. 3, used MC data generated with the applied electric ﬁeld
obeying the inequality,

E0 ≤

π (hν − ϕ)
.
3a2k

(13)

It should be noted that for very smooth cathodes, this region
will include large values of the applied electric ﬁeld, despite being
referred to in the section heading as the region of low applied
ﬁeld. For example, for a cathode with roughness amplitude of
10 nm and period of 20 μm, this region can have applied electric
ﬁeld up to 500 MV/m.
Each ﬁt shown in Fig. 3 can be stretched or compressed along
the horizontal axis to achieve identical curves. This scaling factor
that can be applied to the horizontal axis, was determined by
taking the ampliﬁcation factors (Π1) at any given Π3 value, and
identifying that the trend varies as Π2 . Incorporating this scaling
factor into the ﬁtted model, we arrive at the following for the most
concise parameterization model (i.e. fewest ﬁtted parameters);

Π1 = (C3 Π3 Π2 )C4 + 1.

(14)
Fig. 5. Fitted parameters from Π3 versus Π1 Monte Carlo data shown in Fig. 4
plotted as it varies with Π2, for (a) C1 and (b) C2. Numerical ﬁt shown with a solid
line, where χ1 is –2.358, χ2 is 1.409, χ3 is 6.965, χ4 is 1.459.

The variation of the ﬁt coefﬁcients C1 and C2 were plotted
against Π2. Due to the chosen form of Eq. (14) the subsequent
plots of C1 and C2 against Π2 (Fig. 5) are linear.
The addition of unity in Eq. (14), originates from the slope effect. This value of unity was not ﬁtted to the MC data but can be
shown to be accurate in the domain of interest as follows. The
ratio of the transverse momentum with and without roughness
effects (while ignoring the ﬁeld distortion effect) is,

σ pr
σ px

Fig. 4. Monte Carlo evaluated Π parameters Π1 and Π3, plotted while holding Π2
constant at π/125.

=
Slope effect only

⎛π
⎞
pt cos ⎜ − θout − τ ⎟
⎝2
⎠
rms [sin (θout − τ )]
=
,
⎛π
⎞
rms [sin (θout )]
pt cos ⎜ − θout ⎟
⎝2
⎠

(15)

where pt is the magnitude of the electron momentum vector upon
leaving the cathode surface and rms denotes the application of a
root mean square calculation. For values of τ much less than one,
Eq. (15) approximates to unity. This will occur when the argument
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of the inverse tan function, that describes τ, is close to zero. That is,
ak/ 2 must be much less than one. This is typical for cathodes
which usually exhibit weakly deformed surfaces [5,16].
Fig. 4 shows the relationship between two of the Π parameters.
This plot will form the basis of applying the parameterization
method. The ﬁtted coefﬁcients of Fig. 4 were then plotted in Fig. 5,
illustrating how they vary with Π2. These three ﬁts were then
combined to give the Parameterization Model.
The general form of the Parametrization Model, describing the
ampliﬁcation of the transverse momentum induced by surface
roughness, for Region I is,

σ pr
= [Π3 (χ1 + χ2 Π2 ) Π2 ] χ 3 Π2+ χ4 + 1.
σ px

(16)

Written in terms of more familiar parameters,
χ3
ak ⎡ ⎛
ak ⎞ 3aE0 ⎤
⎥
⎢ ⎜⎜ χ + χ2
⎟⎟
2π ⎣ ⎝ 1
2π ⎠ hν − ϕ ⎦

σ pr
=
σ px

ak + χ
4
2π

+ 1.

(17)

The ﬁnal Parametrization Model, applicable for all values of hν ,

ϕ, a, k, and for values of E0 that obey Eq. (13) is,

(

σ pr
= [Π3 1.4092 − 2.3580 × Π2
σ px

)

Π2 ]6.9648 × Π2+ 1.4586 + 1.

(18)

These above Eqs. (16)–(18) are applicable to a corrugated
cathode surface taking the shape of a single sine wave. In order to
apply the above equations to a more realistic rough surface, the
parameterization model can be calculated for every (or the main)
Fourier components, squared, added and then the square root taken of the summation. Hence,
σ pr
=
σ px

⎛
∞ ⎜
⎜
∑ ⎜ an k n
2π
n = 1 ⎜⎜
⎝

⎡⎛
⎞
⎢ ⎜ −2.358 + 1.409 an k n ⎟ 3an E0
⎟
⎢⎣ ⎜⎝
2π ⎠ hν − ϕ

⎤6.965
⎥
⎥⎦

an k n
+ 1.459
2π

⎞2
⎟
⎟
+ 1⎟ .
⎟
⎟
⎠

(19)

Fig. 4 is consistent with Eq. (7), as can be seen through manipulation of Eq. (7) by dividing through by σ px and isolating the Π
parameters deﬁned above to give,

σ pr
=
σ px

eE0 ame
px

π
2

⎛
⎞
k (Ei + hν )cos2 θin ⎟
ak sin (kx) exp ⎜⎜
⎟
eE0
⎝
⎠

1/2 ⎤
⎡⎛
p (Ei + hν )cos2 θin ⎞ ⎥ slope effect
× erfc ⎢ ⎜
+
⎟
⎠ ⎥⎦
eE0
σ px
⎢⎣ ⎝
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the ﬁrst model was applied could have been extended, this would
compromise the ﬁt, introducing signiﬁcant inaccuracy. In particular, the area most affected by the loss of accuracy would have
been lower values of Π2 where the data departs from behaving
linearly with Π2.
The domain of Region II was deﬁned by the applied electric
ﬁeld being within the following limits,

π (hν − ϕ)
12π (hν − ϕ)
≤ E0 ≤
.
3a2k
a2k

(21)

As will be seen in Section 4, beyond the upper limit of Region II,
the Parameterization Model and Analytical Model converge and
both models agrees with the MC data to within 6.1% accuracy.
Fig. 6 displays the MC generated data in the form of the Π
parameters. Again Π1 and Π3 are plotted while Π2 is held constant. Fig. 6 is for Region II what Fig. 4 was for Region I. Utilizing
the same approach as used in Section 3.1, the ﬁtted coefﬁcients of
Fig. 6 were then plotted against Π2.
Conveniently the ﬁtted parameter C3 varies only gradually with
Π2, varying at most by 70.05%. As such, C3 can be considered
constant. Therefore a ﬁtted model is only needed for C4 versus Π2.
This is shown in Fig. 7. Combining the ﬁtted models of Figs. 6 and 7,
we arrive at the ﬁnal Parametrization Model for Region II.
The general form of the Parameterization Model for Region II is,

σ pr
= χ5 Π2 Π3 + χ6 Π2 + χ7 .
σ px

(22)

Written in terms of more familiar parameters,

σ pr
ak ⎛ 3aE0 ⎞
ak
⎟⎟ + χ6
= χ5
+ χ7 .
⎜⎜
σ px
2π ⎝ hν − ϕ ⎠
2π

(23)

The ﬁnal Parameterization Model for Region II is,

σ pr
= 2.1629 Π2 Π3 − 2.9631 × Π2 + 0.2432.
σ px

(24)

Similarly to what was described in the previous section, the
application of the parameterization model to a realistic rough
surface can be done through adding the squared values of the
Parameterization Model calculated for each Fourier component.
This can be written as,

⎛
⎞
Π cot2 θin ⎟
= Π3 π Π2 sin (kx) exp ⎜⎜ 2
⎟
2
⎝ (Π3 )
⎠
1/2 ⎤
⎡⎛
Π cot2 θin ⎞ ⎥ slope effect
× erfc ⎢ ⎜ 2
+
.
⎟
σ px
⎢⎣ ⎝ (Π3 )2 ⎠ ⎥⎦

(20)

Within the domain of Region I, expressed by Eq. (13), the
Parameterization Model agrees extremely well with the full MC
simulation, to within 1% . Far beyond this upper limit of the applied
ﬁeld, the Parameterization Model and the Analytical Model begin
to converge (see Section 4). Careful consideration is needed
however for the transition region following on from this upper
limit in E0. This region is referred to as Region II.
3.2. Parameterization model – Region II: moderate applied ﬁeld
A second parameterization model is needed to deﬁne the region of moderate applied ﬁeld. This second model is required to
maintain a close ﬁt to the MC data. While the domain over which
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Fig. 6. Monte Carlo evaluated Π parameters Π1 and Π3, plotted while holding Π2
constant at π/125, evaluated over the domain of Region II.
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Fig. 7. Fitted Parameter C4 from Π3 versus Π1 MC data shown in Fig. 6, plotted as it
varies with Π2. Numerical ﬁt shown with solid line, where χ6 is – 2.9631, χ7 is
0.3810.

σ pr
σ px

=

∞

∑

n =1

⎛
⎛a k ⎞
⎞2
a k ⎛ 3a n E0 ⎞
⎜⎜ 2.1629 n n ⎜⎜
⎟⎟ − 2.9631 ⎜⎜ n n ⎟⎟ + 0.2432⎟⎟ .
2π ⎝ hν − ϕ ⎠
⎝
⎝ 2π ⎠
⎠

Fig. 8. Proportional increase to the rms transverse momentum due to surface
roughness for Region I. This example is of a copper cathode illuminated with a
266 nm laser, assuming a characteristic transverse length scale of 20 μm.

(25)

The ﬁnal Parameterization Model, for Region I and Region II are
plotted in Figs. 8 and 9 respectively through an illustrative
example.

4. Comparison with analytical expression
Eq. (20), describing the ampliﬁcation of transverse momentum,
can be simpliﬁed albeit with the cost of reduced accuracy. Employing the approximations that are outlined below, the Parameterization Model can be reduced to an Analytical Model given
in several recent publications [9,15,16,18].
For the case of small values of k, where the argument of the
exponential and complementary error function in Eq. (20) becomes much less than one, both of these functions tend to unity.
Thus the proportional increase in transverse momentum due to
roughness, and therefore intrinsic emittance, can be simpliﬁed to,

σ pr
≈
σ px

eE0 ame
σ px

akπ
+ 1.
2

(26)

Substituting in the theoretical intrinsic emittance expression
(Eq. (3)), the Analytical Model of the proportional increase in intrinsic emittance due to surface roughness approximates to,

σ pr
ame c
≈
σ px
2

π Π2 Π3
3π E 0 k
+1=
+ 1.
hν − ϕ
2

(27)

The analytical expressions of the electric ﬁeld that were utilized in
the MC code [7,12] describe the electric ﬁeld due to weakly deformed
conducting surfaces. That is to say, these equations are valid for small
amplitude surface roughness where a⪡2π /k and therefore the
Parameterization model, Eqs. (16) and (22) are also only valid under
this condition. The Analytical Model too must obey this condition,
which is indeed met by typical current photocathode surfaces [5,16].
This is not the only limitation of the Analytical Model. The
expression also begins to lose accuracy when the argument of the
exponential and complementary error function in Eq. (20), are
much less than one. When this is the case, the exponential and

Fig. 9. Proportional increase to the rms transverse momentum due to surface
roughness for Region II. This example is of a copper cathode illuminated with a
266 nm laser, assuming a characteristic transverse length scale of 20 μm.

complementary error function terms are no longer well approximated as equalling one; this corresponds to the condition
Π2 cot2 θ /(Π3 )2 ⪡1.
Combining these two conditions we can arrive at the condition
under which the Analytical Model is most accurate,
Π2 cot θ ⪡Π3 ⪡1.
Figs. 10 and 11 show the percentage difference between the
models and the more accurate complete MC simulation. It should
be noted that the typical gun applied ﬁeld values range between
approximately 10 MV and 150 MV [29–32], where the divergence
between models is large and the Parameterization Model's precision is superior. Typically, roughness amplitude values are more
difﬁcult to obtain due to the limited literature available, however
they appear to lie between 0 and 500 nm [9,15–17].

(

)

5. Discussion
Theoretical models of the photoemission process predict that
there should be a relationship linking the quantum efﬁciency and
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Fig. 10. Percentage difference between the Parameterization Model for Region I
and full Monte Carlo simulation data, and the percentage difference between the
Analytical Model and the full Monte Carlo simulation data.

the intrinsic emittance [2]. Recent publications support this interdependence [33] while other results have not reﬂected any
relationship between these two parameters [3,4,14], suggesting
that other factors such as surface roughness, contamination, surface damage [1], surface plasmons [34,35] and irregularities due to
laser illumination may account for the lack of correlation between
the emittance and quantum efﬁciency. The results presented here
support the notion that surface roughness could be one of the
factors contributing to this discrepancy. As shown by the Parameterization Model, the presence of surface roughness can increase the emittance while not affecting the quantum efﬁciency,
effectively masking any relationship between intrinsic emittance
and quantum efﬁciency that is predicted by theory [2,36].
The information presented in this paper could offer some insight into the adverse impacts on emittance that can be introduced
by ablation and other cleaning techniques which are becoming
common practice in RF photoinjectors [4,37]. Recent studies into
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the effects of laser cleaning have witnessed a signiﬁcant improvement in the intrinsic emittance over the 2–3 weeks immediately following the cleaning, while the enhancement of the
quantum efﬁciency after an initial spike, was relatively slow taking
place over 5 months [4]. One possible explanation for this, which
the results presented in this paper appear to support, is that: the
cleaning process initially introduces more pronounced surface
roughness, which is a known side-effect of cathode cleaning [37];
over the following weeks the surface roughness may diminish as
roughness peaks are burnt away through the laser and RF heating
of normal operation.
Given the potential for rough surfaces to signiﬁcantly increase
the intrinsic emittance, attention may be warranted to the following: laser-induced periodic surface structures (LIPSS) produced
by ultrashort laser pulses irradiating metallic surfaces [38–40], and
ultra-fast metallic deformation induced by two phase heating by
short laser pulses [41,42].
We included in this analysis the variation in the electric ﬁeld
over the rough cathode surface, and in turn the variation in the
Schottky effect lowering the potential barrier over the surface. It
can be noted however that this effect was found to be small, under
the conditions considered, i.e. a⪡2π /k . The variation in emission
over the rough surface, at its highest value was found to be 6% .
A naive interpretation of the Parameterization Model may suggest that in order to decrease the intrinsic emittance one might
decrease the applied electric ﬁeld. Of course space charge effects
would need to be considered before such a conclusion is made.
Difﬁculty arises when attempting to incorporate space charge effects
into this analysis as space charge limitation is also dependent upon
total charge, distance from the cathode, and the accelerating ﬁeld
geometry. A more apt employment of the Parameterization Model
presented here would be to obtain an estimate on the initial increase
in emittance expected to be observed directly after leaving the
cathode (i.e. intrinsic emittance). This result from the Parameterization Model may then be used in conjunction with particle
tracking software to effectively include space charge effects. Inclusion of additional effects into the Monte Carlo simulation can always
be added, and then the parameterization method applied again.
Attempts to ﬁnd case studies to compare the Parameterization
Model with proves difﬁcult as much of the literature on cathode
roughness only quotes one roughness parameter, be it the arithmetic average of peak values, Ra, or root mean squared peak
value, Rq etc. [43,37]. The work presented in this paper illustrates
the importance of measuring two parameters in order to more
fully describe the roughness proﬁle of the cathode. For example,
two cathodes with the same Ra value can experience vastly different increases in the intrinsic emittance as they may have vastly
different Π2 values (ak/(2π )). Despite the lack of experimental data
available, the comparison that was made with the work presented
in Qian et al. [9], showed very good agreement with the Parameterization Model.
Finally it should be noted that Spicer's Three Step model [20–
22], upon which much of this analysis was based, does not include
polarization effects and assumes bulk photoemission. Therefore
the Parameterization Model and all other expressions presented in
this paper do not consider the effects of polarization and surface
emission. However it can be noted that additional effects could be
added to the Monte Carlo model and the parameterization process
repeated to reproduce an even more general model capable of
describing the proportional increase in the rms transverse momentum induced by surface roughness.
6. Summary

Fig. 11. Percentage differences between the Parameterization Model for Region II
and full Monte Carlo simulation data, and the percentage difference between the
Analytical Model and the full Monte Carlo simulation data.
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Expressions were derived for the ampliﬁcation of rms transverse momentum, due to surface roughness, for photoelectrons
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emitted from metal cathodes. Cases for two different domains of
validity were considered. By parameterizing the results of an associated Monte Carlo simulation, a ﬁnal empirical expression was
obtained. The approach has two main beneﬁts; ﬁrstly, the ﬁnal
expressions incorporate the full complexity of the Monte Carlo
simulation distilled down to a straight-forward mathematical expression. Secondly, the ﬁnal expressions are general enough to be
applied to photo-cathodes of different combinations of values of
the work function, laser wavelengths, applied electric ﬁeld and
roughness amplitudes and periods. Comparison between the
Parameterization Model and a widely used Analytical Model of the
increase to intrinsic emittance induced by surface roughness effects was also presented.
Fig. 13. Distribution of the transverse momentum normalized by m0 c for various
values of the cathode work function, for a smooth cathode with an applied accelerating ﬁeld of E0 = 100 MeV , illuminated by a 266 nm laser.
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Appendix A. Some distributions arising from the Monte-Carlo
simulations
Here we show some of the distributions obtained through the
Monte Carlo simulations which stochastically determine the overall
intrinsic emittance and quantum efﬁciency of rough metal cathodes. Fig. 12 shows the distribution of θout (cf. Fig. 1) for a small
range of work functions ϕ, all of which could be considered copper.
Included in Fig. 12 are labels for the maximum θout value which
agree with the theoretical expression θoutmax as calculated by [2],

⎛ E +ϕ
F
eff
max
= cos−1⎜⎜
θout
⎝ E + hν

⎞
⎟.
⎟
⎠

(28)

Fig. 13 shows the distribution of the transverse momentum
normalized by m0 c , for three values of the cathode work function.
As expected the variance of the transverse momentum increases
with decreasing work function.
Fig. 14 shows how distribution of the transverse momentum
normalized by m0 c , increases with increasing roughness. For zero
cathode roughness or low roughness (50 nm), the distribution
appears almost Gaussian. As the roughness amplitude increases
the distribution becomes bimodal and the variance of the transverse momentum increases.

Fig. 14. Distribution of the transverse momentum normalized by m0 c for various
values of the roughness amplitude, a, whist the following parameters are held
constant: p = 20 μ m, E0 = 100 MeV , hν = 4.772 eV , and ϕ = 4.6 eV .

Appendix B. A more sophisticated model for surface
roughness
The Parameterization Model in Eqs. (19) and (25) can be applied to a more realistic rough surface through calculating the
square root of the sum of the Parameterization Model's output
calculated for the dominant Fourier components (obtained from a
power spectrum) squared.
As an example, an arbitrary and randomly rough surface was
created through generating random height peaks, randomly
spaced, convolved with a Gaussian function to create a smooth
rough surface. The Parameterization Model, Eq. (25), was used and
the ampliﬁcation factor generated for each of the ﬁrst four Fourier
sine components, which are squared, summed and the square root
applied to the summation. This gave:

σ pr
=
σ px

(2.509)2 + (1.062)2 + (1.139)2 + (1.121)2

= 3.159

Fig. 12. Distribution of the angle emitted electrons make with the surface normal,
max values as calculated by Eq. (28) for a smooth
θout, including the theoretical θout
cathode illuminated by a 266 nm laser.

(29)

In order to verify this approach of summing the square of the
parameterization model outputs, we altered the Monte Carlo
model to trace electrons emitted from the arbitrary rough surface
shown in Fig. 15. This modiﬁed Monte Carlo simulation found
σ pr /σ px to be 3.191. This small difference of 1.02% is due to only the
ﬁrst four Fourier sine components being used in the calculation.
Electron trajectories from the same arbitrary rough surface
were modeled in Computer Simulation Technology (CST) [44].
Fig. 16 shows that the transverse emittance converges after 4 sine
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Fig. 15. Rough surface generated to illustrate application of Parameterization
Model.
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Fig. 16. Emittance calculations and the mean of the absolute value of the electric
ﬁeld for surfaces comprised of various Fourier components.

functions for the surface analyzed, showing that the surface can be
well described by the incoherent addition of contributions due to
individual sine waves in a Fourier series. Fig. 16 also show the
absolute value of the transverse electric ﬁeld. This shows that after
4 sine waves the transverse ﬁeld converges to the ﬁeld of the arbitrary rough surface.
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ELECTRON TRAJECTORY CAUSTIC FORMATION RESULTING IN
CURRENT HORNS PRESENT IN BUNCH COMPRESSION
T. K. Charles∗ , D. M. Paganin, School of Physics and Astronomy, Monash University, Australia
M. J. Boland, R. T. Dowd, Australian Synchrotron, Clayton, Australia

INTRODUCTION
In the bunch compression process we often witness the
development of current spikes, or horns, appearing at the
head and tail of the beam [1–3]. These current spikes can
induce coherent synchrotron radiation (CSR) that can lead
to emittance growth [4–6]. The root cause of these current
spikes is often attributed to wakefields introducing a third
order chirp on the beam [7, 8]. Here, we analyse how these
current spikes form.
Here we discuss how these current peaks result from electron trajectories converging in longitudinal position, z as the
bunch is compressed. This coalescing of electron trajectories in z results in the greatly enhanced current at the head
and tail of the beam. In catastrophe theory terms, this is
known as a fold caustic [9, 10].
Caustics are a common occurrence in optics, often spotted
as intense reflections in coffee cups and the dancing spots
of light in swimming pools. In fact, electron trajectories
forming caustics in bunch compression could be considered
a corollary to these examples of natural focusing of light
in geometrical optics. In both cases, electrons and light
rays, the mathematical description of caustics lies within the
broader field of catastrophe theory.

FOLDS IN LONGITUDINAL PHASE
SPACE
To find the electron trajectories that coalesce to form caustics, we need to look at the beam in the z–s plane, where
z is the longitudinal position within the bunch and s is the
position along the accelerator. Whilst this is not a common
coordinate plane to consider the evolution of the beam, we
know the current horns appears as electrons piling up at the
same z positions as we move through the compressor in s.
Considering the z–s plane, we can derive an expression
for the electron trajectories as they evolve with s from the
initial longitudinal positions, z i . This leads to the equation
where the final longitudinal position z f is,
∗
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z f (s) =

!
R56 δ + T566 δ2
s + zi .
l bc

(1)

where R56 , T566 and U5666 are the first, second and third order
longitudinal dispersion, δ is the relative energy deviation
and l bc is the length length of the compressor.
This expression assumes that the longitudinal dispersion
remains constant over the compressor, which is an inaccurate statement but will however produce the same output
distribution at the end of the compressor when compared to
an expression that includes how R56 varies with s.
At the beginning of the bunch compressor, the longitudinal phase space distribution can be modeled as a third order
polynomial in z i ,
δ = c1 z i3 + c2 z i2 + c3 z i .

(2)

where c1 , c2 , and c3 are fitted parameters. These higher
order terms are a necessary condition in order to produce
the current spikes we witness. These higher order terms
may be introduced through wakefields, space charge forces
or other non-linear effects. Figure 1 shows a distribution
taken from an Elegant simulation [11], of an x-band FEL
design [12,13], taken just before the bunch enters the second
bunch compressor (BC2), and includes the fitted expression
of Eq. 2.

Figure 1: Elegant distribution taken before BC2, with a fit
of the form, δ = c1 z i3 + c2 z i2 + c3 z i .
Equation (1) has been plotted in Fig. 2 using initial z i
values from the fitted expression for δ shown in Fig. 1.
Figure 2 shows the bunch compression over the length of
the chicane, and Fig. 3 shows a closer view of the caustics.
In Fig. 3, the caustics are visible, with a high density of
electrons at the extreme values of z. i.e. the head and the
tail of the bunch.
When the electron trajectories are projected onto the z
axis, the resulting histogram agrees with the the Elegant
produced current profile at the end of the compressor (see
in Fig. 4). This double-horned current profile, which here
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Current horns are ubiquitous in Free Electron Laser (FEL)
bunch compression. In this paper, we analyse the formation
of these current spikes and identify the cause as caustic formation in the electron trajectories. We also present a possible
solution to avoid or mitigate the current horns from developing through inclusion of sextupole and octupole magnets in
the compressor design.
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Figure 2: Electron trajectories through a chicane in z–s
plane, where the vertical red line at 8.928 m is the end of
the compressor.

Figure 3: Electron trajectories near the end of the chicane
(vertical red line at 8.928 m), showing how the electron
trajectories overlapping in a caustic at the head and the tail
of the bunch.

we associate with caustics, is ubiquitous in FEL bunch compression [1, 2]. Single-horned current profiles can also be
produced through a magnetic chicane, such as those seen
in [14–17]. Figure 5 demonstrates a single-horn distribution
resulting from a caustic forming at one end of the bunch.

Starting with Eq. (1) we can derive an expression for the
caustic to be,
d(δ(z))
dz

d  2 
δ (z)
+ ...
dz
z=z i
d  3 
U5666 s
δ (z)
+ l BC = 0.
dz
z=z i
+ T566 s

z=z i

(3)

Assuming we are only concerned if caustics form by the
end of the chicane, then we can set s = l BC . Also for a
standard magnetic chicane, we assume T566 = −3/2R56 and
U5666 = −2R56 .
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(b) Current profile produced with Elegant simulation.

Figure 4: Current profile showing current spikes at the head
and tail of the bunch.
The parametric form for the set of caustic points ( z̃,s̃) in
the z–s plane, parameterized by z i is,
3 2
2 δ (z i ) − δ(z i )
δ 0 (z i )(1 − 3δ(z i ))
−l BC /R56
s̃(z i ) = 0
.
δ (z i )(1 − 3δ(z i ))

z̃(z i ) =

(4)

Figure 6 shows the parametric Eq. (4) over the electron
trajectories, mapping out the family of trajectories that form
the caustics.

EXPRESSION FOR THE CAUSTIC
REGIONS

R56 s

(a) Histogram showing density of electrons after being
transported through a bunch compressor, corresponding to the longitudinal positions marked by the vertical
line in Fig. 2.

DISCUSSION
Figures 3 and 5 show the electron trajectories resulting in
fold caustics. It should be noted that mathematical formulation of the set of Eq. (4) is applicable for all high-order
catastrophes such as cusps, swallowtails, elliptic umbilics,
and hyperbolic umbilics.
If for a set of parameters c1 , c2 , c3 , R56 , T566 , and U5666
there exists any solutions to Eq. (3), we can expect to encounter enhanced current peaks. The greater the number of
solutions, the more intense the peaks. We can attempt to
find a set of parameters for which the left-hand-side of Eq.
(3) never equals zero, and therefore no caustics will form.
This requires the ability to manipulate either the coefficients
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Figure 7: Unfolding the caustics present in Fig. 3, achieved
through altering R56 , T566 , and U5666 .

Relative Frequency

Figure 5: Single-horn current profile produced by fold caustic forming at the tail of the bunch.
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Figure 6: Electron trajectories with the caustic expressions
(Eq. (4)) in green.

describing the longitudinal phase space at the entry of the
compressor, i.e. c1 , c2 and c3 ; or ability to manipulate R56 ,
T566 , and U5666 . Given the small but vital role the coefficients
of the higher order terms of δ play, it would be difficult to
vary these parameters in a controlled manner. Furthermore
if we assume that wakefields are at least in part responsible
for these coefficients, then we must concede the difficulty in
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(b) Histogram showing the density of electrons after
begin transported through a bunch compressor (corresponding to the red line above).

Figure 8: Histograms of the trajectory density at the end of
the chicane corresponding to the red vertical line in Fig. 3
(yellow) and Fig. 7 (blue). The blue histogram shows the
result of unfolding caustics on the current profile.

CONCLUSION
This paper shows how caustics of electron trajectories
can be used to completely describe the double-horn current
profile often encountered in bunch compression. Using the
analytical expressions derived, compressors may be able to
be designed to avoid caustics using optical linearization to
independently vary R56 , T566 , and U5666 .
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(a) Electron trajectories where the vertical solid red line
indicates the end of the compressor.

changing these parameters due to the dependency of wakefields on beam charge and structure geometry.
For a standard standard magnetic chicane, T566 =
−3/2R56 , and U5666 = −2R56 however if we design a compressor that utilises optical linearization, then we can attempt
to find a combination for R56 , T566 and U5666 for which there
is no solutions to Eq. (3). An example of this is shown in Fig.
7 where the trajectories from Fig. 3 are unfolded through
changing R56 from -12.00 mm to -12.22 mm, T566 from 18.0
mm to 9.9 mm, and U5666 from 24.0 mm to 2.45 m. This
allows the caustics to be completely unfolded and therefore
eliminates the associated current horns whilst maintaining
the final bunch length, but requires a very large value of
U5666 . Figure 8 shows the histograms of the trajectories (i.e.
current) at the end of the chicane corresponding to Fig. 3
and Fig. 7.
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RF PHASE JITTER CONSIDERATION IN BUNCH COMPRESSION
T. K. Charles∗ , D. M. Paganin, School of Physics and Astronomy, Monash University, Australia
M. J. Boland, R. T. Dowd, Australian Synchrotron (SLSA), Clayton, Australia

INTRODUCTION
RF phase and amplitude jitter present a familiar challenge
encountered at FEL facilities. Jitter minimization may be
attempted, through development of finer tolerance of the
output of klystrons and RF components. Here we present
another approach to limiting the impact of RF jitter. This
involves looking at the accelerator design, and searching
for a linac design that is more resilient to jitter. To do this,
we need to understand the effect that jitter has on bunch
compression, energy spread, etc., and the extent of that effect
due a given offset or jitter. Using this we can determine the
tolerance, or allowable jitter our design can withstand. In
this paper we outline the sensitivity due to phase jitter for
two cases. The first is described by a single sine wave with a
uniformly distributed jitter applied to the phase. The second
is comprised of two sine waves, of the same frequency, with
different phases, and different jitters applied to both phases.

MULTIPLE INDEPENDENT SOURCES OF
PHASE JITTER
We will compare two cases. Case 1 describes the impact
of RF phase jitter for an accelerating section supplied by
one klystron. Case 2 has the same accelerating section but
is supplied by two klystrons, and therefore have two independent sources of RF phase jitter. In case 2, the RF phases
of the two sections supplied by the two klystrons can take
on different phases, so long as it delivers the same effective
output as case 1 (see Fig. 1).
Two sine waves bearing the same frequency but different
phases, when added together can be exactly represented by
a single sine wave of the form,
y = Veq sin(zk + φeq )

(1)

where,
Veq

q
= V12 + V22 + 2V1V2 cos (φ1 − φ2 )

(2)

and
φeq = tan −1
∗

V1 sin(φ1 ) + V2 sin(φ2 )
V1 cos(φ1 ) + V2 cos(φ2 )

!

tessa.charles@monash.edu

02 Photon Sources and Electron Accelerators
A06 Free Electron Lasers

where φ1 and φ2 are the phases of the two added sine waves,
V1 and V2 are the respective amplitudes of the two sine waves,
k is the RF wave number, and z is the longitudinal position.

Figure 1: Schematic of two cases being compared for RF
phase jitter sensitivity, where K1 , and K2 are the klystrons
providing independent sources of RF phase jitter.

Compression Ratio
The relative energy chirp can be written as,
δ = h1 z i + h2 z i2 + h3 z i3 .

(4)

where the first, second and third order energy chirp can be
written as,
h1 =

k s Veq cos φeq + k x Vh cos φh
,
Ef

(5)

h2 =

−k s2 Veq sin φeq − k 2x Vh sin φh
,
2E f

(6)

−k s3V eqeq cos φeq − k 3x Vh cos φh
.
6E f

(7)

h3 =

The final bunch position of an electron traversing the
chicane is,
z f = z i + R56 δ + T566 δ2 + U5666 δ3 .

(8)

Substituting Eq. (4) into Eq. (8) and using the common
approximation of truncating to first order in z i , we define
the compression ratio as,
C=

σf
1
=
σi
(1 + h1 R56 )

(9)

where σi and σ f are the electron bunch length before and
after the bunch compressor.
The sensitivity of the compression ratio due to phase jitter
dC
will be proportional to dφ
for case 1, and for case 2, |∇C|
eq
with respect to φ1 and φ2 :

(3)

s
|∇C| =

∂C
∂φ1

!2
+

∂C
∂φ2

!2
.

(10)
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Error propagation of RF phase jitter is analysed for various linac layout configurations and the sensitivity of the
compression ratio due to RF phase jitter is analysed. Multiple sources of jitter have the opportunity to destructively
interfere, and found to not add in quadrature. Results are
compared to Elegant simulations.
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Comparison of Two Cases
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For case 1, where the RF phase is φeq = 1.22, the sensitivity due to jitter is ∇C1 = 1.326. For case 2, the same
RF phases of φ1 = φ2 = 1.22 produce the same compression ratio but with the sensitivity due to jitter ∇C2 = 0.938.
Therefore the ratio of the ∇C2 to ∇C1 is √1 . That is, the
2
improvement in the robustness against phase jitter for two
independent sources of phase jitter is a factor of √1 . This
2
is always the case when φ1 = φ2 and V1 = V2 . For n independent sources of jitter, the sensitivity in compression ratio
due to to RF phase jitter is reduced by a factor √1n , where
the RF phases for each section are identical.
For different values of the RF phase in the different sections, the ratio of ∇C2 to ∇C1 can go below unity but never
improves beyond √1 . Figure 2 shows compression ratio and
2
gradient functions of the compression ratios for cases 1 and
2, when φ1 = φ2 = φeq and then φ2 is varied by ∆φ2 .

Turning our focus to harmonic linearization we can determine if introducing an independent source of jitter can
improve the sensitivity of the compression ratio due to RF
phase jitter. Two new cases are defined (see Fig. 4).
The gradient function quantifies the sensitivity of the compression ratio due to jitter for case 1 and case 2 respectively,
s
|∇C1 | =
s
|∇C2 | =

∂C2
∂φ1

∂C1
∂φeq

!2

!2

∂C2
∂φ2

+

+

∂C1
∂φh
!2
+

!2
,

∂C2
∂φh

(11)

!2
.

(12)

Figure 4: Schematic of two cases of harmonic linearization being compared for RF phase jitter sensitivity, where
‘H’ labels the harmonic structure, and K1 , and K2 , are the
klystrons providing independent sources of RF phase jitter.

Figure 2: Variation in the CR (blue) and the sensitivity of
CR due to phase jitter (red) as they vary by changing φ2 by
∆φ2 . Here φ1 = φeq , which equals φ2 at ∆φ2 = 0.

Elegant Simulations
Copyright © 2016 CC-BY-3.0 and by the respective authors

HARMONIC LINEARIZATION

Numerical simulations were performed using Elegant [1]
to compare the two cases shown in Fig. 1. Figure 3 shows
the variation in bunch centroid energy, showing the greater
variation for case 1, with one source of RF phase jitter.

Using LCLS parameters of Veq = 153 V , φeq = −39.0◦ ,
Vh = 18 V and φh = 0◦ [2], we can find a set of φ1 and
φ2 that will produce the exact same compression (in terms
of phase space output for the same R56 ), with a greater robustness to phase jitter. This is shown graphically in Fig.
5, where regions of this 3D plot where the ratio of |∇C2 | to
|∇C1 | is smallest, are the regions where the system is most
robust to RF phase jitter. In Fig. 6 we have taken a slice of
Fig. 5, plotting the ratio |∇C2 |/|∇C1 | for φ1 = φeq = 0.890.
Also shown in Fig. 6 is the percentage difference in the
compression ratio experienced when moving away from
φ2 = 0.890. Increasing φ2 by a small margin will decrease
the compression ratio but will improve the jitter sensitivity
of the compression.
For example, if φ2 is increased to 0.9123, then the compression ratio is decreased by 5.0%, and the sensitivity due to
RF phase jitter (i.e. the ratio of |∇C2 | to |∇C1 |) is increased
to 0.631. Increasing φ2 by a greater amount to 0.9370, the
compression ratio is decreased by 10.0% and the sensitivity
due to RF phase jitter is increased to 0.559.

OVER VERSUS UNDER-COMPRESSION

Figure 3: Elegant simulation comparing the two cases of
one or two independent sources of RF phase jitter.
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Over-compressing the bunch can reduce the sensitivity
due to phase jitter. This can be shown by starting with Eq.
(9), and finding the two solutions of R56 that will give the
same magnitude for the compression ratio. These expressions are then substituted into the expression for ∇C. Figure
7 shows the change in CR expected for a phase jitter of
∆φ = 1◦ for various nominal values of CR.
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Figure 5: Ratio of the sensitivities of the compression ratio
due to RF phase jitter for case 1 and 2.

design outlined in [3]. These plots shows firstly, that the
expression Eq. (8) truncated to first order in z i could be an
adequate approximation for the final bunch length, to within
3.9%. However the gradient of the Fig. 8b plots (i.e. the
sensitivity due to φeq ) varies with each truncation.
dz f
Comparing the dφ eq
calculation on the complete expression (no truncation in z i ) of Eq. (8) for the standard chicane
and the alternate design reveal a 3.4 % difference between
the two, with the smaller sensitivity to phase jitter favoring
the alternate design. If the compression ratio is relaxed down
to 2, then the difference between sensitivity to phase jitter
jumps to 42.2 % in favor of the new design.
��
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Figure 6: Ratio of the sensitivities of the compression ratio
due to RF phase jitter for case 1 and 2, where φ1 = φeq =
0.890.
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Figure 8: Final bunch length variation with φeq , showing
±10◦ either side of the nominal 66.8◦ .
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Figure 7: The change in CR expected for a phase jitter of
∆φ = 1◦ for various nominal values of |CR|.

PHASE JITTER FOR DIFFERENT
COMPRESSOR DESIGNS
An alternate compressor design, designed to avoid the
current spikes typical when bunches are compressed to a
large degree is briefly outlined in [3]. This compressor
has values of longitudinal dispersion that vary from the
relationships that govern a standard magnetic chicane of
T566 = −3/2R56 , and U5666 = −2R56 . Instead the new
design has R56 =−12.22 mm, T566 = 9.9 mm, and U5666 =
2.45 m. Figure 8a shows the variation in final bunch length
with phase, φeq for a standard chicane. Figure 8b shows the
variation in final bunch length for the alternative compressor
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1. Introducing additional sources of jitter can reduce the
sensitivity of the compression ratio to RF phase jitter by
allowing for the possibility of destructive interference
of the RF voltage change through jitter. n additional
sources of jitter will reduce the sensitivity of the compression ratio to RF phase jitter by a factor of √1n .
2. Over-compressing in the bunch compressor can achieve
a reduced sensitivity to phase jitter when compared to
an under-compressed bunch with the same magnitude
compression ratio.
3. A chicane with longitudinal dispersion values that vary
from the standard arrangement (i.e. T566 = −3/2R56 )
can improve the sensitivity of the final bunch length
to phase jitter. The compressor design studied saw an
improvement to the jitter sensitivity of 3.4 % and up to
42.2% for a smaller compression ratio of 2.
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CONCLUSION
This paper found the following conclusions:
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